
ORIGINAL PAPER

An overview of interval-valued intuitionistic fuzzy information
aggregations and applications

Zeshui Xu1 • Xunjie Gou1

Received: 11 May 2016 / Accepted: 7 June 2016 / Published online: 23 June 2016

� Springer International Publishing Switzerland 2016

Abstract Interval-valued intuitionistic fuzzy set, general-

ized by Atanassov and Gargov, can be used to characterize

the uncertain information more sufficiently and accurately

when we face the fact that the values of the membership

function and the non-membership function in an intu-

itionistic fuzzy set are difficult to be expressed as exact real

numbers in many real-world decision-making problems. In

this paper, we provide an overview of interval-valued

intuitionistic fuzzy information aggregation techniques,

and their applications in various fields such as decision-

making, entropy measure, supplier selection and some

practical decision-making problems. Meanwhile, we also

review some important methods for decision-making with

interval-valued intuitionistic fuzzy information, including

the QUALIFLEX-based method, the TOPSIS method, the

extended VIKOR method, the module partition schemes

evaluation (MPSE) approach, the outranking choice

method, the inclusion-based LINMAP method and the risk

attitudinal ranking method, the evidential reasoning

methodology, etc. Finally, we point out some possible

directions for future research.
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1 Introduction

Fuzzy set (FS), introduced by Zadeh (1965), has been

applied in various fields of modern society as decision-

making, pattern recognition, medical diagnosis, etc. Later,

consider that the FS only contains one single membership

degree, Atanassov (1986) introduced the concept of intu-

itionistic fuzzy set (IFS) for extending the single mem-

bership degree of FS into three reasonable forms, namely,

the membership degree, the non-membership degree and

the hesitancy degree. Since the IFS can describe the

uncertainty of an object more comprehensively and rea-

sonably than the FS. In recent decades, lots of research on

the IFS and its extensions have been done. However, with

the rapid development of society, the IFSs cannot charac-

terize the uncertain information sufficiently when we face

the situations where the values of the membership function

and the non-membership function in an IFS cannot be

expressed as exact real numbers but the value ranges can be

provided. Atanassov and Gargov (1989) generalized the

IFS to the interval-valued intuitionistic fuzzy set (IVIFS),

which can effectively accommodate such situations. For

simplicity, Xu (2007a) defined the interval-valued intu-

itionistic fuzzy number (IVIFN) as an ordered pair, which

is the basic component of the IVIFS.

Additionally, Xu and Chen (2007a), and Xu and Cai

(2015) defined some basic operational laws of IVIFNs,

which include ‘‘intersection’’, ‘‘union’’, ‘‘supplement’’, and

‘‘power’’, etc. Then, amounts of aggregation operators (Xu

2007b, c, 2010; Xu and Chen 2007b, 2011; Shi and He

2013; Zhao et al. 2010; Qi et al. 2013; Xu and Yager 2009;

Dong and Wan 2015; Liu et al. 2015; Meng et al.

2013a, b, 2014, 2015; Yu 2013, 2014; He et al. 2013; Xu

and Xia 2011; Zhang and Qi 2012; Wei and Yi 2008; Li

2014; Wang and Liu 2013; Chen et al. 2012; Wan and
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Dong 2014; Yager 2004; Zhou et al. 2014; Yang and Yuan

2014; Gu et al. 2014) have been proposed for dealing with

the decision-making problems with interval-valued intu-

itionistic fuzzy information, including the interval-valued

intuitionistic fuzzy weighted averaging (IVIFWA) operator

(Xu 2007b), the interval-valued intuitionistic fuzzy

weighted geometric (IVIFWG) operator (Xu 2007b), the

interval-valued intuitionistic fuzzy ordered weighted

averaging (IVIFOWA) operator (Xu and Chen 2007b), the

generalized interval-valued intuitionistic fuzzy weighted

averaging (GIVIFWA) operator (Zhao et al. 2010), the

induced generalized interval-valued intuitionistic fuzzy

Choquet ordered averaging (I-GIVIFCOA) operator (Xu

and Xia 2011), and the interval-valued intuitionistic fuzzy

interactive weighted average (IVIFIWA) operator (Yu

2014), etc. In fact, all of these aggregation operations can

be considered as granules in granular computing (GrC)

(Pedrycz and Chen 2015; Peters and Weber 2016; Livi and

Sadeghian 2016; Xu and Wang 2016; Antonelli et al. 2016;

Lingras et al. 2016; Skowron et al. 2016; Dubois and Prade

2016; Loia et al. 2016; Yao 2016; Ciucci 2016; Wilke and

Portmann 2016; Song and Wang 2016; Liu et al. 2016).

Based on these aggregation operators, many decision-

making approaches have been put forward to deal with

different kinds of decision-making problems with interval-

valued intuitionistic fuzzy information (Gu et al. 2014;

Zhao et al. 2013; Jin et al. 2014; Ye 2011; Wei and Zhang

2015; Gupta et al. 2015; Xu and Shen 2014; Chen 2014;

Wu and Chiclana 2014; Cai and Han 2014; Yue and Jia

2013; Chen et al. 2011, 2012; Xiao and Wei 2008; Zhang

et al. 2013; Chen and Li 2013; Chen and Chiou 2015), such

as the extended VIKOR method (Zhao et al. 2013), the

entropy measures (Jin et al. 2014; Ye 2011; Wei and Zhang

2015; Gupta et al. 2015), the outranking choice method

(Xu and Shen 2014), the inclusion-based LINMAP method

(Chen 2014) and the risk attitudinal ranking method (Wu

and Chiclana 2014), the evidential reasoning methodology

(Chen and Chiou 2015), etc. To understand and learn these

aggregation operators and decision-making methods better

and more conveniently, it is necessary to make an overview

of interval-valued intuitionistic fuzzy information aggre-

gation techniques and their applications. In order to do that,

this paper is organized as follows: Sect. 2 introduces some

basic concepts and operational laws about IVIFNs. In

Sect. 3, we mainly discuss some different kinds of aggre-

gation operators about interval-valued intuitionistic fuzzy

information as well as make some classifications for them.

Section 4 reviews some important methods for decision-

making with interval-valued intuitionistic fuzzy informa-

tion and their applications in solving various practical

decision-making problems. Finally, we make some con-

cluding remarks and discuss the possible directions for

future research.

2 Basic concepts and operations

In this section, we mainly review some basic concepts and

operational laws related to the interval-valued intuitionistic

fuzzy information

Given a crisp set X. Atanassov (1986) introduced the intu-

itionistic fuzzy set (IFS) A¼ \x;lA xð Þ;mA xð Þ[ x2Xjf g,
where the functions lA xð Þ and mA xð Þ define the membership

degree and the non-membership degree of the element x2X

to the set A, respectively. For every x2X, A satisfies

lA xð Þ2 ½0;1�, mA xð Þ2 ½0;1� and 0�lA xð ÞþmA xð Þ�1. Later,

in order to deal with the situations where both the member-

ship degree and the non-membership degree cannot be

expressed as exact numerical values but the value ranges can

be provided, Atanassov and Gargov (1989) extended the IFS

to interval-valued intuitionistic fuzzy set (IVIFS):

~A ¼ \x; ~l ~A xð Þ; ~m ~A xð Þ[ x 2 Xj
� �

¼ \x; inf ~l ~A xð Þ; sup ~l ~A xð Þ
� �

;
�

inf~m ~A xð Þ; sup ~m ~A xð Þ
� �

[ x 2 Xj
�
; ð1Þ

where ~l ~A xð Þ � ½0; 1� and ~m ~A xð Þ � 0; 1½ �, which satisfy

sup~l ~A xð Þ þ sup~m ~A xð Þ� 1. The basic component of an IVIFS

is an ordered pair, characterized by an interval-valued

membership degree and an interval-valued non-membership

degree of x in ~A. Such an ordered pair is called an IVIFN (Xu

2007a). For convenience, an IVIFN is generally simplified as

~a ¼ a; b½ �; c; d½ �ð Þ, where a; b½ � � 0; 1½ �, c; d½ � � 0; 1½ � and

bþ d� 1. For convenience of application, Xu (2007a)

defined some basic operational laws for IVIFNs:

Let ~a ¼ a; b½ �; c; d½ �ð Þ and ~ai ¼ ai; bi½ �; ci; di½ �ð Þ i ¼ 1; 2ð Þ
be three IVIFNs. Then

1. ~a1 � ~a2 ¼ a1 þ a2 � a1a2; b1 þ b2 � b1b2½ �;ð c1c2;½
d1d2�Þ;

2. ~a1 � ~a2 ¼ a1a2; b1b2½ �; c1 þ c2 � c1c2; d1 þ d2 � d1½ð
d2�Þ;

3. k~a ¼ 1� 1� að Þk; 1� 1� bð Þk
h i

; ck; dk
� �� �

; k[ 0;

4. ~ak ¼ ak; bk
� �

; 1� 1� cð Þk; 1� 1� dð Þk
h i� �

; k[ 0:

3 Interval-valued intuitionistic fuzzy aggregation
operators

3.1 Some basic interval-valued intuitionistic fuzzy

aggregation operators

Based on the operational laws introduced in Sect. 2, Xu

(2007b) introduced two basic interval-valued intuitionistic

fuzzy aggregation operators:

Definition 3.1 (Xu 2007b) Let ~aj j ¼ 1; 2; � � � ; nð Þ be a

collection of IVIFNs, and let IVIFWA: ~hn ! ~h. If
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IVIFWAx ~a1; ~a2; . . .; ~anð Þ ¼ �
n

j¼1
xj~aj

¼ 1�
Yn

j¼1

1� aj
� 	xj ;1�

Yn

j¼1

1� bj
� 	xj

" #

;
Yn

j¼1

c
xj

j ;
Yn

j¼1

d
xj

j

" # !

;

ð2Þ

then the function IVIFWA is called the interval-valued

intuitionistic fuzzy weighted averaging (IVIFWA) opera-

tor. Let IVIFWG: ~hn ! ~h. If

IVIFWGx ~a1; ~a2; . . .; ~anð Þ ¼ �
n

j¼1
~axj

j

¼
Yn

j¼1

a
xj

j ;
Yn

j¼1

b
xj

j

" #

; 1�
Yn

j¼1

1� cj
� 	xj ;1�

Yn

j¼1

1� dj
� 	xj

" # !

;

ð3Þ

then the function IVIFWG is called the interval-valued

intuitionistic fuzzy weighted geometric (IVIFWG) opera-

tor, where x ¼ x1;x2; . . .;xnð ÞT is the weight vector of

~aj j ¼ 1; 2; . . .; nð Þ with xj 2 0; 1½ � and
Pn

j¼1 xj ¼ 1

j ¼ 1; 2; . . .; nð Þ.

In addition, Xu and Chen (2007b) introduced two

ordered weighted aggregation operators for IVIFNs:

Definition 3.2 (Xu and Chen 2007b) Let IVIFOWA:
~hn ! ~h. If

IVIFOWAx ~a1; ~a2; . . .; ~anð Þ¼ �
n

j¼1
xj~ar jð Þ

¼ 1�
Yn

j¼1

1�ar jð Þ
� 	xj ;1�

Yn

j¼1

1�br jð Þ
� 	xj

" #

;
Yn

j¼1

c
xj

r jð Þ;
Yn

j¼1

d
xj

r jð Þ

" # !

;

ð4Þ

then the function IVIFOWA is called an interval-valued

intuitionistic fuzzy ordered weighted averaging (IVI-

FOWA) operator. Let IVIFOWG: ~hn! ~h. If

IVIFOWGx ~a1; ~a2; . . .; ~anð Þ ¼ �
n

j¼1
~axj

r jð Þ ¼
Yn

j¼1

a
xj

r jð Þ;
Yn

j¼1

b
xj

r jð Þ

" #

;

 

1�
Yn

j¼1

1� cr jð Þ
� 	xj ; 1�

Yn

j¼1

1� dr jð Þ
� 	xj

" #!

;

ð5Þ

then the function IVIFOWG is called an interval-valued

intuitionistic fuzzy ordered weighted geometric (IVI-

FOWG) operator, where x ¼ x1;x2; . . .;xnð ÞT is the

weight vector associated with the function IVIFOWA and

IVIFOWG, with xj 2 0; 1½ � ðj ¼ 1; 2; . . .; nÞ andPn
j¼1 xj ¼ 1, r 1ð Þ;r 2ð Þ; . . .; r nð Þð Þ is any permutation of

1; 2; � � � ; nð Þ, such that ~ar j�1ð Þ [ ~ar jð Þ, for any j.

For the IVIFWA, IVIFWG, IVIFOWA and IVIFOWG

operators, we can see that the IVIFWA and IVIFWG operators

only consider the importance of each given IVIFN, while the

IVIFOWA and IVIFOWG operators only weight the ordered

position of each IVIFN instead of the IVIFN itself. Thus, these

operators consider only one of the two different aspects. In

order to overcome this limitation, Xu and Chen (2007a, b)

developed the hybrid aggregation operators for IVIFNs:

Definition 3.3 (Xu and Chen 2007b) Let IVIFHA:
~hn ! ~h. Suppose

IVIFHAw;x ~a1; ~a2; . . .; ~anð Þ ¼ �
n

j¼1
xj

_~ar jð Þ

¼ 1�
Yn

j¼1

1� _ar jð Þ
� 	xj ;1�

Yn

j¼1

1� _br jð Þ
� 	xj

" #

;

 

Yn

j¼1

_c
xj

r jð Þ;
Yn

j¼1

_d
xj

r jð Þ

" #!

; ð6Þ

then the function IVIFHA is called an interval-valued intu-

itionistic fuzzy hybrid averaging (IVIFHA) operator, where

x ¼ x1;x2; . . .;xnð ÞT is the weight vector associated with

the function IVIFHA, with xj 2 0; 1½ � j ¼ 1; 2; . . .; nð Þ and
Pn

j¼1 xj ¼ 1, _~ar jð Þ is the j-th largest of the weighted IVIFNs

_~ai 1 ¼ 1; 2; � � � ; nð Þ, here _~ai ¼ nwi~ai i ¼ 1; 2; . . .; nð Þ, w ¼
w1;w2; . . .;wnð ÞT is the weight vector of the IVIFNs

~ai 1 ¼ 1; 2; � � � ; nð Þ, with wj 2 0; 1½ � j ¼ 1; 2; . . .nð Þ andPn
j¼1 wj ¼ 1, and n is the balancing coefficient.

If we replace (6) with the following form:

IVIFHGw;x ~a1; ~a2; . . .~anð Þ ¼ �
n

j¼1

€~a
xj

r jð Þ ¼
Yn

j¼1

a
xj

r jð Þ;
Yn

j¼1

b
xj

r jð Þ

" #

;

 

1�
Yn

j¼1

1� cr jð Þ
� 	xj ;1�

Yn

j¼1

1� dr jð Þ
� 	xj

" #!

; ð7Þ

then the function IVIFHG is called an interval-valued

intuitionistic fuzzy hybrid geometric (IVIFHG) operator,

where €~ar jð Þ is the j-th largest of the weighted IVIFNs

_~ai 1 ¼ 1; 2; . . .; nð Þ, here €~ai ¼ ~anwi

i i ¼ 1; 2; . . .; nð Þ.
In particular, if x ¼ 1=n; 1=n; . . .; 1=nð ÞT; then the

IVIFWA and IVIFWG operators reduce to the interval-

valued intuitionistic fuzzy averaging (IVIFA) operator and

interval-valued intuitionistic fuzzy geometric (IVIFG)

operator (Xu 2007c), respectively:

IVIFA ~a x1ð Þ; ~a x2ð Þ; . . .; ~a xnð Þð Þ

¼ 1�
Yn

i¼1

1� a xið Þð Þ1=n; 1�
Yn

i¼1

1� b xið Þð Þ1=n
" #

;

 

Yn

i¼1

c xið Þð Þ1=n;
Yn

i¼1

d xið Þð Þ1=n
" #!

ð8Þ
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IVIFG ~a x1ð Þ; ~a x2ð Þ; . . .; ~a xnð Þð Þ

¼
Yn

i¼1

a xið Þð Þ
 !1=n

;
Yn

i¼1

b xið Þð Þ
 !1=n

2

4

3

5;

0

@

1�
Yn

i¼1

1� c xið Þð Þ
 !1=n

; 1�
Yn

i¼1

1� c xið Þð Þ
 !1=n

2

4

3

5

1

A

ð9Þ

The IVIFOWA and IVIFOWG operators reduce to the

IVIFA and IVIFG operators, respectively; The IVIFHA

and IVIFHG operators reduce to the IVIFWA and IVIFWG

operators, respectively. If w ¼ 1=n; 1=n; . . .; 1=nð ÞT; then

the IVIFHA and IVIFHG operators reduce to the IVI-

FOWA and IVIFOWG operators, respectively.

Clearly, the IVIFHA operator generalizes both the

IVIFWA and IVIFOWA operators and the IVIFHG oper-

ator generalizes both the IVIFWG and IVIFOWG opera-

tors. They can consider not only the importance of each

given IVIFN itself, but also the importance of the ordered

position of the IVIFN. All the IVIFWA, IVIFWG, IVI-

FOWA, IVIFOWG, IVIFHA and IVIFHG operators satisfy

the desirable properties such as idempotency, boundedness

and commutativity.

3.2 Interval-valued intuitionistic fuzzy Bonferroni

means

The most fundamental characteristic of the Bonferroni

means (BM) is that it can capture the interrelationship of

the input arguments, which makes BM very useful in

various application fields. Motivated by intuitionistic fuzzy

Bonferroni mean (Xu and Yager 2011), and considering

that sometimes the membership function and the non-

membership function whose values are also intervals rather

than exact real numbers, Xu and Chen (2011) introduced

the interval-valued intuitionistic fuzzy Bonferroni mean,

which can take the importance of each argument into

account:

Definition 3.4 (Xu and Chen 2011) Let ~ai ¼
ai; bi½ �; ci; di½ �ð Þ i ¼ 1; 2; . . .; nð Þ be a collection of IVIFNs,

and p; q[ 0. If

then IVIFBp;q is called the interval-valued intuitionistic

fuzzy Bonferroni mean (IVIFBM).

Considering that the input data may have different

important degrees, Xu and Chen (2011) introduced the

concept of weighted interval-valued intuitionistic fuzzy

Bonferroni mean:

IVIFBp;q ~a1; ~a2; . . .; ~anð Þ ¼ 1

n n� 1ð Þ �
n

i; j ¼ 1

i 6¼ j

~api � ~aqj
� �

0

BBBB@

1

CCCCA

0

BBBB@

1

CCCCA

1
pþq

¼ 1�
Yn

i; j ¼ 1

i 6¼ j

1� aið Þp aj
� 	q� 	 1

n n�1ð Þ

0

BBBBB@

1

CCCCCA

1
pþq

; 1�
Yn

i; j ¼ 1

i 6¼ j

1� bið Þp bj
� 	q� 	 1

n n�1ð Þ

0

BBBBB@

1

CCCCCA

1
pþq

2

6666664

3

7777775

0

BBBBBB@

;

1� 1�
Yn

i; j ¼ 1

i 6¼ j

1� 1� cið Þp 1� cj
� 	q� 	 1

n n�1ð Þ

0

BBBBB@

1

CCCCCA

1
pþq

; 1� 1�
Yn

i; j ¼ 1

i 6¼ j

1� 1� dið Þp 1� dj
� 	q� 	 1

n n�1ð Þ

0

BBBBB@

1

CCCCCA

1
pþq

2

6666664

3

7777775

1

CCCCCCA

; ð10Þ
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Definition 3.5 (Xu and Chen 2011) If

then WIVIFBp;q
x is called the weighted interval-valued

intuitionistic fuzzy Bonferroni mean (WIVIFBM), where

x ¼ x1;x2; . . .;xnð ÞT is the weight vector of the IVIFNs

~ai 1 ¼ 1; 2; . . .; nð Þ, and xi indicates the importance degree

of ~ai, satisfying xi 2 0; 1½ � and
Pn

i¼1 xi ¼ 1

i ¼ 1; 2; . . .; nð Þ.

Both the IVIFBM and the WIVIFBM have some

desirable properties, such as idempotency, monotonicity,

commutativity and boundedness. Additionally, Shi and

He (2013) defined the interval-valued intuitionistic

fuzzy optimized weighted Bonferroni mean (IVI-

FOWBM) and the generalized interval-valued intu-

itionistic fuzzy optimized weighted Bonferroni mean

(GIVIFOWBM):

Definition 3.6 (Shi and He 2013) Let ~ai ¼
ai; bi½ �; ci; di½ �ð Þ i ¼ 1; 2; . . .; nð Þ be a collection of IVIFNs

with the weight vector x ¼ x1;x2; . . .;xnð ÞT such that

p; q	 0, x	 0 and
Pn

i¼1 xi ¼ 1. Then

WIVIFBp;q
x ~a1; ~a2; . . .; ~anð Þ ¼ 1

n n� 1ð Þ �
n

i; j¼ 1

i 6¼ j

xi ~aið Þp� xj ~aj
� 	q� 	

0

BBBB@

1

CCCCA

0

BBBB@

1

CCCCA

1
pþq

¼ 1�
Yn

i; j¼ 1

i 6¼ j

1� 1� 1� aið Þxið Þp 1� 1� aj
� 	xj

� 	q� 	 1
n n�1ð Þ

0

BBBBB@

1

CCCCCA

1
pþq

;

2

6666664

0

BBBBBB@

1�
Yn

i; j¼ 1

i 6¼ j

1� 1� 1� bið Þxið Þp 1� 1� bj
� 	xj

� 	q� 	 1
n n�1ð Þ

0

BBBBB@

1

CCCCCA

1
pþq

3

7777775

; 1� 1�
Yn

i; j¼ 1

i 6¼ j

1� 1� cið Þxið Þp 1� cj
� 	xj

� 	q� 	 1
n n�1ð Þ

0

BBBBB@

1

CCCCCA

1
pþq

;

2

6666664

1� 1�
Yn

i; j¼ 1

i 6¼ j

1� 1� dið Þxið Þp 1� dj
� 	xj

� 	q� 	 1
n n�1ð Þ

0

BBBBB@

1

CCCCCA

1
pþq

3

7777775

1

CCCCCCA

ð11Þ

IVIFOWBp;q ~a1; ~a2; . . .; ~anð Þ ¼ �
n

i; j;¼ 1

i 6¼ j

xixj

1� xi

~api � ~aqj
� �

0

BBBB@

1

CCCCA

1
pþq

¼ 1�
Yn

i; j ¼ 1

i 6¼ j

1� a
p
i a

q
j

� �xixj
1�xi

0

BBBBB@

1

CCCCCA

1
pþq

;

2

6666664

0

BBBBBB@

1�
Yn

i; j ¼ 1

i 6¼ j

1� b
p
i b

q
j

� �xixj
1�xi

0

BBBBB@

1

CCCCCA

1
pþq

3

7777775

; 1� 1�
Yn

i; j ¼ 1

i 6¼ j

1� 1� cið Þp 1� cj
� 	q� 	xixj

1�xi

0

BBBBB@

1

CCCCCA

1
pþq

;

2

6666664

1� 1�
Yn

i; j ¼ 1

i 6¼ j

1� 1� dið Þp 1� dj
� 	q� 	xixj

1�xi

0

BBBBB@

1

CCCCCA

1
pþq

3

7777775

1

CCCCCCA

ð12Þ
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is called the interval-valued intuitionistic fuzzy optimized

weighted Bonferroni mean (IVIFOWBM).

Definition 3.7 (Shi and He 2013) Let ~ai ¼
ai; bi½ �; ci; di½ �ð Þ i ¼ 1; 2; . . .; nð Þ be a collection of IVIFNs

with the weight vector x ¼ x1;x2; . . .;xnð ÞT such that

p; q; r	 0, x	 0 and
Pn

i¼1 xi ¼ 1. Then

is called the generalized interval-valued intuitionistic fuzzy

optimized weighted Bonferroni mean (GIVIFOWBM).

Both the IVIFOWBM and the GIVIFOWBM satisfy the

idempotency, monotonicity and transformation.

3.3 Generalized interval-valued intuitionistic fuzzy

aggregation operators

The advantage of the generalized operators is that it can

consider all situations by changing the value of the variable

k. Zhao et al. (2010) developed a series of generalized

aggregation operators for IVIFNs:

Definition 3.8 (Zhao et al. 2010) Let GIVIFWA: ~hn ! ~h. If

GIVIFWAx ~a1; ~a2; . . .; ~anð Þ ¼ x1 ~a
k
1 � x2 ~a

k
2 � � � � � xn ~a

k
n

� 	1
k

¼ 1�
Yn

j¼1

1� akj

� �xj

 !1
k

; 1�
Yn

j¼1

1� bkj

� �xj

 !1
k

2

4

3

5;

0

@

1� 1�
Yn

j¼1

1� 1� cj
� 	k� �xj

 !1
k

;

2

4

1� 1�
Yn

j¼1

1� 1� dj
� 	k� �xj

 !1
k

3

5

1

A; ð14Þ

then the function GIVIFWA is called the generalized

interval-valued intuitionistic fuzzy weighted averaging

(GIVIFWA) operator, where k[ 0, x¼ x1;x2; . . .;xnð ÞT

is the weight vector of ~aj ¼ aj;bj
� �

; cj;dj
� �� 	

j¼ 1;2; . . .;nð Þ
with xj 2 0;1½ � j¼ 1;2; . . .;nð Þ and

Pn
j¼1xj ¼ 1.

There are some special cases obtained by using different

choices of the parameters x and k (Shi and He 2013):

1. If k ¼ 1, then the GIVIFWA operator reduces to be the

IVIFWA operator.

2. If x ¼ 1=n; 1=n; . . .; 1=nð ÞT and k ¼ 1, then the

GIVIFWA operator reduces to the IVIFA operator.

Definition 3.9 (Zhao et al. 2010) Let GIVIFOWA:
~hn ! ~h. If

GIVIFOWAx ~a1; ~a2; . . .; ~anð Þ

¼ x1 ~ar 1ð Þ
� 	k�x2 ~ar 2ð Þ

� 	k��� ��xn ~ar nð Þ
� 	k� �1

k

¼ 1�
Yn

j¼1

1�akr jð Þ

� �xj

 !1
k

; 1�
Yn

j¼1

1�bkr jð Þ

� �xj

 !1
k

2

4

3

5;

0

@

1� 1�
Yn

j¼1

1� 1� cr jð Þ
� 	k� �xj

 !1
k

;

2

4

1� 1�
Yn

j¼1

1� 1�dr jð Þ
� 	k� �xj

 !1
k

3

5

1

A; ð15Þ

GIVIFOWBp;q;r ~a1; ~a2; . . .; ~anð Þ ¼ �
n

i; j; k ¼ 1

i 6¼ j 6¼ k

xixjxk

1�xið Þ 1�xi �xj

� 	 ~api � ~aqj � ~ark

� �

0

BBBB@

1

CCCCA

1
pþqþr

¼ 1�
Yn

i; j; k ¼ 1

i 6¼ j 6¼ k

1� a
p
i a

q
j a

r
k

� � xixjxk
1�xið Þ 1�xi�xjð Þ

0

BBBBB@

1

CCCCCA

1
pþqþr

;

2

6666664

0

BBBBBB@

1�
Yn

i; j; k ¼ 1

i 6¼ j 6¼ k

1� a
p
i a

q
j a

r
k

� � xixjxk
1�xið Þ 1�xi�xjð Þ

0

BBBBB@

1

CCCCCA

1
pþqþr

3

7777775

; 1� 1�
Yn

i; j; k ¼ 1

i 6¼ j 6¼ k

1� 1� cið Þp 1� cj
� 	q

1� ckð Þr
� 	 xixjxk

1�xið Þ 1�xi�xjð Þ

0

BBBBB@

1

CCCCCA

1
pþqþr

;

2

6666664

1� 1�
Yn

i; j; k ¼ 1

i 6¼ j 6¼ k

1� 1� dið Þp 1� dj
� 	q

1� dkð Þr
� 	 xixjxk

1�xið Þ 1�xi�xjð Þ

0

BBBBB@

1

CCCCCA

1
pþqþr

3

7777775

1

CCCCCCA

ð13Þ
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then the function GIVIFOWA is called the generalized

interval-valued intuitionistic fuzzy ordered weighted

averaging (GIVIFOWA) operator, where k[ 0, x ¼
x1;x2; . . .;xnð ÞT is the weight vector associated with the

GIVIFOWA operator, with xj 2 0; 1½ � j ¼ 1; 2; . . .; nð Þ andPn
j¼1 xj ¼ 1, ~ar jð Þ is the jth largest of ~aj j ¼ 1; 2; . . .; nð Þ.

There are some special cases by using different choices

of the parameters x and k, which can be shown as:

1. If k ¼ 1, then the GIVIFOWA operator reduces to be

the IVIFOWA operator;

2. If x ¼ 1=n; 1=n; . . .; 1=nð ÞT and k ¼ 1, then the

GIVIFOWA operator reduces to the IVIFA operator;

3. If x ¼ 1; 0; . . .; 0ð ÞT, then the GIVIFOWA operator

reduces to the following form:

IVIFMAXx ~a1; ~a2; . . .; ~anð Þ ¼ max
j

~aj
� 	

ð16Þ

4. If x ¼ 0; 0; . . .; 1ð ÞT, then the GIVIFOWA operator

reduces to the following form:

IVIFMINx ~a1; ~a2; . . .; ~anð Þ ¼ min
j

~aj
� 	

ð17Þ

The GIVIFWA operator only weights the IVIFNs, while

the GIVIFOWA operator only weights the ordered posi-

tions of the IVIFNs instead of the IVIFNs themselves. To

overcome this limitation, Zhao et al. (2010) introduced a

generalized interval-valued intuitionistic fuzzy hybrid

aggregation (GIVIFHA) operator:

Definition 3.10 (Zhao et al. 2010) A GIVIFHA operator

of dimension n is a mapping GIVIFHA: ~hn ! ~h, which has

an associated vector x ¼ x1;x2; . . .;xnð ÞT, with xj 2
0; 1½ � j ¼ 1; 2; . . .; nð Þ and

Pn
j¼1 xj ¼ 1, k[ 0, such that

GIVIFHAw;x ~a1; ~a2; . . .; ~anð Þ

¼ x1
_~ar 1ð Þ
� 	k�x2

_~ar 2ð Þ
� 	k�����xn

_~ar nð Þ
� 	k� �1

k

¼ 1�
Yn

j¼1

1� _akr jð Þ

� �xj

 !1
k

; 1�
Yn

j¼1

1� _bkr jð Þ

� �xj

 !1
k

2

4

3

5;

0

@

1� 1�
Yn

j¼1

1� 1� _cr jð Þ
� 	k� �xj

 !1
k

;

2

4

1� 1�
Yn

j¼1

1� 1� _dr jð Þ
� 	k� �xj

 !1
k

3

5

1

A; ð18Þ

where _~ar jð Þ is the jth largest of the weighted IVIFNs

_~aj _~aj ¼ nwj~aj; j ¼ 1; 2; . . .; n
� 	

, w ¼ w1;w2; . . .;wnð ÞT is

the weight vector of ~aj j ¼ 1; 2; . . .; nð Þ with wj 2 0; 1½ � andPn
j¼1 wj ¼ 1, and n is the balancing coefficient, which

plays a role of balance.

Additionally, based on these aggregation operators dis-

cussed above, Qi et al. (2013) introduced some other

generalized interval-valued intuitionistic fuzzy aggregation

operators:

Definition 3.11 (Qi et al. 2013) Let ~a1; ~a2; . . .; ~anð Þ be a

collection of IVIFNs, where ~aj ¼ aj; bj
� �

; cj; dj
� �� 	

. Let �l
be the mean value of ~a1; ~a2; . . .; ~anð Þ, and �l ¼
a�l; b�l
� �

; c�l; d�l
� �� 	

, then �l can be obtained by the IVIFWA

operator with x ¼ 1=n; 1=n; . . .; 1=nð ÞT, where a�l ¼ 1�
Qn

j¼1 1� aj
� 	1=n

, b�l ¼ 1�
Qn

j¼1 1�bj
� 	1=n

, c�l ¼
Qn

j¼1 c
1=n
j ,

and d�l ¼
Qn

j¼1 d
1=n
j .

Definition 3.12 (Xu and Yager 2009) Let ~a1; ~a2; . . .; ~anð Þ
be a collection of IVIFNs, where ~aj ¼ aj; bj

� �
; cj; dj
� �� 	

j ¼ 1; 2; . . .; nð Þ, �l ¼ a�l; b�l
� �

; c�l; d�l
� �� 	

denotes the mean

value of ~a1; ~a2; . . .; ~anð Þ, then the variance of ~a1; ~a2; . . .; ~an

can be computed by n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Pn
j¼1 d ~aj; �l

� 	� 	2
q

.

Definition 3.13 (Qi et al. 2013) Let �l be the mean value

of given interval-valued intuitionistic fuzzy arguments, n
be the variance of given IVIFNs, then the Gaussian

weighting vector x ¼ x1;x2; . . .;xnð ÞT can be defined as:

xj ¼ 1ffiffiffiffi
2p

p
n
e�d2 ~bj��lð Þ=2n2 , where ~b1; ~b2; . . .; ~bn

� �
is a per-

mutation of ~a1; ~a2; . . .; ~anð Þ, with ~bj�1 	 ~bj for all

j ¼ 1; 2; . . .; n. Consider that xj 2 0; 1½ � and
Pn

j¼1 xj ¼ 1

are commonly required in the aggregation operators, then

we can normalize the Gaussian weighting vector by xj ¼
1=
ffiffiffiffi
2p

p
nð Þe�d2 ~bj� �lð Þ=2n2

Pn

j¼1
1=
ffiffiffiffi
2p

p
nð Þe�d2 ~bj� �lð Þ=2n2

; j ¼ 1; 2; . . .; n:

The Gaussian generalized interval-valued intuitionis-

tic fuzzy ordered weighted averaging (Gaussian-GIVI-

FOWA) operator and the Gaussian generalized interval-

valued intuitionistic fuzzy ordered weighted geometric

(Gaussian-GIVIFOWG) operator can be defined as

follows:

Definition 3.14 (Qi et al. 2013) A Gaussian-GIVIFOWA

operator of dimension n is a mapping Gaussian-GIVI-

FOWA: Xn ! X, which has an associated Gaussian

weighting vector x ¼ x1;x2; . . .;xnð ÞT with xj 2 0; 1½ �
and

Pn
j¼1 xj ¼ 1, then
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Additionally, a Gaussian-GIVIFOWG operator of dimen-

sion n is a mapping Gaussian-GIVIFOWG: Xn ! X, then

where ~b1; ~b2; . . .; ~bn
� �

is a permutation of ~a1; ~a2; . . .; ~anð Þ,

with ~bj�1 	 ~bj for all j ¼ 1; 2; . . .; n.

Obviously, the aggregated results of the Gaussian-

GIVIFOWA and Gaussian-GIVIFOWG operators are

independent of orderings. Thus, the Gaussian-GIVI-

FOWA and Gaussian-GIVIFOWG operators are neat and

dependent operators. Afterwards, Qi et al. (2013) defined

a power generalized interval-valued intuitionistic fuzzy

ordered weighted averaging (P-GIVIFOWA) operator

and a power generalized interval-valued intuitionistic

fuzzy ordered weighted geometric (P-GIVIFOWG)

operator. Firstly, a hybrid support function can be

defined as:

Definition 3.15 (Qi et al. 2013) Let ~a1; ~a2; . . .; ~anð Þ be a

collection of IVIFNs, and let �l denote the mean value, then

the hybrid support function can be defined as:

Sup ~aj
� 	

¼ 1

n� 1

Xn

k¼1;j6¼k

1� d ~aj; ~ak
� 	� 	

þ 1� d ~aj; �l
� 	� 	

¼ 1

n� 1

Xn

k¼1;j 6¼k

Sup ~aj; ~ak
� 	

þ Sup ~aj; �l
� 	

ð21Þ

Definition 3.16 (Qi et al. 2013) A P-GIVIFOWA oper-

ator of dimension n is a mapping P-GIVIFOWA: Xn ! X,

x ¼ x1;x2; . . .;xnð ÞT is the associated power weighting

vector, xj 2 0; 1½ � and
Pn

j¼1 xj ¼ 1, then

P-GIVIFOWA ~a1; ~a2;. . .; ~anð Þ

¼
Sup ~b1
� �

Pn
j¼1 Sup

~bj
� � ~bk1�

Sup ~b2
� �

Pn
j¼1 Sup

~bj
� � ~bk2�����

Sup ~bn
� �

Pn
j¼1 Sup

~bj
� � ~bkn

0

@

1

A

1=k

¼
Sup ~b1
� �

~bk1�Sup ~b2
� �

~bk2�����Sup ~bn
� �

~bkn
Pn

j¼1 Sup
~bj
� �

0

@

1

A

1=k

ð22Þ

Gaussian-GIVIFOWA ~a1; ~a2; . . .; ~anð Þ ¼ x~ar 1ð Þ ~a
k
r 1ð Þ �x~ar 2ð Þ ~a

k
r 2ð Þ � � � � �x~ar nð Þ ~a

k
r nð Þ

� �

¼ 1
ffiffiffiffiffiffi
2p

p
n
e�d2 ~b1��lð Þ=2n2 ~bk1 �

1
ffiffiffiffiffiffi
2p

p
n
e�d2 ~b2��lð Þ=2n2 ~bk2 � � � � � 1

ffiffiffiffiffiffi
2p

p
n
e�d2 ~bn��lð Þ=2n2 ~bkn

� � Xn

j¼1

1
ffiffiffiffiffiffi
2p

p
n
e�d2 ~bj��lð Þ=2n2

 !1
k

0

@

1

A

�1

ð19Þ

Gaussian-GIVIFOWG ~a1; ~a2; . . .; ~anð Þ ¼ 1

k
k~b1
� �x ~b 1ð Þ � k~b2

� �x ~b 2ð Þ � � � � � k~bn
� �x ~b nð Þ

� �

¼ 1

k
k~b1
� � 1=

ffiffiffiffi
2p

p
nð Þe�d2 ~b1� �lð Þ=2n2

� k~b2
� � 1=

ffiffiffiffi
2p

p
nð Þe�d2 ~b2� �lð Þ=2n2

� � � � � k~bn
� � 1=

ffiffiffiffi
2p

p
nð Þe�d2 ~bn� �lð Þ=2n2

 !1

.Pn

j¼1
1=
ffiffiffiffi
2p

p
nð Þe�d2 ~bj� �lð Þ=2n2

ð20Þ
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and a P-GIVIFOWG operator of dimension n is a mapping

P-GIVIFOWG: Xn ! X, then

where ~b1; ~b2; . . .; ~bn
� �

is a permutation of ~a1; ~a2; . . .; ~anð Þ,

with ~bj�1 	 ~bj for all j ¼ 1; 2; . . .; n.

The GIVIFWA, GIVIFOWA, GIVIFHA, Gaussian-

GIVIFOWA, Gaussian-GIVIFOWG, P-GIVIFOWA and

P-GIVIFOWG operators satisfy the commutativity, idem-

potency and boundedness.

Additionally, Dong and Wan (2015) defined some

generalized aggregation operators of interval-valued

trapezoidal intuitionistic fuzzy numbers (IVTrIFNs),

including the generalized ordered weighted averaging

operator and the generalized hybrid weighted averaging

operator. Liu et al. (2015) proposed the interval-valued

intuitionistic fuzzy generalized Einstein weighted averag-

ing (IVIFGEWA) operator, the interval-valued intuition-

istic fuzzy generalized Einstein ordered weighted

averaging (IVIFGEOWA) operator, and the interval-valued

intuitionistic fuzzy generalized Einstein hybrid weighted

averaging (IVIFGE-HWA) operator. Some properties of

these operators such as idempotency, commutativity,

monotonicity and boundedness were discussed. Meng et al.

(2015a) proposed the generalized Banzhaf interval-valued

intuitionistic fuzzy geometric Choquet (GBIVIFGC)

operator. In order to comprehensively reflect the interac-

tions among elements and reduce the complexity of solving

a fuzzy measure, they further introduced the GBIVIFGC

operator with respect to 2-additive measures. Yu (2013)

developed an approach to deal with the decision-making

problems in the context of IVIFSs by introducing the

generalized interval-valued intuitionistic fuzzy weighted

geometric (GIVIFWG) and the generalized interval-valued

intuitionistic fuzzy ordered weighted geometric (GIVI-

FOWG) operators. He et al. (2013) generalized the power

averaging operators to interval-valued intuitionistic fuzzy

environments, and developed a series of generalized

interval-valued intuitionistic fuzzy power aggregation

operators.

3.4 Interval-valued intuitionistic fuzzy aggregation

operators based on Choquet integral

The Choquet integral is a very useful way of measuring the

expected utility of an uncertain event and can be used to

propose some interval-valued intuitionistic fuzzy aggrega-

tion operators. Xu (2010) utilized Choquet integral to

propose two operators for aggregating IVIFNs together

with their correlative weights:

Definition 3.17 (Xu 2010) Let f be a fuzzy measure on

X ¼ x1; x2; . . .; xnf g, and
~a xið Þ ¼ a xið Þ; b xið Þ½ �; c xið Þ; d xið Þ½ �ð Þ

i ¼ 1; 2; . . .; nð Þ be n IVIFNs, then we call

P-GIVIFOWG ~a1; ~a2; . . .; ~anð Þ ¼ 1

k
k~b1
� �Sup ~b1ð Þ

.Pn

j¼1
Sup ~bjð Þ

� k~b2
� �Sup ~b2ð Þ

.Pn

j¼1
Sup ~bjð Þ

� � � � � k~bn
� �Sup ~bnð Þ

.Pn

j¼1
Sup ~bjð Þ

0

@

1

A

¼ 1

k
k~b1
� �Sup ~b1ð Þ

� k~b2
� �Sup ~b2ð Þ

� � � � � k~bn
� �Sup ~bnð Þ� �1

.Pn

j¼1
Sup ~bjð Þ

ð23Þ

C3ð Þ
Z

~adf ¼ IVIFCA ~a x1ð Þ; ~a x2ð Þ; . . .; ~a xnð Þð Þ ¼ f Br 1ð Þ
� 	

� f Br 0ð Þ
� 	� 	

~a xr 1ð Þ
� 	

� f Br 2ð Þ
� 	�

�f Br 1ð Þ
� 		

~a xr 2ð Þ
� 	

� � � � � f Br nð Þ
� 	

� f Br n�1ð Þ
� 	� 	

~a xr nð Þ
� 	

¼ 1�
Yn

i¼1

1� a xr ið Þ
� 	� 	f Br ið Þð Þ�f Br i�1ð Þð Þ

; 1�
Yn

i¼1

1� b xr ið Þ
� 	� 	f Br ið Þð Þ�f Br i�1ð Þð Þ

" #

;

 

Yn

i¼1

c xr ið Þ
� 	� 	f Br ið Þð Þ�f Br i�1ð Þð Þ

;
Yn

i¼1

d xr ið Þ
� 	� 	f Br ið Þð Þ�f Br i�1ð Þð Þ

" #!

ð24Þ
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and

the interval-valued intuitionistic fuzzy correlated averaging

(IVIFCA) operator and the interval-valued intuitionistic

fuzzy correlated geometric (IVIFCG) operator, respec-

tively, where C3ð Þ
R
~adf and C4ð Þ

R
~adf are the notation of

Choquet integrals, ~a xið Þ indicates that the indices have

been permuted so that ~a xr 1ð Þ
� 	

	 ~a xr 2ð Þ
� 	

	 � � � 	 ~a xr nð Þ
� 	

,

Br kð Þ ¼ xr jð Þ j� kj
� �

, when k	 1 and Br 0ð Þ ¼ ;. The

aggregated values of these two operators are IVIFNs.

These operators not only consider the importance degrees

of the elements or their ordered positions, but also can

reflect the correlations among the elements or their

ordered positions. It is worth pointing out that most of the

existing intuitionistic fuzzy aggregation operators are the

special cases of these two operators. Some special cases

of the IVIFCA and IVIFCG operators can be shown as

follows:

1. If f Bð Þ ¼
P

xi2B f xif gð Þ, for all B 
 X, and

f xr ið Þ
� �� 	

¼ f Br ið Þ
� 	

� f Br i�1ð Þ
� 	

, then the IVIFCA and

IVIFCG operators reduce to the IVIFWA and IVIFWG

operators, respectively. Especially, if f xif gð Þ ¼ 1
n
, for all

i ¼ 1; 2; . . .; n, then the IVIFCA and IVIFCG operators

reduce to the IVIFA and IVIFG operators, respectively.

2. If f Bð Þ ¼
P Bj j

i¼1 xi, for all B 
 X, and

xi ¼ f Br ið Þ
� 	

� f Br ið Þ
� 	

; i ¼ 1; 2; � � � ; n, then the IVIFCA

and IVIFCG operators reduce to the IVIFOWA and

IVIFOWG operators, respectively. Especially, if

f Bð Þ ¼ Bj j
n
, for all B 
 X, then both the IVIFCA and

IVIFOWA operators reduce to the IVIFA operator. Sim-

ilarly, both the IVIFCG and IVIFOWG operators reduce to

the IVIFG operator.

3. If f Bð Þ ¼ w
P

xi2B f xif gð Þ
� �

, for all B 
 X, and xi ¼

f Br ið Þ
� 	

� f Br i�1ð Þ
� 	

¼ w
P

j� i f xr ið Þ
� �� 	� �

� w
P

j\i f
�

xr ið Þ
� �� 	

Þ; i ¼ 1; 2; . . .; n hold, then the IVIFCA and

IVIFCG operators reduce to the interval-valued intuition-

istic fuzzy weighted ordered weighted averaging (IVIF-

WOWA) operator and the interval-valued intuitionistic

fuzzy weighted ordered weighted geometric (IIFWOWG)

operator, respectively:

IVIFWOWA ~a x1ð Þ; ~a x2ð Þ; . . .; ~a xnð Þð Þ
¼ x1~a xr 1ð Þ

� 	
�x2~a xr 2ð Þ

� 	
� � � � �xn~a xr nð Þ

� 	

¼ 1�
Yn

i¼1

1� a xr ið Þ
� 	� 	xi ; 1�

Yn

i¼1

1� b xr ið Þ
� 	� 	xi

" #

;

 

Yn

i¼1

c xr ið Þ
� 	� 	xi ;

Yn

i¼1

d xr ið Þ
� 	� 	xi

" #!

ð26Þ

and

IVIFWOWG ~a x1ð Þ; ~a x2ð Þ; . . .; ~a xnð Þð Þ
¼ ~a xr 1ð Þ
� 	x1�~a xr 2ð Þ

� 	x2� � � � � ~a xr nð Þ
� 	xn

¼
Yn

i¼1

a xr ið Þ
� 	� 	xi ;

Yn

i¼1

b xr ið Þ
� 	� 	xi

" #

;

 

1�
Yn

i¼1

1� c xr ið Þ
� 	� 	xi ; 1�

Yn

i¼1

1� d xr ið Þ
� 	� 	xi

" #!

ð27Þ

Especially, if f xif gð Þ ¼ 1
n
, for all i ¼ 1; 2; . . .; n, then the

IVIFWOWA and IVIFWOWG operators reduce to the

IVIFOWA and IVIFOWG operators, respectively.

On the basis of the IVIFCA and IVIFCG operators,

Meng et al. (2013a) proposed the arithmetical interval-

valued intuitionistic fuzzy generalized k-Shapley Choquet

(AIVIFGSCgk ) operator and the geometric interval-valued

intuitionistic fuzzy generalized k-Shapley Choquet

(GIVIFGSCgk ) operator. These operators not only consider

the importance of combinations or their ordered positions,

but also reflect the correlations among combinations or

their ordered positions.

Let N ¼ 1; 2; . . .; nf g be a finite index set, and P Nð Þ be
the power set of N, i.e., the set of all subsets of N.We often

omit braces for singletons, e.g., by writing N=i, T and N=S

instead of N= if g, Tf g and N= Sf g. Moreover, the cardi-

nality of any subset S 2 P Nð Þ will be denoted by the cor-

responding lower case s. Then the generalized Shapley

index with respect to the k-fuzzy measure gk on N can be

C4ð Þ
Z

~adf ¼ IVIFCG ~a x1ð Þ; ~a x2ð Þ; � � � ; ~a xnð Þð Þ ¼ ~a xr 1ð Þ
� 	f Br 1ð Þð Þ�f Br 0ð Þð Þ�~a xr 2ð Þ

� 	f Br 2ð Þð Þ�f Br 1ð Þð Þ� � � � � ~a xr nð Þ
� 	f Br nð Þð Þ�f Br n�1ð Þð Þ

¼
Yn

i¼1

a xr ið Þ
� 	� 	f Br ið Þð Þ�f Br i�1ð Þð Þ

;
Yn

i¼1

b xr ið Þ
� 	� 	f Br ið Þð Þ�f Br i�1ð Þð Þ

" #

;

 

1�
Yn

i¼1

1� c xr ið Þ
� 	� 	f Br ið Þð Þ�f Br i�1ð Þð Þ

; 1�
Yn

i¼1

1� d xr ið Þ
� 	� 	f Br ið Þð Þ�f Br i�1ð Þð Þ

" #!

ð25Þ
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shown as:

uSh
S gk;Nð Þ ¼

X
T
N=S

n� s� tð Þ!t!
n� sþ tð Þ! gk S [ Tð Þ � gk Tð Þð Þ; 8S 
 N:

Based on which, we introduce the following generalized

k-Shapley Choquet operators:

Definition 3.18 (Meng et al. 2013a) Let ~ai ¼
ai; bi½ �; ci; di½ �ð Þ i ¼ 1; 2; . . .; nð Þ be a collection of IVIFNs,

and gk be the k-fuzzy measure on N, then the AIVIFGSCgk

and GIVIFGSCgk operators of ~ai i ¼ 1; 2; . . .; nð Þ are

defined as:

and

respectively, �ð Þ indicates a permutation on N such that

~a 1ð Þ � ~a 2ð Þ � � � � � ~a nð Þ, and A ið Þ ¼ i; . . .; nf g with

A nþ1ð Þ ¼ ;.

The IVIFCA, IVIFCA, AIVIFGSCgk and GIVIFGSCgk

satisfy the idempotency, comonotonicity and boundedness.

3.5 Induced generalized interval-valued

intuitionistic fuzzy aggregation operators

Recently, some studies have been done about a type of

induced aggregation operators, which take their arguments

as pairs, in which the first components called order-inducing

variables are used to induce an ordering over the second

components which are the aggregated variables. Based on

these operators and theChoquet integral discussed above,Xu

and Xia (2011) introduced the induced generalized intu-

itionistic fuzzy Choquet integral operators and the induced

generalized intuitionistic fuzzy Dempster–Shafer operators:

Definition 3.19 (Xu and Xia 2011) Let X ¼
x1; x2; � � � ; xnf g be a fixed set, m be a fuzzy measure on X,

and ~ai ¼ a~ai ; b~ai½ �; c~ai ; d~ai½ �ð Þ i ¼ 1; 2; . . .; nð Þ be a collection
of IVIFNs on X. An induced generalized interval-valued

intuitionistic fuzzy Choquet ordered averaging (I-GIVIF-

COA) operator of dimension n is a function I-GIVIFCOA:

Z
~aduSh gk;Nð Þ ¼ AIVIFGSCgk ~a1; ~a2; . . .; ~anð Þ ¼ �

n

i¼1
uSh
A ið Þ

gk;Nð Þ � uSh
A iþ1ð Þ

gk;Nð Þ
� �

~a ið Þ

¼ 1�
Yn

i¼1

1� a ið Þ
� 	 uSh

A ið Þ
gk;Nð Þ�uSh

A i�1ð Þ
gk;Nð Þ

� �

; 1�
Yn

i¼1

1� b ið Þ
� 	 uSh

A ið Þ
gk;Nð Þ�uSh

A i�1ð Þ
gk;Nð Þ

� �" #

;

 

Yn

i¼1

c
uSh
A ið Þ

gk;Nð Þ�uSh
A i�1ð Þ

gk;Nð Þ
� �

ið Þ ;
Yn

i¼1

d
uSh
A ið Þ

gk;Nð Þ�uSh
A i�1ð Þ

gk;Nð Þ
� �

ið Þ

2

4

3

5

1

A ð28Þ

Z
~aduSh gk;Nð Þ ¼ GIVIFGSCgk ~a1; ~a2; . . .; ~anð Þ ¼ �

n

i¼1
~a
uSh
A ið Þ

gk;Nð Þ�uSh
A iþ1ð Þ

gk;Nð Þ

ið Þ

¼
Yn

i¼1

a
uSh
A ið Þ

gk;Nð Þ�uSh
A i�1ð Þ

gk;Nð Þ
� �

ið Þ ;
Yn

i¼1

b
uSh
A ið Þ

gk;Nð Þ�uSh
A i�1ð Þ

gk;Nð Þ
� �

ið Þ

2

4

3

5; 1�
Yn

i¼1

1� c ið Þ
� 	 uSh

A ið Þ
gk;Nð Þ�uSh

A i�1ð Þ
gk;Nð Þ

� �

;

"0

@

1�
Yn

i¼1

1� d ið Þ
� 	 uSh

A ið Þ
gk;Nð Þ�uSh

A i�1ð Þ
gk;Nð Þ

� �#!

ð29Þ
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~hn ! ~h, which is defined to aggregate the set of second

arguments of a collection of 2-tuples u1; ~a1h i;f
u2; ~a2h i; . . .; un; ~anh ig according to the following expres-

sion:

where k[ 0, ui in 2-tuples ui; ~aih i is referred to as the

order-inducing variable and ~ai as the argument variable,

r ið Þ : 1; 2; . . .; nf g ! 1; 2; . . .; nf g is a permutation such

that ur 1ð Þ 	 ur 2ð Þ 	 � � � 	 ur nð Þ, Ar ið Þ ¼ xr 1ð Þ; xr 2ð Þ; . . .;
�

xr nð Þg when i	 1 and Ar 0ð Þ 6¼ ;. In particular, if ui ¼ uj in

two 2-tuples ui; ~aih i and uj; ~aj

 �

, then we replace ~ai and ~aj
by their average, i.e., ~ai � ~aj

� 	�
2.

In the case where ur 1ð Þ 	 ur 2ð Þ 	 � � � 	 ur nð Þ and

~ar 1ð Þ 	 ~ar 2ð Þ 	 � � � 	 ~ar nð Þ, the I-GIVIFCOA operator

becomes

I - GIVIFCOAk u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ¼
�
n

i¼1
f Ar ið Þ
� 	

� f Ar i�1ð Þ
� 	� 	

~akr ið Þ

� �� �1=k

; k[0;

�
n

i¼1
~a

f Ar ið Þð Þ�f Ar i�1ð Þð Þð Þ
r ið Þ

� �
; k¼ 0;

8
>>><

>>>:

¼

1�
Yn

i¼1

1� a~ar ið Þ

� �k� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ !1=k

; 1�
Yn

i¼1

1� b~ar ið Þ

� �k� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ !1=k
2

4

3

5;

0

@

1� 1�
Yn

i¼1

1� 1� c~ar ið Þ

� �k� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ !1=k

;1� 1�
Yn

i¼1

1� 1�d~ar ið Þ

� �k� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ !1=k
2

4

3

5

1

A;k[0;

Yn

i¼1

a~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
;
Yn

i¼1

b~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
" #

;

 

1�
Yn

i¼1

1� c~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
;1�

Yn

i¼1

1�d~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
" #!

; k¼ 0;

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

ð30Þ

GIVIFCOAk u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ ¼ �
n

j¼1
f Ar ið Þ
� 	

� f Ar i�1ð Þ
� 	� 	

~br ið Þ

� �

¼

1�
Yn

j¼1

1� a~br ið Þ

� �k� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ !1=k

; 1�
Yn

j¼1

1� b~br ið Þ

� �k� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ !1=k
2

4

3

5;

0

@

1� 1�
Yn

j¼1

1� 1� c~br ið Þ

� �k� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ !1=k

; 1� 1�
Yn

j¼1

1� 1� d~br ið Þ

� �k� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ !1=k
2

4

3

5

1

A; k[ 0;

Yn

j¼1

a~br ið Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
;
Yn

j¼1

b~br ið Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
" #

;

 

1�
Yn

j¼1

1� c~br ið Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
; 1�

Yn

j¼1

1� d~br ið Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
" #!

; k ¼ 0;

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

ð31Þ
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which we call a generalized interval-valued intuitionistic

fuzzy Choquet ordered averaging (GIVIFCOA) operator,

where ~br jð Þ is the j-th largest of ~ai ði ¼ 1; 2; . . .; nÞ.
Similar to Sect. 3.1, we can get some special operators

as the parameter k changes in the I-GIVIFCOA operator:

1. If k ¼ 1, then the I-GIVIFCOA operator reduces to

the induced interval-valued intuitionistic fuzzy Choquet

ordered averaging (I-IVIFCOA) operator:

I - IVIFCOA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ

¼ �
n

i¼1
f Ar ið Þ
� 	

� f Ar i�1ð Þ
� 	� 	

~ar ið Þ
� 	

¼ 1�
Yn

i¼1

1� a~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
;

" 

1�
Yn

i¼1

1� b~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
#

;

Yn

i¼1

c~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
;
Yn

i¼1

d~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
" #!

ð32Þ

Especially, if ur 1ð Þ 	 ur 2ð Þ 	 � � � 	 ur nð Þ and ~ar 1ð Þ 	
~ar 2ð Þ 	 � � � 	 ~ar nð Þ, then the I-IVIFCOA operator becomes

the interval-valued intuitionistic fuzzy Choquet ordered

averaging (IVIFCOA) operator:

IVIFCOA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ

¼ �
n

i¼1
f Ar ið Þ
� 	

� f Ar i�1ð Þ
� 	� 	

~br ið Þ

� �

¼ 1�
Yn

j¼1

1� a~br jð Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
;

" 

1�
Yn

j¼1

1� b~br jð Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
#

;

Yn

i¼1

c~br jð Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
;
Yn

i¼1

d~br jð Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
" #!

ð33Þ

where ~br jð Þ is the j-th largest of ~ai i ¼ 1; 2; . . .; nð Þ.
2. If k ¼ 0, then the I-GIVIFCOA operator becomes

I - IVIFCOG u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ ¼ �
n

i¼1
~a
f Ar ið Þð Þ�f Ar i�1ð Þð Þ
r ið Þ

¼
Yn

i¼1

a~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
;
Yn

i¼1

b~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
" #

;

 

1�
Yn

i¼1

1� c~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
; 1�

Yn

i¼1

1� d~ar ið Þ

� �f Ar ið Þð Þ�f Ar i�1ð Þð Þ
" #!

ð34Þ

which we call an induced interval-valued intuitionistic

fuzzy Choquet ordered geometric (I-IVIFCOG) operator.

Especially, if ur 1ð Þ 	 ur 2ð Þ 	 � � � 	 ur nð Þ and

~ar 1ð Þ 	 ~ar 2ð Þ 	 � � � 	 ~ar nð Þ, then the I-IVIFCOG operator

reduces to the interval-valued intuitionistic fuzzy Choquet

ordered geometric (IVIFCOG) operator:

IVIFCOG u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ¼ �
n

i¼1

~b
f Ar ið Þð Þ�f Ar i�1ð Þð Þ
r ið Þ

¼
Yn

j¼1

a~br jð Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
;
Yn

j¼1

b~br jð Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
" #

;

 

1�
Yn

j¼1

1� c~br jð Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
;1�

Yn

j¼1

1�d~br jð Þ

� �f Ar jð Þð Þ�f Ar j�1ð Þð Þ
" #!

ð35Þ

where ~br jð Þ is the j-th largest of ~ai ði ¼ 1; 2; . . .; nÞ.
Besides, Xu and Xia (2011) also introduced an interval-

valued intuitionistic Dempster–Shafer operator:

Definition 3.20 (Xu and Xia 2011) Let X ¼ x1; x2;f
. . .; xng be a fixed set, u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ be a

collection of 2-tuples on X, where ui i ¼ 1; 2; . . .; nð Þ are

the inducing variables and ~ai i ¼ 1; 2; . . .; nð Þ are the

aggregated arguments in the form of IVIFNs. Then ~M¼
~Mk

~Mk¼ ui; ~aith i xi2Dk;i¼1;2; . . .;njf g;k¼1;2;
���

. . .;r:Þ¼
u1k;~c1kh i; u2k;~c2kh i; . . .; uqkk;~cqkk


 �� �
k¼1;2; . . .;rj

� 	
is a

collection of 2-tuple arguments with r focal elements

Dk k¼1;2; . . .;rð Þ. A BSI-GIVIFOA operator of dimension

r is a function BSI-GIVIFOA: ~Vr!V defined by

BSI - GIVIFOAk1;k2
~M
� 	

¼

�
r

k¼1
p Dkð Þ �

qk

j¼1
xik

~bk1ik

� �� �k2=k1
 ! !1=k2

; k1 [ 0; k2 [ 0;

�
r

k¼1
p Dkð Þ �

qk

j¼1

~bxik

ik

� �� �k2
 ! !1=k2

; k1 ¼ 0; k2 [ 0;

�
r

k¼1
�
qk

j¼1
xjk

~bk1jk

� �� �1=k1
 !p Dkð Þ

; k1 [ 0; k2 ¼ 0;

�
r

k¼1
�
qk

j¼1

~bxjk

jk

� �� �p Dkð Þ
 !

; k1 ¼ 0; k2 ¼ 0;

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

ð36Þ

where xk ¼ x1k;x2k; . . .;xqkk

� 	T
is the weight vector of

the k-th focal element Dk such that xik 2 0; 1½ � and
Pqk

j¼1 xik ¼ 1, qk is the number of elements in Dk, ~bjk is the

~cjk value of the pair uik; ~cikh i having the jth largest

uik i ¼ 1; 2; . . .; qkð Þ, uik is the order-inducing variable, ~cik
is the argument variable, and p Dkð Þ is the basic probability
assignment.

By the operational laws of IVIFNs and mathematical

induction on n, some special cases of the BSI-GIVIFOA

operator can be given as follows:

1. If k1 [ 0 and k2 [ 0, then the BSI-GIVIFOA oper-

ator reduces to
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2. If k1 ¼ k1 ¼ k, then the BSI-GIVIFOA operator

reduces to

3. If k1 ¼ k2 ¼ 1, then the BSI-GIVIFOA operator

becomes:

BSI - GIVIFOAk1 ;k2
~M
� 	

¼ �
r

k¼1
p Dkð Þ �

qk

j¼1
xjk

~bk1jk

� �� �

¼ 1�
Yr

k¼1

Yqk

j¼1

1� abjk

� �xjkp Dkð Þ
; 1�

Yr

k¼1

Yqk

j¼1

1� bbjk

� �xjkp Dkð Þ
" #

;

 

Yr

k¼1

Yqk

j¼1

1� cbjk

� �xjkp Dkð Þ
;
Yr

k¼1

Yqk

j¼1

1� dbjk

� �xjkp Dkð Þ
" #!

ð39Þ

4. If k1 ¼ 0 and k2 [ 0, then the BSI-GIVIFOA operator

reduces to:

5. If k1 ¼ 0 and k2 [ 0, then the BSI-GIVIFOA operator

reduces to the BSI-IVIFOAG operator:

BSI - IVIFOAG ~M
� 	

¼ �
r

k¼1
p Dkð Þ �

qk

j¼1

~bxjkj

jk

� �� �

¼ 1�
Yr

k¼1

1�
Yqk

j¼1

a~bjk

� �xjk

 !p Dkð Þ

;1�
Yr

k¼1

1�
Yqk

j¼1

b~bjk

� �xjk

 !p Dkð Þ
2

4

3

5;

0

@

Yr

k¼1

1�
Yqk

j¼1

1�c~bjk

� �xjk

 !p Dkð Þ

;
Yr

k¼1

1�
Yqk

j¼1

1�d~bjk

� �xjk

 !p Dkð Þ
2

4

3

5

1

A

ð41Þ

BSI - GIVIFOAk1;k2
~M
� 	

¼ �
r

k¼1
p Dkð Þ �

qk

j¼1
xjk

~bk1jk

� �� �k2=k1
 ! !1=k2

¼ 1�
Yr

k¼1

1� 1�
Yqk

j¼1

1� a~bjk

� �k1
� �xjk

 !k2=k1
0

@

1

A

p Dkð Þ
0

B@

1

CA

1=k22

64

3

75; 1�
Yr

k¼1

1� 1�
Yqk

j¼1

1� b~bjk

� �k1
� �xjk

 !k2=k1
0

@

1

A

p Dkð Þ
0

B@

1

CA

1=k22

64

3

75;

0

B@

1� 1�
Yr

k¼1

1� 1�
Yqk

j¼1

1� 1� c~bjk

� �k1
� �xjk

 !k2=k1
0

@

1

A

p Dkð Þ
0

B@

1

CA

1=k2

; 1� 1�
Yr

k¼1

1� 1�
Yqk

j¼1

1� 1� d~bjk

� �k1
� �xjk

 !k2=k1
0

@

1

A

p Dkð Þ
0

B@

1

CA

1=k22

64

3

75

1

CA

ð37Þ

BSI - GIVIFOAk1;k2
~M
� 	

¼ �
r

k¼1
p Dkð Þ �

qk

j¼1
xjk

~bk1jk

� �� �� �1=k2

¼ 1�
Yr

k¼1

Yqk

j¼1

1� abjk

� �k� �xjkp Dkð Þ
 !1=k

; 1�
Yr

k¼1

Yqk

j¼1

1� bbjk

� �k� �xjkp Dkð Þ
 !1=k2

4

3

5;

0

@

1� 1�
Yr

k¼1

Yqk

j¼1

1� cbjk

� �k� �xjkp Dkð Þ
 !1=k

; 1� 1�
Yr

k¼1

Yqk

j¼1

1� cbjk

� �k� �xjkp Dkð Þ
 !1=k2

4

3

5

1

A

ð38Þ

BSI - GIVIFOAk1;k2
~M
� 	

¼ �
r

k¼1
p Dkð Þ �

qk

j¼1
xjk

~bk1jk

� �� �k2=k1
 ! !1=k2

¼ 1�
Yr

k¼1

1�
Yqk

j¼1

a~bjk

� �xjk

 !p Dkð Þ
0

@

1

A

1=k2

; 1�
Yr

k¼1

1�
Yqk

j¼1

b~bjk

� �xjk

 !p Dkð Þ
0

@

1

A

1=k2
2

64

3

75;

0

B@

1� 1�
Yr

k¼1

1�
Yqk

j¼1

c~bjk

� �xjk

 !p Dkð Þ
0

@

1

A

1=k2

; 1� 1�
Yr

k¼1

1�
Yqk

j¼1

d~bjk

� �xjk

 !p Dkð Þ
0

@

1

A

1=k2
2

64

3

75

1

CA ð40Þ

26 Granul. Comput. (2017) 2:13–39

123



6. If k1 [ 0 and k2 ¼ 0, then the BSI-GIVIFOA operator

reduces to:

7. If k1 ¼ 1 and k2 ¼ 0, then from the BSI-GIVIFOA

operator, we obtain the BSI-IVIFOGA operator:

BSI - IVIFOGA ~M
� 	

¼ �
r

k¼1
�
qk

j¼1
xjk

~bjk
� �� �p Dkð Þ

¼
Yr

k¼1

1�
Yqk

j¼1

1� a~bjk

� �xjk

 !p Dkð Þ

;
Yr

k¼1

1�
Yqk

j¼1

1� b~bjk

� �xjk

 !p Dkð Þ
2

4

3

5;

0

@

1�
Yr

k¼1

1�
Yqk

j¼1

1� c~bjk

� �xjk

 !p Dkð Þ

; 1�
Yr

k¼1

1�
Yqk

j¼1

1� d~bjk

� �xjk

 !p Dkð Þ
2

4

3

5

1

A

ð43Þ

8. If k1 ¼ 0 and k2 ¼ 0, then the BSI-GIVIFOA operator

becomes:

BSI - IVIFOGG ~M
� 	

¼ �
r

k¼1
�
qk

j¼1

~bxjk

jk

� �� �p Dkð Þ
 !

¼
Yr

k¼1

Yqk

j¼1

a ~bjk

� �xjkp Dkð Þ
;
Yr

k¼1

Yqk

j¼1

b ~bjk

� �xjkp Dkð Þ
" #

;

 

1�
Yr

k¼1

Yqk

j¼1

1� c ~bjk

� �xjkp Dkð Þ
; 1�

Yr

k¼1

Yqk

j¼1

d ~bjk

� �xjkp Dkð Þ
" #!

ð44Þ

which we call the BSI-IVIFOGG operator.

Both the I-GIVIFCOA and BSI-GIVIFOA operators

satisfy commutativity, monotonicity, boundedness and

idempotency.

Furthermore, Zhang and Qi (2012) defined the induced

interval-valued intuitionistic fuzzy hybrid averaging (I-

IVIFHA) operator and the induced interval-valued intu-

itionistic fuzzy hybrid geometric (I-IVIFHG) operator,

which can consider more preference information during the

aggregation process by combination of order-inducing

variables independent of arguments:

Definition 3.21 (Zhang and Qi 2012) An I-IVIFHA

operator of dimension n is a mapping I-IVIFHA: Rn ! R

defined by an associated weight vector x of dimension n

such that the sum of the weights is 1 and xj 2 0; 1½ �
ðj ¼ 1; 2; . . .; nÞ, and a set of order-inducing variables

ujðj ¼ 1; 2; . . .; nÞ, according to the following formula:

I - IVIFHAx;w u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ
¼ x1

_~ar 1ð Þ � x2
_~ar 2ð Þ � � � � � xn

_~ar nð Þ

¼ 1�
Yn

j¼1

1� _~ar jð Þ

� �xj

; 1�
Yn

j¼1

1� _~br jð Þ

� �xj

" #

;

 

Yn

j¼1

_~cxj

r jð Þ
;
Yn

j¼1

_~d
xj

r jð Þ

" #!

ð45Þ

Similarly, the I-IVIFHG operator is

I - IVIFHGx;w u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ

¼ _~ax1

r 1ð Þ � _~ax2

r 2ð Þ � � � � � _~axn

r nð Þ ¼
Yn

j¼1

_~axj

r jð Þ
;
Yn

j¼1

_~b
xj

r jð Þ

" #

;

 

1�
Yn

j¼1

1� _~cr jð Þ

� �xj

; 1�
Yn

j¼1

1� _~dr jð Þ

� �xj

" #!

; ð46Þ

where _~ai ¼ _~ai;
_~bi

h i
; _~ci;

_~di

h i� �
¼ nwi~ai ¼ ~anwi

i ; ~bnwi

i

� �
;

�

1� 1� ~cið Þnwi ; 1� 1� ~di
� 	nwi

h i
Þ, _~ar 1ð Þ; _~ar 2ð Þ; . . .; _~ar nð Þ

� 	

is ~a1; ~a2; . . .; ~anð Þ reordered in the decreasing order of the

order-inducing variables values of ujðj ¼ 1; 2; . . .; nÞ, w ¼
w1;w2; . . .;wnð ÞT is the weight vector ~aj j ¼ 1; 2; . . .; nð Þ
with

Pn
j¼1 wj ¼ 1 and wj 2 0; 1½ �, and n is the balancing

coefficient.

Both the I-IVIFHA and I-IVIFHG operators satisfy com-

mutativity, boundedness and idempotency.Meng et al. (2013b)

proposed the induced generalized interval-valued intuitionistic

fuzzy hybrid Shapley averaging (IG-IVIFHSA) operator:

BSI - GIVIFOAk1
~M
� 	

¼ �
r

k¼1
�
qk

j¼1
xjk

~bk1jk

� �� �1=k1
 !p Dkð Þ

¼
Yqk

j¼1

1�
Yr

k¼1

1� a~bjk

� �k1
� �xjk

 !1=k1
0

@

1

A

p Dkð Þ

;
Yqk

j¼1

1�
Yr

k¼1

1� b~bjk

� �k1
� �xjk

 !1=k1
0

@

1

A

p Dkð Þ
2

64

3

75;

0

B@

1�
Yqk

j¼1

1�
Yr

k¼1

1� c~bjk

� �k1
� �xjk

 !1=k1
0

@

1

A

p Dkð Þ

; 1�
Yqk

j¼1

1�
Yr

k¼1

1� d~bjk

� �k1
� �xjk

 !1=k1
0

@

1

A

p Dkð Þ
2

64

3

75

1

CA ð42Þ

Granul. Comput. (2017) 2:13–39 27

123



Definition 3.22 (Meng et al. 2013b) An IG-IVIFHSA

operator of dimension n is a mapping IG-IVIFHSA: Xn !
X defined on the set of second arguments of two tuples

u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh i with a set of order-inducing

variables ui i ¼ 1; 2; . . .; nð Þ and a parameter c such that

c 2 0;þ1ð Þ, denoted by

where uj is the jth largest of uj i ¼ 1; 2; . . .; nð Þ, uj l;Nð Þ is
the Shapley value with respect to the associated fuzzy

measure l on N ¼ 1; 2; . . .; nf g for the j-th index, and

u~aj m;Að Þ is the Shapley value with respect to the fuzzy

measure m on ~a ¼ ~aj
� �

j¼1;2;...;n
for ~aj j ¼ 1; 2; . . .; nð Þ.

Moreover, Meng et al. (2013b) introduced the induced

generalized interval-valued intuitionistic fuzzy hybrid

Shapley averaging (IG-IVIFHSA) operator and the induced

generalized quasi interval-valued intuitionistic fuzzy

hybrid Shapley averaging (IGQ-IVIFHSA) operator,

respectively:

Definition 3.23 (Meng et al. 2013b) An IG-IVIFHSA

operator of dimension n is a mapping IG-IVIFHSA: Xn !
X defined on the set of second arguments of two tuples

u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh i with a set of order-inducing

variables ui i ¼ 1; 2; . . .; nð Þ and a parameter c such that

c 2 0;þ1ð Þ, denoted by

IG - IVIFHSAl;m u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ ¼
�
n

j¼1
uj l;Nð Þuc

~aj
m;Að Þ~acj

Pn
j¼1 uj l;Nð Þuc

~aj
m;Að Þ

0

B@

1

CA

1=c

¼ 1�
Yn

j¼1

1� a
c
j

� �
uj l;Nð Þuc

~aj
m; ~að Þ

Pn

j¼1
uj l;Nð Þuc

~aj
m; ~að Þ

0

B@

1

CA

1=c

; 1�
Yn

j¼1

1� b
c
j

� �
uj l;Nð Þuc

~aj
m; ~að Þ

Pn

j¼1
uj l;Nð Þuc

~aj
m; ~að Þ

0

B@

1

CA

1=c2

664

3

775;

0

BB@

1� 1�
Yn

j¼1

1� 1� c
c
j

� �� �
uj l;Nð Þuc

~aj
m; ~að Þ

Pn

j¼1
uj l;Nð Þuc

~aj
m; ~að Þ

0

B@

1

CA

1=c

; 1� 1�
Yn

j¼1

1� 1� d
c
j

� �� �
uj l;Nð Þuc

~aj
m; ~að Þ

Pn

j¼1
uj l;Nð Þuc

~aj
m; ~að Þ

0

B@

1

CA

1=c2

664

3

775

1

CCA; ð47Þ

IG - IVIFHSAl;m u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ ¼
�
n

j¼1
uj l;Nð Þuc

~aj
m; ~að Þ~acj

Pn
j¼1 uj l;Nð Þuc

~aj
m; ~að Þ

0

B@

1

CA

1=c

¼ 1�
Yn

j¼1

1� a
c
j

� �
uj l;Nð Þuc

~aj
m; ~að Þ

Pn

j¼1
uj l;Nð Þuc

~aj
m; ~að Þ

0

B@

1

CA

1=c

; 1�
Yn

j¼1

1� b
c
j

� �
uj l;Nð Þuc

~aj
m; ~að Þ

Pn

j¼1
uj l;Nð Þuc

~aj
m; ~að Þ

0

B@

1

CA

1=c2

664

3

775;

0

BB@

1� 1�
Yn

j¼1

1� 1� cj
� 	c� 	

uj l;Nð Þuc
~aj

m; ~að Þ
Pn

j¼1
uj l;Nð Þuc

~aj
m; ~að Þ

0

B@

1

CA

1=c

; 1� 1�
Yn

j¼1

1� 1� dj
� 	c� 	

uj l;Nð Þuc
~aj

m; ~að Þ
Pn

j¼1
uj l;Nð Þuc

~aj
m; ~að Þ

0

B@

1

CA

1=c2

664

3

775

1

CCA ð48Þ
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Similarly, the IG-IVIFHSA operator can be shown as:

IGQ - IVIFHSAl;m u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ

¼ g�1

�
n

j¼1
uj l;Nð Þuc

~aj
m; ~að Þg ~acj

� �

Pn
j¼1 uj l;Nð Þuc

~aj
m; ~að Þ

0

B@

1

CA

1=c

ð49Þ

where uj is the jth largest of uj i ¼ 1; 2; . . .; nð Þ, uj l;Nð Þ is
the Shapley value with respect to the associated fuzzy

measure l on N ¼ 1; 2; . . .; nf g for the j-th index, and

u~aj m;Að Þ is the Shapley value with respect to the fuzzy

measure m on ~a ¼ ~aj
� �

j¼1;2;...;n
for ~aj j ¼ 1; 2; . . .; nð Þ, and g

is a strictly continuous monotonic function.

The IG-IVIFHSA operator satisfies commutativity,

monotonicity, idempotency and boundedness. In addition,

based on the Choquet integral and the generalized Shapley

function, Meng et al. (2014) introduced two induced

interval-valued intuitionistic fuzzy hybrid aggregation

operators, which are called the induced generalized Shap-

ley interval-valued intuitionistic fuzzy hybrid Choquet

arithmetical averaging (IGS-IVIFHCAA) operator and the

induced generalized Shapley interval-valued intuitionistic

fuzzy hybrid Choquet geometric mean (IGS-IVIFHCGM)

operator. These operators not only consider the importance

degrees of elements and their ordered positions, but also

reflect the correlations among them and their ordered

positions. Wei and Yi (2008) defined a new aggregation

operator called induced interval-valued intuitionistic fuzzy

ordered weighted geometric (I-IVIFOWG) operator, and

some desirable properties of the I-IVIFOWG operators

were studied, such as commutativity, idempotency and

monotonicity. Yang and Yuan (2014) developed the

induced interval-valued intuitionistic fuzzy Einstein

ordered weighted geometric (I-IVIFEOWG) operator and

the induced interval-valued intuitionistic fuzzy Einstein

hybrid geometric (I-IVIFEHG) operator, and also estab-

lished some desirable properties of these two operators,

such as commutativity, idempotency and monotonicity.

3.6 Interval-valued intuitionistic fuzzy interactive

aggregation operators

Though the operational laws of IVIFNs defined by Xu

(2007) have been used widely, they still have some short-

comings and can be further improved. So Yu (2014) pro-

posed some new operational laws for IVIFNs, the main

advantage of these new operational laws is that it can

handle some extreme cases such as the non-membership

degree range or the membership degree range is reduced to

[0,0].

Definition 3.24 (Yu 2014) Suppose that ~a ¼ a; b½ �;ð
c; d½ �Þ, ~a2 ¼ a1; b1½ �; c1; d1½ �ð Þ and ~a2 ¼ a2; b2½ �; c2; d2½ �ð Þ

are three IVIFNs, some new operational laws can be

defined as follows:

1. ~a1� ~a2¼ 1� 1�a1ð Þ 1�a2ð Þ;1� 1�b1ð Þ½ð 1�b2ð Þ�;
1�a1ð Þ 1�a2ð Þ� 1� a1þðð½ c1ÞÞ 1� a2þðð c2ÞÞ; 1�b1ð Þ
1�b2ð Þ� 1� b1þd1ð Þð Þ 1� b2þd2ð Þð Þ�Þ
2. ~a1� ~a2¼ 1�c1ð Þ 1�c2ð Þ� 1� a1þc1ð Þð Þ 1�ð½ð a2þð

c2ÞÞ; 1�d1ð Þ 1�d2ð Þ � 1� b1þd1ð Þð Þ 1� b2þd2ð Þð Þ�; 1�½
1�c1ð Þ 1�c2ð Þ;1� 1�d1ð Þ 1�d2ð Þ�Þ
3. k~a¼ 1� 1�að Þk;1� 1�bð Þk

h i
;

�
1�að Þk� 1�ð

h
aþð

cÞÞk; 1�bð Þk� 1� bþdð Þð Þk�Þ
4. ~að Þk¼ 1� cð Þk� 1� aþ cð Þð Þk; 1� dð Þk� 1�ð

h�

bþð dÞÞk�; 1� 1� cð Þk; 1� 1� dð Þk
h i

Þ

Based on these operational laws, two interval-valued

intuitionistic fuzzy interactive weighted operators can be

defined below:

Definition 3.25 (Yu 2014) Suppose that ~a1; ~a2; . . .; ~anð Þ is
a group of IVIFNs and x ¼ x1;x2; . . .;xnð ÞT is the weight

vector of them, such that xj 2 0; 1½ � and
Pn

j¼1 xj ¼ 1.

Then

IVIFIWA ~a1; ~a2; . . .; ~anð Þ ¼ �
n

j¼1
xj~aj

¼ 1�
Yn

j¼1

1� aj
� 	xj ; 1�

Yn

j¼1

1� bj
� 	xj

" #

;

 

Yn

j¼1

1� aj
� 	xj �

Yn

j¼1

1� aj þ cj
� 	� 	xj ;

"

Yn

j¼1

1� bj
� 	xj �

Yn

j¼1

1� bj þ dj
� 	� 	xj

#!

ð50Þ

and

IVIFIWG ~a1; ~a2; . . .; ~anð Þ ¼ �
n

j¼1
~axj

j

¼
Yn

j¼1

1� cj
� 	xj �

Yn

j¼1

1� aj þ cj
� 	� 	xj ;

" 

Yn

j¼1

1� dj
� 	xj �

Yn

j¼1

1� bj þ dj
� 	� 	xj

#

;

1�
Yn

j¼1

1� cj
� 	xj ; 1�

Yn

j¼1

1� dj
� 	xj

" #!

ð51Þ

are called the interval-valued intuitionistic fuzzy interac-

tive weighted average (IVIFIWA) operator and the inter-

val-valued intuitionistic fuzzy interactive weighted

geometric (IVIFIWG) operator, respectively.

Additionally, Yu (2014) defined the interval-valued

intuitionistic fuzzy interactive ordered weighted average

(IVIFIOWA) operator and the interval-valued intuitionistic
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fuzzy interactive ordered weighted geometric (IVIFIOWG)

operator:

Definition 3.26 (Yu 2014). Suppose that a group of

IVIFNs is expressed as ~a1; ~a2; . . .; ~anð Þ, the IVIFIOWA and

IVIFIOWG operators can be defined, respectively, as

follows:

IVIFIOWA ~a1; ~a2; . . .; ~anð Þ ¼ �
n

j¼1
xj~ar jð Þ

¼ 1�
Yn

j¼1

1� ar jð Þ
� 	xj ; 1�

Yn

j¼1

1� br jð Þ
� 	xj

" #

;

 

Yn

j¼1

1� ar jð Þ
� 	xj �

Yn

j¼1

1� ar jð Þ þ cr jð Þ
� 	� 	xj ;

"

Yn

j¼1

1� br jð Þ
� 	xj �

Yn

j¼1

1� br jð Þ þ dr jð Þ
� 	� 	xj

#!

ð52Þ

IVIFIOWG ~a1; ~a2; . . .; ~anð Þ ¼ �
n

j¼1
~axj

r jð Þ

¼
Yn

j¼1

1� cr jð Þ
� 	xj �

Yn

j¼1

1� ar jð Þ þ cr jð Þ
� 	� 	xj ;

" 

Yn

j¼1

1� dr jð Þ
� 	xj �

Yn

j¼1

1� br jð Þ þ dr jð Þ
� 	� 	xj

#

;

1�
Yn

j¼1

1� cr jð Þ
� 	xj ; 1�

Yn

j¼1

1� dr jð Þ
� 	xj

" #!

; ð53Þ

where x ¼ x1;x2; . . .;xnð ÞT is the associated weight

vector such that xj 2 0; 1½ � and
Pn

j¼1 xj ¼ 1. r:

1; 2; . . .; nð Þ ! 1; 2; . . .; nð Þ, ~ar jð Þ is the j-th largest of ~aj.

In addition, based on these four operators and the

IVIFHA and IVIFHG operators, here we introduce two

interval-valued intuitionistic fuzzy interactive hybrid

operators:

Definition 3.27 Let IVIFIHA: ~hn ! ~h. Suppose

IVIFIHAw;x ~a1; ~a2; � � � ; ~anð Þ ¼ x1
_~ar 1ð Þ � x2

_~ar 2ð Þ � � � � � x1
_~ar nð Þ

¼ 1�
Yn

j¼1

1� _ar jð Þ
� 	xj ; 1�

Yn

j¼1

1� _br jð Þ
� 	xj

" #

;

 

Yn

j¼1

1� _ar jð Þ
� 	xj �

Yn

j¼1

1� _ar jð Þ þ _cr jð Þ
� 	� 	xj ;

"

Yn

j¼1

1� _br jð Þ
� 	xj �

Yn

j¼1

1� _br jð Þ þ _dr jð Þ
� 	� 	xj

#!

; ð54Þ

then the function IVIFIHA is called the interval-valued

intuitionistic fuzzy interactive hybrid averaging (IVIFIHA)

operator, where x ¼ x1;x2; . . .;xnð ÞT is the weight vector

associated with the function IVIFHA, with xj 2 0; 1½ � ðj ¼
1; 2; . . .; nÞ and

Pn
j¼1 xj ¼ 1, _~ar jð Þ is the j-th largest of the

weighted IVIFNs _~ai 1 ¼ 1; 2; � � � ; nð Þ, here

_~ai ¼ nwi~ai i ¼ 1; 2; . . .; nð Þ, w ¼ w1;w2; . . .wnð ÞT is the

weight vector of the IVIFNs ~ai 1 ¼ 1; 2; � � � ; nð Þ, with wj 2
0; 1½ � j ¼ 1; 2; . . .; nð Þ and

Pn
j¼1 wj ¼ 1, and n is the bal-

ancing coefficient.

If we replace (54) with the following form:

IVIFIHGw;x ~a1; ~a2; . . .; ~anð Þ ¼ €~ax1

r 1ð Þ � €~ax2

r 2ð Þ � � � � � €~axn

r nð Þ

¼
Yn

j¼1

1� cr jð Þ
� 	xj �

Yn

j¼1

1� ar jð Þ þ cr jð Þ
� 	� 	xj ;

" 

Yn

j¼1

1� dr jð Þ
� 	xj �

Yn

j¼1

1� br jð Þ þ dr jð Þ
� 	� 	xj

#

;

1�
Yn

j¼1

1� cr jð Þ
� 	xj ; 1�

Yn

j¼1

1� dr jð Þ
� 	xj

" #!

; ð55Þ

then the function IVIFIHG is called the interval-valued

intuitionistic fuzzy interactive hybrid geometric (IVIFIHG)

operator, where €~ar jð Þ is the jth largest of the weighted

IVIFNs _~ai 1 ¼ 1; 2; . . .nð Þ, here €~ai ¼ ~anwi

i i ¼ 1; 2; . . .; nð Þ.
All the IVIFIWA, IVIFIWG, IVIFIOWA, IVIFIOWG,

IVIFIHA and IVIFIHA operators satisfy commutativity,

monotonicity, idempotency and boundedness. Furthermore,

Li (2014) introduced some operations on the IVIFSs, such

as Hamacher sum, Hamacher product, etc., and further

developed the interval-valued intuitionistic fuzzy Hama-

cher correlated averaging (IVIFHCA) operator. Wang and

Liu (2013) defined some Einstein operations on IVIFSs and

developed three arithmetic averaging operators, i.e., the

interval-valued intuitionistic fuzzy Einstein weighted

averaging (IVIFWA e) operator, the interval-valued intu-

itionistic fuzzy Einstein ordered weighted averaging (IVI-

FOWA e) operator, and the interval-valued intuitionistic

fuzzy Einstein hybrid weighted averaging (IVIFHWA e)
operator. Gu et al. (2014) developed the interval-valued

intuitionistic fuzzy Einstein correlated averaging (IVI-

FECA) operator. The prominent characteristic of this

operator is that it can not only consider the importance of

the elements or their ordered positions, but also reflect the

interaction phenomena among the decision-making attri-

butes or their ordered positions.

3.7 Some operators for IVIFNs based on Karnik–

Mendel algorithm

In most of the existing aggregation operators for IVIFNs,

the weight vector of the aggregated arguments usually

takes the form of real numbers. However, with the

increasing complexity in many real decision-making situ-

ations, there are often some challenges for the decision-
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maker to provide precise weight information due to time

pressure, lack of knowledge (or data) and the decision-

maker’s limited expertise about the problem domain. In

other words, the weights are not necessarily real numbers

and may be intervals, IFNs or IVIFNs. Chen et al. (2012)

proposed the interval-valued intuitionistic fuzzy weighted

average operator based on the traditional weighted aver-

age method and the Karnik–Mendel algorithms (2001). As

we all know, both the arguments themselves and the

ordered positions of the arguments are very important in

the process of information aggregation. Wan and Dong

(2014) proposed a new ranking method of IVIFNs based

on the possibility degree from the probability viewpoint,

and then developed the ordered weighted average operator

and the hybrid weighted average operator for IVIFNs,

respectively:

Definition 3.28 (Chen et al. 2012) Let ~ai i ¼ 1; 2; . . .; nð Þ
be a collection of the IVIFNs, where ~ai ¼ ai; bi½ �; ci; di½ �ð Þ. If

Yx ~a1; ~a2; . . .; ~anð Þ ¼
Pn

j¼1 xj~aj
Pn

j¼1 xj

; ð56Þ

then we call Y the weighted average operator for the

IVIFNs, and x ¼ x1;x2; . . .;xnð ÞT is the weight vector.

Definition 3.29 (Wan and Dong 2014) Let

~ai i ¼ 1; 2; . . .; nð Þ be a collection of the IVIFNs, where

~ai ¼ ai; bi½ �; ci; di½ �ð Þ ¼ ai; bi½ �; 1� di; 1� ci½ �½ �. If

Zx ~a1; ~a2; . . .; ~anð Þ ¼
Pn

j¼1 xj~ar jð ÞPn
j¼1 xj

; ð57Þ

then we call Z the ordered weighted average operator for

IVIFNs, where xj j ¼ 1; 2; . . .; nð Þ are the weights which

correlate with Z. r 1ð Þ; r 2ð Þ; . . .; r nð Þð Þ is a permutation of

1; 2; . . .; nð Þ such that ~ar j�1ð Þ 	 ~ar jð Þ for any j.

Definition 3.30 (Wan and Dong 2014) Let

~ai i ¼ 1; 2; . . .; nð Þ be a collection of the IVIFNs, where

~ai ¼ ai; bi½ �; ci; di½ �ð Þ ¼ ai; bi½ �; 1� di; 1� ci½ �½ �. If

Fw;x ~a1; ~a2; . . .; ~anð Þ ¼
Pn

j¼1 xj~a0r jð ÞPn
j¼1 xj

; ð58Þ

then we call F the hybrid weighted average operator for

IVIFNs, where x ¼ x1;x2; . . .;xnð ÞT is the weight vector

which correlates with F, ~a0r jð Þ is the j-th largest number of

IVIFNs ~a0k k ¼ 1; 2; . . .; nð Þ, here ~a0k ¼ nwk~ak, w ¼ w1;w2;ð
. . .;wnÞT is the weight vector of ~a1 i ¼ 1; 2; . . .; nð Þ, satis-
fying that 0�wj � 1 and

Pn
j¼1 wj ¼ 1 j ¼ 1; 2; . . .; nð Þ, n is

the balancing coefficient.

By changing the forms of weights xj j ¼ 1; 2; . . .; nð Þ,
the weight vector x ¼ x1;x2; . . .;xnð ÞT may take different

forms, so these three operators can also be transformed into

different forms as follows:

Case 1 If xj j ¼ 1; 2; . . .; nð Þ are crisp values, then these

three operators Y , Z and F are calculated as follows:

Y ¼
Pn

j¼1 xjaj
Pn

j¼1 xj

;

Pn
j¼1 xjbj
Pn

j¼1 xj

" #

;

 

Pn
j¼1 xj 1� dj

� 	

Pn
j¼1 xj

;

Pn
j¼1 xj 1� cj

� 	

Pn
j¼1 xj

" #!

¼ yL1 ; y
U
1

� �
; yL2 ; y

U
2

� �� �
¼ yL1 ; y

U
1

� �
; 1� yU2 ; 1� yL2
� �� 	

ð59Þ

Z ¼
Pn

j¼1 xjar jð ÞPn
j¼1 xj

;

Pn
j¼1 xjbr jð ÞPn

j¼1 xj

" #

;

 

Pn
j¼1 xj 1� dr jð Þ

� 	

Pn
j¼1 xj

;

Pn
j¼1 xj 1� cr jð Þ

� 	

Pn
j¼1 xj

" #!

¼ zL1 ; z
U
1

� �
; zL2 ; z

U
2

� �� �
¼ zL1 ; z

U
1

� �
; 1� zU2 ; 1� zL2
� �� 	

ð60Þ

F ¼
Pn

j¼1 xja
0
r jð ÞPn

j¼1 xj

;

Pn
j¼1 xjb

0
r jð ÞPn

j¼1 xj

" #

;

 

Pn
j¼1 xj 1� d0r jð Þ

� �

Pn
j¼1 xj

;

Pn
j¼1 xj 1� c0r jð Þ

� �

Pn
j¼1 xj

2

4

3

5

1

A

¼ f L1 ; f
U
1

� �
; f L2 ; f

U
2

� �� �
¼ f L1 ; f

U
1

� �
; 1� f U2 ; 1� f L2
� �� 	

ð61Þ

Case 2 If xj j ¼ 1; 2; . . .; nð Þ are intervals, where

xj ¼ xL
j ;x

U
j

h i
j ¼ 1; 2; . . .; nð Þ, then these three operators

Y , Z and F are, respectively, expressed as:

Y ¼
Pn

j¼1 xL
j ;x

U
j

h i
~aj

Pn
j¼1 xL

j ;x
U
j

h i

¼
Pn

j¼1 aj;bj
� �

xL
j ;x

U
j

h i

Pn
j¼1 xL

j ;x
U
j

h i ;

Pn
j¼1 1�dj;1� cj
� �

xL
j ;x

U
j

h i

Pn
j¼1 xL

j ;x
U
j

h i

2

4

3

5

¼ yL1 ;y
U
1

� �
; yL2 ;y

U
2

� �� �
¼ yL1 ;y

U
1

� �
; 1� yU2 ;1� yL2
� �� 	

ð62Þ

Z ¼
Pn

j¼1 xL
j ;x

U
j

h i
~ar jð Þ

Pn
j¼1 xL

j ;x
U
j

h i ¼
Pn

j¼1 ar jð Þ; br jð Þ
� �

xL
j ;x

U
j

h i

Pn
j¼1 xL

j ;x
U
j

h i ;

2

4

Pn
j¼1 1� dr jð Þ; 1� cr jð Þ
� �

xL
j ;x

U
j

h i

Pn
j¼1 xL

j ;x
U
j

h i � ¼ zL1 ; z
U
1

� �
; zL2 ; z

U
2

� �� �

¼ zL1 ; z
U
1

� �
; 1� zU2 ; 1� zL2
� �� 	

ð63Þ
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F ¼
Pn

j¼1 xL
j ;x

U
j

h i
~a0r jð Þ

Pn
j¼1 xL

j ;x
U
j

h i ¼
Pn

j¼1 a0r jð Þ; b
0
r jð Þ

h i
xL

j ;x
U
j

h i

Pn
j¼1 xL

j ;x
U
j

h i ;

2

4

Pn
j¼1 1� d0r jð Þ; 1� c0r jð Þ

h i
xL

j ;x
U
j

h i

Pn
j¼1 xL

j ;x
U
j

h i

3

5

¼ f L1 ; f
U
1

� �
; f L2 ; f

U
2

� �� �
¼ f L1 ; f

U
1

� �
; 1� f U2 ; 1� f L2
� �� 	

ð64Þ

Case 3 If xj j ¼ 1; 2; . . .; nð Þ are IFNs, where

xj ¼ 1j; sj
� 	

¼ 1j; 1� sj
� �

, then these three operators Y , Z

and F are, respectively, expressed as:

Y ¼
Pn

j¼1 1j; 1� sj
� �

~aj
Pn

j¼1 1j; 1� sj
� � ¼

Pn
j¼1 aj; bj
� �

1j; 1� sj
� �

Pn
j¼1 1j; 1� sj
� � ;

"

Pn
j¼1 1� dj; 1� cj
� �

1j; 1� sj
� �

Pn
j¼1 1j; 1� sj
� �

#

¼ yL1 ; y
U
1

� �
; yL2 ; y

U
2

� �� �
¼ yL1 ; y

U
1

� �
; 1� yU2 ; 1� yL2
� �� 	

ð65Þ

Z ¼
Pn

j¼1 1j;1� sj
� �

~ar jð Þ
Pn

j¼1 1j;1� sj
� � ¼

Pn
j¼1 ar jð Þ; br jð Þ
� �

1j;1� sj
� �

Pn
j¼1 1j;1� sj
� � ;

"

Pn
j¼1 1� dr jð Þ;1� cr jð Þ
� �

1j; 1� sj
� �

Pn
j¼1 1j;1� sj
� �

#

¼ zL1 ; z
U
1

� �
; zL2 ; z

U
2

� �� �
¼ zL1 ; z

U
1

� �
; 1� zU2 ; 1� zL2
� �� 	

ð66Þ

F ¼
Pn

j¼1 1j; 1� sj
� �

~a0r jð ÞPn
j¼1 1j; 1� sj
� � ¼

Pn
j¼1 a0r jð Þ; b

0
r jð Þ

h i
1j; 1� sj
� �

Pn
j¼1 1j; 1� sj
� � ;

2

4

Pn
j¼1 1� d0r jð Þ; 1� c0r jð Þ

h i
1j; 1� sj
� �

Pn
j¼1 1j; 1� sj
� �

3

5

¼ f L1 ; f
U
1

� �
; f L2 ; f

U
2

� �� �
¼ f L1 ; f

U
1

� �
; 1� f U2 ; 1� f L2
� �� 	

ð67Þ

Case 4 If xj j ¼ 1; 2; . . .; nð Þ are IVIFNs, where xj ¼
1Lj ; 1

U
j

h i
; sLj ; s

U
j

h i� �
¼ 1Lj ; 1

U
j

h i
; 1� sUj ; 1� sLj

h ih i
, then

these three operators Y , Z and F are, respectively,

expressed as:

Y ¼
Pn

j¼1 1Lj ; 1
U
j

h i
; 1� sUj ; 1� sLj

h ih i
~aj

Pn
j¼1 1Lj ; 1

U
j

h i
; 1� sUj ; 1� sLj
h ih i

¼
Pn

j¼1 aj; bj
� �

1Lj ; 1
U
j

h i

Pn
j¼1 1Lj ; 1

U
j

h i ;

Pn
j¼1 1� dj; 1� cj
� �

1� sUj ; 1� sLj

h i

Pn
j¼1 1� sUj ; 1� sLj
h i

2

4

3

5

¼ yL1 ; y
U
1

� �
; yL2 ; y

U
2

� �� �
¼ yL1 ; y

U
1

� �
; 1� yU2 ; 1� yL2
� �� 	

ð68Þ

Z ¼
Pn

j¼1 1Lj ; 1
U
j

h i
; 1� sUj ; 1� sLj

h ih i
~ar jð Þ

Pn
j¼1 1Lj ; 1

U
j

h i
; 1� sUj ; 1� sLj
h ih i

¼
Pn

j¼1 ar jð Þ; br jð Þ
� �

1Lj ; 1
U
j

h i

Pn
j¼1 1Lj ; 1

U
j

h i ;

2

4

Pn
j¼1 1� dr jð Þ; 1� cr jð Þ
� �

1� sUj ; 1� sLj

h i

Pn
j¼1 1� sUj ; 1� sLj
h i

3

5

¼ zL1 ; z
U
1

� �
; zL2 ; z

U
2

� �� �
¼ zL1 ; z

U
1

� �
; 1� zU2 ; 1� zL2
� �� 	

ð69Þ

F ¼
Pn

j¼1 1Lj ; 1
U
j

h i
; 1� sUj ; 1� sLj

h ih i
~ar jð Þ

Pn
j¼1 1Lj ; 1

U
j

h i
; 1� sUj ; 1� sLj
h ih i

¼
Pn

j¼1 ar jð Þ; br jð Þ
� �

1Lj ; 1
U
j

h i

Pn
j¼1 1Lj ; 1

U
j

h i ;

2

4

Pn
j¼1 1� dr jð Þ; 1� cr jð Þ
� �

1� sUj ; 1� sLj

h i

Pn
j¼1 1� sUj ; 1� sLj
h i

3

5

¼ f L1 ; f
U
1

� �
; f L2 ; f

U
2

� �� �
¼ f L1 ; f

U
1

� �
; 1� f U2 ; 1� f L2
� �� 	

;

ð70Þ

where yL1, y
U
1 , y

L
2, y

U
2 , z

L
1, z

U
1 , z

L
2, z

U
2 , f

L
1 , f

U
1 , f L2 and f U2 are

calculated by the Karnik–Mendel algorithms (2001). All of

these three operators satisfy commutativity, idempotency

and boundedness.

3.8 Continuous interval-valued intuitionistic fuzzy

aggregation operators

In order to aggregate the continuous interval values, Yager

(2004) developed the OWA operator into the continuous

OWA (C-OWA) operator, which can be defined as follows:

Definition 3.31 (Yager 2004) A C-OWA operator is a

mapping f : M ! Rþ associated with a basic unit interval

monotonic (BUM) function Q such that

fQ ~að Þ ¼ fQ ~aL; ~aU
� �� 	

¼
Z 1

0

dQ yð Þ
dy

~a� y ~aU � ~aL
� 	� 	

dy

, where ~a ¼ ~aL; ~aU½ � 2 M, M is the set of all nonnegative

interval numbers.

If k ¼
R 1
0
Q yð Þdy is the attitudinal character of Q, then a

general formulation of fQ ~að Þ can be obtained as:

fQ ~að Þ ¼ fQ ~aL; ~aU½ �ð Þ ¼ k~aU þ 1� kð Þ~aU .
In order to deal with the continuous interval-valued

intuitionistic fuzzy information, Zhou et al. (2014)
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introduced some continuous interval-valued intuitionistic

fuzzy aggregation operators, including the continuous

interval-valued intuitionistic fuzzy ordered weighted

averaging (C-IVIFOWA) operator, the weighted continu-

ous interval-valued intuitionistic fuzzy ordered weighted

averaging (WC-IVIFOWA) operator, the ordered weighted

continuous interval-valued intuitionistic fuzzy ordered

weighted averaging (OWC-IVIFOWA) operator, and the

combined continuous interval-valued intuitionistic fuzzy

ordered weighted averaging (CC-IVIFOWA) operator.

Firstly, we introduce the C-IVIFOWA operator:

Definition 3.32 (Zhou et al. 2014) A C-IVIFOWA

operator is a mapping g:
P

n ! X associated with the

BUM function Q, such that

gQ ~að Þ ¼ lgQ ~að Þ; mgQ ~að Þ

� �
¼ fk a~a; b~a½ �ð Þ; fk c~a; d~a½ �ð Þð Þ

, where ~a ¼ ~l~a; ~m~að Þ ¼ a~a; b~a½ �; c~a; d~a½ �ð Þ 2 R, fQ is the C-

OWA operator. Q is a BUM function Q: 0; 1½ � ! 0; 1½ �,
which is monotonic with Q 0ð Þ ¼ 0 and Q 1ð Þ ¼ 1. If k ¼
R 1
0
Q yð Þdy is the attitudinal character of Q, then

gQ ~að Þ ¼ kb~a þ 1� kð Þa~a; kd~a þ 1� kð Þc~að Þ, and gQ ~að Þ is

an IFN.

It is obvious that the C-IVIFOWA operator can

aggregate the IVIFNs, but this operator is applied only

to one IVIFN rather than a series of IVIFNs. Therefore,

it is necessary for us to extend the C-IVIFOWA oper-

ator to accommodate the aggregation of a sequence of

IVIFNs. Then, Zhou et al. (2014) developed some

extended continuous interval-valued intuitionistic fuzzy

aggregation operators, including the WC-IVIFOWA

operator, the OWC-IVIFOWA, and the CC-IVIFOWA

operator:

Definition 3.33 (Zhou et al. 2014) A WC-IVIFOWA

operator of dimension n is a mapping g0:
P

n ! X which is

defined by an associated weight vector x ¼ x1;x2;ð
. . .;xnÞT satisfying xi 2 0; 1½ � and

Pn
i¼1 xi, such that

g0k ~a1; ~a2; . . .; ~anð Þ ¼ �
n

i¼1
xigk ~aið Þ

¼ 1�
Yn

i¼1

1� fk ~l~ai

� 	� 	xi ;
Yn

i¼1

fk ~m~aið Þð Þxi

 !

; ð71Þ

where k is the attitudinal character of the BUM function Q,

and

~ai ¼ ~l~ai ; ~m~ai
� 	

¼ a~ai ; b~ai½ �; c~ai ; d~ai½ �ð Þ 2 R

.

Based on Definition 3.33, the OWC-IVIFOWA operator

can be shown as follows:

Definition 3.34 (Zhou et al. 2014) A OWC-IVIFOWA

operator of dimension n is a mapping g00:
P

n ! X, such
that

g00k ~a1; ~a2; . . .; ~anð Þ ¼ �
n

i¼1
xigk ~ar ið Þ

� 	

¼ 1�
Yn

i¼1

1� fk ~l~ar ið Þ

� �� �xi

;
Yn

i¼1

fk ~m~ar ið Þ

� �� �xi

 !

;

ð72Þ

where r 1ð Þ; r 2ð Þ; . . .; r nð Þð Þ is a permutation of

1; 2; . . .; nð Þ.

Finally, the CC-IVIFOWA operator is an extension of

the WC-IVIFOWA and OWC-IVIFOWA operators:

Definition 3.35 (Zhou et al. 2014) A CC-IVIFOWA

operator of dimension n is a mapping g000 :
P

n ! X, such
that

g000k ~a1; ~a2; . . .; ~anð Þ ¼ �
n

i¼1
xiGk ~ar ið Þ

� 	
ð73Þ

where r 1ð Þ; r 2ð Þ; ; r nð Þð Þ is a permutation of 1; 2; . . .; nð Þ
such that Gk ~ar i�1ð Þ

� 	
	Gk ~ar ið Þ

� 	
for all i. Gk ~ar ið Þ

� 	
is the

i-th largest value of nw1gk ~a1ð Þ; nw2gk ~a2ð Þ; . . .; nwngk ~anð Þð Þ
and gk ~aið Þ i ¼ 1; 2; . . .; nð Þ are confirmed by Eqs. (71)

or (72), where n is the balanced factor.

The C-IVIFOWA, WC-IVIFOWA, OWC-IVIFOWA

and CC-IVIFOWA operators satisfy commutativity,

idempotency and boundedness. Here we utilize a fig-

ure (Fig. 1) to show the relations among the above

operators:

4 The applications about the aggregation
operators of IVIFNs

In this section, we provide a survey of some applications of

the interval-valued intuitionistic fuzzy aggregation tech-

niques and methods in the fields of different kinds of

decision-making [such as multi-criteria decision-making

(MCDM), multi-attribute decision-making (MADM) and

group decision-making (GDM), etc.], entropy measures,

supplier selection and some practical decision-making

problems as emergency risk management (ERM), software

quality evaluation, material selection, investment company

selection, and supply chain management, etc.

4.1 Decision-making

Considering that these aggregation operators discussed

above are classified by different forms, such as generalized

forms, induced forms, Choquet integral forms, continuous
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forms, and some other operational laws, etc. Here we also

summarize the decision-making applications based on

these forms.

Xu and Chen (2007a, b) and Xu (2007b) developed

some basic interval-valued intuitionistic fuzzy operators,

such as the IVIFWA, IVIFWG, IVIFOWA, IVIFOWG,

IVIFHA and IVIFHG operators, and then applied these

operators to solve some the MADM and GDM problems

involving the prioritization of a set of information tech-

nology improvement projects, etc. Based on the IVIFHG

and IVIFWG operators, Liu et al. (2014) proposed the

interval-valued intuitionistic fuzzy principal component

analysis (IVIF-PCA) model to deal with the complex

multi-attribute large-group decision-making (CMALGDM)

problems. Moreover, Ye (2009) introduced the interval-

valued intuitionistic fuzzy weighted arithmetic average

operator and the interval-valued intuitionistic fuzzy

weighted geometric average operator. To identify the best

alternatives in the MCDM problems, a multi-criteria fuzzy

decision-making method was established in which the

decision values are IVIFSs. Later, Chen et al. (2012) pro-

posed a new method for MCDM, which can overcome the

drawback of Ye’s method. Motivated by these basic

operators and generalized forms, lots of operators have

been developed and applied to different situations: Zhao

et al. (2010) developed the GIVIFWA and GIVIFHA

operators and applied them to MADM with interval-valued

intuitionistic fuzzy information. Moreover, Qi et al. (2013)

proposed the Gaussian-GIVIFOWA, the Gaussian-GIVI-

FOWG, the P-GIVIFOWA and the P-GIVIFOWG opera-

tors. They applied these proposed operators to exploitation

investment evaluation of tourist spots. Additionally, Liu

et al. (2015) proposed some generalized Einstein aggre-

gation operators based on the IVIFNs, such as the IVIF-

GEWA, IVIFGEOWA and IVIFGE-HWA operators.

Furthermore, the method for the multi-attribute group

decision-making (MAGDM) problems based on these

operators was developed. Meng et al. (2013a, 2015a)

introduced the GBIVIFGC, AIVIFGSCgk and GIVIFGSCgk

operators. Then they developed some approaches to multi-

criteria group decision-making (MCGDM) under interval-

valued intuitionistic fuzzy environment. He et al. (2013)

developed a series of generalized interval-valued intu-

itionistic fuzzy power aggregation operators. Based on

IVIFWA
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Fig. 1 The relations among main operators
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these operators, some MAGDM approaches were given.

Chen (2014) presented an interval-valued intuitionistic

fuzzy prioritized aggregation operator to aggregate the

interval-valued intuitionistic fuzzy ratings of the alterna-

tives with respect to the prioritized criteria and developed a

prioritized aggregation operator-based approach to handle

the MCDM problems. Li and Deng (2014) pointed out a

shortcoming in the interval-valued intuitionistic fuzzy

prioritized weighted average (IVIFPWA) operator when

dealing with GDM in some extreme situations and pro-

vided an improvement of making slight adjustment on

initial evaluations to overcome the shortcoming.

Similarly, considering these basic operators and the

induced forms, some scholars have extended a series of the

induced operators and given their applications to decision-

making: Zhang and Qi (2012) proposed the I-IVIFHA and

I-IVIFHG operators, and extended these operators to form

a novel GDM method for selecting the most desirable

alternative in multi-attribute multi-interest group decision-

making problems with the attribute values and the deci-

sion-makers’ preference values taking the form of IVIFNs.

Moreover, Meng et al. (2013b) used the Shapley function

to propose an IG-IVIFHSA operator, and developed an

approach to MADM under interval-valued intuitionistic

fuzzy environment. Based on the Choquet integral and the

generalized Shapley function, Meng et al. (2014) intro-

duced the IGS-IVIFHCAA and IGS-IVIFHCGM operators,

and developed an approach to MADM under interval-val-

ued intuitionistic fuzzy environment. Additionally, Wei

and Yi (2008) proposed the I-IVIFOWG, IVIFOWGA and

IVIFHGA operators. Based on these operators, some

approaches have been developed to solve the MAGDM

problems under the interval-valued intuitionistic fuzzy

environment. Meng et al. (2015b) defined the induced

generalized Shapley interval-valued intuitionistic uncertain

linguistic hybrid Choquet averaging (IGS-IVIULHCA)

operator and investigated interval-valued intuitionistic

uncertain linguistic MAGDM with incomplete weight

information and interactive conditions.

Besides, by defining some operations and considering

some other situations, some operators and their applica-

tions have been put forward. For example, Wang and Liu

(2013) defined some Einstein operations and developed the

IVIFWA, IVIFOWA and IVIFHWA operators, and then

applied the IVIFHWA operator into MADM. Based on

these Einstein operations, Gu et al. (2014) developed the

IVIFECA operator and applied it to the MADM problems

for selecting the construction project with interval-valued

intuitionistic fuzzy information. Based on the Karnik–

Mendel algorithms, Wan and Dong (2014) defined the

ordered weighted average operator and the hybrid weighted

average operator for IVIFNs, and applied these two oper-

ators to solve the MAGDM problems with IVIFNs.

Considering the continuous situation, Zhou et al. (2014)

introduced the C-IVIFOWA, WC-IVIFOWA, OWC-IVI-

FOWA and CC-IVIFOWA operators, and applied these

operators to GDM which is to study a human resource

management problem where a university wants to intro-

duce the oversea outstanding teachers. Wang et al. (2015)

proposed some operations and a possibility degree of

trapezium clouds, as well as several new aggregation

operators. Moreover, a method based on trapezium clouds

and IVIFNs was presented, which can provide solutions to

MCGDM. Wu and Su (2015) developed an IVIF-PHWA

operator-based MADM method to solve the decision-

making problems in interval-valued intuitionistic fuzzy

environment. Zhao and Xu (2014) presented some new

synthesized interval-valued intuitionistic fuzzy aggregation

operators. An approach to GDM based on interval-valued

intuitionistic preference relations by using these proposed

operators was developed, and a MCDM method was then

established in which the criterion values for alternatives are

IVIFSs.

4.2 Entropy and cross-entropy measures

Here we mainly discussed some entropy and cross-entropy

measures for decision-making with interval-valued intu-

itionistic fuzzy environment:

Zhao et al. (2013) extended the VIKOR method based

on cross-entropy for MCGDM with interval-valued intu-

itionistic fuzzy environment. Jin et al. (2014) introduced

the interval-valued intuitionistic fuzzy continuous weigh-

ted entropy and established an approach to MCGDM. One

emergency risk management (ERM) evaluation was pro-

vided to illustrate the application of the developed

approach. Ye (2011) utilized the IVIFWA operator to

aggregate the interval-valued intuitionistic fuzzy informa-

tion corresponding to each alternative. Then, with the ideal

and anti-ideal information measures of cross-entropy of

IVIFSs, an objective function was constructed to derive the

optimal evaluation for the weight of each alternative and

used to an investment company for investing a sum of

money in the best option. Wei and Zhang (2015) proposed

two entropy measures based on the cosine function for

IVIFSs. These entropy measures were applied to assess the

experts’ weights and to solve the MCGDM problems.

Gupta et al. (2015) introduced a cross-entropy for IVIFNs

and applied it to deal with the MCGDM problem.

4.3 Supplier selection

Under the interval-valued intuitionistic fuzzy environment,

many scholars have studied the supplier selection examples

by developing different decision-making methods. For

example, Xu and Shen (2014) proposed a new outranking
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choice method for MCGDM and gave an illustration of the

proposed method using a practical supplier selection

example. A soft computing model for the MAGDM prob-

lems was presented by Yue and Jia (2013), which aggre-

gates all individual decisions on an attribute into an IVIFN

and one practical for supplier selection was given. More-

over, Chen et al. (Ciucci 2016) developed a method to

tackle the MCGDM problems in the context of IVIFSs. An

illustrative supplier selection problem was used to

demonstrate how to apply the proposed approach and to

observe the computational consequences resulting from

various aggregation operators. Xiao and Wei (2008), and

Zhang et al. (2013) investigated the MADM problems to

deal with the supplier selection in supply chain manage-

ment and with completely unknown attribute weights in the

framework of IVIFS, respectively.

4.4 Some other practical applications

In this subsection, we consider some other practical appli-

cations, such as emergency risk management (ERM), soft-

ware quality evaluation, material selection, investment

company selection, and supply chain management, etc.

Based on the induced forms, Yang and Yuan (2014) defined

the I-IVIFEOWG and I-IVIFEHG operators to deal with the

MADM problems under interval-valued intuitionistic fuzzy

environments. Based on them, a method was given to deal

with software quality evaluation. Additionally, Cai and Han

(2014) introduced the I-IVIFEOWA operator and applied it

to MADM based on the data mining, one illustrative

example about selecting an ERP system was given to verify

the developed approach. Considering the Bonferroni mean,

Xu and Chen (2011) defined the IVIFBM and the

WIVIFBM. Based on which, a procedure was given for

MCDM under interval-valued intuitionistic fuzzy environ-

ments. The school of management in a Chinese university

can select overseas outstanding teachers based on this

procedure. Under the situation of Gaussian and power

operators, Qi et al. (2013) proposed the Gaussian-GIVI-

FOWA, Gaussian-GIVIFOWG, P-GIVIFOWA and

P-GIVIFOWG operators. They applied these proposed

operators to exploitation investment evaluation of tourist

spots. Based on the Choquet integral, Xu (2010) proposed

the IVIFCA and IVIFCG operators to aggregate interval-

valued intuitionistic fuzzy information, and applied them to

a practical decision-making problem involving the priori-

tization of information technology improvement projects.

Yu (2014) established a decision-making model for evalu-

ating hydrogen production technologies in China based on

the IVIFIOWA and IVIFIOWG operators.

By establishing some Hamacher operations, Li (2014)

developed the IVIFHCA operator, and then applied to

MADM with interval-valued intuitionistic fuzzy

information. A practical example for evaluating the enter-

prise financial performance was used to illustrate the

developed procedures. Similarly, based on the Einstein

operations, Chen et al. (2015) developed the dependent

interval-valued intuitionistic fuzzy Einstein ordered

weighted average (DIVIFEOWA) operator, and then

applied them to develop some approaches for MADM with

IVIFNs, an illustrative example for evaluating the com-

puter network security was given to verify the developed

approach and to demonstrate its practicality and effec-

tiveness. Gou et al. (2015) also defined two exponential

operational laws of IVIFNs as well as discussed the

interval-valued intuitionistic fuzzy weighted exponential

aggregation (IVIFWEA) operator and the dual interval-

valued intuitionistic fuzzy weighted exponential aggrega-

tion (DIVIFWEA) operator. Meanwhile, they applied these

two operators to handle a practical MADM problem

involving the choice of the optimal powered roof support

for coal extraction with a high recovery rate. Yue (2014)

developed an approach for aggregating the attribute values

in MAGM with IVIFNs. A practical example was given for

assessing the masses’ satisfaction with respect to their

leading group at Chinese universities. Chen and Li (2013)

presented a new method for students’ answerscripts eval-

uation based on IVIFSs, where the fuzzy marks awarded to

the answers of students’ answerscripts were represented by

IVIFSs. They also presented a generalized method for

students’ answerscripts evaluation, which can overcome

the drawbacks of the existing methods for students’

answerscripts evaluation. Chen and Chiou (2015) proposed

a new MADM method based on IVIFSs, particle swarm

optimization (PSO) techniques, and the evidential reason-

ing methodology. The proposed method uses the evidential

reasoning methodology to construct objective functions of

the programming models and uses the PSO techniques to

get the optimal weights of the attributes and the aggregated

IVIFN of each alternative.

5 Further research directions

In spite of the fruitful research results, lots of work on

interval-valued intuitionistic fuzzy information needs to be

done in the future:

Firstly, some new aggregation operators can be derived

by combining fuzzy measure theory, graph theory or

dynamic programming theory, and the Hamacher, Einstein

and interactive operational laws.

Moreover, some novel methods for the decision-making

problems with interval-valued intuitionistic fuzzy infor-

mation can be established, such as the alternative queuing

methods, the interactive decision-making methods, and the

methods based on preference relations, etc.
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Finally, the applications in other practical fields, such as

medical management based on big data, artificial intelli-

gence, data mining, machine learning, etc., are also the

interesting and important research subjects in the future.

After doing so, we can develop a much more complete

knowledge system of interval-valued intuitionistic fuzzy

aggregation theory and applications.

6 Conclusions

In this paper, we have mainly provided a survey of the

aggregation techniques of interval-valued intuitionistic

fuzzy information, and their applications in various fields.

Firstly, some useful aggregation operators have been dis-

cussed. Then, we have made the classifications for the

applications of these aggregation operators and methods

based on the different kinds of decision-making (MADM,

MCDM and GDM, etc.), entropy measures, supplier

selection, and some other practical applications. Finally,

we have pointed out some possible directions for future

research.
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