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Analog Error-Correcting Codes Based
on Chaotic Dynamical Systems

Brian Chen and Gregory W. WornelMember, IEEE

Abstract—The properties of chaotic dynamical systems make = However, there is another key reason for considering analog
them useful for channel coding in a variety of practical com- communication techniques—for many important classes of
munication applications. To illustrate this, a novel analog code channels that arise in practice, Shannon’s theorem does not

based on tent map dynamics and having a fast decoding algorithm . : . - .
is developed for use on unknown, multiple, and time-varying apply and, in fact, performande necessarily sacrificed using

signal-to-noise ratio (SNR) channels. This code is shown to be@ digital approach. Such is the case, for example, when the
an attractive alternative to both digital codes and linear modu- channel is an additive white Gaussian noise (AWGN) channel

lation in such scenarios. Several properties and interpretations where the signal-to-noise ratio (SNR) is unknown at the
of the codes are developed, along with some methods for their yansmitter, or, equivalently, in broadcast scenarios where there
optimization. ) X . ) ) .
are multiple receivers with different SNR’s, as well as in
Index Terms—Broadcast channels, chaotic systems, error- |ow-delay systems operating in the presence of time-selective
correction codes, fading channels, joint source and channel fading due to multipath propagation.
coding, nonlinear dynamics, twisted modulation. . . ; L
In these kinds of settings which arise in, for example, a va-
riety of wireless communication systems, separate source and
. INTRODUCTION channel coding is inherently suboptimum. As we will develop,
N MANY communication applications, the information todigital approaches are inadequate because their performance
be transmitted over the channel of interest is inherentiepends crucially on being able to choose the proper number
analog (i.e., continuous-valued) in nature. Among many e®f quantization levels, which in turn depends on there being
amples are speech, audio, or video information. For unreliailespecific target SNR. Motivated by these observations, in
channels, the goal is typically to encode the information at titeis paper we explore efficient analog coding strategies for
transmitter so as to allow reconstruction at the receiver with tReenarios precisely of this type. And while we will derive
minimum possible distortion. Over the last few decades, thegdch codes by exploiting a nonlinear dynamical system theory
has been an increasing bias toward digital solutions to ttigrspective, we will demonstrate that the algorithms we obtain
problem. A traditional digital approach involves appropriatelpave important interpretations in the context of both classical
quantizing the source data and encoding the quantized daf@log modulation theory [1], [2] and contemporary error-
using a suitably designed channel code so that the quantigedrecting codes [3].
data can be recovered with arbitrarily low probability of error. An outline of the paper is as follows. Section Il describes
The attractiveness of digital approaches of this tyg8e system model of interest and motivates the need for analog
stems largely from the flexibility inherent in digital formatssolutions. Section Il then describes a rather general state-
within large interconnected systems. Moreover, Shannorggace framework for describing a broad range of analog codes
source—channel separation theorem is frequently invokeda® Well as many digital codes, which may be considered
argue that performance need not be sacrificed using a digkgpcial cases of analog codes. Section IV develops an efficient
approach. Recently, there has been a resurgence of intep@&log code with a fast decoding algorithm and compares its
in at least partially analog approaches in the form of joiferformance with some conventional coding methods. Section
source and channel coding techniques. The motivation for suéhen outlines an approach for the design of broader classes of
methods has come primarily from the argument that althougHch codes based on an interpretation of the code developed in
a digital approach can be used to achieve the performariggection IV as a multiresolution code, and Section VI contains
of an analog system, the computational complexity of a fulljome concluding remarks.
digital approach may be considerably greater.
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Fig. 1. Joint source—channel coding of a uniform source over an AWGN
channel.

bandwidth expansion factor—and of average power o ' * . * , ' =

po LN e . (@) (b)
- N z—:o [x [n]] (1) Fig. 2. (a) Tent map and (b) mod map state evolution functions.

The received signal takes the form . ) .
Among candidate mapg(-), those for which the resulting

y[n] = z[n] + wln], n=0,1,---,N—1 dynamics (3a) arehaoticare particularly attractive for such
error-protection applications. Among other important prop-
erties [5], chaotic systems are globally stable in the sense
that state sequences remain bounded, resulting in codes with
constant amplitude characteristics. At the same time, such
SNR — i; ) sys_te_ms possess a chal instability in the form of sensitivity
Tw to initial conditions—i.e., because the Lyapunov exponent

where the white Gaussian noise procesgs] is independent
of m and has zero mean and variancg, so the SNR in the
channel is

= Fllog |df/dz|] of a chaotic system is positive [6],

te trajectories corresponding to nearby initial states diverge
exponentially fast. In the coding context this sensitivity results
in codes with useful distance properties—similar source letters

In such scenarios the objective is to find source—chan fip to very different ransmitted sequences and, hence, can
e readily distinguished at the receiver.

codes with small distortio® for a given SNR and bandwidth . .
From the perspective of the encoding process (3), the

expansion factorfV. A convenient distortion metric for many X . S
qecodlng problem can be viewed as one of (initial) state

applications, and the one on which we will focus in this paper, fimai d th ity to initial dit that ch
is mean-square error, i.e) = E[(r — m)2]. estimation, and the sensitivity to initial conditions that char-

For such problems, digital solutions are suboptimal evdpterizes chaotic dynamics is actually advantageous in this

whenN = 1 and when the transmitter knows that the varianc%sumat'on' Mor?fc.)v.er, for at _Ieast some 9Ias§es Olf Chiouc
o2 of the noise takes one of only two possible values, &2y sy;tems,.very e |c!ent recursive s.tate estimation algorithms
exist for implementing such decoding.

or o3. In fact, we show in Appendix A that, even in this case; ) ; 4
Té(vo useful chaotic systems in this class correspond to

transmitting a Gaussian source sequence uncoded achieveE : to be either th ric “tont” functéo
smaller distortion than that obtained by the bestseparatesod? 805'ngf(') 0 Dbe either the Symmetric “tent” map functron

and channel coding. See, e.qg., Trott [4] for a broader discussion

The variancer? and, hence, the SNR, is known at the receivel
but unknown at the transmitter. The decoder generates
estimate/m of the transmitted analog symbek from the
received datay[0], v[1],---,w[N — 1].

o > 2)=1-2z— 3 4
of the suboptimality of separate source and channel coding in 1) [z =l )
such scenarios. or the “mod” map function

[ll. A CLASS OF ANALOG CODES FORERROR PROTECTION f(z) = 2z, #<3 (5)
) 2z —1, z> %

A rather broad class of encoding strategies for the prob-
lem of Section Il can be described in the following stat@y js straightforward to verify that these functions, which are
space form. In particular, the message is embedded in shown in Fig. 2, lead to state sequences that are uniformly
an initial state variable:[0], and the corresponding encodyistributed on [0,1] when the initial statef0] is uniformly

ing x[0], 1], ---,«[N — 1] is obtained via iterations of the gistributed on [0,1].

dynamical system The dynamics of chaotic systems governed by these maps
2ln + 1] = f(2[n]) 2[0] = m (3a) are surprisingly rich. Indeeq, the dy.namic's are equiva_llent to

_ 3b those of an infinite length binary shift register. In particular,
wln] = g(z[n]) (3b) for the mod map, if

where f(-) and g(-) are appropriately chosen functions. In oo

general, these functions are designed so that the resulting code 2[0] = Z bk]27F 1 2 0,- boJb[1] - - - (6)

has both a computationally efficient and practical decoding =0

algorithm, and good error-protection properties. In the sequel
We r(?Str'Ct Ou.r aFten'uon to the cgsg in which the MESSAYE  2wjithout loss of generality, we restrict our attention to functigits) that
is uniformly distributed on the unit interval [0,1]. map the unit interval [0,1] to itself.
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is the (nonterminating? binargb[k] € {0,_1}) representation TN e,[n)
for z[0], then thenth iterate has the binary representation
z[n] = 0g - b[n]b[n + 1] ---. These same results apply to the (1.6) > x
tent map dynamics when Gray quantization encodings of the

binary expansions are us&d. ©0) >a
The preceding interpretation of the dynamics implies thdt 2071 | 211 bln+2] ©.1) > b = Al

through judicious choice of the observation functigf) Kﬁ (1L.0) > ¢

in (3b), one can obtain a remarkably broad set of codes 1) —>d
for mappingm to z[r]. In fact, within this class lie many
widely used digital error-correction codes as special cases. N ¢,ln)
To illustrate this, first note that given any binary sequen
of bits b[0], b[1], - - -, there exists an initial statgf0] such that
|z[n] + 1/2| = b[n]. Such az[0] has the binary expansion

(6) in the case of the mod map and the Gray code binarys®
expansion in the case of the tent map. In turn, given the state| T 1 C
z[n], one can obtain every subsequent binary element via , |

Cﬁelg. 3. A rate-1/2 four-state convolutional encoder.

£@)

b+ k= [fPGm) +1/2], k=01, (7) ot i I N
Thus, any digital encoder whose output is a function of the . % . 1 -
contents of some binary shift register can be represented by F——t— 1
a tent map or mod map system with the appropriate choice ., , 1, 1o 0 ol 10 11 !

of observation functiory(z[n]). Specifically, if the bits in the
shift register aré[n],b[n + 1],---,b[n + k] and the encoder
output is some functiony(b[n], b[n + 1], - -, b[n + k]), then

(@) (b)

Fig. 4. Observation functions for implementing a rate-1/2 four-state con-
volutional encoder via (a) tent map and (b) mod map chaotic systems. No
particular ordering of the channel symbais b, ¢, andd is implied. The
g(z[n]) = ¢¥(lz[n] + 1/2], | f(z[n]) + 1/2],-- -, 2-bit labels along the-axis indicate the state of the convolutional encoder

|_f(k)(7[ﬂ]) L 1/2J) ®) corresponding to each interval.

Similarly, one can represent the dynamics of a register that |v. AN ANALOG CODE FROM TENT MAP DYNAMICS

shifts R bits at a time with the state evolution functfoff ) (.) In this section we focus on the case in whigh) is the

and, hence, convolutional encoders can be obtained fr?m -
. . . . inear function
such chaotic systems using piecewise constant observation

functions. . zfn] = g(z[n]) = VBP(2z[n] — 1) (10)

As a simple example, the rate-1/2 four-state convolutional
encoder depicted in Fig. 3 can be expressed in this form wifihich maps the unit interval onto the intenjalv/3P, v/3P],
the observation function illustrated in Fig. 4; this representgielding a zero-mean channel inpufn] with average power
tion is developed in Appendix B. One can readily generalize > We refer to the corresponding code as the “tent map code”
this result to show that any ratgkV, 2"-state convolutional as the resulting code sequende] itself obeys a kind of tent

encoder can be represented in the form map dynamics, with the tent map rescaled and translated to
* map the interva[—+v/3P,v/3P], rather than [0,1], onto itself.
2n+1] = fP(=[n])  aln] = g(z[n]) (©) In particular, since(-) is invertible, a direct implementation

where f(*)(.) is the k-fold iteration of either the tent map or Of the encoder follows as:

the mod map ang(-) is a discrete-valued (piecewise constant) a[n] = f(a:[n ~1)) n=129... N—1

function that map2-+! intervals into one of2"¥ possible ’ 7

channel inputs. z[0] = g(m) (11a)
While digital codes result from discrete-valued observaticwheré;

functions, a variety of usefuhnalog error-correction codes

for the scenario of Section Il are obtained by employing an ;, | 1N

observation function that isontinuous valuedin the next He)=gofog™(x)= \/@<1 -2

X
‘\/3PD'
section we explore one of the simplest useful examples of

such a code and develop its key properties and Ioerformanchploiting the interpretation of the code (11) as the state
trajectory of a chaotic system with the source letterem-

(11b)

characteristics.
5This analog code is effectively “systematic” in the sense that one can
3The specific Gray code that applies throughout the paper[i} = obtain the message: from one sampler[0] of the code sequence since
;_ + 17 N2, (— %)i 1‘[711:0 (2b[5] = 1). g(+) is invertible. The other code sequence samples are analog “parity-check”

4In general, we use the notatigit*)(-) for the k-fold iteration of a map samples. ,

f(). 6We useo to denote composition, so thato b () 2 a(b(x)).
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bedded in the initial state, we now consider the problem of 0

decoding in the context of state estimation. In particular, using 0
Z[n|k] to denote the estimate efn] based on observation of e
y[0],y[1],- - -, y[k]. the decoded source lettew is obtained «
from z[0|N — 1]. o .
While optimal state estimation for chaotic sequences is in ;0 X
general a difficult problem, for the case of tent map dynamics A . -
specifically, highly efficient recursive algorithms exist. In 10 . -
particular, Papadopoulos and Wornell [7] derive the maximum- .
likelihood (ML) estimator for tent map sequences in stationary 107" e
AWGN and show that it can be implemented by a forward X
recursive filtering stage followed by a backward recursive 10‘“’0 S “60
smoothing stage. The forward recursion takes the form SNR (dB)
j[“i” _ 1] :f(ﬁ:[n _ 1|n _ 1]) (12a) Fig. 5. Distortion threshold Dy, ). Empirical data are marked wittk's.

Analytically predicted results (16b) are represented by the dotted line. Each
jg[n|n] :a%[n|n — 1] + K[n] (y[n] — jg[n|n — 1]) (12b) empirical data point is obtained by averaging«410* measurements.
8[n] =sgn {Z[n|n]} (12c)
well approximated by
where the gai{[n] is also computed recursively as developed
in [7, eq. (31)]. In turn, the backward recursion is

N-1

N N o 1 1 1

2n|N —1]= 5 (V3P —2[n+1|N —1])3[n].  (12d) D =~ max T\ SNR <Z> , Dy,
In (12) 5[n] denotes the ML estimate ofn] = sgn {z[n]}. 161 1= <Z>
In terms of the Gray encoding of the source letter, i.e., (16a)
m = O - b[0]b[1] - - -, the signs are related to the quantization
bits b[n] via s[n] = 2b[n] — 1. where

Useful expressions for the mean-square error performance 11 1
isti i i Dph=-———rs. 16b

characteristics of the tent map code with ML decoding (12) can th =g Vor (SNR)3/2 (16b)

be derived and expressed in terms of the bandwidth expansion
factor N and the SNR. To begin, since = ¢g~*(z[0]), we Equation (16) establishes a key feature of the distortion—that

have it decays exponentially with bandwidth to a lower limiting
1/ _ thresholdDy,, that is SNR-dependent. This behavior, which is
. 1. Z[O|N — 1] : ' _ ; )
m=g (Z[O|N —1]) = 5 ? +1 (13) consistent with the results of Monte Carlo simulations depicted
3P in Fig. 5 and [7, Fig. 4], is rather attractive in comparison with
so the mean-square error is given by that of other alternative methods, as we now develop.

o2 —
D = Ef(m — ] = 710 =1

(14) A Performance Bounds on Analog Codes

To gain perspective on the specific performance of the tent
where, more generallys?[n|k] = E[(2[n|k] — z[n])?]. While map code, we first develop a lower bound on the mean-
it is tempting to simply use the Cr@n-Rao bound approx- square error performance of any analog code. One that is
imation [7] easily derived but, in general, not tight, is obtained from the

Nl rate-distortion bound.
<1) P (15) This bound and the associated analysis will allow us to

NV \ 4 SNR verify that there is always a power-bandwidth regime in

4<1 - <Z> ) which the tent map code vyields better performance (i.e., lower
distortion) than not only any/-ary channel code but also any

multiresolution code based on Cover’s superposition strategy
with finitely many resolutions.
To develop the bound, we begin by observing that with
enoting the channel capacity, the rate-distortion function for

3
o?[n|N — 1] ~

in the calculation ob2[0| N — 1] in (14), this approximation is
generally only accurate when~ N — 1 [7]. Forn <« N —1,
it fails to take into account the nonzero probability of errorg
in the estimation of the signg[n]|.

An accurate expression for the smoothing error variance cansch a strategy [8] is used for optimum transmission of digital streams of
be developed by explicitly accounting for the probability thatiffering levels of import‘ance over the brogdcgst channel. These codes have
§[n] £ 3[71] In particular, in Appendix C we show that whe the property that more important information is encoded for the worst-case

_ . ) nSNR, and less important information is encoded and superimposed for users
the SNR is at least moderately large, the distortion can behigher SNR’s [9], [10].
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Fig. 6. Distortion bounds. The dashed line represents the actual distortion of the tent map code. The solid line represents the bound corre$gonding to
SNR being known at the transmitter. The dotted lines represent lower boundsiay coding is used. @V = 1. (b) N =2. (c) N =3. (d) N = 4.

Note that this bound cannot be approached when @ur
1 bound exceeds the known SNR channel capacity =

NCER(D):h(m)—h(m|m):—h(m|m)25log2m (1/2)log,(1 + SNR); hence, (20) is a useful measure of
(17) attainable performance only in the following SNR regime:

our uniform source satisfies

2
where the first inequality is the rate-distortion bound and SNR > M™ — 1. (21)

yvhere, _WiFh h(-) denoting d.ifferential entropy, the gecond We stress that, as (20) and (21) reflect, the success of an
inequality is due to a Gaussian bound on the estimation erpy_»ry transmission scheme depends critically on choosing the
[11, eq. (9.100)]. Rearranging (17), we obtain correctM, which in turn requires knowledge of the SNR and is
1 . impossible, for example, in a broadcast scenario. By contrast,
D> %(22)_]\0- (18) as (16a) reflects, the lower limiting threshold (16b) for the tent
map code tends to zero with increasing SNR.
After substituting the well-known channel capaciy =  The performance bound implied by (19) is depicted in Fig.
(1/2)log, (1 + SNR) into (18), we obtain the desired bounds, along with the associated performance (20), (21) of digital
that applies to any code codes for several specific valuesaf. Note that for any finite
bandwidth V), the tent map codes result in lower distortion
than M-ary coding, as long as the SNR is higher than some
finite lower cutoff SNR. The specific cutoff SNR is determined
Again, we note that the above bound is not tight in generddy comparing (16)—(20), and corresponds to the intersections
Indeed, for N > 2, no practical coding scheme can achievef the dashed and respective dotted lines in Fig. 6.
this bound over all SNR [2]. Fig. 6 also provides a means for relating tent map code
However, the rate-distortion bound can be achieved atpgrformance to any multiresolution scheme employing Cover's
specific SNR by separate source and channel coding wiglperposition strategy. In particular, such schemes yield an
digital codes. In particular, with anZ-ary digital code, the €ffectively staircase-shaped-SNR characteristic that, again,

capacity is bounded b§y; < log, M, which when combined in general lies strictly above the lower bound (19) represented
with (18) yields N by the solid curve, as the analysis of Appendix A (and Fig.

10) also reflects. The gap between the bottom corners of
this staircase and the lower bound depend on a variety of
factors, including the designed number of resolutions (i.e.,

D> 2i(1 + SNR) 7.

e

(19)

1 r
Dy > —(M2)7A .

— 2ne

(20)
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C2BE X X X X X X X X X X X X X With ML decoding, the resulting distortion follows immedi-

Q XX XXX XXXXO0O0 X X ately as

520 X XXX XXXO0OO0XOO0O 1 1

z X X X X X X 0 X X 0 X0 X Dy = — (24)

w - I

TI5K X X X X O X 0 0-0 0 0 0 0 12N 5NR

m - - . .

H XX X0Q0xX0000O0O0CO which is larger than (16a) whenever

%10 XX 00000000000

é’ X 0700000000000 SNRZENQ. (25)

25 /0 O 0000000000 97

2 Jeecoo0o0o0o0o0000o0 The corresponding boundary in the power—bandwidth plane is
0o £ 10 105 depicted in Fig. 7, together with experimental data validating

Bandwidth Expansion Factor (N) these results. As we would expect due to the familiar nonlinear

Fig. 7. The experimentally determined region in the power—bandwidth plaﬁgpture phe_nomenon (th_reShOId_ eﬁeCt)’ the_ tent map CO_dG IS
where the tent map code resulted in lower distortion than the repetition cod&W@perior to linear modulation at high SNR or in low-bandwidth
form of linear modulation, is marked witk’s. The region where the repetition regimes.

code resulted in lower distortion is marked witts. The dashed line is the

theoretically predicted boundary.

V. TENT MAP CODES AS MULTIRESOLUTION CODES

SNR operating points). It is also important to emphasize Tent map codes have a convenient interpretation as mul-
that when the number of resolutions is finite, this staircagigesolution codes. In particular, since with the observation
characteristic begins with a vertical drop in distortion at sonf@nction (10)

lower SNR threshold and ultimately ends up being flat beyond

some upper SNR threshold. As a result, for such schemes thete] 1 -

always exists an SNR beyond which the tent map will providgzp ~ 53[”] - kZl ars[n + k] |,

better performance. n=01--- N—1 (26)

where |ax| = 2-*+D and s[n] = 2b[n] — 1, we see that
the tent map code can be viewed as the superposition of less
Other interpretations of the tent map code yield additionsignificant bit information inn [i.e., the second term in (26)]
insights. As one example, examining (11b), we see that tba top of binary phase-shift keying (BPSK) transmission of
tent map code corresponds to nonlinearly modulating a setrabst significant bit information im.. The performance results
orthogonal unit-energy sequencggn] with the source letter of Section IV-A can be interpreted as reflecting that such
m. In particular, we can express the cagf] in the form  superposition enables the tent map code to be effective at
N1 multiple SNR v;’:llules. f | . |
e More general classes of analog codes can, in principle,
ol = Z 7 )(g(m))d),;[n] (22) be developed by varying the relative protection of the most
significant and less significant bit information. Although a
where, in this specific case, the orthogonal sequences fé exploration of these possibilities is beyond the scope of
simply delayed Kronecker delta functiod$rn — ¢] and the this paper, we outline the basic ideas as an illustration of a
nonlinear modulating functions arg?(g(m)). As such, we potentially interesting direction for future research.
can view the tent map code as a contemporary example ofor example, consider codes whose dynamics take the form
the nonlinear or “twisted” modulation schemes developed in
the context of analog communication theory [1], [12]. As 2ln+ 1] = 5 (2[n]) (27)
with other nonlinear modulation schemes, we would expect ) )
tent map coding to provide superior performance to line}fhere /(-) is again the tent map and whe# = log, M
modulation in the high-SNR regime. In this section we confirfr S0me integer parametel/. At one extreme, when the

B. Comparison with Linear Modulation

=0

this to be the case. associated observation function is piecewise-constant as de-
Any corresponding linear modulation of can be expressed picted in Fig. 8, the result corresponds to simple uncoded
in the form M-pulse-amplitude modulation (PAM) digital transmission of

the quantization ofn, which can be optimized for a fixed
known SNR. However, using the piecewise-linear observation
wg[n] = Z (m —1/2)ai¢i[n] (23)  function in Fig. 8 yields analog codes incorporating less
=0 significant bit information, which may improve performance at
where, to meet the power constraint (1), themust satisfy ~high SNR but which also represents a noise in the decoding of
the most significant bit information. Accordingly, there seems
] Nzt /Nl 1 V=2 p to be a tradeoff—greateh may provide better representation
=Y A D@kl | =< > a= =12P.  of the less significant bit information, while smallar allows
N N var [m] . . . o L .
=0 \i=0 i=0 higher fidelity decoding of the most significant bit information.

N-1

2
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a(2) 9(2) Furthermore, one needs to estimate
- — 2 S 2
= F(zZ[n|N — 1] — z[n])*|& 31

o of = B[N - 1] - #[n])?|€,) (31)

. possibly in a manner similar to that used in our original tent

bt — b+ -

f f % bz v {4+ 4, map code
g L b 1 Meanwhile, our power constraint (1) implies thaand A
lie in the set

3+ -3 £~ Jea

S ={(,A): tear:tstyle1 (M? - 1)b* + £ A*=P}. (32)
@ (b) 3

Fig. 8. Observation functions for 4-PAM with (a) single and (b) multipleHence, using (29)—(31) in (28), suitable valuesboand A

SNR's. By varyingA, which controls the common slope of each piecewisgyithin the set (32) could be obtained from an optimization of
linear section, one can add an analog component to a purely digitat 0)

code. The constellation points of the (purely digital) 4-PAM constellation art@e form
+b and+3b. Note thatb # b if the two codes are to have equal energy. A g
(b,A) = argmin/ D(z;b, A)py2 () da. (33)

(b,A)CS v
Given specification of the SNR range of interest for th

AWG_N channel of SQec_tlc_)n I, say, in the form_of a_pro_bab|lltyOf one possible generalization.

densityp,= (+) for o, it is possible, at least in principle, to

optimize b and A so as to obtain the best tradeoff in terms

of minimizing distortion. First, using reasoning similar to that ] o )

used to obtain (40), one can express the distortion in the for e have mtrloduced |ntr_|gumg (_':malog erro_r-cqrrectlng codes
that are potentially useful in a variety of applications, examples

1 )1\’—1 of which are communication over broadcast channels and low-

S\/e emphasize that the preceeding discussion is just an outline

VI. CONCLUDING REMARKS

D=(1-Pe)N 1o’ [N —1|N — 1]< delay communication in time-varying fading environments.

R
4 N1 These analog codes are generated from iterations of a non-
1 <1 - P, S) linear state-space system governed by chaotic dynamics, with

41 (28) the analog message embedded in the initial state. We have

1-Pe demonstrated that within this class are practical codes having

4R recursive receiver structures and important performance ad-

. . S, vantages over conventional codes. We have outlined a method
wherePg_ is now the E-bit symb_ol er_ror probabilityg* [V — for generalizing and optimizing such codes, although detailed
1|V —1]is the mean-square estimation erroE[V —1|{N —1],  refinement of the method remains as one of a number of
and o2 is the mean-square estimation error im|N — 1], rich directions for further research. More generally, these

occurring when the estimate of thgh symbol is in error.  analog codes and the general framework used to describe
To continue this optimization process, one can proceed tteem have important connections to both modern digital codes
express the quantitieBe, 0[N — 1|N — 1], and 2 in (28) and classical analog modulation techniques, the exploration of

in terms ofb and A. If a simple slicer is used to estimate theVhich is also likely to prove fruitful.
symbols (i.e., most significant bit information) at the receiver,

+o7Pe

1—

Ps can be approximated as APPENDIX A
SUBOPTIMALITY OF SEPARATION OF SOURCE AND CHANNEL
b+A _AN2 CODING FOR A CHANNEL WITH UNKNOWN SNR
Per o T ) dw x2 G=27) (2
SRRV AN @ 0w ) T @ 2 (29 We first calculate the minimum distortion that can be

achieved through separated source and channel coding, i.e.,
where the second approximation applies whén- A) is by quantizing a Gaussian source and channel coding the bits

sufficiently large. Next, from the Cran-Rao bound for the in the quantization with a capacity achieving channel code.
problem, one can obtain the approximation The minimum rate in bits per source letter required to be able

to transmit the source with maximum distortidhis given by

1\ B [11, eq. (13.24)]
2 1—-10-
dg(z)\ <4> P 1 r
2
N —1 N — 1| = — 8 = — o, —
o | ] < 5 <1>R1\ SNR R(D) = logy 5. (34)
4 Since we require a rate of one channel use per source letter,
1\ E if R; is the rate of the channel code in bits per channel use,
1 \2 1- <Z> thenR; = R(D). Since the noise varianeg, is known at the
= oo (30) receiver, the channel coding problem is equivalent to coding
2MA 1\ BN . ) :
1— <_> for a broadcast channel with two noise varianeésand o3.
4 The receiver determines which is the true noise variance and



888 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 46, NO. 7, JULY 1998
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Fig. 9. Coding for the broadcast channel. Two codes are merged together,
one for each possible noise varian88.C ENC is an optimal source encoder L

with rate R;. SRC ENC; is an optimal encoder for the residual error of 10

SRC ENC; with rate Rz — R;. CH ENC; are the channel encoders and 107 10° 107

REC; are the receivers (channel and source decoding combined). Note that D2/P

REC, can recover the bits from bothRC ENC; andSRC ENCy since . . L . 5 o

(02 < o?). Fig. 10. The achievable distortion pairs when;, 035) = (P/10, P/100).

The solid line represents the pairs achievable with separate source and channel
coding. The symbolx is used to denote the achievable point with direct

. . . . ... _transmission of the source and linear minimum-mean-square error decoding.
decodes appropriately, as shown in Fig. 9. Assuming witholt a g

loss of generality that? > o2, the pairs of achievable rates
are [8], [11, Sec. 14.1.3] (see, for example, Berger [14, Sec. 5.2]). These results are

a1 P illustrated in Fig. 10.
—a )

1
Ry =zlog, |1
1 2082<+04P+o—f

APPENDIX B
Ry = Ry + llogQ <1 n aP ) (35) CONVOLUTIONAL ENCODERS VIA CHAOTIC SYSTEMS

2 o3 In the rate-1/2 four-state convolutional encoder depicted
i.e., if o2 = 02, the receiver can decod, bits per channel in Fig. 3 theb[n] represents a sequence of input bits from
use and ife2 = o2, the receiver can decod®; bits per @ Bernoulli-1/2 process. Two coded bits[n] and c;[n] are
channel use, theR; bits from the first encoder plus anformed from the modulo-2 sums of the contents of the shift
additional R, — R, bits. The parametetr can be chosen register and the input bit, and these coded bits are mapped
anywhere in [0,1] so that for each value @f we can design into one of four channel symbols b, ¢, or d. For example,
a channel code that corresponds to a particular achievable #gdn]; c2[n]) = (0,0) = z[n] = a, (c1[n], c2[n]) = (0,1) =
pair. Then, sinceR; = R(D) and the Gaussian problem wet["] = b, etc. One can produce the sequenge] with a tent
consider is successively refinable [13], we can combine (3MRP System by choosing the initial sta{@] to be the number

and (35) to find the corresponding set of achievable distorti¥f10se Gray code binary expansionCis- b[0]b[1]b[2] - -- and
pairs, specificallyD; = P2-2% and D, = P2~ 2%, so that by choosing the observation function to be the piecewise

constant function shown in the Fig. 4(a) . Similarly, one can

D, = I Dy = L (36) produce the sequenagn] with a mod map system by choosing
14+ (1-oP 1+ ab the initial statez[0] to be the number whose normal binary
aP + o7 o3 expansion ig), - b[0]b[1]b[2] - - -, i.e., (6), and by choosing the
From (36), we obtain the following lower bounds @ and observation f_unctlo_n to be the function shown in Fig. 4(b).
Dy One can easily verify that these systems are equivalent to the
P P convolutional encoder in Fig. 3 by noting that the four intervals
Dy > D{|ly—o = Ds > Dol oy > labeled with binary labels in Fig. 4 correspond exactly to the
12> Dila=o P 2 > Dala=1 2 h ) ’ > -
1+ = 1+ = four possible states of the shift register in the convolutional
o1 93 encoder. For example, in the case of the tent map system,

(B7) if 2[n] € [1/4,1/2], then eitherz[n + 1] € [1/2,3/4] or

+1] € [3/4, 1]. These correspond to transitions from state

With this scheme, we can not simultaneously achieve bogift tate 11 with outout or f tate 01 to state 10 with
bounds (37) since each value @fcorresponds to a different 0 state 11 with output or from state 0 state oW
L&tput b, respectively.

channel code. However, both bounds (37) can be achiev®
simultaneously if, rather than decomposing the encoder into
the cascade of a quantizer with a digital channel encoder,
we simply transmit the source letter uncoded (but linearly
scaled so as to have powg). Indeed, when the information In our derivationé,, denotes the bit-error event, i.e., the
is “decoded” by processing the channel outpfi] with the event thats[n] # s[n], and

linear minimum mean-square error estimator

P
m[n] = 5——yln] (38) . . :
P+o To facilitate an analysis of the steady-state scenario, we

the resulting distortion is precisely the lower bounds in (3Tjeat the events{&,,} as effectively mutually independent

APPENDIX C
TENT MAP DISTORTION CALCULATIONS

0%ln] 2 E[@[n|N — 1] - z[n])?|€.]. (39)
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and equally probabl,i.e., Pr{&,} = P¢ for all n, and Hence, the distortiorD is given by
o2[n] = o2. Under these conditions, the smoothing error can

be expressed in the following form, with, denoting the D~ o?[0|N — 1]
complement ofé,,: ~o12p
1 (1-pP\",
=— N—-1N-1
o?[n|N — 1] 12P< 4 ) oIV =N — 1]

+ Dth

= E[(@[n|N — 1] = a[n])?*[€n€ 1 - En 2]

. <1 —4P5>N_1] 43)

N —n
S(L=Pe)NT 4 > E[(E[IN — 1]
k=0 where, via (42), we have

- 37[77'])2|?n - Epgho1Enyrl
(1 - Pe)*Pe

a
Dy, = =~ . (44)
— (1 _ Pg)N_l_nO'Q[N _ 1|N _ 1] 12P 9P
NN O NET L\ N Now o2[N —1|N —1] is well approximated by the Cran-Rao
'<1> + ffs(g) (1—Pe)"Fe bound (15)
k=0
1—Pg N—-1—-n ) ) 3 P
= — — N—-1N-1]= . 4
((5%)  ew-wv-n SN~ 1IN - 1 e @9
N—-1-n 411- <_>
1 <1 - Pg) 4
4
2
+oele 1— Ps : (40) g0 substituting (45) into (43), we see that whEn < 1, the

4 distortion is well approximated by (16a). It therefore remains
only to obtain (16b), which requires determinifty ando?2.
To obtain the first equality, we write an expectation as a A useful expression foP is obtained by approximating the
weighted sum of conditional expectations, where the condgsidual filtering errors:[n|n] = Z[n|n] — z[n] as Gaussian
tioning is on the mutually exclusive collectively exhaustiv&Vith mean zero and variance®[n|n]. Then with n large
events that either there are no sign errors at indexes+ €nough that (15) takes its steady-state value, i.e.,

1,---,N — 2 or the first sign error is at index + & for 3 p
k=0,1,---,N — 2 — n. The weights are the corresponding ?[nln] = o2 a2 L (46)
probabilities of these events. To obtain the second equality, 45NR

we repeatedly use the fact that givén, ¢%[n|N — 1] = N 1 .
(1/4)0[n + 1|N — 1], as can be seen from (12d). We c:ar"imdS R > 1 (0 dB), we obtaif

rewrite (40) as |z|
Pg ~ /Q(O_—)px[n](.ﬁ) dz
N—-1-n €
2|V — 1] = o[V — 1IN — 1] 1= 1% _ 1 veER
4 =— Q(u) du
g 2v/SNR Jg
1-F¢ 1 e 1 1
e e R I e Wy ¥ B P S
" 4 ] ok Jy QM=o e @D
where where to obtain the equality on the first line we have used
(46), and thatp,[,)(z) is a uniform density over the interval
) o2 Ps 4 [-V3P,v/3P]. Hence,P¢ is approximately inversely propor-

(- = gang (42) tional to the square root of SNR, and is therefore small in
€ the high-SNR regime. The result (47), although based on a
Gaussian approximation, agrees with empirical measurements

Ot —

is a lower threshold in the limit of largeV for the error .
variance and where the approximation in (42) is valid when To calculatesZ, note that the effect of,, is to produce a
P < 1. As we'll see when we develop the specific relationfamy good estimate of-z[n] rather thanz[n], so that

ship betweenP: and SNR, this approximation is valid in the

high-SNR regime. 2 o Bla?inlle ] — [ da? £d 48
og ~ Eldc[n]|€n] = | 427 popn)(z|En) dz (48)

8 Although the bit-error events are unlikely to be strictly independent,
the results arising from these assumptions closely match the experimentally’ The Q-function is defined according to
observed behavior depicted in Fig. 5 and [7, Fig. 4]. Apparently, the 1 I
approximation is a good one in that any dependence that may exist among the Qa) = — / o—t2/2 gt
bit-error events does not significantly impact the calculations in this section. ) V2 Ja
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where p,[)(z|€,) is the probability density fore[n] condi- [14] T. Berger, Rate Distortion Theory: A Mathematical Basis for Data

i i Compression Englewood Cliffs, NJ: Prentice-Hall, 1971.

tioned on&,. Thus, since [15] B. Chen, “Efficient communication over additive white Gaussian noise

Q(|$|/0 ) (a:) and intersymbol interference channels using chaotic sequences,” Mass-
e)Px[n] (49) achusetts Inst. Technol., Cambridge, RLE Tech. Rep. 598, Apr. 1996.
Pe

we can express (48) as

4 |$| Brian Chen was born in Warren, Ml in 1972. He
o =— /$2Q<_> received the B.S.E. degree from the University of

Pe e Michigan, Ann Arbor, in 1994, and the S.M. de-
SN gree from the Massachusetts Institute of Technology
- 3 r 2VSNR 2 d (MIT), Cambridge, in 1996, both in electrical engi-
- E SNR¥2 J/, wQ(u) du neering. He is currently working toward the Ph.D.
oo degree at the Department of Electrical Engineering
-~ 3 P 2 d and Computer Science, MIT, Cambridge, where he
~ E SNR32 J, wQ(u) du holds a National Defense Science and Engineering
Graduate Fellowship
— 2pr (50) He has served as both a Teaching Assistant and
SNR a Research Assistant with the Department of Electrical Engineering and

Computer Science, MIT, Cambridge. During the summers of 1996 and
where to obtain the second equality we have again used (4897 he was with Lucent Technologies, Bell Laboratories, Murray Hill, NJ,

and to obtain the last equality we have also used (47) Finagere his research involved signal design and channel coding for digital

. . . . . dio broadcasting applications. His current research interests include signal
substituting (47) and (50) into (44) yields (16b). This analytic@kocessing and communications, and the application of ideas in these fields

expression forDy;, is compared to empirical measurement® information embedding and digital watermarking problems. He has three

. . . . patents pending.
from computer simulations in Fig. 5. Mr. Chen is a member of Eta Kappa Nu and Tau Beta Pi.
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