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Abstract— Flexure joints are frequently used in precision mo-  compliance as a secondary criterion, or from the compliance
tion stages and micro-robotic mechanisms due to their monolithic point of view [1] with the emphasis on synthesizing desired
construction_. The joint compliance, however, can aﬁgct the staﬁc compliance characteristics using, for example, topological op-
and dynamic performance of the overall mechanism. In this L _ .
paper, we consider the analysis and design of general platform timization [4], [S] or flr_1|te element al_naly5|s [6], [7]. The gen- .
type parallel mechanisms containing flexure joints. We consider ~€ral problem of compliance synthesis has been addressed using
static performance measures such as task space stiffness and simple springs [8] with specific solutions proposed for tor-
manipulability, while subject to constraints such as joint stress,  sjonal and line springs in [9]-[11]. However, such an approach
mechanism size, workspace volume, and dynamic characteristics. a5 several drawbacks: the design criterion only involves the
Based on these performance measures and constraints, we adopt . ) ) : . ]
the multi-objective optimization approach. We first obtain the desired compliance; ConStra'_ntS are_ not _taken Into _aCCOl_mt'
Pareto frontier, which can then be used to select the desired design and the overall mechanism is passive without consideration
parameters based on secondary criteria such as performance of actuators. The specific problem of synthesizing a desired
sensitivity. To simplify presentation, we consider only lumped ap-  grasp compliance by choosing appropriate finger compliance
proximation of flexure joints in the pseudo-rigid-body approach. is used in [12]. Independent of joint compliance, optimization

A planar mechanism is included to illustrate the analysis and b d desi thods h I b d | q f el
design techniques. Tools presented in this paper can also be °&S€d O€SIgN MENods have also been developed for paralle

applied to a broader class of compliant mechanisms, including Mechanisms [13], [14], but the joint compliance is not taken
robots with inherent joint flexibility as well as compliant robots into account. The goal of this paper is to present analysis and

for contact tasks. design tools for parallel mechanisms containing flexure joints
based on the pseudo-rigid-body model. Our approach is to
balance the motion and compliance consideration through a
Flexure joints have been used in precision instruments sucimulti-objective optimization.
as watches and clocks for hundreds of years, and continue A well established criterion for assessing the behavior of
to be used today in applications such as optical systemg, serial or parallel manipulator is the manipulability ellipsoid
micro-robots, and clean room equipment. Flexure joints offefyhich is the task space image of a ball in the active joint
significant advantages over conventional joints [1], [2] invelocity space. This concept was first proposed for serial
terms of both manufacturing and operational characteristicsnanipulators [15] and later extended to parallel robots [16],
Mechanically assembled joints inevitably reduce accuracy dug17]. We pose the design problem as a multi-objective op-
to manufacturing tolerances. Flexure joints are typically mantimization problem with the performance metrics based on
ufactured monolithically and therefore avoid assembly errorsmanipulability and stiffness subject to constraints (such as
The monolithic construction also implies a relatively easYthe maximum joint stress, Workspace, mechanism size, etc_)
manufacturing process and potentially very compact designand bounds on the design parameters. The Pareto frontier
In terms of operation, flexure joints have little friction losses[18] is then calculated and the final design determined based
and do not require lubrication. They generate smooth andn secondary considerations such as dynamic characteristics
continuous displacement without backlash. With a suitableyng performance sensitivity. As an example, we include a
choice of material, flexure joints exhibit a predictable andi-D stage designed by the National Institute of Standards

repeatable relationship between force and displacement. Thegid Technology (NIST) to illustrate the modeling and design
attributes have endeared flexure mechanisms to meso- ag@proach described in the paper.

micro-scale precision motion applications, from optical stages
to micro-electro-mechanical-systems (MEMS).
Thorough treatments on the characterization and design Il. DIFFERENTIAL KINEMATICS
of flexure joints and mechanisms may be found in [1], [3].
Flexure mechanism design is usually addressed either from a Consider a parallel mechanism with active joints denoted by
kinematic synthesis point of view with the overall mechanismthe vectorg, and passive joints denoted by. The differential

I. INTRODUCTION



kinematics may be described as where fr is the externally applied spatial forcgc is the
N I Jr Aga constraint spatigl force (to enforce the kinematic constraint,
[ 0 ] = { JC“ JC” } { Agy ] (1)  the bottom portion of (1))7, and 7, are the torque vectors
z L applied at the active and passive joints, respectively. When
Jr Agq the passive joints are free (e.g., pin, spherical, etg.)= 0.
'_{ } However, for flexure jointsy,, is related toAg,.
For parallel mechanisms with conventional passive joints By far the most common configuration of parallel mech-
anism is a platform supported by multiple legs. For i

Jo, 18 .typlcally square (same numbe'r of passive joints a.sleg platform mechanism, the differential kinematics may be
constraints) so that there are no undesirable internal constraint

forces. It is also essential to ensure thii is invertible written as
so that there would not be undesired motion (this is theAzr = Jr1Aqu+Jo1Aqp, = ... = Jr Ay +JIomlap,, -
kinematic stability condition). IfJo, is a tall matrix, the @)
mechanism is overconstrained and it cannot move unless sonvge can rewrite this relation as
of the constraints are redundant. If this is the case for a [ Jar 0
working mechanism, the rigid body kinematic description is ) Adar
not adequate, and either more lumped joints need to be added - 0
or a distributed description should be used./#, is a fat Jam Adany
matrix, the mechanism is underconstrained. For conventional Ipy Adp,
parallel mechanisms, this is not desirable, since there could be 0 '
uncontrolled motion resulting from disturbances. However, we
shall see that for flexure mechanisms, this may be acceptable
provided that the stiffness in the direction of unwanted motion 7
is sufficiently large. Az 1

We now consider a fully constrained mechanism (when = =| - | Ay (8)
active joints are locked) or underconstrained mechanism, i.e., Az 1

Je, is square or fat, and full rank. ¢, is fat, Ag, cannot A

be uniquely solved since any vector in the null spac&/ef  sinceA is of full column rank, we can immediately transform
may be added to the solution. In this case, we assume that thgis to the form 1):

solution Ag, minimizes the strain energy in the passive joints, )

i.e., Ag, is found from Axy = A'JAq 9)

i 1A T, Ag,, subjectto0 = Jo Ag, + Jo. A (2) * = EJAq (10)
min — , Su = Jo,Aqq p ) . . ~.
Agp 2 o Hap 2y J Ca 4 Cp S where AT is the pseudo-inverse of and A is a full row rank

where we have assumed linear spring characteristics witmatrix whose null space coincides with the column space of
spring constantk,,. We treatAgq, as the actual joint dis- A.

placement since we assume that the joint displacement from IIl. PERFORMANCEMEASURES
';gﬁnzgwhbrlum is small. The solution of (2) may be readily A. Manipulability
Ag, = _Jé Jo, Aga @) Manipulabili_ty is chara_lcteriz_ed BYT.os as in (5). Depend-
h ? ing on the design objective, different metrics may be imposed.
where

; 12 1ot If it is desirable to have an isotropic mechanism (the task
Jcp =K, (JCqup ) (4)  frameis equally easy to move in all directions, for active joint
and T denotes the Moore-Penrose pseudo-inverseldf is motion constrained in a unit ball), then the metric to minimize
square invertible, thed}, = J;'. may be

. . p P. . . . max J
The relationship between active joint displacement and task pirt (o) = (w —1)? (11)
displacement is then: Smin (ST, )
_ _ i where s, and s, denote the minimum and maximum
Azr = (Jr, — Jr, JCp Jo.) Ada- (5) singular values, respectively (equivalently, the lengths of the

= Teomp principal major and minor axes of the manipulability ellipsoid).
It may also be desirable to maximize the overall workspace.

In this case, we can choose to maximize the volume of the

manipulability ellipsoid by minimizing the metric

By applying the principle of virtual work, we obtain the
dual relationship:

T T
Jr. Jg,

2l AT ’
v JEJE fe I’ 1nt () = H 55 (MTeomy) |- (12)
J

T



If it is desired to increase manipulability in directions Assume the joint torque is related to the joint displacement
given by the unit vector§u;} and decrease manipulability in through a linear spring relationship:
directions given by{v;}, then a possible metric to minimize { - ] { K
a

. . . 0 Aq
. — qa a
is the following weighted sum: 0 K } { Aqg, ] ; (21)
\—/_/

Tp ap

-1
/“W(JTcomp) = Z (7} (u?.]%wmp JTwmpuZ) Kq
i where K, denotes the active joint stiffness aid,, denotes
+Z B; (UZT Jgjwm JTCWPWO . (13) the passive joint stiffness. If proportional-derivative type of
p g feedback is used for the active joints, then

B. Maximum Joint Stress K =K + K" (22)

The maximum stresses in the flexure joints are approxiwhere K"’ denotes the passive portion afd®” denotes the
mately proportional to the maximum deflections of these jointsproportional feedback gain.

For example, for a circular notch hinge joint with radiis Substituting (21) into (20), we get
hinge width¢, and Young’s ModulugZ, the maximum stress, T 7
Omax, IS related to the angular deflectiofy, .., by [3] Jo KoAq = Jo JiKpAzr
—~T
) 3 \/E 1) = Jo JFEKrJrAg. (23)
max — 755 \/ 7 Omax- . . . .
4BV t From the kinematic constraint (bottom portion of (1)), we
For a cantilevered joint with length, and width ¢, the ~KNow Ag may be expressed as
relationship is approximately Ag = jg¢ (24)
0. — 0.11248 %Umax. (15) for some vectow. Substituting into (23), we get
~T  ~ —~T —
Jo KyJop = Jc JEKpJpJoo. (25)

If the maximum joint stress is given (e.g., from the yield stress
of the material), it can be converted to an equivalent maximungince this holds for any, we obtain the expression for the
joint displacementAqf,max) by using the above formulas. The task space stiffness

max joint stress constraint can then be stated as a maximum ~T ~ —~T —~
deflection constraint: Jo KqJo =Jc JpKrirdc. (26)
s If the mechanism is kinematically stable, i.6g, is square
|Agp| < Aqé 9, (16) invertible, then
where|-| and < are treated in the componentwise sense. —~ 1
JC = —J71J ) (27)
C. Task Space Stiffness Cp G
' and (26) becomes
The task space stiffness is defined from the force balance o o -
between the applied external spatial for€e and the corre- Ky, +Jc, Jcp Ky, Jcp JC0 = Iy BT T (28)
sponding task frame displacemet:;: which is the same expression as obtained in [19].

For a circular notch hinge type of flexure joint (see

fr = KrAwr. 17 Fig. 1(a)), the joint stiffness modeled as a pure rotation is
Rewrite the force balance equation (6) as given by [3]
K~ 2 e (29)
T=Jifr+JE fe. (18) “or VR

where E is the Young’s Modulus of the hinge material,is
the depth of the joint; the thickness of the thinnest portion of
the joint, andR is the radius of the circle. A full 3D (planar
translation and rotation) joint stiffness model is also given in

By assumption,/c, is full row rank, therefore,/¢ is full row

rank. Let Jo be the full column rank matrix whose column
space coincides with the null space .4f. Then

~T =T p [3].
Jo m=Jc Jrlr. (19) For a cantilevered joint (see Fig. 1(b)), the joint stiffness
Substituting in (17) and using the differential kinematics (top™2 be approximately modeled as
portion of (1)), we get K~ QVKQE (30)
L )
~T =T n
JeT = ‘{ET‘]TKTAJUT where E is the Young's Modulus] = 2% is the moment
= Jo JEKpJrAg. (20)  of inertia about the axis perpendicular to the joint,is the



length of the joint and, and Ky are experimentally determined version has also been designed and built. Such stages are

constants: currently being considered for satellite optical communication
v =0.8517, Ky = 2.6762. [23].
; N\ 7 9 /
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(a) Circular Notch Hinge Joint (b) Cantilevered Joint ; / \—
b
Fig. 1. Flexure Joint Modeling
piezoelectric —
o . » . . . actuator
Similar to the manipulability matrix, different metrics may
be used depending on the application. For example, in [19],
the goal is to ensure the stiffness matrix is decoupled. In that Fig. 2. Schematic of NIST 1-D Mechanism
case, the metric may be chosen to be
pc(Kr) = || Kr - diag( k7)) (31)
If maximum stiffness is desired, the metric may involve .
maximizing the volume ofr or minimizing its reciprocal:
: -
pr(Kr) = | []s5(Kn) | (32)
J Fig. 3. Flexure Joint in NIST 1-D Mechanism

If it is desired to increase stiffness in directions given by the

unit vectors{u; } and decrease stiffness in directions given byB. Kinematic Models
{v;}, a possible metric to minimize is the following weighted
sum:

The mechanism consists of 6 kinematic chains constrained

at the platform. This means that there are 15 total constraints
J =N "o, (W Kpug) ™" s (o Kopo;) . (5 loops involving(z, y, 9)).
b (o) 22: (ui K +zi:/8 (v Ferv) If all the joints in Fig. 2 are chosen to be idealized 1D
(33)  rotational joints, then there are 10 passive DOF's and the
IV. EXAMPLE: NIST 1-D STAGE m_echanism is overcon_strainedcg is 15 x 10). Indeed,_ _in_
this case, the mechanism cannot move from the equilibrium

A. Mechanism Architecture position shown. This means that the 1D joint approximation

A 1-degree-of-freedom (DOF) macro-scale precision mois not adequate to describe this mechanism.
tion stage using flexure joints was designed and fabricated There are a number of possible modifications that we could
by NIST [20], [21]. Several meso-scale (about the size of dntroduce. At this point, we do not know which model matches
credit card) models have also been built [22]. A schematic oflosest with the physical mechanism; we intend to conduct
the mechanism is shown in Fig. 2. A piezoelectric actuatocalibration tests at NIST in the near future. To illustrate the
transmits they-axis motion through joints 1 and 4 to the two design procedure, we have considered the following two joint
lower arms. These arms pivot about joints 2 and 5 and movéodels:
the output stage through joints 3 and 6. To support the output « A: Replace joints 1, 3, 4, 6, 8, 10 by two rotational joints
stage (and to reduce the angular crosstalk, i.e., undesirable connected by a short rigid segment (cantilevered joint
angular motion), two additional arms also support the platftorm  model). The motivation of this assumption is to allow
through joints 7-10. The goal of the design is to achieve rotation as well as shear type of translation at these joints.
desired manipulability (pure translation ) and stiffness Joints 2, 5, 7, 9 serve as pivots and are retained as pure
(large stiffness in the angular and directions). The joints rotational joints (circular notch joint model). In this case,
are constructed as circular notch joints (see Fig. 3 from [20]).  there are 16 passive joints and 15 constraints, ile.,
However, depending on the exact joint model used, the design is rank 2 (including one active joint). SincérJe (in
result would be different. This is discussed in the next section.  (26)) is rank 2, only thes-y components ofr can be
By replicating the design along the orthogonal axis, a 2-DOF  determined.

4



« B: Replace all joints by double joints (cantilevered joint

For the maximum joint stress, we use the yield stress

model). Now there are 20 passive joints and 15 confor AL6061-T6: o, = 220 MPa The maximum stress

straints, andK'r may be fully determined.

constraint is imposed when the active joint is at its maximum

The flexure mechanism is made from 6061-T6 AluminumextensionAq, ... = 9.1 um. Egs. (14) and (15) are used

alloy. The Young's Modulus ist = 70 GPa. The four

to calculate the joint stress for circular notch joints and

quadrants of the stage are nominally all symmetric. We usé€antilevered joints, respectively. In this case, the maximum

the following dimensions:

a=15mmb=15 mm, L = 0.425 mm,d = 8.625 mm.

For circular notch joints, the passive joint stiffness is calculated

using (29) withr = £ = 0.2125 mm, ¢t = 0.1 mm, p =
6.35 mm:
K, = 0.2140 N-m/rad

allowed joint deflection for the circular notch joint is 0.6731
and for the cantilevered joint 0.1003The design parameters
are chosen to béu, b, ¢) with the bounds:

0.5 mm< a <4.5mm,
5mm< b <45 mm,
0,08 mMm< L <0.75 mm.

For cantilevered joints, the passive joint stiffness is calculated he Pareto frontiers for cases A and B are shown in Figures 4—

using (30) with L =
6.35 mm:

0.25mm, ¢t = 0.1 mm, andp =

K, =0.6701 N-m/rad
The actuator stiffness is obtained from [22]:

K, =2.1569 x 107 N/m.

In both cases A and B, the task space Jacobian is (the taskcase A:

coordinate is arranged &8, =, y)):

0
JTmmp = 0 )
—9.9998

showing onlyy-direction motion of the task frame.
The z-y portion of K in Case A is almost diagonal:

1.4100 x 10°  —6.7705 x 1075
—6.7705 x 10~°  7.2841 x 10°

with eigenvalueg1.4100 x 10%,7.2841 x 105). The full Kt
in Case B is

6.9911 x 1025

3.1518 x 1016
2.4655 x 1015

KT(x,y) = N/m

2.4655 x 101°
1.1115 x 106
6.4209 x 10°

3.1518 x 1016
8.3672 x 108
1.1115 x 10

Kr =

i

which shows very high stiffness in the rotational direction.

The eigenvalues aré.9911 x 1025,8.2251 x 10%,5.5514 x

10%) with eigenvectors almost perfectly aligned with the unit

vectors. The order of stiffness values in thandy directions

for Cases A and B are very close, demonstrating consistency

between the two approaches.

C. Design Optimization

To illustrate the design optimization procedure, we choose

to maximize the manipulability (along) and the relative
stiffness between the andy directions:
Manipulability: 1 HJ H (34)
10

Stiffness: us _
K,/K,

(35)

5. When the two performance indices are combined with equal
weights:

w=0.5u1 + 0.5us,

the optimal solutions are shown in Table | with the optimal
performance indices

=

Manipulability = 15.9717, — = 680.1686

2

Case B: ¥ —915.0178.

Yy

Compared with the nominal manipulability of 9.9998 and
relative stlffnessﬁ = 458.8294, for both cases, the optimal
solutions in both cases improve both and u9, with Case

B showing the greater improvement. However, the absolute
stiffness in ther direction is reduced by a factor of 10. If this is
not acceptablek’, may be added as an additional performance
measure or a design constraint. The maximum passive joint
deflections range from 0.1880o 0.6732 for Case A and
Case B, well within the maximum deflection constraint for
circular notch joint.

Manipulability = 13.9626,

==

Initial Optimal value
value Case A Case B
a 1.5 mm 1.2 mm 1.3 mm
b 15 mm 18.6 mm 18.5 mm
L 0.425 mm || 0.506 mm | 0.379 mm
TABLE |

OPTIMAL DESIGN VALUES FORCASE A AND CASEB

V. CONCLUSION

In this paper, we have presented analysis and design tools
for parallel mechanisms with lumped flexure joints. The key
difference between flexure mechanism and parallel mecha-
nisms with conventional joints is that kinematic stability is
no longer a design consideration. Instead, task space stiffness
needs to be carefully designed to avoid undesired motion in the
presence of external loads. We pose the design problem as a

Note that the scaling constants are added to normalize betweenulti-objective optimization with manipulability and stiffness

the two measures.

as performance measures and maximum joint stress and design
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[17]
parameter bounds as constraints. A 1-D stage designed by
NIST is used as an example to illustrate the modeling an(fi18
design approach. It is also shown that by making different joint
assumptions, e.g., a single circular notch joint vs. a bending
beam joint modeled as a double flexure, the optimal solutiorf19
could be quite different. We are currently planning to conduct
experimental trials at NIST to determine the validity of the
models and also fabricate new stages based on the optimizati%]
results.
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