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J :  I  nl  roi l  l i e I-  i  on 

A t r i e de f i ne d by Fr e dk i n ( 1 9 6 0 ) ,  i s an i mpl e me nt a t i on of  a d i s t r i but e d -

k e y s e a r c h t r e e i n whi c h r e c or ds f r om a f i l e c or r e s pond t o l e a v e s i n t he t r e e .  

Re t r i e v a l  i s c a r r i e d out  by f ol l owi ng a pa t h f r om t he r oot  o f  t he t r e e t o 

a l e a f ,  t he c hoi c e o f  a ne w e dge a t  e a c h node be i ng de t e r mi ne d by a t t r i but e 

v a l ue s of  t he k e y .  I f  a l l  r e c or ds i n t he f i l e ha v e t he s a me numbe r  o f  

a t t r i but e s ,  t he n e a c h pa t h i n t he t r i e wi l l  be of  t he s a me l e ngt h,  a nd 

al l  l e a v e s wi l l  l i e a t  t he s a me de pt h .  Thi s i s c a l l e d a f ul l  t r i e and l i as 

t he pr ope r t y t ha t  t he s i z e of  t he t r i e i s de t e r mi ne d by t he or de r  i n whi c h 

a t t r i but e s a r e t e s t e d .  

For ma l  de f i ni t i ons of  a t r i e a r e gi v e n i n Come r  and Se t hi  ( 1 9 7 7 ) .  

I n t he s a me p a p e r ,  t he pr obl e m o f  f i ndi ng an or de r i ng of  t he a t t r i but e s 

whi c h pr oduc e s t he mi ni mum s i z e t r i e i s s hown t o be di f f i c ul t  i n a pr e c i s e 

s e ns e .  Mor e f or ma l l y ,  t he pr obl e m i s s hown t o be NP- Compl e t e . *  Si nc e ,  a t  

p r e s e nt ,  t he r e i s no k nown e f f i c i e nt  a l gor i t hm f or  pr obl e ms i n t hi s c l a s s ,  

opt i ma l  s ol ut i ons t a k e e x pone nt i a l  t i me .  Ev e n f or  a s ma l l  f i l e ,  s uc h 

s ol ut i ons ar e of t e n t oo e x pe ns i v e t o be f e a s i b l e .  Ye t  t he pr obl e m o f  t r i e 

mi n i mi z a t i on i s of  pr a c t i c a l  i n t e r e s t .  Rot wi t t  and de Ma i ne ( 1973)  and Ya o ( 1976)  

c ons i de r  an a l t e r na t i v e :  pr oc e dur e s whi c h a r e c omput a t i ona l l y e f f i c i e nt  but  

whi c h y i e l d s ol ut i ons whi c h ar e " c l os e "  t o t he opt i ma l  i n s ome s e ns e .  Such 

pr oc e dur e s a r e of t e n de r i v e d f r om " r ul e of  t humb"  pr a c t i c e s and a r e c a l l e d 

he ur i  s t i e s .  

The f oc us of  t hi s pa pe r  wi l l  be on t he a na l y s i s o f  t r i e s bui l t  by 

he ur i s t i c s .  We s e e k a wor s t  c a s e bound on t he a ppr ox i ma t i on t ha t  t he 

* Aho et _ al _ ( 1 9 7 3 )  pr ov i de s a r e a s ona bl e i nt r oduc t i on t o N' P- Compl et e p r ob l e ms .  
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gi v e n he ur i s t i c p r o d u c e s .  Suc h a b o u n d p r o v i d e s an a bs o l u t e l i mi t  on t he 

s i z e o f  t he t r i e s p r o d u c e d ,  b u t  wa r ns t ha t  t he y c oul d be t ha t  b a d .  

To me a s ur e t he p e r f o r ma n c e of  a h e u r i s t i c ,  l e t  t he s i z e o f  a t r i e 

pr oduc ed by t he h e u r i s t i c be S^ .  Le t  a nd S^ d e n o t e t he s i z e s o f  an 

op t i ma l  ( s ma l l e s t )  a nd wo r s t  ( l a r ge s t )  t r i e ,  r e s p e c t i v e l y .  The c os t  

c r i t e r i on us e d t o j udge t he h e u r i s t i c wi l l  be 

COST = S L / S 
h o 

He u r i s t i c s wh i c h ha v e mi n i mu m c os t  a r e d e s i r a b l e .  Al t h o u g h t hi s c os t  doe s 

not  i nc l ude t he c o mp u t a t i o n a l  t i me o f  t he h e u r i s t i c i t s e l f ,  we a s s ume t ha t  

i t  i s t he s ol e c r i t e r i on f o r  j udg i ng t he p e r f o r ma n c e .  On l y e f f i c i e n t  

p r o c e d u r e s ,  t hos e f or  wh i c h t he r unni ng t i me i s a l ow- de gr e e po l y nomi a l  

i n t he s i z e o f  t he f i l e ,  wi l l  b e c ons i de r e d a nd d i f f e r e nc e s i n t he a mount  o f  

wor k r e qu i r e d be t we e n a ny t wo h e u r i s t i c p r o c e d u r e s wi l l  be c ons i de r e d i n-

s i g n i f i c a n t .  

He ur i s t i c s f or  f ul l  t r i e mi n i mi z a t i o n a r e i n t e nde d t o p r o d u c e l ow c os t  

t r i e s by mi n i mi z i n g t he b r e a d t h o f  t he t r i e .  F i gur e 1. 1 s hows be s t  a nd wor s t  

p o s s i b l e t r i e s f or  a f i l e o f  r  r e c or ds a nd k a t t r i b u t e s .  I n t u i t i v e l y ,  i f  

a t r i e ha s f e we r  node s t ha n t he wo r s t  c a s e ,  i t  mus t  ha v e f e we r  node s a t  de pt hs 

n e a r  t he r o o t .  T h e be s t  c a s e h a s f e we r  n o d e s a t  a l l  de pt hs e x c e pt  t he de pt h 

of  t he l e a v e s .  

One wa y t o p r o d u c e a s ma l l  t r i e ,  t h e n ,  i s t o c hoos e a t t r i bu t e s i n an 

o r de r  wh i c h mi n i mi z e s t he n u mb e r  o f  node s a t  e a c h d e p t h .  Th i s opt i mi z e s 

t he t r i e l oc a l l y by r e s t r i c t i n g gr owt h on a l e v e l - by - l e v e l  b a s i s .  Of  

c o u r s e ,  t hi s doe s not  gua r a n t e e t he mi n i mu m s i z e t r i e ;  i t  i s on l y an a t t e mpt  

t o do s o .  The i de a of  l oc a l  mi n i mi z a t i o n i s f o r ma l i z e d i n t he f o l l o wi n g .  
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DEFI NI T I ON 1 The GREEDY HEURI STI C f or  f ul l  t r i e mi ni mi z a t i on i s gi v e n by 

t he f o l l owi ng pr oc e dur e .  Whi l e bui l d i ng t he t r i e ,  s e l e c t  a t  e a c h 

de pt h an a t t r i but e whi c h adds t he s ma l l e s t  numbe r  of  node s t o t he 

ne x t  de pt h .  [ ]  iaT

2 

Not e t ha t  t he GREEDY he ur i s t i c r e qui r e s at  mos t  0 ( r k )  t o c omput e and 

t he r e f or e ,  me e t s t he c r i t e r i a f or  an e f f i c i e nt  pr oc e dur e de f i ne d a bov e .  

We wi l l  c ha r a c t e r i z e t he be s t  a nd wor s t  c a s e t r i e s ,  s howi ng t he ma x i mum 

i mpr ov e me nt  t ha t  can be e x pe c t e d f r om a ny he ur i s t i c .  The GREEDY he ur i s t i c 

wi l l  t he n be e x a mi ne d t o see how i t  pe r f o r ms .  One mi ght  e x pe c t  t ha t  t hi s 

he ur i s t i c pr ov i de s a good a ppr ox i ma t i on t o mi ni mum t r i e s .  We wi l l  s how,  

howe v e r ,  t ha t  i t  can pr oduc e hi gh c os t  t r i e s unde r  c e r t a i n c i r c ums t a nc e s .  

The r e s t  of  t hi s pa pe r  i s or ga ni z e d as f ol l ows :  i n s e c t i on 2 a 

" r e s t r i c t e d f i l e "  wi l l  be de f i ne d .  The s e f i l e s ha v e no t r i v i a l  or  i s omor phi c 

a t t r i but e s and wi l l  be c ons i de r e d whe n a na l y z i ng he ur i s t i c s .  Fol l owi ng t hi s 

( r , k ) - FAT and ( r , k ) - THI N t r e e s wi l l  be de f i ne d i n s e c t i ons 2 a nd 3 .  I t  

wi l l  be s hown t ha t  t he y a r e t he l a r ge s t  a nd s ma l l e s t  t r i e s ,  r e s pe c t i v e l y ,  

i nde x i ng a b i na r y r e s t r i c t e d f i l e .  T h u s ,  t he r a t i o of  t he s i z e o f  an 

( r , k ) - FAT t r e e t o an ( r , k ) - THI N t r e e de r i v e d i n s e c t i on 4 i s a bound on t he 

pe r f or ma nc e o f  any he ur i s t i c .  A modi f i e d ( r , k ) - FAT t r e e wi l l  be de f i ne d i n 

s e c t i on 5 whi c h can be pr oduc e d by t he GREEDY he ur i s t i c .  I t  wi l l  be s hown 

t ha t  t he wor s t  c a s e a ppr ox i ma t i on f or  t he GREEDY he ur i s t i c i s not  bounde d by 

a c ons t a nt  but  gr ows as t he numbe r  of  a t t r i bu t e s ,  k .  



4 zyxwvutsrqponmlkjihgfedcbaZYWVUTSRQPONMLKJIHGFEDCBA

2:  A Wor s t  c a s e Tr i e 

The s ma l l e s t  a nd l a r ge s t  f ul l  t r i e s f or  a f i l e o f  r  r e c or ds and k 

a t t r i but e s ar e s hown i n Fi gur e 1 . 1 .  The be s t  t r i e ha s k i nt e r na l  node s 

whi l e t he wor s t  t r i e l i as r ( k - l ) + l  i nt e r na l  node s .  The r a t i o of  s i z e s 

of  wor s t  t o b e s t ,  S / S i s :  
w o 

S w / S Q = r a k - l ) / k )  + 1 / k 

whi c h r e s ul t s i n a f a c t or  of  r  f or  mos t  k .  

Fj l e s whi c h a l l ow t r i e s as s ma l l  as k node s ar e not  r e a l i s t i c be c a us e 

t he y ha v e k - 1 a t t r i but e s whi c h c ont a i n no i n f or ma t i on .  Si nc e we seek t o 

mode l  t he f i l e s one mi ght  e nc ount e r ,  l e t  us r ul e out  t r i v i a l  a t t r i but e s - -

t hos e whi c h c a r r y no i nf or ma t i on;  and i s omor phi c a t t r i but e s - -  t hos e whi c h 

a r c dupl i c a t e s .  Fi l e s whi c h do not  ha v e t he s e t wo t y pe s o f  a t t r i but e s wi l l  

be c a l l e d r e s t r i c t e d .  I n t he r e s t  of  t hi s p a p e r ,  t he t e r m " f i l e "  wi l l  me a n 

r e s t r i c t e d f i l e .  We wi s h t o k now t he r a t i o S / S f or  f ul l  t r i e s i nde x i ng 
w o *  

r e s t r i c t e d f i l e s .  

I n t he a na l y s i s whi c h f ol l ows we wi l l  c ha r a c t e r i z e s ma l l e s t  a nd l a r ge s t  

t r i e s i nde x i ng a b i na r y r e s t r i c t e d f i l e .  At t e nt i on t o t he bi na r y c a s e i s 

mot i v a t e d by t wo r e a s ons .  On one h a n d ,  s i nc e i nf or ma t i on i s r e pr e s e nt e d i n 

b i na r y i n mos t  c omput e r s ,  one c a n v i e w ope r a t i ons on a b i na r y f i l e as 

ope r a t i ons on t he bi na r y e nc odi ng of  a mor e ge ne r a l  c a s e .  On t he ot he r  ha nd,  

i t  i s de s i r a bl e t o obt a i n i nf or ma t i on a bout  t hi s s i mpl e c a s e as a pr e l ude 

t o unde r s t a ndi ng f i l e s o f  h i ghe r  de gr e e s uc h as t e r na r y .  Re c a l l  t ha t  i f  

one a t t r i but e ha s a t e r na r y v a l ue s e t  whi l e a l l  ot he r s a r e b i na r y ,  t he n t he 

f i l e i s of  de gr e e 3 .  
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T h e f o l l owi ng s i mpl e p r o p e r t y of  b i na r y r e s t r i c t e d f i l e s wi l l  be 

us e d e x t e n s i v e l y .  

LEMMA 1 Le t  F be a b i n a r y r e s t r i c t e d f i l e o f  r  r e c or ds a nd k 

a t t r i bu t e s s uc h t ha t  t he r e e x i s t s a f u l l  t r i e i nde x i ng F .  

The n 

[ l o g 2 r ]  < k < 2
r _ 1

 ( 1)  

PROOF:  ( k > f l o g 2 r j )  

Su p p o s e k < | " l og^r j  .  Le t  t  be a n i n t e ge r  s uc h t ha t  2*"  *  < r  < 2
t

.  

The n j l og^r j  = t .  Re c a l l  t ha t  a b i n a r y t r e e wi t h de pt h k can ha v e 

k t - 1 
at  mo s t  2 l e a v e s .  So a ny t r i e i nde x i ng F c a n ha v e a t  mo s t  2 l e a v e s .  

Th i s i s a c o n t r a d i c t i o n s i nc etrP t > 2t ^ a nd t h e r e f o r e k > I c ^
1

" -

r - l  
( k < 2 ' )  

r - l  

Suppos e k > 2 .  T h i n k o f  t he b i n a r y v a l ue s i n e a c h c o l umn as a 

b i na r y n u mb e r  o f  r  b i t s .  Cl e a r l y ,  one h a l f  o f  t he s e a r e i s omor ph i c utrpolihgedcaTSPONLJIHFDAT- l  up t o a r e na mi ng of  b i t s .  Of  t he 2 r e ma i n i ng v a l u e s ,  one o f  t he m 

r - l  
i s a l l  z e r oe s ( or  a l l  o n e s ) .  T h e r e f o r e t he r e a r e 2 -  1 n o n i s o mo r p h i c ,  

r - l  

non t r i v i a l  v a l u e s .  Si nc e by a s s umpt i on k > 2 ,  a t  l e a s t  one o f  t he 

v a l ue s mus t  be r e p e a t e d .  Th i s i s a c o n t r a d i c t i o n a nd i t  mus t  hol d 

t ha t  k < 2
r _ 1

.  Q 

Si nc e t wo p o s i t i v e i n t e ge r s r  a nd k wh i c h s a t i s f y e qua t i on ( 1)  a p p e a r  

so of t e n t h r oughout  t he p a p e r ,  t h i s c ond i t i on i s g i v e n a na me a s f o l l ows :  

DEF I NI T I ON 2 A pa i T o f  i n t e ge r s ( r , k )  i s v a l i d i f f :  

1 .  r ,  k > 0 ,  a nd 

2 .  | * l og2r ]  < k < 2
r _ 1 
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An ( r , k) - [ - ' i l e i s a v a l i d f i l e i f f  ( r , k )  i s a v a l i d pa i r  

o f  i nt e ge r s a nd t he f i l e has r  r e c or ds and k a t t r i but e s .  D 

We ha v e c omme nt e d on t he t r i e s s hown i n Fi gur e 1 . 1 whi c h a r e t he be s t  

a nd wor s t  t r i e s f or  an unr e s t r i c t e d f i l e .  We wi l l  now c ons i de r  wor s t  c a s e 

t r i e s f or  b i na r y r e s t r i c t e d f i l e s .  For  a b i na r y f i l e ,  t r e e s o f  t he s ha pe 

i n Fi gur e 1 . 1 a r e pr ohi b i t e d s i nc e a node ma y ha v e a t  mos t  t wo de s c e nda nt s .  

The poi nt  t o not e i s t ha t  t he wor s t  c a s e t r i e f or  an unr e s t r i c t e d f i l e 

d i s t i ngui s he s t he r e c or ds as e a r l y as pos s i b l e .  An e a r l y s pl i t t i ng wi l l  

a l s o oc c ur  i n a wor s t  c a s e t r i e f or  a b i na r y f i l e but  wi l l  be s l i ght l y s l owe r  

due t o t he b i na r y c ons t r a i nt .  Cons i de r  t he t r i e s hown i n Fi gur e 2. 1 f or  

a f i l e o f  e i ght  r e c or ds a nd s e v e n a t t r i but e s .  The f i r s t  t hr e e de pt hs f or m 

a c ompl e t e b i na r y t r e e ,  d i s t i ngui s hi ng a l l  r e c or ds as f as t  a s pos s i b l e .  

The r e ma i ni ng l e v e l s c ont a i n onl y c ha i ns as i n t he wor s t  t r i e f or  an un-

r e s t r i c t e d f i l e .  Of  c our s e ,  t hi s e x a mpl e i s f or  a t r e e ' wi t h t he numbe r  

of  l e a v e s a powe r  of  t wo.  Tr i e s wi t h t hi s s ha pe a r e de f i ne d f or  a r bi t r a r y 

numbe r  of  l e a v e s i n t he f o l l owi ng de f i n i t i on .  

DEFI NI TI ON'  3 Let  ( r , k )  he v a l i d i nt e ge r s a nd l e t  t  be an i nt e ge r  such t ha t  trP

2t < r  < 2
t +

* .  The n an ( r , k ) - FAT t r e e i s a b i na r y t r e e s uc h t ha t :  

1 .  Ea c h node at  de pt h d ,  0 < d < t ,  ha s t wo s ons .  

t  t +1 

2 .  r - 2 node s a t  de pt h t  ha v e t wo sons a nd t he r e ma i ni ng 2 -  r  

node s ha v e one s on.  

3 .  Ea c h node a t  de pt h d ,  t +1 < d < k - 1 ,  has e x a c t l y one s on.  Q 

The f ol l owi ng l e mma s hows t ha t  an ( r , k ) - FAT t r e e i s as l a r ge as a ny 

t r i e i nde x i ng a b i na r y r e s t r i c t e d f i l e of  r  r e c or ds a nd k a t t r i but e s .  
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LEMMA 2 Le t  F be a v a l i d ( r , k )  b i na r y r e s t r i c t e d f i l e a nd l et  T be 

a f ul l  t r i e i nde x i ng F .  I f  A i s an ( r , k ) - FAT t r e e t he n 

W > I'i'f  

whe r e | l |  de not e s t he s i z e of  t r e e T .  

PROOF:  

Suppos e t ha t  | T|  > | A|  .  Si nc e bot h t r e e s ha v e a l l  l e a v e s a t  t he 

s a me d e p t h ,  t he r e mus t  be a f i r s t ^' dept h,  d ,  at  whi c h T ha s mor e node s 

t ha n A.  Le t  t  be an i n t e ge r  such t ha t  2 <iaT T ^ 2 .  Two c a s e s a r i s e .  

Ca s e 1:  d < t .  Si nc e e a c h node i n A a t  de pt h l ess t ha n t  has t wo 

s ons ,  T c a nnot  ha v e mor e node s t ha n A and s t i l l  be a b i na r y t r e e .  

Now c ons i de r  c a s e 2 .  

Ca s e 2:  d > t .  By t he de f i ni t i on o f  A t he r e a r e r  node s a t  de pt h t  

and e a c h one ha s one son f or  a l l  de pt hs d ,  t  < d < k - 1 .  T h e r e f o r e ,  i f  

T ha s mor e node s t ha n A,  i t  mus t  ha v e mor e t ha n r  l e a v e s .  Thi s i s a 

c ont r a di c t i on,  and t he Le mma ho l ds .  0 

3:  Sma l l e s t  Tr i e s f or  Bi na r y Re s t r i c t e d Fi l e s 

The f ol l owi ng de f i ne s a bi na r y t r e e c a l l e d an ( r , k ) - THI N t r e e .  

F i r s t ,  an i - STEM i s de f i ne d whi c h i s t he s l owe s t  gr owi ng t r i e f or  a b i na r y 

f i l e wi t h no i s omor phi c or  t r i v i a l  a t t r i but e s .  Fol l owi ng t hi s an ( r , k )  Ti l TN 

t r e e wi l l  be de f i ne d as an i - STEM wi t h a FOREST of  b i na r y t r e e s r oot e d i n 

i t s n l e a v e s .  F i na l l y ,  i t  wi l l  be s hown t ha t  t he r a t i o S / S i s a t t a i ne d 
w o 

by an ( r ,  k )  -  FAT t r e e a nd an O ^ - T H I N t r e e .  
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Cons i de r  a b i na r y r e s t r i c t e d f i l e .  We wi s h t o c ha r a c t e r i z e t he 

mos t  s l owl y gr owi ng f ul l  t r i e f or  s uc h a f i l e .  Si nc e t he r e a r e no 

dupl i c a t e or  i s omor phi c a t t r i but e s ,  onl y a f i ni t e numbe r  of  a t t r i but e s 

ma y be s e l e c t e d be f or e a ne w node i s a dde d t o t he t r i e .  A mi ni mum 

gr owt h t r i e f or  t he f i l e s hown i n F i gur e 3 . 1 a wi l l  ha v e a s ha pe as 

s hown i n Fi gur e 3 . 1 b.  Thi s t r i e s hows an e x pone nt i a l l y i nc r e a s i ng 

numbe r  o f  l e v e l s be t we e n t he a ppe a r a nc e of  a ne w n o d e .  

The f ol l owi ng gi v e s a f or ma l  de f i n i t i on of  a t r e e wi t h t hi s s ha pe 

whi c h wi l l  be s hown t o me e t  t he l owe r  bound on t he gr owt h o f  a f ul l  t r i e 

f or  a b i na r y r e s t r i c t e d f i l e .  

DEFI NI TI ON 4 Let  i  be a nonne ga t i v e i n t e ge r ,  a nd l e t  t  be an i nt e ge r  

such t ha t  2*  < i  < 2
t +

^ .  An i - STEM i s a b i na r y t r e e s uc h t ha t :  

1 .  Al l  l e a v e s l i e a t  de pt h i .  

2 .  The r i ght mos t  node a t  de pt h 2 ^ 1 ,  0 i  j  < t ,  ha s t wo s ons 

and a l l  o t he r  non l e a f  node s ha v e e x a c t l y one s on.  [ ]  

Ex a mpl e s of  i  -  STEMS a r e s hown i n Fi gur e 3 . 2 .  

To s e e how we a r r i v e a t  t he s ha pe o f  an i - ST EM,  c ons i de r  a b i na r y 

r e s t r i c t e d f i l e .  The f i r s t  s e l e c t i on o f  an a t t r i but e f r om t he f i l e mus t  

s pl i t  i t  i nt o t wo pa r t s .  The s e c ond a t t r i but e t e s t e d mus t  br e a k at  l e a s t  

one of  t he s e gr oups i nt o t wo or  i t  woul d be i s omor phi c wi t h t he f i r s t .  

But  t he t hi r d s e l e c t i on c oul d be s uc h t ha t  i t  di d not  f ur t he r  di v i de t he 

se t s o f  r e c or ds and y e t  wa s not  i s omor phi c t o t he f i r s t  t wo a t t r i but e s .  

Fi gur e 3 . 3 s hows a s a mpl e f i l e .  Te s t i ng l e f t - t o- r i ght  d i s t i ngui s he s t he 

f i r s t  se t  a t  de pt h one ,  t he s e c ond s e t  a t  de pt h t wo,  and no se t  at  dept l i  

t h r e e .  Fol l owi ng t hi s a t  l e a s t  one s e t  mus t  be di s t i ngui s he d a t  de pt h f our .  
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Us i ng t he s e i deas we wi l l  s how t ha t  an i - STEM i s as smal l  as t he s l owe s t  

gr owi ng t r i e i nde x i ng a b i na r y r e s t r i c t e d f i l e .  

LEMMA 3 Le t  F be a v a l i d ( r , k )  b i na r y r e s t r i c t e d f i l e a nd l e t  T be a 

a t  de pt h i .  

PROOF:  

Cl a i m:  Tf  A i s a k - STEM t hen T has a t  l e a s t  as ma ny node s as A a t  

de pt hs d ,  0 < d < k .  

PROOF of  Cl a i m:  Fr om t he a bov e d i s c us s i on ,  t he r e i s onl y one de pt h 

pos s i bl e i n T wi t h no ne w node s a f t e r  t he s e c ond r e c or d i s d i s t i ngu i s he d .  

Now a s s ume t ha t  t he r e a r e 2
J

"
i

- l  de pt hs pos s i bl e wi t h no ne w node s a f t e r  

t h 

t he j  r e c or d ha s be e n d i s t i ngui s he d,  f or  2 < j  < p .  Suppos e t ha t  t he 

p ^
1

 r e c or d i s d i s t i ngui s he d.  Thi nk of  t he a s s i gnme nt  of  v a l ue s t o r e c or ds 

as a s s i gni ng bi t  v a l ue s t o a p - b i t  b i na r y n u mb e r .  The r e a r e onl y 2 ^ 

pos s i bl e a s s i gnme nt s ,  and one - ha l f  of  t he s e we r e us e d 

a f t e r  t l i e p - l
s t

 r e c or d was d i s t i ngui s he d.  T h e r e f o r e ,  onl ytrP tP ^ a s s i gnme nt s 

can be ma de be f or e a dupl i c a t i on oc c ur s ,  and onl y 2 ^ ^ a ddi t i ona l  l e v e l s 

can a ppe a r  i n t he t r i e be f or e a not he r  r e c or d mus t  be d i s t i ngu i s he d .  
s t  

The r e f o r e ,  T mus t  ha v e an a t t r i but e t e s t e d whi c h d i s t i ngui s he s t he p+ 1 

„  1 

r e c or d at  de pt h 2
P

 .  Si nc e A me e t s t hi s c r i t e r i on,  t he s i z e of  A i s 

l ess t ha n o r  e qua l  t o t he s i z e o f  T .  QCl a i m.  

Si nc e t he gr owt h of  A i s a l owe r  bound on t he gr owt h of  a ny f ul l  t r i e ,  

T ,  t he numbe r  of  node s at  de pt h i  i n A i s a l owe r  bound on t he numbe r  o f  

node s i n T at  t ha t  de p t h .  We wi l l  show t ha t  A ha s +2 node s a t  de pt h 

f ul l  t r i e i nde x i ng F .  The n T mus t  ha v e a t  l e a s t  

i  .  
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For  de pt hs one ,  t wo,  and t hr e e A ha s t wo,  t hr e e ,  and t hr e e node s ,  

r e s pc e t  i  vol  y .  I . et  t  he? a pos i  t  i  ve i  nt egc
v

r  such t hat  ^ L ••  2
t

 ^ 

and a s s ume t ha t  f or  al l  j ,  0 i  j  •  t ,  A ha s | j og, , j J - >2 node s at  de pt hs trP

7? t o
 +

 Cons i de r  i  i n t he r a nge 2*  t o 2
t +

* - l .  Si nc e onl y one 

node a t  de pt h 2 ^- 1 ha d an a ddi t i ona l  s on,  t he r e mus t  be ( | ^l og22~
t

- l J +2 )  + l  

node s a t  e a c h de pt h .  But  

| ^ l og 2 2
t

- l j +3 = t - 1 + 3 = t +2 = [ l og 2 i j + 2 .  

T h e r e f o r e ,  t he l e mma hol ds by i nduc t i on.  D 

Si nc e an i - STEM i s t he mos t  s l owl y gr owi ng f ul l  t r i e ,  one mi ght  t hi nk 

t ha t  i t  woul d be a mi ni mum s i z e t r e e o f  j ^l og^i j
 +

2 l e a v e s ,  e a c h a t  de pt h i .  

To see t ha t  t hi s i s not  t he c a s e ,  c ons i de r  t he t r e e s s hown i n Fi gur e 5 . 4 .  

The s e c ond t r e e c ons i s t s of  an i - STEM whi c h i s s hor t e r  t ha n t he f i r s t  

a nd e a c h node j us t  be f or e a l ea f  ha s t wo s ons whi c h a r e l e a v e s .  Ex t e ndi ng 

t hi s one mor e l e v e l  woul d y i e l d an e v e n s hor t e r  t r e e .  A mi ni mum s i z e 

f ul l  t r i e wi l l  be c ha r a c t e r i z e d whi c h us e s t hi s i de a o f  c ont i nui ng an 

i - STEM wi t h l owe r  l e v e l s whi c h ar e c ompl e t e b i na r y s ubt r e e s .  

Cons i de r  an i - STEM i n whi c h t he l e a v e s ha v e be e n ma de t he r oot s of  

a f or e s t  of  b i na r y t r e e s .  At  e a c h de pt h t he r e mus t  be a t  l e a s t  

n ( i )  = j ^l og^i j  + 2 node s .  I f  t he r e a r e t o be r  l e a v e s a t  de pt h k ,  

whe r e r  > n( k ) ,  t he n t he r e mus t  be s ome de pt h p a t  whi c h t he t r e e be gi ns 

t o gr ow mor e r a pi dl y t han an i - ST EM.  Si nc e we wi s h t o de l a y t hi s s pl i t t i ng 

as l ong as p o s s i b l e ,  p i s t o be ma x i mi z e d .  To see how t he be s t  v a l ue f or  

p i s ob t a i ne d ,  obs e r v e t ha t  i n a b i na r y t r e e o f  q l e a v e s a t  l e a s t  l ]  

de pt hs a r e r e qui r e d t o d i s t i ngui s h a l l  q l e a v e s .  I n t he c a s e o f  an i - ST EM,  

t he r  l e a v e s can be di v i de d i nt o a f or e s t ,  F ,  of  n ( i )  b i na r y t r e e s .  Si nc e 
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a l l  t r e e s i n t he f or e s t  a r e of  t he s a me d e p t h ,  we wi l l  ne e d 

d = ma x | ~l og2 ( l eaves i n t ) "|  de pt hs t o di s t i ngui s h a l l  l e a v e s .  I t  

t cF 

i s e a s i l y s e e n t ha t  d can be mi ni mi z e d by d i s t r i but i ng t he l e a v e s as 

e v e nl y as pos s i bl e a mong a l l  t r e e s i n t he f or e s t .  The l a r ge s t  t r e e wi l l  

ha v e f * r / n( i ) "j  l e a v e s .  T h u s ,  a t  de pt h i  i n t he i - ST EM,  t he numbe r  o f  

a ddi t i ona l  de pt hs ne e de d t o d i s t i ngui s h a l l  r  l e a v e s i s j ^l og^ | "r / n( i ) "| "j  = 

[ l og 2 ( r / nCi ) )  -

An ( r , k ) - TMI N t r e e wi l l  be de f i ne d i n t e r ms of  an i - STEM i n whi c h 

t he l e a v e s f or m t he r oot s of  a f or e s t  of  b i na r y t r e e s .  I t  wi l l  t he n be 

s hown t ha t  t he ( r , k ) - THI N t r e e i s mi n i mi z e d whe n a l l  t r e e s i n t he f or e s t  

a r e c ompl e t e b i na r y t r e e s o f  e qua l  s i z e .  

DEFI NI TI ON 5:  Le t  r ,  k be a v a l i d pa i r  of  i nt e ge r s a nd l e t  n( i )  be de f i ne d 

by n ( i )  = j ^l og 2 1 + 2 .  Le t  p be t he ma x i mum i nt e ge r  s uc h t ha t  

p + f l og 2 ( r / n( p) ) " |  = k 

The n an ( r , k) - THI N'  t r e e i s a b i na r y t r e e whi c h c ons i s t s o f  a p - STEM i n whi c h 

t he n ( p)  l e a v e s f or m t he r oot s o f  a f or e s t  o f  n ( p )  bi na r y t r e e s such t ha t  t he 

l a r ge s t  b i na r y t r e e ha s | " r / n( p)  l e a v e s .  Q 

Not e t ha t  t he ( r , k ) - THI N t r e e de f i ne d he r e i s not  mi n i mum f or  a r bi t r a r y 

r  and k s i nc e t he e x a c t  s ha pe o f  t he bi na r y t r e e s i n t he f or e s t  i s not  

s pe c i f i e d .  Whi l e a mi ni mum s i z e f or e s t  can be c ha r a c t e r i z e d ( see Come r  1 9 7 6 ) ,  

we a r e i nt e r e s t e d onl y i n a bound on S w / S .  The f o l l owi ng l e mma s hows t ha t  

i t  i s s uf f i c i e nt  t o c ons i de r  onl y t hos e c a s e s whe r e t he t r e e s i n t he f or e s t  

o f  t he ( r , k) - TI I I N t r e e a r e a l l  c ompl e t e b i na r y t r e e s of  t he s a me s i z e .  
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LRMMA A:  Le t  ( r , k )  be a v a l i d pa i r  of  i n t e ge r s ,  a nd l e t  T a nd F be an 

( r , k) - TI [ l N a nd ( r , kJ- F. \ T t r e e ,  r e s pe c t i v e l y .  The n t l i c r a t i o | T| / | F|  

i s mi n i mi z e d whe n a l l  t r e e s i n t he f or e s t  of  t he ( r , k ) - THI N t r et '  a r c 

c ompl e t e b i na r y t r e e s of  e qua l  s i z e .  

PROOF:  

Suppos e t he y a r e not  c ompl e t e b i na r y t r e e s .  Le t  p be t he de pt h i n T 

at  whi c h t he r oot s of  t he f or e s t  l i e .  ' [ ' hen f or  l a r ge e nough k ,  F wi l l  

ha v e r  node s at  de pt h p .  Now c ons i de r  a ne w pa i r  o f  t r e e s ,  T*  a nd F '  

whi c h a r e ( r + l , k ) - THI N a nd ( r + l , k ) - FAT t r e e s ,  r e s p e c t i v e l y .  T
1

 wi l l  s t i l l  

ha v e t he s a me numbe r  of  node s at  de pt h p as T be c a us e t he t r e e s i n t he 

f or e s t  we r e not  c ompl e t e b i na r y t r e e s .  But  F
1

 wi l l  ha v e r + l  node s a t  

de pt h p.  Thus t he r a t i os o f  t he s i z e s o f  T
1

 t o F'  i s ( | T| + q ) /  ( | F| +q+ l )  

whi c h i s s ma l l e r  t ha n | T| / | F| .  Th i s i s a c ont r a d i c t i on and t he t r e e s 

mus t  a l l  be c ompl e t e b i n a r y t r e e s .  

Now s uppos e t ha t  t he f or e s t  l i as t wo t r e e s of  d i f f e r e nt  s i z e s .  Si nc e 

n 

t he s a me a r gume nt  i mpl i e s t ha t  | T| / | F|  i s no t  mi n i mu m,  t he Le mma h o l d s . L 

TI I F. DRLM 1:  Le t  ( r , k )  be a v a l i d p a i r  o f  i nt e ge r s a nd l e t  F be a b i na r y 

r e s t r i c t e d f i l e wi t h r  r e c or ds a nd k a t t r i b u t e s .  Le t  T be an ( r , k )  -T1I T. N"  

t r e e i n whi c h t he t r e e s o f  t he f or e s t  a r e a l l  c ompl e t e b i na r y t r e e s of  

t he s a me s i z e ,  a nd l e t  A be a f ul l  t r i e i nde x i ng F .  The n 

M I | A |  

whe r e | T|  de not e s t he s i 2 e o f  T.  

PROOF:  Suppos e | A| < f  T f .  Si nc e A a nd T bot h ha v e a l l  l e a v e s a t  de pt h k ,  

t he r e mus t  be a f i r s t  de p t h ,  d ,  s uc h t ha t  A ha s f e we r  node s a t  de pt h d 

t ha n T .  Le t  p be t he de pt h of  t he r oot s of  t he f or e s t  of  b i na r y t r e e s i n 

T .  Now t wo c a s e s a r i s e :  
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Ca s e 1:  <1 <_ p .  Fr om Lemma 3 ,  a p - STEM i s t he s l owe s t  gr owi ng t r i e 

f or  a bi na r y r e s t r i c t e d f i l e .  The r e f or e ,  A c a nnot  ha v e f e we r  node s 

t han T a t  de pt h d .  

Ca s e 2:  d> p.  Si nc e T ha s c ompl e t e b i na r y t r e e s r oot e d a t  de pt h p ,  

i f  A ha s f e we r  node s at  de pt h d ,  t he n A woul d ha v e f e we r  l e a v e s t ha n 

T .  But  t hi s i s a c ont r a di c t i on .  

The r e f or e ,  t he a s s umpt i on wa s f a l s e and [L' |  <JA|  .  [ J 

4:  A Bound on t he Ra t i o S / S f or  Bi na r y Re s t r i c t e d Fi l e s 
—w —o '  

I n t hi s s e c t i on a bound on t he r a t i o of  t he s i z e o f  an ( r , k ) - FAT t r e e ,  

S^ ,  t o an ( r , k ) - TI HN t r e e ,  S ,  wi l l  be de r i v e d .  Thi s wor s t  c a s e bound wi l l  

pr ov i de a me a s ur e o f  t he ma x i mum i mpr ov e me nt  t ha t  can be e x pe c t e d f r om any 

he ur i s t i c f or  t r i e s i nde x i ng a bi na r y r e s t r i c t e d f i l e .  The bound wi l l  be 

c omput e d f or  THI N t r e e s i n whi c h t he f or e s t  c ons i s t s o f  c ompl e t e b i na r y 

t r e e s of  e qua l  s i z e .  Thi s wi l l  pr oduc e t he wor s t  c a s e a c c or di ng t o Le mma 

4 .  To de mons t r a t e t ha t  t hi s bound i s a c hi e v a bl e ,  a f i l e wi l l  be gi v e n i n 

s e c t i on 5 f or  whi c h t he r e e x i s t  t r i e s a ppr oa c hi ng i t  a s y mpt ot i c a l l y .  

The s i z e o f  an ( r , k) - TI ! I N t r e e can be obt a i ne d f r om t he sum o f  t he s i z e 

o f  t he i - STEM and t he f or e s t .  The s i z e of  an i - STEM of  n l e a v e s ( i nc l udi ng 

D 1 

t he l e a v e s )  whe r e i  =P 2P
 f or  s ome p can be obt a i ne d by s ummi ng t he node s 

a t  e a c h l e v e l .  Thi s i s 

1 + 2 * 2 °  + 3 * 2 *  + 4 * 2
2

 > . . .  + n * 2
n

"
2 

= 1 + t  i * 2
1 - 2

 = ( 1 / 2 )  + ( 1 / 4 )  *  ( n * 2
n + 2

 -  ( n + l ) 2
n + 1

 + 2 )  

1 = 2 

Si mpl i f y i ng ,  we ge t  

( 1 / 2 ) * ( ( n- 1 )  2
n

+ l )  + l / 2 = ( n - l ) 2
n _ 1

 + l  
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The s i z e o f  a f or e s t  o f  n ( c ompl e t e )  b i na r y t r e e s of  f  l e a v e s e a c h 

i s n ( f - l ) - n ( e x c l udi ng t he n r oot s and nf  l e a v e s ) .  Si nc e f  = r / n ,  t he 

s i z e o f  t he f or e s t  i n an ( r ,  k) -"I ' l l  I N t r e e i s n ( r / n - 2 )  = r - 2 n .  The s i z e 

of  an ( r ,  k )  - TI ! I N t r e e ,  S ,  i s t hen 

S Q = ( n - l ) 2
n _ 1

 + 1 + r  -  2n ( 2)  

whe r e n i s t he numbe r  of  l e a v e s o f  t he i - ST EM.  To r e l a t e t hi s t o r  and k ,  

obs e r v e t ha t  r  = n 2
t

 f or  s ome i nt e ge r  t .  t  i s t he he i ght  o f  t he t r e e s i n 

t he f or e s t .  Fr om Lemma 3 ,  an i - STEM ha s l og2^- 1
 +

 2 = j ^l og^^i j  l e a v e s .  

T h u s ,  i t  mus t  be t r ue t ha t  i  2
n - 1

- l .  The r e f or e ,  k = t + i = t + 2
n _ 1

 -  1 

The s i z e of  an ( r , k ) - FAT t r e e ( e x c l udi ng t he l e a v e s )  can be e a s i l y 

c omput e d s i nc e i t  c ons i s t s of  a c ompl e t e b i na r y t r e e o f  J^l og^r j  l e v e l s .  

Hol l owi ng t hi s t he r e a r e c x a c t l y r  node s a t  e a c h of  t he r e ma i ni ng k -  j ^l og^r  

de pt hs .  Let  p = ^ l og^r j  t he n t he s i z e o f  an ( r , k ) - FAT t r e e ,  S^ ,  i s 

S = 2
P + 1

 -  1 + r ( k -  1 -  p )  

Fr om t he di s c us s i on o f  ( r , k ) - THI N t r e e s ,  t he r e a r e i nt e ge r s t  and n s uc h t ha t  

r  = n2 so 

S w = 2
t + 1 +

 K " )  - l + n 2
t

( 2
n

"
1

- 2 -  [ l o g ^ J )  

= 2
1

 ( 2 n - l + n ( 2
n _ 1

- 2 -  [ l og2nJ ) )  

-  2*  ( n ( 2
n _ 1

-  [ l og 2 n] ) - l )  ( 3)  

Fr om e qua t i ons ( 2)  and ( 3 ) ,  we c a n de duc e a bound on t he wor s t  c a s e 

pe r f or ma nc e o f  a ny he ur i s t i c .  Si nc e 2
n

 ^ >> l o g 2 n ,  

S w 1 2
t

( n 2
n

"
1

- l )  = r 2
n _ 1

- 2
t  

= r ( 2
n

"
1

- r / n )  = r ( 2
n

"
1

- l / n )  < r 2
n

^ 
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t he r e f or e ,  

V
S

o -  (
r

2
n

"
1

) / ( ( n - l ) 2
I 1

"
1

+ r - 2 n + l )  ( 4)  

Thi s r a t i o i s a ppr ox i ma t e l y r / ( n - l )  f or  l a r ge r  and n .  Si nc e r / ( n- l )  ^ 2
1

* '  

S w / S o i s not  bounde d a bov e by a c ons t a nt ,  but  gr ows as t he s i z e of  t he i nput  

f i l e .  

_5:  A Wor s t  Ca s e Fi l e f or  t he GREEDY He ur i s t i c 

Cons i de r  a f i l e o f  t he f or m s hown i n Fi gur e 5 . 1 .  The s e f i l e s r e pr e s e nt  

a c l a s s o f  b i na r y r e s t r i c t e d f i l e s f or  whi c h t he r e e x i s t s a wor s t  c a s e t r i o .  

I n a ddi t i on ,  t he GREEDY he ur i s t i c mi s be ha v e s whe n pr e s e nt e d wi t h a f i l e f r om 

t hi s c l a s s .  To he l p r e l a t e t he s e f i l e s t o our  pr e v i ous a na l y s i s ,  we wi l l  use 

t he pa r a me t e r s n a nd t  as s hown and r e f e r  t o t he m as ( n, t ) - WC f i l e s .  I t  

s houl d be c l e a r  t ha t  r  = n 2
t

 a nd k = t  + 2
1 1

 *  -  1 .  

Fi r s t  i t  wi l l  be s hown t ha t  t r i e s e x i s t  f or  an ( n, t ) - WC f i l e whi c h a r e 

( r , k ) - THI N t r e e s a nd ( l , k ) - FAT t r e e s .  The n t he pe r f or ma nc e of  t he he ur i s t i c 

on t hi s f i l e wi l l  be a na l y z e d .  

LEMMA 5 .  Gi v e n n, t  > 1 ,  a nd F an ( n, t ) - WC f i l e ,  t he r e e x i s t s f ul l  

t r i e s T and A i nde x i ng F whi c h a r e an ( r , k ) - THI N and ( r , k ) - FAT t r e e ,  

r e s pe c t i v e l y .  

PROOF:  ( f or  T )  

Cons t r uc t  T i n t he f ol l owi ng wa y .  By de f i n i t i on o f  F ,  a l l trP 2t
 b l oc k s 

n
 —

 1 

o f  n r e c or ds a r e i de nt i c a l .  Se l e c t  t he 2 - 1 a t t r i but e s l e f t  t o r i ght  

f r om t he s e t  Q y i e l d i ng a ( 2
n _ 1

- l ) - ST EM whe r e e a c h l e a f  i n t he s t e m 

r e pr e s e nt s a s e t  o f  2
t

 r e c or ds ,  one f r om t he f i r s t  b l o c k ,  one f r om t he 

s e c ond b l oc k ,  and so on.  Se l e c t  t he f i na l  t  a t t r i but e s f r om N 
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l e f t - t o- r i ght  di v i di ng up t he s e s e t s ,  doubl i ng t he numbe r  o f  d i v i s i ons 

at  e a c h de pt h.  T h u s ,  T c ons i s t s o f  n s ubt r e e s o f  2*  l e a v e s ,  e a c h of  

whi c h i s a c ompl e t e b i na r y t r e e ,  r oot e d i n t he n l e a v e s o f  a ( 2 - I ) - STEM.  

By de f i n i t i on ,  T i s an ( r , k ) - THI N t r e e .  

( f or  A)  

Cons t r uc t  A i n t he f ol l owi ng wa y .  Choos e t he t  a t t r i but e s f r om s e t  P 

l e f t - t o- r i ght  y i e l d i ng a c ompl e t e b i na r y t r e e o f  de pt h t .  As s oc i a t e d wi t h 

e a c h l e a f  i n t hi s pa r t  of  t he t r e e wi l l  be n r e c or ds ,  e x a c t l y one f or  e a c h 

of  t he n b l oc k s .  Si nc e t he s e bl oc k s a r e a l l  i de nt i c a l  and c ont a i n a l l  

2
n

 pos s i b l e a t t r i but e v a l ue s ,  s e l e c t  i n or de r  a t t r i but e s whi c h di v i de 

t he se t  i n h a l f ,  t he n i n q u a r t e r s ,  and so on .  Thi s wi l l  p l a c e a c ompl e t e 

t  

b i na r y s ubt r e e a t  e a c h o f  t he 2 node s f or me d by s e l e c t i ons i n Q.  Fol l owi ng 

t h i s ,  a l l  r e c or ds wi l l  be d i s t i ngui s he d and t he r e ma i ni ng de pt hs wi l l  ha v e 

r  node s e a c h.  By de f i n i t i on t hi s t r e e i s an ( r , k ) - FAT t r e e ,  and t he l e mma 

ho l ds .  [ j  

THEOREM 2 .  Let  n, t  be i nt e ge r s gr e a t e r  t ha n one and l et  F be an ( n, t ) - WC 

f i l e .  The GREEDY he ur i s t i c can pr oduc e a t r i e f or  whi c h S.  / S i s 
h o 

a ppr ox i ma t e l y S^ / S .  

PROOF:  

Fr om Le mma 5 t he r e e x i s t s an ( r , k ) - THI N t r i e i nde x i ng F ,  s o S^ i s t he 

s i z e of  an ( r , k ) - THI N t r i e .  Now c ons i de r  t he s e l e c t i ons whi c h l ead t o 

a wor s t  c a s e .  Re f e r r i ng t o Fi gur e 5 . 1 ,  f or m a t r i e as f ol l ows :  c hoos e t he 

t  a t t r i but e s f r om P,  d i v i d i ng t he r e c or ds i nt o s e t s .  As i n t he ( r , k ) - FAT 

t r e e a c ompl e t e b i na r y s ubt r e e wi l l  be f or me d.  Fol l owi ng t he s e s e l e c t i ons ,  

c ont i nue t o s e l e c t  a t t r i but e s f r om Q i n a l e f t - t o- r i ght  or de r .  The s e 

s e l e c t i ons y i e l d 2
t

 ( 2
n

 ^ - 1 ) - STEMS r oot e d i n t he 2
1

"  node s a t  de pt h t .  

Not e t ha t  t he a bov e s e l e c t i ons pr oduc e a modi f i e d ( r , k ) - FAT t r e e i n whi c h 
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t he f i r s t  Le v e l s ; i gr ec but  i n whi c h l a t e r  de pt hs gr ow mo r e s l owl y .  

To s e e t ha t  s uc h s e l e c t i ons a r e a l l owe d by t he GREEDY h e u r i s t i c ,  obs e r v e 

t ha t  a ny a t t r i bu t e ma y be s e l e c t e d f i r s t .  Onc e t he l e f t mos t  one ha s 

be e n s e l e c t e d ,  a ny s e c ond a t t r i but e i s a l l owe d be c a us e e a c h wi l l  a dd t wo 

ne w n o d e s .  I f  a ny p a r t  o f  s e t  P ha s be e n s e l e c t e d l e f t - t o - r i g h t ,  i t  

wi l l  a l wa y s be t r ue t ha t  t he ne x t  one c a n be s e l e c t e d s i nc e a ny r e ma i n i n g 

a t t r i bu t e c hoi c e wi l l  s pl i t  e a c h n o d e .  Af t e r  a l l  s e l e c t i ons i n P a r e 

c ompl e t e ,  t he GREEDY he ur i s t i c wi l l  c hoos e t he " be s t "  o r d e r  f r om set  Q 

p r o d u c i n g a STEM f or  e a c h s ubt r e e .  

An a l y s i s i n t he ne x t  s e c t i on s hows t ha t  t he s i z e o f  t he mo d i f i e d ( r . k ) - FAT 

t r e e de s c r i be d he r e i s s uc h t ha t  i s a ppr ox i ma t e l y S w / S q .  T h e r e f o r e ,  

t he t he or e m ho l ds .  p 

We now c ons i de r  t he s i z e of  t he mo d i f i e d ( r , k ) - FAT t r e e pr oduc e d by t he 

GREEDY he ur i s t i c .  As s hown i n F i gur e 5 . 2 ,  t he d i f f e r e nc e be t we e n t he t r e e 

i n que s t i on a nd an ( r , k ) - FAT t r e e i s t ha t  a t  s ome de pt h t ,  t he modi f i e d t r i e 

t  
s t ops e x pone nt i a l  gr owt h a nd ha s 2 i - ST EMS as s u b t r e e s .  The ( r , k ) - FAT 

t r e e ,  h o we v e r ,  c ont i nue s a t  t hi s de pt h wi t h c ompl e t e b i na r y s ubt r e e s unt i l  

t  

a l l  r  r e c or ds ha v e be e n d i s t i n g u i s h e d .  So t he r e a r e 2 s ubt r e e s whi c h d i f f e r  

i n t he t wo t r e e s .  The po i n t  t o not e i s t ha t  t he s ubt r e e s o f  t he Cr , k ) - FAT 

t r e e a r e t he ms e l v e s ( r / n , k - t ) - FAT t r e e s a nd t he s ubt r e e s pr oduc e d by t he 

GREEDY he ur i s t i c a r e ( k - t ) - STEMS.  We wi l l  s how t ha t  t heutrpolihgedcaTSPONLJIHFDA Tat i o o f  a ( r , k ) - FAT 

t r e e t o a k - STEM i s a ppr ox i ma t e l y e qua l  t o one f or  l a r ge r  a nd k .  T h u s ,  t he 

t r i e s p r o d u c e d by t he GREEDY he ur i s t i c a r e " c l os e t o"  ( r , k ) - FAT t r e e s i n s i z e .  

T h e ne x t  l e mma e s t a b l i s he s t h i s .  

LEMMA 6 .  Le t  ( r , k )  be a v a l i d p a i r ,  l e t  T be an ( r , k ) - FAT t r e e ,  a nd l e t  

S be a k - ST EM.  The n J T| / | S|  i s a ppr ox i ma t e l y one f or  l a r ge r  a nd k ,  
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whe r e | t | de not e s t he s i z e o f  T .  

PROOF:  

Fr om t he p r e c e d i n g a n a l y s i s ,  we h a v e t ha t  

] SJ = ( r - l ) 2
T 1

+ 1 ,  a nd 

| T|  = r ( k -  [ l o g 2 r ]  - l ) + r - l  = r ( k -  [ l og r  

r - 1 
a nd s i nc e i n t hi s c a s e k = 2 - 1 ,  

I T|  = r C 2
r _ 1

-  [ l o g 2 r  - i ) - i  

So 

| T] / | S[  = ( r ( 2
r _ 1

-  | l o g 2 r  

r - 1 

< ( r ( 2
r _ 1

-  [ l o g 2 r ] v CCr - l ) 2
r _ 1

)  

a nd s i nc e r  >> 1 ,  2
1

"  | ~l og2r j  i s a p p r o x i ma t e l y 2 

| T| / | S|  1 Cr 2
r

"
1

l / CCr - 1 3 2
r _ 1

5 = r / ( r - l ]  

wh i c h ,  f or  l a r ge r ,  i s o n e .  Q 

Ha v i n g s hown t ha t  t he k - ST EM p r o d u c e d i n a mo d i f i e d ( r , k ) - FAT t r e e 

a r e a p p r o x i ma t e l y t he s i z e o f  an ( r , k ) - FAT t r e e ,  we c onc l ude t he a na l y s i s 

of  t he GREEDY h e u r i s t i c by s t a t i ng t ha t  i t  a l l ows t r i e s wh i c h a r e c l os e 

t o t he wor s t  pos s i b l e f or  b i n a r y r e s t r i c t e d f i l e s .  Th i s r e s u l t  ma y be 

i n t u i t i v e l y u n a p p e a l i n g .  I n a s e ns e i t  c l a i ms t h a t  f or  b i n a r y t r e e s of  r  

l e a v e s at  de pt h k ,  t he s l owe s t  g r owi ng b i n a r y t r e e ,  a k - ST EM,  a nd t he f a s t e s t  

gr owi ng t r e e ,  a n ( r , k ) - FAT t r e e ,  a r e a p p r o x i ma t e l y t he s a me s i z e .  To s e e why 

t h i s h a p p e n s ,  t h i nk o f  t he k - ST EM.  The l a s t  k / 2 de p t hs h a v e r  n o d e s .  So 

f or  l a r ge k ,  i t  i s a t  l e a s t  one h a l f  o f  t he s i z e o f  aniaT (T , k ) - FAT t r e e .  Of  

t he r e ma i n i ng d e p t h s ,  k / 4 o f  t he m h a v e r - 1 n o d e s ,  k / 8 ha v e r - 2 ,  and so on .  



i y 

T h u s ,  a k - STEM gr ows s l owl y but  ha s ma ny l e v e l s whi c h a r e a l mos t  t he s i z e 

o f  an ( r , k ) - FAT t r e e .  I t  i s t he l a r ge por t i on of  l e v e l s a t  whi c h ma ny 

node s a ppe a r  t ha t  a c c ount  f or  t he s i z e .  

Summa r y 

We ha v e de f i ne d an ( r , k ) - THI N t r e e whi c h i s a b i na r y t r e e t ha t  i s as 

s ma l l  as a ny f ul l  t r i e i nde x i ng a b i na r y r e s t r i c t e d f i l e .  Fur t he r mor e ,  we 

de mons t r a t e d an ( r , k ) - FAT t r e e whi c h i s a b i na r y t r e e t ha t  i s as l a r ge as 

a ny f ul l  t r i e f or  a b i na r y r e s t r i c t e d f i l e .  An uppe r  bound on t he r a t i o 

S w / S wa s obt a i ne d f r om t he s i z e s of  an ( r , k ) - FAT a nd ( r , k ) - THI N t r e e .  I t  

wa s s hown t ha t  t hi s bound wa s a t t a i na bl e by de mons t r a t i ng a f i l e f or  whi c h 

bot h an ( r , k ) - FAT a nd ( i ^k ) utrpolihgedcaTSPONLJIHFDA- THI N t r i e e x i s t e d .  

The GREEDY he ur i s t i c f or  f ul l  t r i e mi ni mi z a t i on wa s I nt r oduc e d f or  t he 

a ppr ox i ma t i on o f  mi n i mum t r i e s .  Thi s he ur i s t i c ope r a t e s by c hoos i ng a t t r i but e s 

whi c h pr oduc e mi ni mum s pl i t t i ng i n a l oc a l  s e ns e .  I t  wa s s hown t ha t  t he r e 

e x i s t e d f i l e s f or  whi c h t hi s he ur i s t i c c oul d pr oduc e t r i e s s uc h t ha t  t he 

r a t i on S. / S wa s not  bounde d by a c ons t a nt .  
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a n unr e s t r i c t e d f i l e of  r  r e c or ds and k 

a t t r i but e s .  utrpolihgedcaTSPONLJIHFDA

Fi g u r e l . i  
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Co mp l e t e 

\  Bi n a r y 

T r e e K

/ 
\ 

0

 V /  

•  N O dtrP / 

Le a f  

Cha i ns 

The l a r ge s t  t r i e i nde x i ng a bi na r y r e s t r i c t e d 

f i l e of  8 r e c or ds and 7 a t t r i but e s .  

F i g u r e 2. 1 
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1 0 1 0 1 0 1 0 1 1 

0 1 1 0 0 1 1 0 0 1 

0 0 0 1 1 1 1 0 0 1 

0 0 0 0 0 0 0 1 1 . . .  1 

0 0 0 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 0 0 0 

( a )  ( b)  

A r e s t r i c t e d bi na r y f i l e and t he mi ni mun gr owt h 

f ul l  t r i e i nde x i ng i t .  

Fi g u r e 2. 1 
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Ex a mpl e s of  i - STEMS f or  1 < i  < 7 .  

Fi g u r e 2. 1 
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set  1: ;  1 0 1 0 
*  - _1 0 1 0 

set  2r . "  0 1 1 0 
" ^ 0 1 1 0 

se t  3 : ;  0 0 0 1 
• - . 0 0 0 1 

0 0 0 0 
0 0 0 0 iaT

(a) 

( b)  

Par t  of  a bi na r y r e s t r i c t e d f i l e ( a)  and a 

s l owe s t  gr owi ng f ul l  t r i e f or  t ha t  f i l e ( b)  

obt a i ne d by t e s t i ng a t t r i but e s l ef t — t o— r i ght .  

i 

i 

i 
i  
i  

F i g u r e 3. 3 |  
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( a)  ( b)  

An i - STEH wi t h s i x l e a v e s ( a)  and an i - STEH 

wi t h t hr e e l e a v e s ,  e a c h of  whi c h i s t he r oot  

of  a bi na r y t r e e .  utrpolihgedcaTSPONLJIHFDA

Fi g u r e 3. 3 |  



1 1 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
1 1 1 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
1 1 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
1 1 1 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
1 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
1 0 1 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
1 0 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
1 0 1 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
1 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
1 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 1 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
0 1 1 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
0 1 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
0 1 1 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
0 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
0 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
0 0 1 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
0 0 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
0 0 1 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
0 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 zyxwvutsrqponmlkjihgfedcbaZYWVUTSRQPONMLKJIHGFEDCBA

A wor s t  c a s e bi nar y r e s t r i c t e d f i l e f or  t  = 3 ,  utrpolihgedcaTSPONLJIHFDA

Fi g u r e 5. 1 
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( r r k ) - FAT t r e e r - GREEDY t r e e 

The s ha pe of  a wor s t  c a s e t r i e f or  t he GREEDY he ur i s t i c .  

Not e t ha t  i t  d i f f e r s f r om an ( r f k ) - FAT t r e e i n t ha t  t he r e 

ar e n s ubt r e e s whi c h a r e ( k - t ) - STEHS i ns t e a d of  PAT t r e e s .  

F i gur e 5. 2 




