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Analysis of a Mixed Finite Element Method
for Elasto-Plastic Plates*

By F. Brezzi, C. Johnson and B. Mercier

Abstract. We consider a mixed finite element method for finding approximations of the
displacement and moments in a thin elastic-perfectly plastic plate. Under some weak
assumptions concerning the regularity of the exact solution, we prove an erior estimate
for the moments.

1. Introduction. The purpose of this note is to prove an error estimate for a
finite element method for thin elastic-perfectly plastic plates in the case of Hencky’s
law of plasticity. We shall consider a mixed finite element method, introduced by
Herrmann [5] and Hellan [4], based on a piecewise constant approximation of the
moments and piecewise linear approximation of the displacements. An analysis of this
method, in the case of elastic plates, can be found in Brezzi and Raviart [1] and John-
son [6]. The results of this note can be extended to the case of quasi-static evolution
following the argument in Johnson [8]. For numerical results and practical experience
of this method, we refer to Backlund [2].

We shall use the following notation: let © be a bounded Lipschitz region in R2.
For k a natural number and 1 < g < o, let W*9 be the Sobolev space with norm

ol g =( X f eoieax )",

lal<k "
with the usual modification if ¢ = «. For kK = 0, we omit the subscript 0 and write
I - IIq instead of || - "0,q‘ Let H'g be the closure of Cg’(§2) with respect to the norm
Il ll,,. Let H=' = (Hg) be the dual of Hy with duality pairing ¢ - , - ). Denote by
C(Q) the set of continuous functions on & and Cy(22) = {v € C(2): v = 0 on 292},
and let M(2) = (Co(Q))' = {bounded measures on O} be the dual of C,(Q) with
duality pairing [ -, - ].
Let x = (x,, x,) denote the coordinates in R? and set
v, = a—v V.= azv
4 axg’ A oxox;

ipj=1,2.

We shall use the convention that repeated indices indicate summation from 1 to 2.

2. The Plasticity Problem. Consider a clamped isotropic elastic-perfectly plastic
plate occupying the region § in R?, subject to a transversal load f € L%(S2). Suppose
that the set of plastically admissible moments 7 = {7,.,.}, i,j=1,2,is given by B =
{r € R*: F(r) < 1}, where F: R* — R is continuous, convex and F(0) = 0.
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810 F. BREZZI, C. JOHNSON AND B. MERCIER

Since the plate is isotropic, we may assume that F is invariant under changes of
coordinates, i.e., F(7) depends only on the eigenvalues of the symmetric matrix (Tii)'
Define

H={r={ry}: 7 €L Q)i j=1,2,1, =7y},

@0 = [ ogmyde Irll=@0% ol

©w= [ wdr, bl = @05 b weLX@),
Q
P={r€H: 7(x) EB ae. in Q},

Dr P= {(reP.DreH '},

= Tijip
E®)={r€H:Dr=1tf}, t=0,

K =E®) NP, E=EQ1), K-=K(Q).

We note the following Green’s formula: For v € H2, and 7 € H with Dr € L*(Q),
one has

(2.1 (v, D7) = (e(v), 7)s

where

ew) = v}

The problem of finding the moments ¢ and displacements u in the elasto-plastic
plate can be formulated as follows:
Find (o, u) € P x H}) such that

(2.2a) (0, 7-0)~(u, DT —D0o)>0, r€P,
(2.2b) (,Do)= (v, f), vEH].
Existence of a solution of this problem can be proved under the following hy-
pothesis:
(H-1) There exists X € E and & > 0 such that (1 + §)x € P.

Remark. Note that (H-1) <= K(1 + 8) # &. On the other hand, K(1 + §) # &
for some & > 0 means that f is not a limit load (see [10]). Thus (H-1) is a “safe load
hypothesis”.

THEOREM 1. If (H-1) holds, then there exists (o, u) € P x H) satisfying (2.2).
Moreover, o is uniquely determined.

Remark 2. One can also show that u € L*(£).

Proof of Theorem 1. The uniqueness of ¢ follows easily. To prove the existence,
we shall apply the technique used in [7]. For v, u > 0, we consider the following
problem obtained by penalizing the constraint ¢ € P and regularizing with respect to

u: Find (0,,, u,,) € H x H} such that

(2.32) (0,,, D+ U,0,,), D) — (e(u,,), ) =0, 71EH,
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MIXED FINITE ELEMENT METHOD 811
(2.3b) We®), e(u,,)) + (W), 0,,) = 0, f),  vEHG,
where
J"‘(‘r) = ;1—1(7 —77)
is the Gateaux derivative of
Ju(r) = 2—1“-"7 -nrl?, r€H,

and m: R* — R? is the orthogonal projection onto B.

Using a result [3, p. 161] on the existence of saddle points, we see that this
problem has a solution. Taking 7 =0,, — x in (2.32) and v = u,, in (2.3b), and add-
ing, we find easily that

(2.4) llo, |12 + vile@, I + (1(0,,), 04, =3 < BlxI?,
using the fact that x € E. Since J,(x) = 0 and by the convexity of Ju>

J,00,) = 7,00 S U0, 0, = X

we thus obtain the a priori estimates

(2:5) llo, I <C,
(2:6) Wlle(, ) < C,
(2'7) Jy(auu) < (J;l(oyp)’ UH,V - X) < C)

where C does not depend on u and ».
Next, using (H-1) as in [7], we see that there exists a positive constant 8 depend-
ing only on & and B such that

BV, (o, )Ny < Uy(0,,) 0,, —X) <C.

Thus, by (2.3a) and (2.5), we have |le(u )l < C, so that by Sobolev’s embedding
theorem,

(2.8) lley Iy 5 < C.

Letting first v and then u tend to zero, using (2.5)—(2.8) and (2.1), we finally obtain
(o,u) € PxH (1, satisfying (2.2). This completes the proof of the theorem. U

The above existence result is slightly too weak to permit a discretization using the
mixed finite element of Herrmann. To this end, we shall need the following hypothesis
concerning the function u € H (') N L”(§2) given by Theorem 1:

(H-2) u € Co().

Remark. Note that it is not true in general that u € H g since u ; may be discon-
tinuous. To indicate what can happen, we give the following one dimensional example:
2
Q=11,1] eEa‘—iP-, B= {6 €R]|lol <1}, f= constant.

We check that, for 0 < £ < 3, the solution is elastic
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812 F. BREZZI, C. JOHNSON AND B. MERCIER

u= —(l -x)*(1 +x)?, o= g(xz - %>,

and that, for 3 < f< 4, the solution is elastic-plastic
u= —(1 -x)c-x*)€HYQ), o= £(x b),

where ¢ = 5 — 12/fand b = 1 — 2/f. Note that at points x (unknown beforehand)
where |o(x)| = 1, the control of du/dx is lost; in the example, the boundary condition
du(+1)/dx = 0 is not satisfied for 3 < f < 4. More generally, du/dx may be discontin-
uous at points where the plasticity condition |o(x)| = 1 is active. O

3. Approximation. For the finite element approximation we shall use two finite
dimensional spaces ¥, and P, depending on the positive parameter h, such that V, C
CO(Q) and P, CP. For 7 € P,, Dr will be a finite sum of Dirac measures, so that
DreM(Q)but Dr&€H™ ! Thus, in the discrete problem, we shall choose to work
with the duality [ -, - ] between Cy(2) and M(R) instead of the duality ( -, - ) between
Hy and H™! used in the continuous problem. This will make sense since ¥V, C Co(D)
but will eventually call for assumption (H-2).

Let us now define the spaces V, and P,. For simplicity, we shall assume that
is a convex polygonal domain. For 0 <h <1, let T, = {T} be a triangulation of Q
with 7 = max{diam T: T € T,}. We shall assume as usual that T, is regular, i.e.,
there exists a constant 6 > 0, independent of A, such that for T € T, the minimum
angle of T is greater than 0. Define

V, = {v € Cy(Q): vy is linearin T, TE T},
H, = {r€H: 7|y is constant in T, TE T,}.

In order to define P,, we note the following Green’s formula: if vl € C*(T),
T€T, and 7 € H,, then

)
(3.1) ;frv,iiriidx = ; -f T jax f M (T)a ds + f (1)—dst ,
where for T€ T,
M, (1) = Tymn;, M, (1) = T.m; ],

where n = (n,, n,) is the unit outward normal to 8T and ¢ = (n,, —n,), is the unit
tangent along 97. For 7 € H,, we shall say that M, (7) is continuous at the interele-
ment boundaries if for T', T" € T, with T' N T" # &, one has

M, (rlp) =M »(rlpr) onT' N T,

where n' and n” are the unit outward normals to T’ and T", respectively. We now de-
fine P, as

where

M, = {r € H,: M,(7) is continuous at interelement boundaries}.
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MIXED FINITE ELEMENT METHOD 813

As the degrees of freedom for M, one can take the values of M, (7) at the mid-
point of each side of T,. Let us note that for v € C;(2) and 7 € M, , the Green’s
formula (3.1) reduces to

v
(3.2) (e@), 1) = zT: faTMm(T)E ds,

since 7;; ; = 0 in each T and M, () is continuous at interelement boundaries. Further,

integrating by parts along each side of each T € T, we find that (3.2) can be written

(33) (W), = 2 R@ENW), vECT),TEM,,

NeN,
where N, = {N} is the set of nodes of T, and for N € N, R(7; N) is a certain linear
combination of the values of 7 for the triangles meeting at N. Since Cg (2) is dense in
Co(9), (3.3) implies:

Lemma 1. If 1 €M, then Dr € M(S2) and

[v, Dr] = 2 R(r; NpV), v € Co(D).
N
Let us now formulate the discrete problem:
Find (0, u,) € P, x V), such that
(3.42) (o4, 7= 0p) = [, Dr — D0, ] 20, TEP,
(3.4b) [v, Doyl = (v,f), VvEV,.

Note that (0, u;,) can be equivalently characterized as a saddle point of the
functional L: P, x V, — R defined by

L(z, v) = %lirl* - [v, Dr] + (v, ).
Existence of a solution of (3.4) then follows (see,e.g. [12, Section 28]) from the
following qualification hypothesis corresponding to (H-1):
(H-3)  There exists 5 > 0 and x,, € E,, such that (1 + 8)x,, € P, and |Ix,|l < C,
where
E,={reM,: v, D] =(v,f),vE V,},
and C and & do not depend on A.
If x is sufficiently regular (e.g. x € [W!'! N C(Q)]*), then (H-1) will imply (H-3).

To see this, we introduce the interpolation operator m,: wt! v ) — M, de-
fined by

1
M, (m,Dls =757 fs M ()ds, SES,,

where S, = {S} denotes the sides of the triangles T € T, and |S| = length of S. We
note the following important property of m,:
LEMMA 2. If 7 € [WY11? and Dr € L%(), then

@, Dr) =[v, Dm,7], vEV,.
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814 F. BREZZI, C. JOHNSON AND B. MERCIER

Proof. Integrating by parts over 2, we have, ifvE V,,

(v, D7) = - fn v,iTij, j Ax.

By (3.1) we also have
_ _ _ w av
Joamusde =X Jpamyas = [ maergnds= [ M, 03 ds

- - &
= ; | M7, ds,

since v ;; = 0 in each T € T, and M,, () takes the same values on adjacent sides S.
By the definition of m,7 and since dv/dn is constant on each side S, we thus have

- v
(v, Dr) = ;faTMn(nhr)an ds, veEV,

Finally, using (3.1), as we know for all Te M,,veV,,

~ 0 ~ v
- ;faTMn(r) 3,8 = ;IBTMnt(T)—a?dS;

so that

d
, Dr) = ; f aTM,,,(n,,f)a—‘; ds = % R(m,7; Nw(N) = [v, Dm, 7], v EV,,

which completes the proof of the lemma. 0O
COROLLARY 1. If 7 € [W"']* NE, then m,7 €EE,,.
COROLLARY 2. If x € [W!'! N C(Q)]*, then (H-1) implies (H-3).
Proof. Choosing x, = m,X, we have x, € E,. Further, by standard interpolation
theory (cf. [1], [6]), lIx — X, ll. — O as & —> O, which proves the desired result. O
The error estimate will be expressed in terms of the quantity

(3-5) a(h) = inf{a > 0: 37 € E,, with |lo — 7|l <« and (1 — a)r € P},

where we assume, to make what follows of any interest, that, for some constant C,
a(h) < C. The quantity a(h) is a measure of how well the exact solution ¢ € E N P
can be approximated by functions 7 € E}, “almost” satisfying 7 € P. As above, for o
sufficiently regular (e.g. o € [W'! N C(Q)]*), choosing 7 = m,0 in (3.5), we see that
a(h) — 0 as h — 0. Let us now state the main result of this note.

THEOREM 2. If hypotheses (H-1)—(H-4) hold (for (H-4), see Lemma 4 below),
then there exists a constant C independent of h, such that for h sufficiently small,

llo = o, < Cla(h) + h)*.

To prove this estimate, we shall need the following two lemmas. By C we will
denote a positive constant, independent of 4, not necessarily the same at each occurrence.

LeEMMA 3. If (H-3) holds, then

@ llo,ll <C,

(i) llu,ll <C
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MIXED FINITE ELEMENT METHOD 815
Proof. Taking 7 = ¥, in (3.4a), we obtain
o, l? < (a5 X) < lloy I lix, Nl < Clg,ll,

which proves (i). To prove (ii), we shall first establish the following stability result:
there exists a constant C such that

Dr
l<C sup B2 ey
(3.6) W<€ s . €V

To prove (3.6), let v € ¥, and let § € H% satisfy A2y = v in . Since § is a convex
polygon, we then have |||l tea S Cllv|l for some € > 0 (see [9]), so that by Sobolev’s
embedding theorem with 7 = {y ;;},

(.7) Il < Clivl,
with C independent of v. We have, by Lemma 2,

vll> = (, D7) = [v, D, 7],
so that, by (3.7) and the easily established fact that ||lm,7ll,, < Cll7ll,, (note that 7 is
continuous), one has
[v, Dm, 7] [v, Dm, 7]

vl < G s
ol < =~ < A

which proves (3.6). Next, we note that by (H-3), there exists a constant § > 0 such
that

X, + TEP, ifl7l, <3, TEM,.
Taking 7 = x,, + Tin (3.4a), we see that since [u,, Dx, — Dg,] =0,
[y, DTI < (04, X + 7 = 03)-
By (i), we thus have
[u,, DTI<C ifTEM,, 7. <7,

which together with (3.6) proves (ii). O

In the proof of Theorem 2, we shall need to take 7 = o}, in (2.2a). Since P, &
P, this has to be justified. We have

Lemma 4. If (H-2) holds and

(H-4) T€EB=(1,,,0,0)€B,
then
(3.8) (0,7-0)—[u,Dr—Dg] >0, TEP,.

Remark. (H-4) is needed only in order to construct a suitable extension of o,
outside €. It is likely that this extension can be made even without assuming (H-4),
but we do not know how to make the construction in this case. Let us note that (H4)
is satisfied in particular in the case of Tresca’s yield criterion for metal plates, i.e., in
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816 F. BREZZI, C. JOHNSON AND B. MERCIER

the case when

7€ B = max(I\, I, N1, N, =)<,
or in the case of Johansson’s yield criterion for reinforced concrete plates, i.e.,
7 € B <= max(I\ |, I\, ) <1,
where A, and A, are the eigenvalues of the symmetrix matrix (T,.,-) (see [10]).

Proof of Lemma 4. Let T € P, be given. Using (H-4), we first construct an ex-
tension 7 of 7 to a polygonal domain QD> Qinsucha way that ?(x) €B, x €, and
D?EM(ﬁ) (for details, see [11]). Then, we regularize 7 by convolving with a smooth
function ¢, defined by ¢,(x) = r~2p(x/r), where ¢ € Cg(R?), ¢ is positive and the
mean value of ¢ is equal to one. For the regularized function, we can then use (2.2a);
and passing to the limit as » — 0, we obtain (3.8). We leave the details to the inter-
ested reader. 0O

Proof of Theorem 2. For a > a(h), there exists 7, € E), such that llo — 7|l <«
and (1 — )7y, € P,. Taking 7 = (1 — )7, in (3.42), 7 = 0, in (3.8), and adding, we
get
9) llo = 0, II* < (g, (1 = @, = 0) + [uy, Doy, = (1 - &)Dr,] + [, Do — Do, ]

=4, +4, +4,,

with obvious notation. We have by Lemma 3,
(3.10) Ay <lloyll llo = 7,1l + alla, |l lI7, Il < Ca.
Further, since 0, and 7, € Eh, we have by Lemma 3,
(3.11) A, = au,, ) < Co
Finally, to estimate 45, we note that by (3.4b),
R(oy; N) = (oy, f), NEN,

where ¢, € V), is the basis function which takes the value 1 at node N and vanishes at
the other nodes. Thus, by Lemma 1,

[, Do,] = 3 R(o,; Nu(V) = 3 u(NXpy, f) = (@, ),
N N

where ;h € V), interpolates u at the nodes N,,. Therefore, by well-known interpola-
tion theory,

(3.12) Ay = (= u, ) <IN e = | < ChIA Nally , < Ch.

Combining (3.9)—(3.12), we then obtain the statement of the theorem. [J
CoroLLARY. If (H-1)—(H-4) hold and 0 € W''' N C(Q), then llo — g, — 0
as h — 0.
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