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Abstract

This paper focuses on a predator-prey system with foraging arena scheme incorpo-
rating stochastic noises. This SDE model is generated from a deterministic framework
by the stochastic parameter perturbation. We then study how the correlations of the
environmental noises affect the long-time behaviours of the SDE model. Later on the
existence of a stationary distribution is pointed out under certain parametric restrictions.
Numerical simulations are carried out to substantiate the analytical results.
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1 Introduction

A population model clarifies the mathematical relationships among consumer strategies and ecological
generalities [1]. An essential element of the population models is called the functional response, which
describes the density-dependent uptake response of consumers [2, 3]. There are different types of
functional responses. For example, Holling type II response A2(x) = wix/(ug + x), Holling type III
response A\g(z) = u12?/(u3 + %) [4], the ratio-dependent response A\a(z,y) = ui1x/(u2y + z) [2, 5-7]
and foraging arena response \a(z,y) = wiz/(w + usy) = sz/(B8+y) [3, 8, 9], where u; is a maximum
uptake rate by the predator and g is a prey half-saturation coefficient, f = w/ug = consumer density
at half maximum per capita uptake rate and w;/w = s/ = maximum per capita uptake rate by
predator. The two-dimensional foraging arena predator-prey model is in a form

a1 (t) = 71(t) (o — baa (1) - %)dt,

(1.1)
—c— ffz(t))dt

hfl(t)

d(t) = (1) (m

where Z1(t) and Zo(t) represent the population densities of prey and predator in model (1.1) at time
t and a,b,s,8,h,c and f are all positive constants. More precisely, a is the intrinsic growth rate
of prey, c is the density-dependent mortality rate of consumer, h = ¢s, b and f are the quadratic
mortality rates of prey and predator respectively. We set Z(t) = (Z1(t),Z2(t))T as the solution of
model (1.1) with the initial value g = (71(0),Z2(0))?. In model (1.1), there are two non-negative
trivial equilibrium points Ey = (0,0) and E; = (%,0). Also an unique interior equilibrium point

E*(z%,z%) with the nullclines

(a —bx}) (B + T3) = sT3,
(B +75)(c+ f73) = hi
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exists and is globally asymptotically stable provided that a > b/B < [10].

The deterministic models have been widely applied to explain and predict the population dynam-
ics (e.g.[11-13]), as well as for population management and conservation (e.g.[14-20]). However, such
models have their limitations in dealing with biological populations in the real world. As a result
an increasing number of researchers have been studying the stochastic population systems. Mao [21]
found a surprising fact that the presence of even a tiny amount of environmental noise can suppress
a potential population explosion in a classical n-dimensional Lotka-Volterra model. Mao [22] com-
pared three types of delay Lotka-Volterra models and revealed their unique properties individually.
Moreover, in [23] the conditions for the SDE Lotka-Volterra model having a stationary distribution
were explored and a useful method was introduced to compute the mean and variance of the sta-
tionary distribution. Further studies on the n-dimensional Lotka-Volterra models can be found in
e.g.[24, 25]. Holling type II model was also well studied by many authors, e.g.[26-29]. Especially, Ji
et al.[26] considered a stochastic predator-prey model with modified Leslie-Gower and Holling type
IT schemes and produced conditions for the system to be either extinctive or persistent. [30] stud-
ied a three-dimensional stochastic ratio-dependent model with Markov switching and Holling type
IIT functional response. The stochastic permanence was proved mainly using the M-matrix analysis
introduced by [31] and applied in [24, 25]. In [32], the asymptotic behaviours of the predator-prey
system with Beddington-DeAngelis response were investigated and the conditions of having a station-
ary distribution were produced. However to the best of our knowledge, there has not been much work
about the foraging arena model incorporating the environmental variabilities. Throughout this pa-
per, unless otherwise specified, we let (€, {F;}+>0,P) be a complete probability space with a filtration
{F:} satisfying the usual conditions (i.e.it is right continuous and increasing while {Fp} contains all
P-null sets). Let B(t) = (Bi(t),---,Bgs(t))T and B(t) = (Bi(t),-- -, B4(t))T be six-dimensional and
four-dimensional Brownian motions defined on this probability space respectively. The SDE models
are then formulated as follows: Due to the environmental changes such as temperature and rainfall,
we may stochastically perturb the parameters a, ¢, s and h in model (1.1) with

a—>a+0131(t), C—>C+U2BQ(t)7
s— s+7rBs(t) and h— h+reBy(t),

where 01,092,717 and ro denote the intensities of the corresponding white noise. As a result the per-
turbed system is given by

_ s22(t) 121 (t)z2(t)

dzy(t) = 21 () (a — bz (t) — m)dt + oyx1 (H)dBy (t) — mng(t) (1.2a)
B haq(t) rox (t)z2(t)

(1) = (1) (m Cem fazg(t)>dt — oaza(t)dBa(t) + maﬂl(w. (1.2b)

Furthermore, we would also like to incorporate perturbation into b and f:
b—b+6Bs5(t) and f— f+ 62Bs(t),

where 01 and Jo represent the intensities of the corresponding white noise. We then obtain

dzy(t) = x1(t) (a— bri(t)— m>dt+alxl(t)d31( ) — MdBS(t) — 6123 (t)dBs(t) (1.3a)
da(t) = (1) (m—c— fxg(t))dt—agxg(t)ng(t)+md34(t)—5gx§(t)d36(t). (1.3b)

In ecology, the spatial synchrony often occurs in the population dynamics, resulting from a synchronous
random environmental factors including temperature, rainfall and sunlight etc.[33-35]. Moran effect,
known as the synchronizing effect of environmental stochasticity, has been observed in multiple pop-
ulation models. By taking Moran effect into account, the prey and predator populations in our
systems (1.2) and (1.3) can be influenced by the same external factors [35]. This phenomena can be
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characterised by the correlations between the Brownian motions affecting different species (see e.g.
[35-38]). On the other hand, some environmental factors such as a disease, temperature and pollution
might simultaneously affect several system parameters of a species. Therefore the correlations between
the Brownian motions affecting a specific population group are also considered. As a result, we let
B(t) = wZ(t), where Z(t) = (Z1(t),--- , Zs(t))T is a six-dimensional independent standard Brownian
motion and wl'w = R = (p;j)ex¢ is a constant correlation matrix with pij € [—1,1] represents the
correlation coefficient between B;(t) and Bj(t) for i,5 = 1,2,--- ,6. And B(t) can be defined in the
same way. We also denote

_ Pijs if Pij > 0 » 0, if Pij > 0
pij = . and  py = .
0, otherwise —pij, otherwise.

We set z(t) = (z1(t), z2(t))” as the solution of model (1.2) or model (1.3) representing the population
densities of prey and predator at time ¢ with the initial value zg = (21(0),22(0))7. Let R be the
positive cone in R?, that is R2 = {x € R? : 1 > 0 and x5 > 0}. We also set inf ) = co. If A is a vector
or matrix, its transpose is denoted by A”. If A is a matrix, its trace norm is |A| = /trace(AT A) whilst
its operator norm is ||A|| = sup{|Az| : |x| = 1}. If A is a symmetric matrix, its smallest and largest
eigenvalue are denoted by Apin(A) and Apez(A). Consider the n-dimensional stochastic differential
equation

dz(t) = F(t)dt + g(t)dw(t) (1.4)

for t > 0, where z(t) = (21(t), -+, z,(t))T and w(t) = (wi(t), - ,w,(t))T be an n-dimensional
Brownian motion defined on the complete probability space (2, {F;}i>0,P) adapted to the filtration
{Fi}t>0. Let C%1(R™ x Ry ;R) be the family of all real-valued functions V (z,t) defined on R” x R
such that they are continuously twice differentiable in z and once in t. Given V € C%!(R" x R ;R),
define an operator LV : R” x R, — R by

LV (5,0) = Vi, 0) + Va(a, (1) + G trace(g” (Ve 0)51(0),

which is called the diffusion operator of the Ito process (1.4) associated with the C*!-function V (see
e.g.[31, p. 41]). With the diffusion operator, the It6 formula (1.4) can be written as

dV (z(t),t) = LV (2(t),t)dt + V,(2(t),t)g(t)dw(t) a.s.

This paper is divided into four main parts. In the first two parts, the unique properties of model
(1.2) and (1.3) are discussed respectively including the existence and uniqueness of the positive global
solution, asymptotic moment estimate and some long-time behaviours of the two species. In the third
part, the parametric restrictions for either model (1.2) or (1.3) to have a stationary distribution are
studied. In the final part, computer simulations based on the Euler-Maruyama scheme are performed
to illustrate our theory

2 Model (1.2)

2.1 Global positive solution

Theorem 2.1. For any given initial value xo € R2., there is a unique solution z(t) to equation (1.2)
on t = 0 and the solution will remain in Ri with probability 1, namely z(t) € Ri for allt > 0 almost
surely.

By defining V(z) = 22 — 2logx1 + 23 — 2log 72, this theorem is then proved in the same routine
as in [21, 39].



2.2 Asymptotic moment estimate

Theorem 2.2. For any 0 > 0, there exists a positive constant K(0) such that for any initial value
xo € R, the solution of model (1.2) has the property that

lim sup E|z(t)|* < K (6).
t—00

Proof. Applying the Ito formula to et(xf(t) 4+ z(t)) for 6 > 0,
e (a(t) + a5(1))

=29(0) + 25(0) + /0 e’ f(z(s))ds + 0oy /0 e*28(s)dBy(s) — 902/0 e*25(s)dBy(s)

"etaf(s)aa(s) tesaf(s)z(s)
—0r | —L2dBs(s) + 0y | —2——"dBy(s), 2.1
o TBrmls) BT sy B (2.1)
where
f($):0x0<a_b$ S )+9$0( hay —c—fx)+19(0—1)339(02+7%
' R 2\B + 22 2) "2 T (B4 20)2
_ 20111372 riat  2ra0apum

1
) +§9(0—1)x3(0§+ ) + 2 + 5.

B+ 2 (B + x2)? B+ xo

Using the elementary inequality
v'fv%f'i < kv + (1 —kK)vg for vg,vy > 0and 0 < Kk < 1,

for 6 > 2 we obtain ,

B+ w2
and
2,..0
) 20-2_249 , 0-2,
(5 n $2)2 Tixy © < Eml + TIEQ.
Hence

1
f(:(}) < <h +14+al+ (0 — 1)(50(0% + 7“% + 201T1ﬁ13) + 7“% + T202ﬁ24>>.%'? + (1 —cl

1 1
-1 (h + 5005+ 50— 25 + (0 - 1)r202,524))x§ — bh2ft — Fea0H,

is bounded, say by K*(#). Moreover, it follows from (2.1) that
t/\Tk
E |7 (ot Ae) + aB(t A k) | < 2(0) + 2§(0) + K (0) / ¢ ds.
0
Letting k£ — oo and then t — oo yields

limsup E [z (t) + 25(t)] < Jim % (xf(o) + 25(0) + K*(0)(e! — 1)) = K*(6).

t—o00

On the other hand, we have
2> < 2(22 Vv 2d), so |z]? < 29228 v b)) < 292 (28 + 29).
As a result,

lim sup E|z(t)]? < 2972 limsup B[4 (t) + 25(¢)] < 292 K*(0) = K(0). (2.2)

t—o00 t—o00

For 0 < 6 < 2, Holder’s inequality yields

[ SIS

Ela())” < (Ela(t)?)?.
Hence from (2.2)
lim sup E|z(t)|? < hmsup(E]a;(t)]Z)% < K(0).

t—o00 t—o00



2.3 Asymptotic pathwise estimation

In order to study the asymptotic properties of model (1.2), we first introduce a lemma.

Lemma 2.3. For any initial value zo € R?, the solution of model (1.2) has the property that

1 [ 4a?
li?n sup t/ 23 (u)du < b% a.s.
— 00 0

Proof. According to (1.2a),

z1(t) = 21(0) + a/o x1(u)du — b/o 22 (u)du — s ; Mdu +mq(t) + ms(t) (2.3)

where . ! oy (w)ara(u)
1 \u)ra2\u
ma(t :al/ r1(w)dBi(u) and mgs(t :—1"1/ ————dB3(u
0)=01 [ n(wdBiw) (0)=-n [ G
are two continuous local martingales with the quadratic variations
2 2

t b2 (u)ad(u ¢
(mq(t)) :O'%/O 22 (u)du and (ms(t)) :r%/o Wduér%/o 23 (u)du.

By the exponential martingle inequality, we have

21 1
IF’( sup (m;(t) — 0.5a(m;(t))) > ogn) <— fori=13andn=1,2,---,
o<t<n « n
where
b
= . 2.4
“ O'% + r% ( )

An application of the Borel-Cantelli lemma suggests that for almost all w € Q there is a random
integer ng = ng(w) > 1 such that

21
sup (mi(t) - 0.5oz<m,-(t)>) < 98T henever n > ng for ¢ =1, 3.
o<t<n (6%
Hence for t € [0,n] and n > no,
21
mi(t) < =28" 1 0.5a(m;(t)) as.
e

And then (2.3) and (2.4) imply that for ¢ € [0,n] and n > ng,

t t 41
z1(t) < z1(0) + a/ x1(u)du — (b —0.5a(c? + r%)) / o3 (u)du + oen
0 0

4logn

:x1(0)+a/0 a:l(u)du—;)/o 3 (u)du +

Therefore it follows that for ¢ € [0,n] and n > ng,

b t t b t
/ 22 (u)du < z1(0) + a/ x1(u)du — / 23 (u)du +
4 Jo 0 4 Jo
o4
a“t N ogn
b «
Consequently, for almost all w € Q, if n > ngand n — 1 <t < n,

Tt 4 a’*n  4logn
- du < ——— 0) + — .
t/o mi(w)du (n—l)b(ml( )

Letting t — oo and hence n — oo we obtain

o

4logn

g .CUl(O) +

a.s.

1 [ 4a?
lirnsup/ 22 (u)du < U as
t—o00 t 0 b2



Theorem 2.4. For any initial value xy € Ri,
(a) if

2a < O'% — 2r101p13 (25)

then both x1(t) and x2(t) of model (1.2) tend to zero exponentially as t — oo with probability 1;

(b) if
_ 2bBc bBo3 h
2 2 _ 2
2 < 2a < -2 > —— 2.6
o1 +21mo1p13 a < o0j rio1p13 + R + I+ ry09pm Jor pas 120 (2.6)
or
h

2a > O'% + 2r101p13 fOT’ — 1< poy < —%, (27)

then x1(t) of model (1.2) obeys

2a — o 1 [t 1/t 2a — 0} + 2r101p
a2b01 < hgigf; ; z1(u)du < li?i)scgp/o x1(u)du < a— o7 -2Fb 101013
and xo(t) tends to zero exponentially as t — oo with probability 1.
Proof. (a) Applying It6’s formula on log z; yields
1 swa(t) r2x3(t) rio1p1322(t)
dlog 1 (t :(a—bx t)— ~of — - + )dﬁ+ dB (t
st A N0 B CET 0 L ARG
Tll‘g(t)
— —————dBs(t 2.8
By (28)
< (a— 10’%+7’10’1ﬁ13)dt+0’1d31(t)—m Bg(t).
2 B+ xa(t)

Integrating from 0 to ¢ and dividing by ¢ infers

Mi(t) | Ms(t)

1 1 1
. log z1(t) < . log z1(0) + a — =07 + ri01p13 +

2 t t
h
o Mi(t) = o1 Bi(t) and Ms(t) = —r tL(“)ng(u)
o B+ za(u)

are two continuous martingales with the quadratic variations

o2 _p )
(M (t)) = o7t and <M3(t)>—r1/0 (6+$2(U))2dt<7“1t.

By the strong law of large numbers for martingales [31, 40],

My(t Ms(t
lim 1®) =0 and lim 3(t) =0 as.
t—00 t t—00
and thus from condition (2.5)
. 1 1 5 _
limsup — logz1(t) < a — =07 +m01p13 <0 as.
t—oo U 2
as required. Therefore we obtain
1 t
lim — [ zj(u)du=0 as. (2.9)
t—=oo T Jo



Meanwhile

T90 0'2 7“21'2
dlog ma(t) = (’mm@) — o= 2 — fua(t) - M)dt — 02dBs(1)
o1 (t)
+ﬁ+l‘2( )dB alt) (210

It follows that
logza(t) _ 1

h 7] t 9 Y u
! t(log@(oHHQﬂ@pM/o ri(ydn) — (c+ 2) + 220 4 2B,
h
where Mg(t) = —o'QBz(t) and M4( ) — 1y t € (U) dB4(u)
o B+ za(u)

are two martingales with the quadratic variations
t 2
(Ma(t)) = Ugt and  (My(t)) = r%/ (Il(u)du.
0

Hence from Lemma 2.3,

Ma(t 2 t 4 2.2
1i£r;sup < i( ) < 1i1trisup ggt/o 22 (u)du < P
o0 oo

By the strong law of large numbers for martingales,

M
lim 2(t) =0 and lim

t—00 t t—00

Letting ¢ — oo and recalling equation (2.9) indicates

1 t
D82l « (e Z) <0 s

lim sup 5

t—o00

(b) Applying Itd’s formula on %(t) gives

1) = (B (52 ot I 2nonmy gy g
+ %wgm,
where we write z(t) = z. Hence by the variation-of-constants formula (see e.g. [40, pp. 98-99]),
m o ([ (ot o 5+ e~ ey i M0
= 0) (g e () (0 520 = ot = e
W)d My (u )—l—Mg(u))du)
= exp (= 30400~ 3(0) (i (— a = god)e+s [ 20,
+ r% tﬁfgg()))zd — 2r101p13 /Ot ﬂ%du) —l—b/otexp( (a— %gl)(t — )
/ T ﬁ ut mdu — 2roupis /ut ﬁg)@)dv + Mi(u)
+ Mg(u)>du>. 2.11)



On the one hand, (2.11) leads to

:z:ll(t) <exp (= Mi(t) — Ms(t)) (mll(O) exp ( —(a— %U%)t +s ; /B%du
r2 [t 23 (u) . b xo(u)
4L i mdu—f—eralplg ; mdu) —f—bexp(olilggtMl( )+0r23§tM3(u)
b xo(u) it a3(w) w o b wa(u) 2.
+5/0 ﬁ+x2(u)du+ 2 /o (5+x2(u))2d n 1p13/0 ,3+£L’2(u)d)
/0 exp(—q(t — u))du)
< exp (s M) = Ms(0) + guas Mo(u) = M) 45 [ 2200 s
rt o[t a3(w) b wa(u)
+2/0 (B 22(0)) du + 1101013 B+ () )<x1(0) exp(—qt)
+b/0 exp(—q(t—u))du)
= exp ( max M (u) — M (t) + Jnax Ms(u) — Ms(t) +5/t L(U)du
0<u<t 0<ust o B+ xa(u)
i lgjﬂg,ura Pm) N
+ 2/0 (B + 22(w))? du + 11 1p13/0 B—i—xz(u)d) Ki(t),
where

2b(1 — exp(—qt)) .

2

1 ~ 1
qg:=a— 50% —rio1p13 and Ki(t) = ﬁeXP(_qt) +

1’1(0

Under condition (2.6) or (2.7), we obtain that ¢ > 0 and therefore supge; o K1(t) < oco. It then
follows that

log 1’1(t) S _ IOg Kl (t) _ maxogu<t M1 (u) - M1 (t) + maxogu<t M3 (u) — M3 (t)

=

t t n
O A2 OIS O {0 s VIE B 2 1)
Tl Brm@®™ T o ), Grawy®™ T Tt ), Frm@™ 1Y

By (2.8) and (2.12),

! —0? 1 1 t
1/ z1(u)du = 20— oy _ logi(t) + ogz1(0) s [* wa(w)
0

t 2b bt bt bt Jo B+ za(u)
2t 2 t
T 5(u) T101P13 zo(u) Mi(t) — Ms(t)
d d 2.13
Tty BT e o Bram@ ™ T (213)
2a — a% log K1(t) = maxo<u<e M1(u) — M1 (t) + maxocy<e Ms(u) — Ms(t)
< + +
2b bt bt
rioipiz | logzi(0) | Mi(t) | Ms(t)
L S A A VL VA

As t — oo and from the strong law of large numbers for martingales,

2a — U% + 21101013
2b

1 t
limsupt/ z1(u)du < (2.14)
0

t—o00

Assume that pog > — From equation (2.10),

0'2

h 4+ roo2p2y

dlogs(t) < ( ;

x1(t) —c— %)dt — 09dBs(t) + ﬁrj_xl(())dB (t).



It is then followed from (2.14) and the strong law of large numbers for martingales that

1 h 1 5
lim sup — log z2(t) < B 12022 lim sup — / z1(u)du — (c+ 2)
t—o0 t ﬁ t—o00 t 0 2
(h + r202p24)(2a — O'% + 27"1(71513) U%
< _ 2
< 550 (c + 5 ) <0
in view of (2.6). If pos < — -, it immediately indicates that
1 2
lim sup - log z2(t) < (c+ ) <0 as.
t—oo L 2
Hence for arbitrary small ¢ > 0, there exists ¢(w) such that
(s + r1o1|p13|)za(t, w) riw3(t,w)
P(Q¢) > 1 - ¢ where Q¢ = {w: <Cforallt > tc}.
02 1 e £ 0B+ aa(tw) 2B e :
On the other hand, (2.11) yields
1 1 1 _ boaa(u)

> exp (— Mi(t) — Ms(t)) (Tm) P ( —(a- §U%>t 2o 0 mdu>

t
. ~ xo(u)

M M3 (u) -2 B+ aa(u) )
+ bexp (Omln 1(u) + min M3(u) r101p13/0 5+x2(u)du)

<ust o<u<t

/Otexp( (a— %Ul)(t — u))du)

S . _ . _ _ _
= exp (Orgzirglt M, (u) M, (t) + oglqirglt Mg(u) Mg(t) 2r101p13 A 3+ 23 (u

.Tl(t)

t%mw)w>j6@,

where
2b(1 —exp(—(a— %af)t))

2

Ky(t) = :cll(O) exp ( — (a— %a%)t) +

and Supg<so, K2(t) < 00 if either condition (2.6) or (2.7) holds. Then

log z1(t) o log Ko(t)  mingcuse Mi(u) — Mi(¢) + mingcuce M3(u) — Ms(t)
t t t
2rio1p13 1 wa(u)

t 0 B+ x2(u)
Hence we obtain from (2.13) that

du.

1/t$1(u)du S 2a — a% n log K»(t) n minp<u<t M1(u) — My (t) + ming<u<e M3(u) — Ms(t)
t Jo 2b bt bt
n logz1(0) s [t xo(u) g r? /t : 73 (u) J

o bt EI@?} T bt Jy (Bt wa(u))2

7“101 p13| My(t) = Ms(t)
. 2.15
/ B + za(u SR VR E (2.15)

For any w € Q¢, (2.15) indicates

t

ligcijolfz ; z1(u)du 5

2a — o

WV

—( as.

Letting ¢ — 0 and together with (2.14) implies the required assertion. O

Remark 2.5. Let all the Brownian motions in model (1.2) be uncorrelated. Then Theorem 2.2 is still
obtained. Moreover, Theorem 2.4(a) or (b) holds if assertion (2.5) or (2.6) is satisfied with p;; = 0
foralli,j=1,---,4 and i #j.



Remark 2.6. Assume that p13 < 0. Then under condition (2.6) or (2.7), x1(t) of model (1.2) obeys

¢ 2
. 2a — o]
tliglo% ; x1(u)du = 5 a.s.

and x5(t) tends to zero exponentially as t — oo with probability 1.

Theorem 2.4(a) shows that large white noise intensity o? may let the populations die out. In
Theorem 2.4(b), the situation where a becomes larger is discussed. There are generally two cases,
depending on the value of pys. In the first case, By(t) and By(t) are strongly negatively correlated
(—1 < paa < h ). Then under condition (2.7), the prey species keep persistent while the consumers

- o092
become extinct ultimately. On the other hand, we let paq > —r’; . Then system (1.2) has the same
behaviours as in the first case provided that (2.6) is fulfilled. It is then interesting to examine how
the population system behaves when a gets larger in the case poy > ——2—. This is further developed

ro0g "
in section 4.

3 Model (1.3)

In this section, we investigate the long-time behaviours of model (1.3). Notice that if §; and 02 are
zero, model (1.3) is then degenerated to model (1.2) which has been analysed as above. Hence this
section only focuses on the unique properties of model (1.3) with two positive constants d; and Js.

3.1 Global positive solution

Theorem 3.1. For any given initial value xo € R?, there is a unique solution z(t) to equation (1.3)
on t > 0 and the solution will remain in Ri with probability 1, namely x(t) € Ri forallt >0 a.s.

By defining V(z) = 295 — 0.5logx1 + 29 — 0.5log x5, this theorem is then proved in the same
routine as in [21, 39].

3.2 Asymptotic moment estimate

Theorem 3.2. Let n1 and 12 be positive numbers satisfying
1
mnz < g Jor pas = 0 and pse < 0;
1
m + 22 < 3 Jor pas < 0 and pse > 0;
1 .
4+ < 3 otherwise.

Then for any initial value xg € Ri, the solution of model (1.3) has the property that

lim sup E[z7 (t) 22 ()] < e/,
t—o00

where ¢1 and co are two constants determined in (3.5) and (3.6) below in the case psys < 0 and ps¢ > 0.
In order to prove this theorem, let us first consider the following lemma.

Lemma 3.3. Let 1 and n2 be positive numbers satisfying

n, M2 <1 for pss > 0 and pse < 0; (3.1a)
m+2m2 <1 for pss <0 and psg > 0; (3.1b)
m+m2 <1 otherwise, (3.1¢)

Then for any initial value xo € R%, the solution of model (1.3) has the property that

Elz" (t) 2 (t)] < oo for all t > 0.

10



Proof. Define a C?—function V : R — Ry by V(z) = z{"2J*. And we obtain

LV(z) <V(z)|A + A A 12 )22 4 162 )2 m2(n2 = 113 s
) < V(w) | A1 + Agwy + Agzz + S67m (m = 1)t + 565m2(n2 — 1)z + A

d17m2M1M2P45
_ TIPS 2 +5152771772056!E1$2]

B+ x2
where
Ay = any — eng — o1oamnep12 + o1rim (1 — n1)p13 + r102m1n2p23,
Ag = —bm + th + 017’277;772/)14 +d101mi (1 —m)pis + 027’2772(1ﬁ— 12)Pas + o201mn2p25
W + 0111 (1 — m1)p3s + d2ramz2 (1 — 1n2) pas
and

As = —fna — o192m2m1p16 — 6202m2(1 — 12) p2s + 710211712 P36-
Assuming that ps5 < 0 and psg > 0, we obtain

n2(12 — 1)?“%362 017m2M1M245 22
2(,8+$2)2 1 B+ xo 1

1
*5%771 (m — D)zt +

2,99 2 1 1242
5 22 52 22 4 mraTy nor3at n ( 211 5 x)
1"71 17— 5791y (5‘*‘332)2 208 + 22)? "71772 (B + x2)? 177
! (m +2ms — 1)8223 + =ma(m +n2 — 1) riai
— :E —_ —_—
7 (m + 202 — 1) 077 172 mte =Dt s
and
1o 9 1o 2
*51771 (m — Dzxy + 552772(772 — 1)332 + d102m1M2p5671 72
1 1
517711’1 *5%77150% + *5377395% 52772962 + 2771772(51961 + 5523)
1 1
= 1771(771 +2np — 1)61at + 2772(771 + 19 — 1)8523.
Hence

1 1
LV (z) < V(x) (Al + Asxy + Azxo — 3 (1—(m + 2772))5%:5% - 5172(1 —(m + ng))égxg).

As the polynomial

1 1
A1+ Asxy + Az — 1771(1 — (m + 2m2)) 632t — 1772(1 — (m + n2))d323

is bounded by

o — m (1 —(m + 2772))(5%A1 + A% A?,,
m (L — (m + 212))7 (1= (1 +112)) 63
we obtain
LV(z) < V(x) (cl — 62]:1:|2),
where
c2 %(771(1 = (m +272))07 Ama (1 — (1 +12))3).
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This leads to

EV (2(t A7) = V(xo) + E /0 " IV (e(s))ds < Vizg) + o1 /O "EV (s A 7y))ds.

It then follows from the Gronwall inequality that
EV (2(t A1) < V(zo)et.
Letting £ — oo implies
EV (x(t)) < V(zg)e™ < oo forall t > 0.

Similarly, one can deduce the same results under condition (3.1a) or (3.1c) with the corresponding
values of ¢; and ¢y. Here it is omitted. O

Proof of Theorem 3.2. This proof is standard by using the results of Lemma 3.3. One can refer to
[21, pp. 104-105] for details. O

We can obtain from the Chebyshev’s inequality and Theorem 3.2 that

P(zq > Dy and x9 > Do)

i 12 E[2M 202 c1/c2
! Lo [951 Lo ] e

=E [I{$1>D1}I{$2>D2}] < ]E[D?l I{$1>D1} D;m I{$2>D2}} < D7171 Dg2 X D?l D;}z )

where I is the indicator function. From the biological point of view, this implies that it is unlikely
that the amount of two populations will become very large simultaneously.

3.3 Asymptotic pathwise estimation

Theorem 3.4. For any initial value xo € R% , the solution of model (1.3) has the property that

1 t
lim sup log|a(t)] <6 a.s. (3.7)
t—oo  logt

Proof. Defining V: R2 — Ry by V(2) = 1 + z2, for any constant v > 0 we obtain

+ 6
e log V(x(t)) = log V(z(0)) + / e’g(x(u))du + Z M;(t), (3.8)
0 i=1
where
1 9 o ST1T2 | hrim 2.2, 2.2
g(z) = ylogV(z) + W(fwl — cry — bay — fxy — B+as B+ m) - 2V2(z) (0196'1 + 0375
2,22 2,22 2
T1T1Ty TRTITY 2.4, $2.4 201712014212 9
(B + 12)? + (B + 22)° + 0727 + 0515 — 20109p12T1 22 + W — 20102p162175
2r10 T 2mr x2x2  2r x1x8 2017 x3x
102P23T1X5 172034 12 2 + 102036L1To + 2510'2p25:6%332 . 172045712
B+ o (8 + x2) B+ o B+ o

+ 25152p56x%3:%)

and

V(z(w)) V(z(u))

) — berupy (u)ra(u) "
0 =1 [ e

M4(t) o /Ot ( e’Yuxl(u)fL‘g(u) dB4(u),

My(t) = o /Otml(“)dBl(u), Ma(t) = o /Ot w2 g ),
(

B+ x2(u))V(z(u))
tevug2(y v tevugl(y
Ms(t) = —51/0 ;(:U(li)))dBdu), Me(t) = —52/0 ‘j.(xai)))de‘(u)
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are local martingales with quadratic variations

N _02 t 2'yu 2(U) y o _J t 2’yu 2(’LL) ’

anw)=at [ G " T ) = o [ (u»d ,

iy = [ [ m%(U) )
R e i e P
N t 2711, 4 t 2711, 4u

Wts(0) = [ ((»)d (3T5(1)) = 62 / e (()))du

Given any a; € (0,1) and p > 1. By the exponential martingale inequality, we have

IP’( sup (Mz(t) - %e‘”%]\%(t») > pa log 1/1) Y=1,2,---.

0<t<y

1/}17
Then by the Borel-Cantelli lemma, for almost all w € Q, there exists ¥; = 1;(w) > 1 such that

v

Mi(t) < e (L) + F

(]
logy forall 0 <t <y and ¥ > ;.
1

Thus substituting this into (3.8) indicates that for almost every w € ,

e log V(x(t))
<log V(2(0)) + /t eW( log V(z(u)) + a + h + g1 (z(w)) - M(52x4(u) + 52:U4(u)))du
X log 0 7y 1og g1 2V2($(U)) 1+1 242
v
n Gpe log 1 (3.9)
aq
for all 0 <t < ¢ and ¢ > v := max(¢1, 2, -+ , 1), where g1(x) is a first-order polynomial about z.
By the elementary inequality
V2
2(3”) < |72 < 2V3(x), (3.10)
we obtain
dix] + o 6N 2
oy Ol + dad) > {6 A
Therefore (3.9) is rewritten as
e log V (z(t))
t
1
<logV(a(0) + [ (v10gVe(w) +a-+ b+ a(w) - 51 - an)(3F ABlow))du
R
+ Ope log .
a1

Obviously, there exists a positive constant K3 such that for almost every w € €,

e log V(z(t))
t 6pe¥ K K 6pe TV
<log V(z(0)) + Kg/ eVidu + -L< logy <logV(z(0)) + 7367t - 73 + po(j log
0 1
for all 0 <t < ¢ and 9 > g := max(¢1, 19, - - ,1g). Consequently, for ¢ — 1 < ¢ < ¢ and ¥ > 1)y, it

follows that

K
3 (77 log(21(0)2(0)) + 4 % ? log ).

log V(z(t)) < 1
logt = log(¢y —

13



This implies
log V' (z(t)) o Gpe”

lim sup < a.s.
t—00 logt aq
Letting oy — 1,p — 1 and v — 0 implies
log V (z(t
lim sup M <6 a.s.
t—00 logt
Recalling inequality (3.10) gives the required assertion (3.7). O

Remark 3.5. Let all the Brownian motions in model (1.3) be uncorrelated. Then Theorem 3.4 still
holds. Besides, Theorem 3.2 is fulfilled provided that n1 and no satisfy

1

n, N2 < 5

with ¢1 and co defined by

(hia/B — b)) 4+ 103 (1 — m1) (amy — cn2)
m (1 — )%

Cl1 —

and 1
C2 = 1(771(1 - 771)5% Amz(1l— 772)65)'

4 Stationary distribution

In this section, the stationary distributions of the solutions of model (1.2) and (1.3) are established.
Let P, + denote the probability measure induced by x(t) with initial value z(0) = zo, that is

Py, +(D) =P(z(t) € D), D € B(R2),

where B(R%) is the o-algebra of all the Borel sets D C R2. If there is a probability measure p(-) on
the measurable space (R%, B(R%)) such that

Py +(-) = p(+) in distribution for any z¢ € R?,

we then say that the SDE model (1.2) (or (1.3)) has a stationary distribution u(-) [23, 31, 41]. To
show the existence of a stationary distribution, let us first cite a known result from Khasminskii [41,
pp. 107-109, Theorem 4.1] as a lemma.

Lemma 4.1. The SDE model (1.3) has a unique stationary distribution if
(i) the matriz
Ulz) = A(z)RA(x)T

is positive definite for x € Ri, where

Al) = |5 0  FEE 0 —&af 0|
0 —ogza 0 BER 0 <3|’

(ii) there is a bounded openset G of R% and

sup E(rg) < o0
ro€EQ—G

for every compact subset Q of R% such that G C Q where 1¢; = inf{t > 0: z(t) € G}.

14



Theorem 4.2. If

Pivia 7 E15 plig, pais < 1/2; pag, p3s > —1/2;
Plis S PlioPisis’ P35 2 P3izP5iz5 Phia S PirdPivia’ P26 2 P2iy P6i 5
2p1i5026 < P12P6is + P16P2i55 20350414 < P3is P45 T P34P5i45 (4.1)
201i504i5 Z P14Pigis T PLigPliss 2035026 2 P23P56 + P36025
forip =1,3 orb,ia =2,4 or 6,i3 =3 or 5 and iy = 2 or 6,

ho 1= garopog + dar2Bpas < h, (4.2)
1+8 5 (1+4pP)c 9 . 2(b+0bo)Bc  (b+bo)B o
2a(1 — ———05 — 2 4.
a( 2(h—h0)02 = o ) > o1 +2rio1013 + b — ho + h— ho 05 (4.3)
and ) 5 R
b> =42 L2 a7 4.4
2 1 + 2h52 T2 + B ) ( )
where ( )B
) . ah + (a -+ b+ by)Bh hoEo
bo = 0101p15 +r101p35, E1 = 0 and Ey = by + ——*,
h — hg Gh

then for any initial value zq € R%L, model (1.83) has a unique stationary distribution.

Proof. (i) We compute

where
Ui (z) = 0?22 — W — 20161 p1575 + 27“121{:_3;:?172 (;f—fifﬁ + 021,
and
Uia(x) = Us1(v) = —0102p217122 + W - 5201p16$1-%'§ + W
; p?()gf ing)f% mé;/ﬁﬁ: 73 + 0109p257 T2 — p45§112;:§’:62 + psedidaizs.

The sufficient conditions (4.1) guarantee that Uy (x) > 0, Usa(x) > 0 and Uyq (2)Use(z) — U () > 0.
Hence U(z) is a positive-definite matrix.

(ii) We define a C%?—function V : R% — Ry:
V(z) = MVi(x) + Va(x) + e,
where

l E
Vi(z) =z +In(B+ 1) — In(zq) + 772~ ﬁlnwz, Va(z) = 21 + %l‘z,

and e,l and M are three constants. e = —min(MV;(z) + Va(z)) to keep the non-negativity of V(x),

. (hs N Ef N E102(52ﬁ26) \/ (Elég hr? E1h> (4.5)

B of | afpr | afp?

cf c c
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and M is to be defined later. First compute

1 2 2.2
LV1=<1‘1+ o —1>(a—b$1— o2 )4—*(1—7( 71 )(0%4—77"1% + 6222

B+ x B+aa) 2 B+ x1)? (B + x2)?

lx129 B clxs _ fl:z:% % Eifxo Elag

+ 10113 + (0161015 + 161735) 21 +

B+ xo h h h h 2h
Evrdz}  Ei63z3  Eioarapoat n Er0262p26r2  E162r2p46%1
2h32 2h hg h h
2 2
< (a+E2),Bx1+ ar1 bBzy  Erm +(_b+571+a+E2 E1r§)x%
B+ x1 B+x1 B+x1 PBHa 2 B+ a1 2hS
1 2 . Elc Elag (S Elf cl E10'252p26> (Elég 7’%
a—|—201—|—7‘101p13+ 3 + o B-i- 3 3 A To + 2 +2,32
fl) 9 lz129
h B+ x2
By (v122 — 22) 62 a+FEy Eir3\ s Eif d
< +(—b+ L+ + e oa (542 -2
(B+21)(B+ 22) 2 B 2hp2) "1 B h h

i E10252p26>:1;2 4 (E15§ I 7"% fl)LIZQ l:El.l‘Q

h o2h 282 h)T?T Btay

where A = a — 20} — rio1p13 — % - Egsg > 0 from condition (4.3). Under (4.4), (4.5) and the Young
inequality,

(5% a—+ EQ ElT% 2 S Elf cl E10'252p26
IR A+ (bt g+ 4 g )at+ (5 + 50 -+ = o

I (El(s% ’I“% fl E1 ):C2 ll’ll‘g

oh 2 h 1) B
<A+ lmxz
B+ @2
Then compute
sc sf sf
LV, = axy — ba? — 72 ?x% <axy — bt — Fx%
Hence ; s
LVx<M<—>\+ )+a:z —ba? = 32
(z) 51 29 1= bay — -
where M satisfies M\ > a?/(4b) + 2. Now we aim to show
LV(x) < —1forall x € R: — G := G°. (4.6)

As if this holds, let x € G¢ be arbitrary and 7g be the stopping time as defined in Lemma 4.1. From
(4.6), we have
0< V(xg) —E(tANT6 ANTE), Vt>D0.

Letting k¥ — oo and then t — oo, we have

E(Tg) < V(xo), Yz € G°
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as required. To show that (4.6) actually holds, we define
G°=G{UGS UG5 UGY,
where

GY{ = {z|z1 € (0,€e1]}; G5 = {x’xl € (0, 611:|,l‘2 € (0, 62]};

G = {x‘xl € Lll,—f—oo)}; Gi = {x‘xz € |:€12,+OO)}

with two constants €1, €z € (0, 1) satisfying

e
= MU

N

1 b sf
< 3 /\ S +1) 2SN, a1 M@

(4.7)

where the constants N and N will be determined later. We then show that in any subset of G¢, (4.6)

holds. From (4.7),
(a) if z € GY,

LV (z) < =M\ + Mlxy + azxy — ba? — %x; < Mlep —2 < —1;

(b) if 2 € GS,

Mla:lxg + azy 7b$% _ ﬁ 2 < MZEQ

LV(z) < —MX+ %2 S Be
1

- X *1,

(c) if 2 € G,

LV(m)S—MA—I—(Ml—l—a)xl—T—T_ ;

Note that the polynomials — M\ + (M1 + a)x; — @ _— }f% has an upper bound, say N1, hence
LV(z) < N b 1
T) x - X L
! 26%

(d) if z € GY,

2 2
LV (z) < —MX + (Ml + a)zy — baf — sfry _ sfas

2h 2h
Note that the polynomial — M\ + (Ml + a)x, — bx? — sgzg is again bounded, say by N2, we have
sf
LV(z) < No— —— < —1.
(z) 2 2he3

In all,
LV (z) < —1 for all z € G°.

O

Remark 4.3. Assume that all the Brownian motions in model (1.3) are uncorrelated. Then letting
pij =0 fori,j=1,2,---,6 and i # j in condition (4.2)-(4.4) gives the parametric conditions of model

(1.3) to have a unique stationary distribution.

Remark 4.4. Given that condition (4.2)-(4.4) are satisfied with 61 = 62 = 0 and p;z = pig = 0 for

i=1,2,---,4, model (1.2) then has a unique stationary distribution.
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5 Simulations

The following examples are developed to illustrate our results. The system parameters are given in
appropriate units. The Euler-Maruyama (EM) scheme is used for the computer simulations [42]. From
the theory introduced in [43], the EM approximate solutions are convergent to the true solutions of
model (1.2) and (1.3) in probability.

Example 5.1. We perform a computer simulation of 10000 iterations of model (1.2) with initial value
z(0) = (0.7,0.15)” using the Euler-Maruyama (EM) method [40, 42] with stepsize A = 0.01 and the
system parameters given by

a=1,b=05,8=5s=16h=09,c=2,f=3,01 = 15,00 =1.0,r1 = 0.5
rg = 0.95 and p13 = 0.15. (5.1)

This group of parameters satisfies condition (2.5) clearly. Theorem 2.4 then indicates that both species
die out ultimately with probability 1. This is illustrated in Figure 1.

Example 5.2. We keep the system parameters of model (1.2) the same as Example 5.1 but let
o1 = 0.5. Moreover, we let pj3 = 0.15 and paq4 = 0.9. As a result, condition (2.6) is fulfilled. From
Theorem 2.4(b), the prey abundance has the property that

1/t 1 [t
1.75 < lim inf / z1(u)du < limsup / x1(u)du < 1.825  a.s.
t—oo t Jg t—oo L Jo

and the consumers will tend to zero exponentially with probability 1. Figure 2 supports these results
clearly.

Example 5.3. In this example, we remain the system parameters of model (1.2) the same as Example
5.2 except that we let poy = —0.95. This group of parameters does not obey condition (2.6) but satisfy
(2.7). Hence Theorem 2.4(b) suggests that

[t I
1.75 < liminf t/ x1(u)du < limsup t/ x1(u)du < 1.825  a.s.
0 0

t—00 t—o0

and the consumers will tend to zero exponentially with probability 1. Figure 3 supports these results
clearly.

Then we study the case when the SDE system (1.2) and (1.3) have a stationary distribution.

Example 5.4. We assume that the parameters of system (1.2) are the same as in Example 5.3 but
let B =2.5,h =10,01; = 0.01, and o2 = 0.02. Also the correlation matrix is given by

1 0 -08 0
0 1 0 —0.95
R=(pixa=|_g5 ¢ 1 0
0 -095 0 1

The time series of the correlated Brownian motions is shown in Figure 4. It is found that these pa-
rameters obey conditions (4.1)-(4.4) with 3 = d2 = 0 and p;5s = pig = 0 = psg for i = 1,2,--- 4.
From Theorem 2.4 and Remark 4.4, system (1.2) has a stationary distribution. The ergodic prop-
erty enables us to obtain the approximate probability distribution for the stationary distribution by
computer simulation of a single sample path of a solution to model (1.2). Therefore the histogram of
the 10000 iterations shown in Figure 5(b)(d) can be regarded as approximate p.d.f.s of the stationary
distribution.
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Example 5.5. In this example, the stationary distribution of model (1.3) is examined. We keep
the system parameters the same as in Example 5.4 and let 6; = 0.01 and d5 = 0.02. Moreover the
correlation matrix is given by

] 0 -08 0 —05 0]

0 1 0 —095 0 07

08 0 1 09 0

R=(piox6=| o 095 o 1 —0.8
05 0 09 1 0

0 07 0 -08 0 1

Obviously, these parameters obey conditions (4.1)-(4.4). From Theorem 4.2, model (1.3) has a sta-
tionary distribution. The approximate p.d.f.s of the stationary distribution could be identified from
Figure 6(b)(d).

6 Summary

In this chapter, the different properties of the SDE population models (1.2) and (1.3) incorporating
white noise were studied. The correlations between the Brownian motions do make an effect on the
long-time behaviours of the systems. Especially, in model (1.2), a positive correlation between By (t)
and Bs(t) leads to a slightly different condition for both populations to be extinct. Moreover, if Ba(t)
is strongly negatively correlated to By(t), the population system always remains extinct (the prey
populations become persistent while the consumers die out) and has no chance to have a multiple
coexisting stationary status. In the contrast, provided that the correlation coefficient between By(t)
and By(t) is bigger than —T}; , the system is possible to have a stationary distribution for both
species with a larger value of a. In model (1.3), the correlations between By(t) and Bs(t) and between
Bs(t) and Bg(t) also make a difference on the parametric conditions of the bounded properties. These
imply how the correlations between the Brownian motions affect the dynamical behaviours of the
populations. Theorem 4.2 reflects that a smaller amplitude environmental noise leads to a permanent
population system. The ergodic property of the stationary distribution makes it possible to generate
the approximate probability distribution using a single sample path of the solution to the SDE model
by computer simulations.

Acknowledgements . _
The authors would like to thanks the referees for their very helpful comments and suggestions.

The first two authors would like to thank the University of Strathclyde for awarding them the PhD
studentships. The first author would also like to thank China Scholarship Council and the MASTS
pooling initiative (The Marine Alliance for Science and Technology for Scotland) for their financial
support. MASTS is funded by the Scottish Funding Council (grant reference HR09011).

The third author would like to thank the Royal Society (WM160014, Royal Society
References Wolfson Research Merit Award) and
the Royal Society and the Newton Fund (NA160317, Royal Society-Newton Advanced
[1] K. D. Lafferty, G. DGLFIeIfbv@sﬁrﬁﬂgfoAtWeiP?ﬁ@%cTal%ﬂgp@‘?ﬁ A. M. Kuris, “A general

consumer-resource population model,” Science, vol. 349, no. 6250, pp. 854-857, 2015.

[2] H.R. Akcakaya, R. Arditi, and L. R. Ginzburg, “Ratio-dependent predation: an abstraction that
works,” Ecology, vol. 76, no. 3, pp. 995-1004, 1995.

[3] M. R. Heath, D. C. Speirs, and J. H. Steele, “Understanding patterns and processes in models
of trophic cascades,” FEcology Letters, vol. 17, no. 1, pp. 101-114, 2014. [Online]. Available:
http://doi.wiley.com/10.1111/ele.12200

19


Xuerong
The authors would like to thanks the referees for their very helpful comments and suggestions.

Xuerong
The third author would like to thank the Royal Society (WM160014, Royal Society Wolfson Research Merit Award) and
the Royal Society and the Newton Fund (NA160317, Royal Society-Newton Advanced Fellowship) for their financial support.�


o -{a) Hkb)
P il ] N P il ] D
= T &= Y.
-— _ [t | O
- -
o — —
] k 3
S T T 71 T s T T T T T 1
0 20 40 60 80 0 20 40 &0 =80
Time Time

wn W

s = () — &
I=) o B2
E -—

| =

i Wy —

[

=

2 o -

i)

I I I I I I
0 20 40 &0 &0

Time

Figure 1: Numerical simulations of the paths (a) x1(t) and (b) z5(t) of SDE model (1.2) using
the EM scheme with stepsize A = 0.01 and initial value zq = (0.7,0.15)7 with the system
parameters provided by (5.1). Times series of the correlated Brownian motions Bj(t) and
Bs(t) is shown in (c).
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Figure 2: Under the system parameters described in Example 5.2, we obtain the numerical
simulations of the paths (a) x;(t) and (b) z2(¢) of SDE model (1.2) using the EM method with
stepsize A = 0.01 and initial value xo = (0.7,0.15)T. Times series of the correlated Brownian
motions By (t) and By(t) is shown in (c).
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Figure 3: With the system parameters given in Example 5.3, we obtain the computer simu-
lations of the paths (a) z1(t) and (b) z2(¢) of SDE model (1.2) using the EM method with
stepsize A = 0.01 and initial value xo = (0.7,0.15)T. Times series of the correlated Brownian
motions By (t) and By(t) is shown in (c).
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Figure 4: Time series of the correlated Brownian motions adopted in Example 5.4 and 5.5.
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Figure 5: Numerical simulations of the paths (a) z1(t) and (c) z2(¢) of SDE model (1.2) based on
the model parameters described in Example 5.4 using the EM technique with stepsize A = 0.01
and initial value zo = (0.7,0.15)T, followed by the histograms for the SDE paths (b) x;(¢) and

(d) (%)
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Figure 6: Computer simulations of the paths (a) x1(t) and (c) z2(t) of SDE model (1.3) based on
the model parameters provided in Example 5.5 using the EM technique with stepsize A = 0.01
and initial value zo = (0.7,0.15)T, followed by the histograms for the SDE paths (b) x;(¢) and

(d) (%)
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