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Abstract—In order to reap the full scale of benefits of mil-
limeter wave (mmWave) massive multiple-input multiple-output
(MIMO) systems, the design of antenna arrays at the transmit-
ter or receiver becomes more critical due to the propagation
characteristic at mm-frequencies. In this paper, we investigate
the steering vector and array factor by considering three types
of planar antenna arrays, namely uniform rectangular planar
array (URPA), uniform hexagonal planar array (UHPA), and
uniform circular planar array (UCPA). Based on these results,
we investigate the array directivity/gain and the achievable
spectral efficiency in a 3-dimensional massive MIMO system
by considering both the azimuth and elevation dimensions. An
important observation is that the the maximum array gain, the
beamwidth, and the achievable spectral efficiency (SE) for the
above three types of planar antenna array configurations are
almost identical. The side lobe level and the geometric area of
the UHPA configuration are systematically better than those of
the UCPA and URPA configurations.

Index Terms—Achievable ergodic SE, array antenna, array
gain, mmWave MIMO, planar antenna arrays.

I. INTRODUCTION

Massive multi-input-multi-output (MIMO), where a base
station (BS) is equipped with a large number of antennas
has emerged as one of the promising technologies for fifth
generation (5G) communications since it can provide sub-
stantially higher SE and energy efficiency [1, 2]. One of the
major challenges is how to pack a large number of antenna
elements within a finite volume, especially for the traditional
1-dimensional antenna arrays, such as the uniform linear
array (ULA) and uniform circular array (UCA). For example,
when 100 antenna elements are uniformly spaced with a
half wavelength separation distance at a carrier frequency of
2 GHz, the length of a ULA will be about 7.5 m. For a
UCA configuration, the diameter of the circle array is about
2.4 m. Thus, this prohibitive antenna dimensions require the
development of alternative configurations.

Toward this direction, there are two feasible solutions to
deploy massive MIMO antennas at the BS. The first solution
is the use of mmWave carrier frequencies (30 GHz and
beyond) since the operating wavelength becomes very small
(i.e., less than 10 mm), which makes it possible to pack more
antenna elements within a compact physical space. In [3], the
synergy between millimeter wave and massive MIMO system
was proposed, which alleviates the array size constraints and
improves significantly the achievable sum rate. The second
solution is to use of a 2-dimensional (2D) antenna arrays since

which can [4]: (a) deploy higher numbers of antenna elements
at the BS site, (b) achieve more directed transmissions (i.e.,
narrow beam radiation pattern), and (c) provide higher antenna
gains to overcome path loss. For example, the work in [5, 6]
investigated the effect of several antenna array configurations,
such as ULA, uniform planar array (UPA) and UCA, on the
achievable SE and spatial fading correlation, and indicated that
the antenna array configurations has an important impact on
MIMO performance. As massive mmWave MIMO is a new-
born technology, further studies on the different geometrical
shapes of planar antenna array are of special interest.

The primary goal of this paper present the radiation char-
acteristics of some benchmark 2D planar antenna arrays, in
terms of steering vectors, array factor the directivity/gain
function, and then assess how these characteristics affect the
performance of mmWave massive MIMO systems. We adopt
the mmWave channel model introduced in [7–9]. The radiation
characteristics in terms of steering vectors, antenna array factor
and directivity of three benchmark 2D planar arrays (i.e.,
URPA, UHPA and UCPA) is studied, and then we derive the
upper bound on the achievable SE and present the achievable
SE via numerical simulation for the proposed 2D planar
antenna arrays, which based on a practical mmWave MIMO
channel model. Interestingly, results show that the radiation
characteristics and the maximum achievable SE are almost
identical for all the three antenna arrays. However, in terms
of side lobe level and physical space the UHPA antenna array
is performs the best.

II. SYSTEM MODEL

In this section, we consider a point-to-point mmWave
MIMO channel model and present the steering vectors and
the array factor for three types of planar antenna arrays (i.e.
URPA, UHPA, and UCPA).

A. Channel Model

Consider a mmWave massive MIMO system with Nt an-
tennas at the transmitter and Nr antennas at the receiver. The
received signal can be expressed as

y =
√
ρHx+ n, (1)

where ρ denotes the transmitter power, y ∈ CNr×1 is the
received signal, H ∈ CNr×Nt is the channel matrix, x ∈ CNt×1
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Fig. 1. An illustration of three types of 2D planar antenna array configura-
tions, (a) URPA, (b) UHPA, (c) UCPA.

is the transmitted signal, and n ∈ CNr×1 is the independent
and identically distributed zero-mean additive Gaussian noise.1

For mmWave wireless propagation, the clustered geometric
channel model is adopted, where the matrix channel H is
assumed to be a sum of P scattering clusters, each of which
constitutes of L propagation paths. Therefore, the channel
matrix H can be parameterized as [7–9]

H=γ
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where γ =

√
1/PL is a normalization factor, apl is the

complex gain of the each path, whose entries are complex
circular symmetric Gaussian random variables with zero mean
and unit variance, θpl and ϕpl are the azimuth and elevation
angle of arrival or departure of the l-th path at the p-th cluster,
respectively, Λr(ϕ

r
pl, θ

r
pl) and Λt(ϕ

t
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t
pl) represent the anten-

na element gain for the transmitter and receiver, respectively,
while ar(ϕ

r
pl, θ

r
pl) and aHt (ϕt

pl, θ
t
pl) represent the steering vec-

tor of the receiver and transmitter antenna array, respectively.
We assume that the antenna elements are isotropic elements
and there is no inter-element coupling/interference then for the
gain functions, we have Λ(ϕpl, θpl) = Λ(ϕpl, θpl) = 1.

The isotropic elements could be replaced by other antenna
types such as linear antennas, patch antennas, etc., taking into
account the corresponding gain functions.

Yet, it is known that the antenna array gain is proportional to
the squared absolute value of the array factor. Mathematically
speaking,

G(ϕ, θ) = σ|AF(ϕ, θ)|2, (3)

where AF(ϕ, θ) denotes the antenna array gain and AF(ϕ, θ)
denotes the antenna array factor, which will also be discussed
in the following section. From (3), we observe that the antenna
array gain depends on the array factor, which itself depends
on the antenna array configuration and the excitation [11].

B. Array Steering Vector

In this section, we first present the steering vector and the
antenna array factor with respect to different antenna array
configurations, which are depicted in Fig. 1. It is assumed that
each configuration consists of Nt identical radiating antenna

1Note that we assume that the noise power is equal to 1, such that ρ
represents the average SNR and is therefore dimensionless.

element, which are uniformly positioned in a plane. For the
URPA configuration, the total number of antenna elements is
Nt = Nx×Ny . For the UHPA and UCPA configurations, and
if the number of antenna elements on the m-th hexagon ring
and circle, respectively, is 6m, the total number of antenna
elements can be calculated as

Nt = 1 +
∑M

m=1
6m, (4)

where M denotes the number of rings/circles for a UH-
PA/UCPA configuration. It is assumed that the inter-elements
spacing at the horizontal direction is d = λ/2 and the number
of antenna elements equals to 90, the geometric area of
URPA, UHPA and UCPA is 22.5 λ2, 16.24 λ2 and 19.64 λ2,
respectively. We now present the steering vector and array
factor of three antenna arrays as follows:

1) URPA Analysis: A URPA configuration, which is de-
picted in Fig. 1(a), consists of Nx antennas in each row
(each row is a ULA) and Ny antennas in each column (each
column is also a ULA) in the horizontal and vertical directions,
respectively, and the corresponding inter-element spacing is
denoted as dx and dy respectively. Note that Nx and Ny are
arbitrary integers. In the far-field regime, the steering vector
for the URPA configuration is represented by [12]

a (ϕ, θ) = vx (ϕ, θ)⊗ vy (ϕ, θ) , (5)

where vx (·) and vy (·) can be viewed as the steering vectors
on the horizontal and vertical direction, respectively, with

vx (ϕ, θ)=
[
1 ejkdxsin θ cosϕ · · · ejk(Nx−1)kdxsin θ cosϕ

]T
(6)

and

vy (ϕ, θ)=
[
1 ejkdysin θ sinϕ · · · ejk(Ny−1)kdy sin θ sinϕ

]T
, (7)

where k = 2π/λ is the wavenumber and λ is the carrier
wavelength. In order to adjust beam of antenna array, we need
to multiply by the weight vector. According to (5), the array
factor for URPA can be calculated as

AFR (ϕ, θ)=

Nx∑
m=1

Ny∑
n=1

wmne
j[(m−1)kdx sin θ cosϕ+(n−1)kdy sin θ sinϕ],

(8)
where wmn denote the weight vector (i.e., antenna elements
excitation), which is designed to steer the planar antenna array
towards the desired direction.

2) UHPA Analysis: A UHPA configuration, which is de-
picted in Fig. 1(b), consists of M hexagon rings, the length of
every hexagon ring side is dm, the number of antenna element
on the m-th hexagon ring is 6m while the antenna elements are
uniformly distributed in the hexagonal side, and inter-element
spacing on the horizontal and vertical direction is set to dx
and dh, respectively. Then, in the far-field regime, the channel
response vector for the UHPA configuration can be given by
[13, Page 307]

a (ϕ, θ) =
[
vM . . . v1 v0 v−1 . . . v−M

]T
. (9)



where vn (i.e. n = −M, . . . ,M ) denotes the different vectors
at a row (each row is a ULA), which depends on the subscript
n. When the subscript n is an even number, the vector vn can
be given by

vn=δ
[
e−j(M−n

2 )kdxv · · · e−jkdxv 1 ejkdxv · · · ej(M−n
2 )kdxv

]
,

(10)
where δ = e−jnkdhv with dh =

√
3dx/2 and v = sin θ cos (ϕ).

When the subscript n is an odd number, the vector an is given
by

vn=δ
[
e−j(M−n−1

2 )kdxv · · · e−jkdxv ejkdxv · · · ej(M−n−1
2 )kdxv

]
,

(11)
According to (9), the array factor for UHPA is calculated as

AFH(ϕ, θ)=
M∑

m=−M

ejπ[m sin θ sinϕ− 2M−|m|
2 sin θ cosϕ−m

2 sin θ cosϕ]

2M−|m|∑
n=0

wmne
jπn sin θ cosϕ, (12)

3) UCPA Analysis: The structure of a UCPA is similarly
to a UHPA, as showed in Fig. 1(c), with the hexagon ring
replaced to circle ring. In the UCPA configuration, in which
6m antenna elements are uniformly placed around the circular
edge of the m-th radius. Then, in the far-field regime, the
steering vector of a UCPA configuration is expressed as

a (ϕ, θ)=
[
1 ejkrmsin θ cos(ϕ−ϕ̄1) · · · ejkrm sin θ cos(ϕ−ϕ̄mn)

]T
,

(13)
where m denotes the number of circle ring, rm denotes the
radius of the circular array, ϕ̄mn denotes the angle between
the n-th antenna elements on the m-th circle ring and the
x-direction. According to (13), the array factor for a UCPA
configuration can be calculated as

AFC (ϕ, θ)=1+
M∑

m=1

6m∑
n=1

wmne
−j(πm sin θ cos(ϕ− πn

3m )). (14)

So far, the steering vectors and array factors for the proposed
planar antenna arrays have been derived. It is shown that
the steering vector and array factor mainly depend on the
number of antenna elements, the array configuration and the
antenna elements excitation (i.e., the weight vector). Based on
these expressions, the antenna array directivity/gain and the
achievable SE will be investigated in the following section.

III. PERFORMANCE ANALYSIS

There are many radiation pattern characteristics for antenna
arrays, such as antenna array directivity/gain, beamwidth, main
lobe, and effective aperture, etc. In this section, we focus
on the antenna array directivity/gain calculation and then, on
the achievable SE estimation in order to check the effect of
different planar antenna arrays configurations on mmWave
massive MIMO systems.

In general, the radiation field form of each of the antenna

elements can be given by [11]

Em (r, ϕ, θ) = Af (ϕ, θ)
e−jkr

r
, (15)

where A is the nominal field amplitude and f (ϕ, θ) is the
normalized to unity electric field pattern, and r is the distance
between the element and the reference point. According to the
pattern multiplication principle [11], the antenna array total
electrical field of the antenna array is,

E = Em AF (ϕ, θ) . (16)

The antenna directivity is defined as

D (ϕT , θT ) = 4π
U

Prad
, (17)

where

Prad =

∫ 2π

ϕ=0

∫ π

θ=0

U sin θ dθdϕ, (18)

is the total radiated power, and U = |E|2 r2/2 η0 is the
radiation intensity with η0 being the intrinsic impedance of
the medium. Substituting (15) into (16) and combining it with
U = |E|2 r2/2 η0, we obtain

U =
|A|2

2 η0
|f (ϕ, θ) AF (ϕ, θ)|2 . (19)

Substituting (18) and (19) into (17), the array directivity is
given by

D (ϕ, θ) =
4π |f (ϕ, θ) AF (ϕ, θ)|2∫ 2π

ϕ=0

∫ π

θ=0
|f (ϕ, θ) AF (ϕ, θ)|2 sin θ dθdϕ

. (20)

In our calculations, we assume that each antenna array consists
of isotropic elements, and thus f (ϕ, θ) = 1 [13, Page 60].
Consequently, the directivity of the antenna array is deter-
mined by the array factor. Moreover, assuming that the an-
tenna arrays are lossless or equivalently have unity efficiency,
directivity is equal to antenna gain. Hence

G(ϕ, θ)=D(ϕ, θ)=
4π |AF (ϕ, θ)|2∫ 2π

ϕ=0

∫ π

θ=0
|AF (ϕ, θ)|2 sin θ dθdϕ

. (21)

From (21), it is obvious that the antenna array gain is propor-
tional to the squared absolute value of the antenna factor, as it
was previously mentioned in (6). In (21), the double integral
was estimated via numerical technique. For the URPA, UHPA
and UCPA the result was 772.977, 768.463 and 786.239,
respectively. Hence, the maximum gain was 42.39 dB, 42.63
dB and 43.00 dB, respectively at (ϕ, θ) = (0, 0).

We now study the effect of different antenna array con-
figurations on the achievable rate. We assume that equal
power allocation among antenna elements is adopted and
the transmitter has perfect channel state information. From
(1), under the assumption of Gaussian input signaling, the
achievable SE of the system is expressed as

R = E
{
log2 det

(
INr +

ρ

Nt
HHH

)}
, (22)



From (22), it is worth noting that the expectation is taken
over all channel realizations of H and the channel is needed
to be ergodic. We observe that it is difficult to derive closed-
form expressions on the achievable SE for hybrid architecture.
Alternatively, we seek to tractable bounds on the total achiev-
able SE of hybrid architecture massive MIMO system, which
enable us to draw engineering insights into the performance
of system. With the aid of the Hadamard inequality property,
an upper bound on the achievable SE can be calculated as

R ≤ E

{
log2

(
Nr∏
r=1

[
I+

ρ

Nt
HHH

]
rr

)}
, (23)

By applying Jensen’s inequality, the upper bound can be
further calculated as

R ≤
Nr∑
r=1

log2

(
1 +

ρ

Nt
E
{
∥hr∥2

})
, (24)

where hr denotes the r-th row of H. This means that given
a constraint on ∥hr∥2, the achievable SE can be maximum.
According to (2), we know that the variance of apl equals to
1 and the antenna array gain is set as one within the range of
AoDs/AoAs. Therefore, we have

E
{
∥hr∥2

}
= E

{
|apl|2

}
Λ2
tΛ

2
rNt ≤ Λ2

tΛ
2
rNt. (25)

Substituting this result into (25), we obtain

Rupper = Nrlog2 (1 + ρ). (26)

From (26), we notice that the upper bound on the achievable
SE depends on the antenna array gain of transmitter and
receiver, and the transmit power. Generally speaking, the
antenna array gain increases with the number of antenna
elements. This result implies the upper bound infinitely large
as the number of transmitter antenna grows without bound. In
addition, it can be clearly seen that the achievable SE has no
relative with the number of antennas at the transmitter and the
proposed antenna array cases, only depends on the number of
antennas at the receiver the and the SNR.

IV. SIMULATION RESULTS

In this section, we provide simulation results to compare
the proposed antenna array beam pattern and present the
total achievable SE of the system for the proposed planar
antenna arrays. In simulations, we assume that the receiver is
deployed ULA configuration and the transmitter is equipped
with the URPA/UHPA/UCPA configuration, the height of the
transmitter is fixed to h = 50 m, the radius of circular-shaped
cell is set to r = 500 m and the radius of guard zone is
set to r0 = 50 m, the spread azimuths at the transmitter are
set to ∆θt = 10.2◦ and ∆ϕt = 0◦, respectively; the spread
azimuths at the receiver are set to ∆θr = 15.6◦ and ∆ϕr =
6◦, respectively, the inner antenna spacing is d = λ/2. These
parameters are obtained from the measurement results of [7],
while the channel model is generated as described in (2).

In Fig. 2 from (a) to (c), we depict the normalized antenna
array gain in spherical coordinates. Due to the θ = π/2 plane
symmetry, only the range θ ∈ [−π/2 π/2] is depicted. In our

Fig. 2. Antenna array gain in spherical coordinates for the proposed planner
antenna arrays. (a) The URPA configuration (b) The UHPA configuration (c)
The UCPA configuration.

simulation, the number of antenna elements for URPA (UHPA
and UCPA) is set to Nt = 90 (91), the inter-element spacing
is set to dx = dy = λ/2 (dh =

√
3dy/2), the weights factor

is set to wmn = 1 and the desired direction is set to (ϕ, θ) =
(0◦, 0◦). It is evident that all three antenna arrays has their 3D
beam pattern and are different directional with the main lobe
located at (ϕ, θ) = (0◦, 0◦) and (ϕ, θ) = (0◦, π). Additionally,
the UCPA has almost omni-directional radiation pattern in the
horizontal plane (i.e., θ = π/2), however the maximum gain
in this plane has level 50 dB from the maximum lobe.

Fig. 3 depicts the normalized antenna array gain in the
θ = π/2 plane for ϕ ∈ [−π/2 π/2]. The beamwidth and
especially the half power beam width (HPBW) for all the
three antenna arrays is almost identical: 11.30◦, 10.15◦, and
10.82◦, respectively. Additionally, the first null for all cases
occurs around 13.00◦. However, it is evident that the antenna
arrays have different side lobes. Specifically, the URPA, UHPA
and UCPA have sidelobe level −12.90 dB, −18.86 dB and
−17.65 dB, respectively, we know that UHPA configuration
is the lowest side lobe level compared to the URPA and UCPA
configurations. This indicate that adopting UHPA configura-
tion yields severe interference.

In Fig. 4, the simulated total achievable SE for the pro-
posed planer antenna array configurations are plotted against
the SNR. As we can see, the total achievable SE of the
proposed antenna array configurations is also identical (the
URPA configurations experiences a little degradation). This
indicates that antenna array configurations have identical effect
on the performance of massive MIMO systems. We see that
the upper bound is consistently above the simulation result in
the entire SNR regime, which is in accordance with the result
in (25). In addition, we also see that the gap on the achievable
SE between the upper bound and simulation results increases
with the SNR. Especially, the gap becomes relatively obvious
when SNR=5 dB. This because the transmitter power plays a
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Fig. 3. Normalized Beam Pattern for the proposed planner antenna arrays.
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dominant role and the channel gain is negligible.

TABLE I
PHYSICAL AND RADIATION CHARACTERISTICS

Metric URPA UHPA UCPA
Antenna number 90 91 91

Inter-element spacing λ/2 λ/2 λ/2
Maximum gain (dB) 42.39 42.63 43.00

HPBW (3 dB) 11.30◦ 10.15◦ 10.82◦

Side lobe level (dB) −12.90 −18.86 −17.65
Geometric area 22.5 λ2 16.24 λ2 19.64 λ2

Based on the above analysis, we summarize the physical
and radiation characteristics of the proposed antenna arrays
in Table II. It is clear that the three antenna configurations
have not only almost identical maximum gain, but also iden-
tical HPBW. Equivalently, these radiation characteristics (i.e.,
maximum gain and HPBW) have the most significant effect on
the achievable sum rate. However, the UHPA has the highest
side lobe level compared to the URPA and UCPA, but has
the smaller geometric area. Therefore, when first priority is
the compact size, the UHPA configuration is a valid option.
From the above discussion, we conclude that 2D antenna array
has itself metric, it is hard to exact evaluate which type of

the antenna array configuration is more suitable for massive
MIMO systems and it needs to concern practical issues.

V. CONCLUSION

In this paper, we investigated the performance of three
different planar arrays, namely URPA, UCPA, or UHPA, and
provided the simulated achievable sum rate. An important
observation is that the considered 2D arrays had almost
identical performance and yielded the same achievable SE for
a clustered mmWave channel model. We conclude that the 2D
planar antenna array configurations almost have no effect on
the performance of massive MIMO systems and our results
provide insight on design criteria of the 2D planer antenna
array, which will be most useful in the practical application
of mmWave massive MIMO systems.
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