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Abstract: This research presents the analysis of using different weighting functions for the GPS and
Galileo observations in Precise Point Positioning (PPP) performance for globally located stations for
one week in 2021. Eight different weighting functions of observations dependent on the elevation
angle have been selected. It was shown that the use of different weighting functions has no impact on
the horizontal component but has a visible impact on the vertical component, the tropospheric delay
and the convergence time. Depending on the solutions, i.e., GPS-only, Galileo-only or GPS+Galileo,
various weighting functions turned out to the best. The obtained results confirm that the Galileo
solution has comparable accuracy to the GPS solution. Also, with the Galileo solution, the best
results were obtained for functions with a smaller dependence on the elevation angle than for GPS,
since Galileo observations at lower elevation angles have better performance than GPS observations.
Finally, a new weighting approach was proposed, using two different weighting functions from the
best GPS-only and Galileo-only for GPS+Galileo solution. This approach improves the results by 5%
for convergence time and 30% for the troposphere delay when compared to using the same function.

Keywords: PPP; Galileo; stochastic modeling; weighting functions; elevation angle; convergence time

1. Introduction

Precise Point Positioning (PPP) is an absolute Global Navigation Satellite System
(GNSS) positioning method that estimates very precise positions using observations from
one receiver and does not require a nearby reference station or network of stations. It
requires code and phase observations on multiple frequencies and sophisticated algorithms
and requires the use of precise products that are globally validated and allow homogeneous
positioning across and around the Earth. Currently, it can achieve an accuracy of dm–cm
in kinematic measurements and cm–mm in static measurements. However, the biggest
limitation is the long convergence time, which significantly limits the method in time critical
applications. Nevertheless, today PPP has proven itself as a substantial GNSS positioning
method, which in addition to the position also allows for estimating parameters such as
the tropospheric delay, ionospheric delay and receiver clock correction. Therefore, PPP has
found an application in various scientific and commercial applications [1].

The first concepts of PPP were presented in the works [2–4]. Then, Kouba and Her-
oux [5] and Kouba and Springer [6] proposed the use of precise combined International
GNSS Service (IGS) products and ionosphere-free linear combination, which eliminates the
first order ionospheric delay, known as the conventional model. All these works were based
on GPS observations. For the first time, the use of GPS and GLONASS was presented in Cai
and Gao [7] and the first use all of available GNSS systems (GPS, GLONASS, Galileo, BDS)
was presented in Tegedor et al. [8]. Since then, the PPP method has developed significantly,
and the most important goal is to strive for the best possible multi-GNSS, multi-frequency
measurements [9–17].

The mathematical model of GNSS positioning is defined by means of deterministic and
stochastic description [18]. The functional (deterministic) model describes the mathematical
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relationship between GNSS observations and the estimated parameters already known.
In contrast, the stochastic model is not fully known and still requires a number of studies,
especially for the PPP method. The stochastic model describes the statistical properties of
observations and can be presented as variance-covariance (VC) matrix VC = σ2

0Q, where σ0
is the value of precision of observations and Q is the cofactor matrix which depends on the
used weighting functions [19]. Its inverse is the weight matrix P = Q−1. The full population
of VC matrix contains variance and covariance elements. Variance defines the precision
of observations and covariance defines their physical correlations. Defining the full VC
matrix is very difficult since it depends on used models, used GNSS systems (also blocks
of satellites) and their observations (frequencies and signals), used equipment (receiver
and antenna types), noise, multipath and other mis-modeled errors. VC matrix also needs
spatial- and time-correlation between observations [20]. Consequently, it is impossible to
determine one universal model that fits all GNSS measurements and equipment. Therefore,
a simple approach is followed using only the variance element of VC matrix, defining the
precision of observations and weighting functions.

One of the methods used for stochastic modeling of GNSS observations is the Variance
Component Estimation (VCE) method [21,22]. This method is used for the estimation of
unknown variance components of the VC matrix. There are different variations of the
VCE method: minimum norm quadratic unbiased estimator (MINQUE), the best invariant
quadratic unbiased estimator (BIQUE), the least-squares variance component estimator
(LS-VCE), the restricted maximum likelihood estimator (REML) or the Bayesian approach
to VCE [23]. One of the more commonly used in GNSS measurement analysis is the LS-VCE
methods [24–27].

Due to the redundancy of GNSS observations, an inaccurate stochastic modeling may
result in high-precision observations being rejected. It is important that the observations
with higher precision are characterized by higher weights (i.e., smaller variances), and,
consequently, have a substantial impact on the estimated parameters. In most cases, the
weighting of observations depends on the elevation angle of satellites. A low satellite is
burdened with greater errors caused by the atmosphere and multipath and is characterized
by higher noise and lower signal strength. In order to disregard such low angle satellites, a
dedicated elevation mask is introduced.

The problem of excluding or reweighting observations at low elevation angles was
raised in 1997 at the IGS Workshop on Governing Board Meeting in Pasadena [28]. It has
been shown that different Analysis Centers (ACs) use different approaches, e.g., some ACs
include observations above an elevation angle of 15◦ or 20◦ without weighting functions,
and some use 15◦ with an elevation angle dependent on weighting. A further issue was that
most stations had high cut-off elevation angles set on the receivers, making it impossible
to observe all satellites. From the IGS [29], one can read that the use of low satellites
improves height determination, and it has been recommended to use observations down
to 5◦. Furthermore, in 1997, the AC Center for Orbit Determination in Europe (CODE)
made changes to its calculations [30]. The cut-off elevation angle was changed from 20◦

to 10◦ and an elevation-dependent weighting of the observations was applied: 1
cos2 Z ,

where Z is the zenith angle. Then, it was shown that lowering the cut-off elevation angle
significantly improves the repeatability of the estimated station coordinates, especially
the height component. Since then, different IGS ACs have adopted different weighting
functions and different cut-off elevation angles.

In 2011, Gao et al. [31] performed research on stochastic modeling of GNSS observa-
tions for PPP using elevation angle and carrier-to-noise-density ratio (C/N0). It resulted
in an improvement in position accuracy (obtaining the accuracy of dm) and a significant
reduction in a convergence time, although only the GPS system was taken into account.
Yu and Gao [32] proposed using the sine function for an elevation angle above 30◦ and
the sine square for an elevation angle below 30◦, using GPS, GLONASS and BeiDou. In
addition, other error values were adopted for the BeiDou system, due to the system not yet
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being fully operational and the poor quality of products. Both the accuracy improvement
and the convergence time were reduced.

Kazmierski et al. [33] showed the effect of various observations’ weighting for multi-
GNSS PPP and noted that different weights for each GNSS system assumption result in
higher position accuracy. The best weighting was obtained when taking into account
the Signal-In-Space Range Error (SISRE) parameter, which shows the quality of products
for a given system. Liu et al. [34] proposed weight factors when searching algorithms
with a moving-window average filter to ionospheric delay constraint for GPS and Galileo
real-time positioning, in order to obtain a shorten convergence time. Kiliszek et al. [35]
performed analysis with different IGS products and used two weighting methods, i.e.,
constant precision of observations and exponential weighting functions for GPS, to prove
the improvement in accuracy and shortened convergence time while using the exponen-
tial function.

Jiang et al. [36] studied the four different stochastic modelling of inter-system bias
(ISB) using piece-wise constant, random walk, arc-dependent constant and white noise
processing strategies for GPS and BeiDou. The analysis showed that the results depend
on the used IGS products from different ACs. Zhang et al. [37] studied the impact of
different weight ratio between pseudorange and phase observations again for GPS and
BeiDou. Pan et al. [38] performed the analysis for multi GNSS real-time PPP for uncom-
bined and ionosphere-free combined observations, using different weights for different
constellations and blocks of satellites. This analysis used SISRE parameters and sinus
functions with elevation angles. Again, it improved accuracy and shortened convergence
time. Guo et al. [11] analyzed two methods of stochastic modelling for triple-frequency
PPP ambiguities resolutions (PPP-AR) for multi-GNSS. Analyses was performed using
different a priori precision of observations from zero baseline experiment. Also in this work,
the sine function for satellites with an elevation angle belove 30◦ and the equal precision
for satellites with an elevation angle above 30◦ were employed. The work obtained was
slightly improved using different precisions for all observations.

Currently, the Galileo has 28 satellites in space, including 22 operational (19 Full Oper-
ational Capability (FOC) and 3 In-Orbit Validation (IOV)), two on-height elliptical orbits
with ‘not usable’ status, one ‘unavailable status’, one ‘not usable’ status and two recently
launched with ‘under commissioning’ status [39]. Nowadays, the Galileo system allows
precise positioning anywhere on Earth with accuracy similar to GPS [40–44]. However,
Galileo has still not reached its FOC and new research is still required.

The latest PPP advanced models, such as PPP-AR [45–52], are not yet generally
available—most are still in the research phase and require advanced algorithms and prod-
ucts. The conventional PPP model is still the most widely used. Also, the use of multi-GNSS
observations significantly improves PPP performance. The greatest benefits are from the
use of GPS and Galileo together, which are the most compatible systems. Both systems have
different characteristics which may require a different approach to stochastic modeling.

The aim of this study was to analyze the effect of using different elevation angle-
dependent weighting functions on the accuracy, convergence time and estimate tropo-
sphere (Zenith Path Delay (ZPD)) and ISB by the conventional PPP model. The result
of this analysis is the proposal of the best weighing functions for GPS-only, Galileo-only
and GPS+Galileo for the PPP method. The calculations were made for 13 Multi-GNSS
Experiment and Pilot Project (MGEX) stations located globally for one week in 2021, for
GPS, Galileo and GPS+Galileo constellations.

This paper is organized as follows. Section 2 describes the model, solutions and data
used with detailed descriptions of the weighting functions used. Also, this section shows
the analysis of using different reference coordinates. Section 3 presents the results obtained
from the conducted analysis. First, the results for a selected station of one day are presented.
This was done in order to present more detailed results, which were then integrated for
all stations and days analyzed. In Section 4, an approach to weighting observations for
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GPS+Galileo solution was proposed with the analysis results. The last Section 5 describes
the discussion and conclusion of the research.

2. Methodology and Data
2.1. Data and Solutions

This analysis considered data from 13 global MGEX stations (Figure 1) which collected
multi-GNSS observations with 30 s intervals, for one week from Day of Year (DoY) 38 to
DoY 44, in 2021. For the chosen period, the condition of products used [53] and the
ionosphere activity [54] was checked. In this period, there were no gross errors which
allowed performing the analysis in normal observation conditions. For the calculations,
PPPH software which uses the Extended Kalman Filter (EKF) and conventional PPP
models [55,56] was used.
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The code and carrier phase undifferenced ionosphere-free linear combinations for GPS
and Galileo observations in units of length can be expressed by the following equations:

PRIF,G = ρG
r + c

(
δr,clock − δG

clock

)
+ TG

r + εIF

ΦIF,G = ρG
r + c

(
δr,clock − δG

clock

)
+ TG

r + λG
IFNG

IF + εIF

PRIF,E = ρE
r + c

(
δr,clock − δE

clock

)
+ TE

r + ISBGE + εIF

ΦIF,E = ρE
r + c

(
δr,clock − δE

clock

)
+ TE

r + ISBGE + λE
IFNE

IF + εIF

(1)

where: G, E denote the GPS and Galileo systems, respectively; PRIF and ΦIF are ionosphere-
free linear combination for code and carrier-phase observations, respectively; ρS

r is the true
geometric range between the satellite in the emission time and the receiver in the reception
time; c is the speed of light; δr,clock, δS

clock are the receiver and the satellite clock offsets,
respectively; TS

r is the slant tropospheric delay; λIF is the wavelength for the ionosphere-free
linear combination; NIF is real value of the ambiguity ionosphere-free linear combination
(cycle); ISBGE is the inter-system bias representing the offset between the time scale and
hardware delay of GPS and Galileo systems; εIF, εIF are other errors, for example: noise and
multipath. This model also requires the inclusion of errors such as: receiver and satellite
phase centers corrections, relativistic correction for code and carrier-phase observations of
the ionosphere-free linear combinations and carrier phase wind-up for phase observations
and the use of the site displacement effects, which are defined in the IERS conventions [57].

In this way, the station coordinates, clock correction of the receiver, wet component
of the tropospheric delay, real ambiguity values and ISB for multi-GNSS solutions was
estimated. A list of used models and methods are shown in Table 1.
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Table 1. Methods and models used.

Items Models/Methods

PPP model static mode, conventional PPP model using undifferenced dual-frequency
code and phase ionosphere-free linear combination

Signals L1 and L2 for GPS; E1 and E5a for Galileo
Stochastic modeling different weighting functions shown in Table 2

Constellation GPS, Galileo, GPS+Galileo
Cut-off elevation angle 7◦

Interval estimation 30-s
Periods one week: from 38 DoY to 44 DoY of 2021

Reference frame IGS14
Orbit sp3 CODE MGEX with 5-min intervals
Clock clk CODE MGEX with 30-s intervals

PCO and PCV for satellite antenna igs14.atx
PCO and PCV for receiver antenna igs14.atx; for Galileo used model from GPS

Ionospheric delay ionosphere-free linear combination

Tropospheric delay
a priori value: Saastamoinen model with GPT2

estimated: wet component
mapping function: GMF

Solid earth tide, relativistic effect, phase wind-up IERS convention 2010
Ambiguities Estimated float value with remaining bias as constant for arc

ISB between GPS and Galileo Estimated as random walk: 1.0 × 10−7

Table 2. Used weighting functions.

Functions Solutions Precision of
Pseudorange PRIF

Precision of
Carrier-Phase ΦIF

Function_1
σ2 = σ2

0 = constans
G, E, GE

GE1
σ0 = 0.6 m
σ0 = 0.9 m

σ0 = 0.006 m
σ0 = 0.009 m

Function_2
σ2 = a2 + b2

sin2(E)
G, E, GE

GE1

a = 0.3 m; b = 0.5 m

a = 0.4 m; b = 0.6 m

a = 0.003 m; b = 0.005 m

a = 0.004 m; b = 0.006 m
Function_3

σ2 =
(

a + b
sin(E)

)2

Function_4

σ2 =

(
c + de

−E
E0

)2 G, E, GE
GE1

c = 1.3 m; d = 5.3 m
c = 2.3 m; d = 6.3 m

E0 = 10
◦

c = 0.013 m; d = 0.053 m
c = 0.023 m; d = 0.063 m

E0 = 10
◦

Function_5
σ2 =

σ2
0

2 sin(E) , E < 30
◦

σ2 = σ2
0, E ≥ 30

◦

G, E, GE

GE1

σ0 = 0.6 m

σ0 = 0.9 m

σ0 = 0.006 m

σ0 = 0.009 m

Function_6

σ2 =
(

σ0
sin2(E)

)2
, E < 30

◦

σ2 =
(

σ0
sin(E)

)2
, E ≥ 30

◦

Function_7

σ2 =
(

σ0
sin(E)

)2

Function_8

σ2 =
(

σ0
sin2(E)

)2

Calculations were performed for GPS, Galileo and GPS+Galileo solutions. For GPS
and Galileo solutions and the first GPS+Galileo solution, hereinafter referred to as G, E and
GE respectively, the same precision of GPS and Galileo observations was applied, whereas
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for the second GPS+Galileo solution, hereinafter referred to as GE1, the lower precision for
Galileo observations was applied.

2.2. Weighting of Observation

Stochastic modeling is presented as VC matrix with variances population only and it
depends on the use of the weighting functions. These weighting functions are related to
the elevation angle.

Most of the existing software and studies use the trigonometric functions for weighting
observations [58]. In this analysis, the seven weighting functions presented in Table 2 were
chosen. First, the model where all observations have the same precision, without a function
(hereinafter referred to as Function_1) was chosen. For all other cases, the precision of
observations depends on the elevation angle. Function_2 was taken from AC MIT (GAMIT
software) [59] and Function_3 from AC National Geodetic Survey (NGS) [58]. Function_4
is adopted from work [60]. Another way to weight observations is to use the threshold
value of elevation angle, for example 30◦, and to use different functions below and above
this angle (Function_5 and Function_6), as was shown in works [11,32]. The final two
functions are basic functions: the simple sine function (Function_7) [61] and square sine
function (Function_8) [62]. All these weighting functions were implemented in the PPPH
software used.

PPPH employs the adaptive robust EKF method, which introduces an equivalent
weight matrix to compensate for the effect of outliers in observations, and also an adaptive
factor to balance the contributions of measurement and estimated parameters [55]. In the
Kalman filtering method, the functional model and relative dynamic model include the
observation noise and process noise with a priori VC matrices, and both are considered to be
Gaussian normal distribution (for optimal solutions). In the case of GNSS observation, such
an assumption may be incorrect [63,64]. In our work, the a priori observation VC matrix
is a diagonal matrix with variances for code and phase observations for GPS and Galileo
observations. The initial uncertainty parameters were determined using the least squares
estimation. In this method, the unknown parameters are estimated in the first epoch by the
least squares adjustment, and then the estimated parameters and their statistical properties
(which may be treated as estimators with Gaussian normal distribution) are utilized as the
initial parameters for the next epoch.

For the calculations, both the pseudorange and carrier-phase observations with set
precision of 0.2 m and 0.002 m for raw measurements [18,65] were used. Because the
conventional PPP model uses an ionosphere-free linear combination, it causes a precision of
0.6 m and 0.006 m for the pseudorange and carrier-phase observations of this combination,
respectively. Such precision was adopted for the G, E and GE solutions. The Galileo system
is still in the phase of building, therefore in the case of the GE1 solution, the precision of
0.3 m and 0.003 m was set for the Galileo code and carrier-phase raw observations, respec-
tively. For this solution, the precision of code and carrier-phase of Galileo observations
for ionosphere-free linear combinations are 0.9 m and 0.009 m, respectively. This allowed
for an analysis of how the GPS+Galileo solution would be affected by adopting a worse
accuracy for Galileo observations.

The weighting functions used assume the precision of observations is the biggest at
the zenith direction and decreases with lower elevation angles. For Function_1, Function_5,
Function_6, Function_7 and Function_8, the precision of observation was set as mentioned
above. Additionally, in Function_5, the precision of observations increases up to an eleva-
tion angle of 30◦, and above this elevation angle, precision is the same for all observations.
For Function_4, the value was adopted from [35].

2.3. Reference Coordinates

PPP quality assessment often focuses on accuracy and convergence time, which in turn
strongly depends on the adoption of reference coordinates treated as ‘truth’. Additionally,
in recent years, a significant development of multi-GNSS positioning is observed. Therefore,
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one of the most important goals of the MGEX project is to prepare products for official multi-
GNSS-based combination solutions, which will be official IGS products in the future [66].

The multi-GNSS solutions computed by different ACs use different models than the
official IGS, even for the same GNSS system [15,67]. There is already research on obtaining
official combined solutions from all ACs, where discrepancies between different ACs are
still obtained [13–15,67]. These differences are the consequences of using different models
to determine the products, as well as the need to estimate parameters such as ISB [68] or
using different receiver antenna models for Galileo observations [69,70]. Therefore, it is
important to adopt appropriate reference coordinates in multi-GNSS analyzes.

Before beginning the principal analyses, we verified how the adopted reference co-
ordinates affected the analyses performed (Figure A1). The following coordinates were
calculated as reference coordinates: weekly from the G solution, weekly from the E solution
and weekly from the GE solution, using the sine function as a function weighting the
observations (Function_7). In addition, daily coordinates calculated by AC CNES/CLS
from MGEX were also used. Any 3D errors were analyzed. From the obtained results, it can
be seen that using only Galileo reference coordinates causes a bias of about 1 cm for GPS
calculations. Also, the use of GPS reference coordinates produces a bias of approximately
1 cm for Galileo calculations. As shown in [69], the use of Galileo phase center corrections
(PCC) models for Galileo observations causes a bias of -8 mm with respect to GPS results.
The use of PCC GPS models for Galileo observations results in greater consistency of the
results between Galileo and GPS solutions. For the results in relation to the daily refer-
ence coordinates calculated by AC CNES/CLS, the biggest errors were obtained for all
analyzed solutions. The best results were obtained for reference coordinates calculated for
weekly GPS+Galileo solutions, which eliminate systematic errors between GPS and Galileo.
These coordinates are adopted as ‘truth’ coordinates, allowing the best possible analysis to
be made.

3. Results
3.1. Detailed Analysis for MAS100ESP Station

In this subsection, results for only one station, MAS100ESP for 39 DoY, was presented.
Similar analysis was performed for the rest of the stations but is not showed here. The
MAS100ESP station was chosen as a station showing the average observation conditions
for the Galileo system.

A minimum of 5 satellites from both the GPS and the Galileo systems were observed
throughout the day. Most epochs had more GPS satellites observed, but there were some
epochs with more Galileo satellites observed. On average, 9.9 of GPS satellites and 7.5 of
Galileo satellites were observed. On average, 17.4 satellites using both systems were
observed. When observing daily variations for PDOP, the PDOP value provided was more
stable when both systems were used, unlike those of GPS-only or Galileo-only.

The signal strength (SNR) and multipath code combination (MP) for the Galileo E1 and
E5a observations and for the GPS L1 and L2 observations was presented in Figures 2 and 3,
respectively. SNR for the Galileo observations are higher than the GPS observations,
especially for E5a observations, which is higher than the L2 observations, with averages of
44.3 dBHz and 36.5 dBHz, respectively. The E1 observations have slightly lower SNR than
the L1 observations, i.e., the SNR is 42.8 dBHz and 44.3 dBHz, respectively. We also noticed
that Galileo observations, at lower elevation angles, have significantly higher SNR than
GPS observations, due to the multipath effects (Figure 3) [71], whereas Galileo observations
have higher performance with lower noise [20,72]. In addition, for L2 observations, it can
be seen that some of the GPS satellites have a higher SNR. These satellites belong to the
new satellite blocks (IIF and IIIA), which is in line with the goal of GPS modernization, i.e.,
improved accuracy, signal strength and observation quality [73].
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In this study, the convergence time is described as the time when the station position
reaches an accuracy of 20 cm and does not exceed this level thereafter. Figures 4 and 5
present the time series of the first four hours for the Up component, horizontal (2D) and
spatial (3D) errors for all analyzed weighting functions. The strong dependence of the error
on used weighting functions is noticeable, especially for the first epochs. Moreover, the
errors for the G and E have different behavior. For the E, the best results were obtained
for Function_3, with 5 mm, 22 mm and 25 mm accuracy for the U component, 2D and 3D
errors, respectively, whereas for the G, the best results were obtained for Function_7, with
values of –1 mm, 10 mm and 16 mm, respectively. The shortest convergence time of 14 min
was obtained for Function_8 for the E and 19 min was obtained for Function_7 for the G. In
addition, for G, the slightly longer times were also obtained for Function_1, Function_2,
Function_3 and Function_4. For the GE, the best results were obtained for Function_2,
with 3 mm, 12 mm and 15 mm, respectively, and similarly for the GE1, with an accuracy
of 3 mm, 13 mm and 16 mm, respectively. The best convergence time was obtained for
Function_6, with 13 min for the GE, and for Function_1, Function_2 and Function_7, with
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18 min for the GE1. For all cases, the GE1, where lower precision for Galileo observations
was adopted, had worse results than the GE.
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Based on the obtained results, it can be seen that the best results were obtained for
Galileo-only (blue line) and the worst for GPS-only (orange line). The use of both systems
together resulted in an improvement in the results relative to GPS-only. Also, the GE (red
line), where the precision of observations was the same for both systems, showed more
improvement than for the GE1 (green line), where for Galileo observations worse precision
than GPS observations were accepted.

In the next step, we compared the estimated tropospheric delays with the IGS solutions.
The results are presented in Figure 6. The worst results were obtained for the E for
Function_6, where the average difference was −16.2 mm. The best solution for the E was
obtained for Function_1, where the difference was −4.0 mm. Similar results were obtained
for the G, where for Function_1 the best agreement with IGS solutions of 4.7 mm was
also obtained. The worst, G, is based on Function_5, where a difference of 12.4 mm was
obtained. In the other cases, the average difference did not exceed 10.0 mm. A systematic
difference can be seen between the E and G, where it ranged from 8.7 mm for Function_7 to
24.3 mm for Function_6. Additionally, for the E, the results always showed negative values
and positive values for the G.

GPS+Galileo solutions show much better compatibility with IGS solutions. It confirms
the conclusion presented in [74] that using both systems together leads to better accuracy
of ZPD. For both the GE and GE1, the mean differences did not exceed 6.5 mm, with the
exception of the solutions based on Function_5 (for the GE and GE1) and Function_1 (for
GE1), which all gave larger ZPD values than IGS. The highest consistency of the GE was
obtained for Function_2, with a score of 0.4 mm, whereas for the GE1, Function_1 and
Function_5 had a score of −1.0 mm. The worst results were obtained for Function_8, with
6.3 mm and 6.5 mm for the GE and GE1, respectively.
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According to [75,76], the ISB parameter must be estimated for multi-GNSS positioning.
ISB can be estimated as a constant value or as a time-varying value [67] and should have
the same value regardless of the weighting functions. In our analysis, we estimated ISB as
a random walk process. Figure 7 shows the estimated ISB for the analyzed GPS+Galileo
solutions, where one can see the differences depending on the solution and the function
used. For Function_1, for the GE, a big jump of around 14 h:30 min was observed. The
difference for ISB was from −5.2 ns to −4.8 ns (about 11 cm), which did not occur for the
GE1. For Function_6 (yellow) and Function_8 (gray) in the GE solution, a much worse
consistency with the other weight functions was obtained after 19 h. The systematic
difference was about 0.2 ns (6 cm). Changing the weights for the Galileo observations in
the GE1 solution helped to remove this difference for Function_8, but, unfortunately, a
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discrepancy appeared between 15 h and 18 h. The other functions show a generally high
consistency, in the range of 0.1 ns, which corresponds to less than 3 cm.
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3.2. Overall Analysis

Using the individual results for all stations, such as the MAS100ESP example pre-
sented in the previous section, the mean values of the parameters discussed therein were
determined. The following section presents the results for the obtained accuracies, con-
vergence times, consistency of the obtained ZPD with the IGS solutions and ISB. In the
examples analyzed, the average number of observed GPS satellites was on mean two more
than the number of Galileo satellites, 7.6 and 9.5, respectively, and 17 satellites for both
systems together.

An accuracy assessment for the East, North and Up components and for the horizontal
(2D) and spatial (3D) errors was presented in Figure 8. The smallest errors were obtained for
the North component. They did not exceed 3 mm for all solutions and weighting functions,
with the exception of Function_1 and Function_5 for the G, where the results were consistent
at all stations. The standard deviation was within 5 mm. For the two mentioned functions
for the G, the standard deviation was 18 mm and 12 mm, respectively. The SUTM00ZAF
station had an influence on the obtained results, for which significantly greater errors were
obtained at −33 mm and −22 mm, respectively. No significant differences were observed
on the northern component between the solutions (G, E, GE and GE1) and the weighting
functions used.
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Slightly larger errors were obtained for the East component, which strongly depends
on the estimated ambiguities [77]. In general, they did not exceed 5 mm for all solutions
and weighting functions. The exceptions are the Function_5 and Function_8 for the G.
Their errors were 7 mm and 8 mm, respectively. The standard deviations of the mean
errors are larger and range from 3 mm to 14 mm. Similarly, the largest deviations are
for Function_1 and Function_5 for the G, and are 18 mm and 20 mm, respectively. For
solutions based on the GPS+Galileo, the best results were obtained with an average value
of 1 mm, with standard deviations ranging from 2 mm to 5 mm. The worst results were
obtained for Function_2, in which the standard deviation amounted to 6 mm for both the
GE and GE1. Reducing the precision of observations for Galileo (GE1) did not improve
the results. Better statistics were obtained for the GE than for the GE1. The differences
in results on the horizontal components are small. One could accept that the functions
themselves do not really matter here, and if they do, it is only slightly for the GPS-only and
Galileo-only solutions.

Significantly larger errors were obtained for the Up component. The positive values
were always obtained for the E, whereas only the negative were for the G. A bias between
the E and G was noted for all weighting functions. As shown in [69], using GPS receiver
antenna phase center corrections for Galileo observations causes a bias of almost −8 mm for
the Up component. In our solutions, the bias depends on the function used and varies from
7 mm for Function_1 to 38 mm for Function_6. A significant difference was also spotted
for Function_8, at a value of 33 mm. For the remaining functions, they ranged between 10
and 20 mm. The standard deviation amounts were 10 mm for both the G and E. The best
results, i.e., ±4 mm and ±8 mm for the G and E respectively, were obtained for Function_2
and Function_7. Much greater standard deviation was obtained for Function_4 for the
G, which was ±16 mm. For the GE and GE1, better results were obtained than for the G
and E, where the mean values were less than 7 mm, except for Function_6 and Function_8,
for which the error values of −13 mm and −11 mm were obtained for the GE1. Standard
deviation for the GE and GE1 was less than 5 mm for all functions.

Regarding the 2D error, in case of the E, values of about 20 mm were obtained with
a standard deviation of 10 mm, except for Function_6 and Function_8, for which 25 mm
and 26 mm were obtained with a standard deviation of 16 mm, respectively. For the G,
the values were 16–17 mm for Function_2, Function_3, Function_4 and Function_7, with
standard deviations of 8–9 mm, whereas for the remaining functions, the values reached
19–22 mm, with standard deviations of 12–15 mm. In case of the GE and GE1, the values
amounted to 12–13 mm, with standard deviations of 4–7 mm for all weighting functions,
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except Function_4 for which errors of 16 mm and 14 mm were obtained, respectively. For
the GE1 and GE, and Function_6, standard deviations of 8 mm and 9 mm were obtained.

Regarding the analysis for the 3D error, lower values were obtained for the G than
for the E. The accuracy for the G amounted 25–33 mm with a standard deviation of
approximately 10 mm, except for Function_6 and Function_8, for which the values of 43 mm
and 46 mm were obtained with a standard deviation of 20 mm and 16 mm, respectively.
The best values were obtained for Function_3, i.e., 26 ± 9 mm. For the E, the error values
ranged from 32–37, mm with a standard deviation of approximately 10 mm. Again, the
worst results were obtained for Function_6 and Function_8, with 46 ± 18 mm. On the other
hand, the best results were obtained for Function_5, i.e., 32 ± 8 mm. For the GE and GE1,
better results were obtained than for the G and E. The error values ranged from 17–23 mm
wit standard deviations of 6–8 mm. Additionally, for these solutions, the worst values were
obtained for Function_6 and Function_8. In case of the GE1, they amounted to 32 ± 14 mm
and 32 ± 12 mm, whereas for the GE, they amounted to 29 ± 13 mm and 28 ± 12 mm. The
best values for both solutions were obtained for Function_2 17 ± 7 mm.

The use of different weighting functions was reflected most for the Up component.
The best results for the G were obtained by applying Function_3, whereas for the E, the
best results were obtained for Function_5. For all solutions (i.e., G, E, GE, GE1), the worst
accuracies were obtained with Function_6 and Function_8. Likewise, it can be noted that
slightly larger errors were obtained for the GE1 than for GE, confirming that the Galileo
system already allows for achieving similar accuracy to the GPS. Thus, defining lower
weights for Galileo observations is not necessary.

Figure 9 shows the results of the convergence time analysis. The best results were
obtained for the North component, where it was below 16 min in most cases. In case of
the East component, convergence time was below 20 min in most cases. For the horizontal
components, the advantage of Galileo solutions over GPS solutions can be seen. The
convergence time is on average 3 min (about 15%) shorter. It is an opposite situation for the
vertical component, where GPS solutions gave better results than Galileo. The convergence
time here is comparable to the values obtained for the eastern component, which was less
than 20 min, except for Function_4, Function_6 and Function_8, where it was 20 min and
22 min; 24 min and 24 min; and 28 min and 24 min, for the E and G, respectively. For the Up
component, there is a clear improvement for GPS+Galileo solutions compared to GPS-only
and Galileo-only.
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The total effect of all components (East, North and Up) is presented in the analysis
for the 3D error, for which the convergence time in all solutions very much depends on
the weighting functions used. For the E, the shortest convergence time was obtained for
Function_5, being 36 ± 16 min. In contrast, the longest convergence time was obtained
for Function_8, amounting to 69 ± 54 min. For the G, the shortest convergence time was
obtained for Function_3, which equaled 36 ± 22 min. In turn, the longest convergence
time was obtained for Function_6. It amounted to 59 ± 44 min. For the GE and GE1, the
shortest convergence time was obtained for Function_5, i.e., approximately 21 ± 5 min for
the GE and 22 ± 6 min for the GE1. Similar results were obtained for Function_2, which
was only less than a minute longer. For both the GE and GE1, the longest convergence time
was obtained for Function_6 and Function_8, amounting to 34 ± 23 min and 30 ± 20 min,
respectively. Reusing the two systems together resulted in a shorter convergence time than
for each system separately and a shorter convergence time for the GE than that for the GE1
was obtained.

When comparing analysis of the convergence time with the accuracy, it can be seen
that the use of different weight functions in addition to the Up component also affects the
East component.

Figure 10 shows the results of the ZPD tests. The best values for all solutions were
obtained for the E. Then, slightly worse results were obtained for the GE and GE1, and
the worst values were obtained for the G. For most solutions and weighting functions, the
error values and standard deviation are less than 10 mm. The exception is Function_6 and
Function_8. For these functions in solution E, a mean difference of less than 0.5 mm was
obtained. However, the scatter of the results is large, as evidenced by the high value of the
standard deviation—14 mm and 16 mm for Function_6 and Function_8, respectively. In
addition, for the G for Function_1 and Function_5, the standard deviation was greater than
10 mm and amounted to 12.2 mm and 11.1 mm, respectively.
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For the E, the accuracy of about 2-3 mm was obtained with the best recorded values
for Function_5 being 2.5 ± 8.6 mm. For the G, the accuracy ranged from 6 to 9 mm, with
the best values for Function_3 being 8.2 ± 7.4 mm. In case of the GE and GE1, the accuracy
ranged from 5 to 7 mm, with better values for the GE than for the GE1. For these above
solutions, the best values were obtained for Function_4, for which 4.7 ± 6.9 mm and
5.1 ± 6.2 mm were obtained, respectively.

ISB obtained from the GE and GE1 (not showed here) were also analyzed. For this
purpose, ISB were averaged and standard deviations were calculated for all stations of each
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type of receiver model (Table A1) from the analyzed period. Based on the obtained results,
there was no correlation with the weighting functions used. The maximum difference
between the functions was 3 cm, but with different dependencies for each type of receiver.
Additionally, between the GE and GE1, the maximum differences were less than 2 cm and
have no dependencies with the used functions. For a more detailed analyses related to the
use of different weighting functions and ISB, it will be required to perform analyses for
more receiver types and to use a greater number of stations for each type of receiver.

4. Proposed Approach for GPS+Galileo Solution

For the G and E, the best results were obtained for Function_3 and Function_5, respec-
tively. Therefore, a new observation weighting approach for the GPS+Galileo positioning
was proposed. It uses different weighting functions for both systems. For this new solution,
named GE_new, Function_3 was used for GPS and Function_5 for Galileo. This solution
used the same precision of GPS and Galileo observations as the GE solution. The results of
this solution were compared with the results obtained for the GE and GE1 for Function_2,
for which the best results were obtained. The results are shown in Figure 11.
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Figure 11. Mean accuracy 3D (left), convergence time (center) and ZPD (right) from all stations
and all periods for the proposed weighting method—GE_new (purple), GE (red) and GE1 (green)
for Function 2.

For the GE_new, the obtained 3D accuracy was inferior compared to the GE and
GE1. The accuracy for the GE_new was 21 ± 7 mm, whereas for the GE and GE1 it was
17 ± 7 mm. However, when analyzing the convergence time and ZPD, an improvement
was achieved. For the GE_new, the convergence time was 21 ± 5 min, whereas for the
GE and GE1 it was 24 ± 13 min and 22 ± 10 min, respectively. The significantly smaller
standard deviation is particularly noticeable here. When analyzing ZPD for the GE_new,
a value of 4.1 ± 6.3 mm was obtained, whereas the values for the GE and GE1 were
5.7 ± 8.3 mm and 6.0 ± 8.2 mm, respectively.

Adopting two different weighting functions for GPS+Galileo solutions, separately for
each system, gave better results than using the same function for both systems. In addition,
in the literature [33,38], it was shown that using different weighting methods for different
systems gave better results. The obtained positioning accuracy was worse, but only by
4 mm. On the other hand, a shorter convergence time and higher accuracy of the estimated
ZPD were obtained, particularly with a smaller standard deviation. An improvement of
about 5% was obtained for the convergence time and about 30% for the tropospheric delay.
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5. Discussion and Conclusions

In order to obtain better GNSS positioning results, as in any geodetic process, observa-
tions should be weighted according to the measurement errors made. The simplest method
is to weigh the observations by the elevation angle using a simple sine function [78]. In
this study, the impact of different weighting functions on the performance of PPP for GPS,
Galileo and GPS+Galileo was analyzed. Eight models have been selected for analysis: one
of them assumes that all observations have the same precision, without dependence on
the elevation angle; for the rest, selected elevation-dependent functions were used. In this
paper, parameters that related to the quality of PPP solutions such as accuracy, convergence
time, ZPD and ISB are analyzed.

The results showed that for different solutions, different functions allowed for ob-
taining the best results. It is worth emphasizing that the weighting functions have the
biggest impact for the Up component. This concerns the accuracy and convergence time.
Additionally in convergence time, using different weighting functions also has an impact
on the East component.

For GPS-only, the highest accuracy was obtained for the Function_3, whereas for
Galileo-only, the best result was obtained for Function_5. Both functions depend on
the elevation angle, but for Function_3, the errors for lower satellites have less weight
(Figure 12). This is different for Function_5, where observations at lower angles have more
weight relative to most other functions. With higher signal strength and less multipath
effect for low Galileo satellites, this improves Galileo-only solutions. It is worth noting
that GPS observations from the newest satellites also have higher signal strength and less
multipath effect, so it will be worthwhile to do the study again in the future for GPS, where
the vast majority of satellites will be newer generation.
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For GPS+Galileo, we analyzed two solutions. The first one used the same precision of
observations for GPS and Galileo (GE solution). The second one (GE1) used a slightly lower
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precision for Galileo observations. Unlike the GPS-only and Galileo-only solutions, for the
GE and GE1 solutions, the best accuracy were obtained for the same functions—Function_2.
The shortest convergence time was obtained for Function_5. Considering that the difference
in convergence time between Function_2 and Function_5 is less than a minute, it should be
pointed out that the Function_2 proved to be the best. The accuracy for the GE solution
was found to be better than that for the GE1.

The worst results were obtained for Function_6 and Function_8. The solutions were
even worse than the solution without weights (Function_1). Both functions give very
low weights to low observations, an order of magnitude lower than for the other models
analyzed. This directly translated into the worst result obtained. This shows that improper
weighting of observations can degrade the results.

The best agreement of the tropospheric solutions with the IGS solutions was obtained
for the Galileo-only solution. Slightly worse results were obtained for the GPS+Galileo
solutions and the worst were for the GPS-only. As shown, the weighting functions have
an influence on the results obtained. For the Galileo-only solution, the best results were
obtained for Function_5, whereas for the G-only solutions, the best results were obtained
for Function_3, similar to accuracy and convergence time. For the GPS+Galielo solutions,
the best results were obtained for Function_4, and again better results were for the GE
solution than for the GE1 solution.

When analyzing the ISB parameter, there was no significant dependence on the weight-
ing functions used. Further research on a statistically larger sample of receivers is needed
to document a reliable impact.

A new approach was proposed for the final analysis. The best functions for GPS (Func-
tion_3) and Galileo (Function_5) were used separately for those systems in the GPS+Galileo
solution. The obtained results were compared with results of the GE and GE1 solutions, for
which the best results were obtained for the same as Function_2. Although the position-
ing accuracy was worse by 4 mm, other parameters (convergence time and troposphere)
performed much better. The lower accuracy may be due to the fact that there is still an
advantage of GPS satellites over Galileo. GPS has a complete constellation of satellites
evenly spaced across all orbits, resulting in more satellites available with better geometry
than Galileo [79]. This results in a greater influence of GPS on the results obtained. The
proposed approach increases the weight of the Galileo observations, especially for low
observations (Figure 12). With still slightly less accurate products for Galileo, this results
in a decrease in the accuracy obtained. However, it should be noted that the decrease
in accuracy is small. If we consider that significantly improved convergence time and
obtained higher accuracy of the estimated ZPD, it should be concluded that in general the
proposed approach based on different functions for two systems gives better results.

In conclusion, it should be noted that Galileo achieves similar accuracy as GPS.
Therefore, at least the same observation accuracy for both systems can be assumed for
GPS+Galileo positioning. There is no reason to reduce the accuracy of the latest Galileo
observations relative to GPS. Considering that each system has different characteristics,
different weighting functions of observations should be used. The conducted analyzes of
the weighting function clearly show it. As Galileo observations at lower elevation angles
perform better than GPS, they should be given more weight than GPS observations.

The conducted analyzes require further studies, which are planned for the future.
Research on stochastic modeling will be extended to the variance components analysis, e.g.,
using the LS-VCE method.
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