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Abstract

Biomimetic designs are increasingly filtering into new areas of technology
in recent years. Such systems exploit characteristics intrinsic to nature to
achieve enhanced adaptivity and efficiency in engineering applications. Peri-
staltic propulsion is an example of such characteristics and in the current
article it is explored as a feasible mechanism for deployment in electroki-
netic pumping of nanofluids through a curved distensible conduit as a model
for a bioinspired smart device. The unsteady mass, momentum, energy and
nanoparticle concentration conservation equations for a Newtonian aqueous
ionic fluid under an axial electrical field are formulated and simplified us-
ing lubrication approximations and low zeta potential (Debye Hückel lin-
earization). A dilute nanofluid is assumed with Brownian motion and ther-
mophoretic body forces present. The reduced non-dimensional conservation
equations are solved with the symbolic software, Mathematica 9 via the ND-
Solve algorithm for velocity, temperature, nano-particle concentration distri-
butions for low zeta potential. An entropy generation analysis is also con-
ducted. The influence of curvature parameter, maximum electroosmotic ve-
locity (Helmholtz-Smoluchowski velocity), inverse EDL thickness parameter,
zeta potential ratio and Joule heating parameter on transport characteristics
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is evaluated with the aid of graphs and contour plots. Temperature profiles
are elevated with positive Joule heating and reduced with negative Joule
heating whereas the opposite behaviour is observed for the nano-particle
concentrations.

Keywords: Peristaltic biomimetic pumping, aqueous ionic nanofluid,
electroosmosis, Joule heating, curvature, entropy generation analysis

1. Introduction

Bio-inspired engineering systems embrace established and self-adaptive
features observed in natural systems. In the 21st century with ever-increasing
emphasis on optimization of technologies, numerous biomimetic technologies
are being developed. These have utilized a diverse array of natural mecha-
nisms and geometries and have penetrated practically all aspects of engineer-
ing including ion transport behavior mimicked in a biological protein-based
ion pump [1], biomimetic DNA-based channels [2], lipid-membrane inspired
bioconvectionnano fuel cells [3], nanowire membranes featuring biological
wettability [4], tree-inspired transpiration cooling systems [5], pectoral fin-
inspired wave energy conversion devices [6], photosynthetic-based fuel sys-
tems [7], fish-based micro-hydronautics (naval propulsion) [8, 9] and superhy-
drophobic and hydrophilic aircraft micro/nanopatterned coatings inspired by
leaves [10]. These examples have shown considerable improvement in engi-
neering performance and have led to more sustainable, durable and ”smart”
systems. Among the numerous mechanisms encountered in nature, peristalsis
is particularly attractive to the engineer owing to the minimization of working
parts and the resilience achieved in practical implementation. Peristalsis is
a rhythmic contraction/expansion of muscles which arises in many biological
processes. A seminal study of the fluid dynamics of peristalsis was presented
by Jaffrin and Shapiro [11] who popularized the lubrication and long-wave
approximations and established the theoretical foundation for many future
investigations including reflux, trapping, retrograde and other phenomena.
In recent years peristaltic pumping mechanisms have been deployed in many
intriguing directions including biomimetic displacement pumps [12], antag-
onistic actuators in soft robotic locomotion [13], electro-pneumatics [14],
peristaltic control of soft-bodied swallowing robots [15], Peristaltic electro-
hydrodynamic control of plasma actuators in supersonic aerodynamics and
flexible silicone-based soft robotic ring actuators [16]. Mathematical mod-
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elling studies of peristaltic propulsion have also received significant attention
[17, 18, 19, 20, 21, 22]. Manzoor et al. [23] obtained computational solutions
for peristaltic pumping of magnetized rheological biofluids in ciliated conduits
with thermal convection and permeability effects. Guo et al. [24] analyzed
trapping phenomena and wave amplitude effects in hydromagnetic pumping
of viscoelastic fluids in porous media-filled tubes. AbdElmaboudet al. [25]
considered nonlinear viscosity variation in finite tube peristaltic pumping.
Carlos Gómez-Blanco et al. [26] utilized ABAQUS finite element software
to simulate peristaltic pumping in ureteral stents with Mooney-Rivlin, Yeoh,
and Ogden nonlinear elastic wall models.

In recent years another significant development in engineering is the ap-
plication of nanofluids. The term ”nanofluid” was introduced by Choi [27],
to characterize engineered colloids composed of nanoparticles dispersed in
a base fluid. In comparison with milli and micro sized particle slurries ex-
plored in past, the nanoparticles are closer in molecular dimension to the
particles of the base fluid. A nanofluid comprises a colloidal mixture of a
small quantity of conducting nanoparticles suspended in a base fluid, such as
water. Nanofluids have been shown to exhibit high, non-linear and anoma-
lous thermal conductivity, compared to the base fluid and to achieve sig-
nificant elevations in heat transfer rates. Nanofluid dynamics involves four
scales: the molecular scale, the microscale, the macroscale and the mega-
scale and an interaction is known to take place between these scales. Diverse
types of nanofluids can be synthesized by combining different nano-particles
(e.g. metallic oxides, silicon carbides, carbon nanotubes) with different base
fluids. Nanofluids have been employed in an extensive spectrum of appli-
cations in both energy and medical engineering including thermal storage
[28], direct absorber solar power collectors [29], PEM fuel cells [30], solar
gel coatings [30]. Although many analytical models for nanoscale flows have
been developed [31, 32, 33], a popular approach remains the Buongiorno two-
component laminar four-equation non-homogeneous equilibrium model [34]
which emphasizes the role of thermophoretic forces and Brownian motion dy-
namics as the key contributors to thermal conductivity enhancement. This
model fits well into multi-physical fluid dynamics.

In micro-channel systems and numerous other areas of biotechnology (e.g.
chemical separation), electro-osmotic flows arise. They are a special case of
electro-kinetic flows and characterized by transport in which charged parti-
cles or ionic fluids (electrolytes) are mobilized by electrical fields in conduits
which have charged walls. In electro-osmotic flows the electrostatic body
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force is of high magnitude in the electrical double layers. However, the
proximity of the charged no-slip surface leads to substantial viscous drag.
Electro-osmotic flow is therefore generated by an applied potential or elec-
tric field in a system that has an imbalance of charge (e.g. charged walls).
Important biological applications of electro-osmosis include translocation in
trees Polevoi [35], cell culture and tissue scaffolding devices, BioMEMS (bio-
micro-electromechanical systems) for pharmacodynamics, minimally invasive
medical procedures, implantable neuro-probes and ocular implants and cel-
lular microinjection [36]. Chakraborty [37] presented the first simulations
for the modulation of peristaltic transport via an electro-osmotic body force.
Tripathi et al. [38] presented the electro-osmotic pumping of nanofluids with
heat and mass transfer in a micro-channel under peristaltic waves with Joule
heating, Soret and Dufour cross-diffusion effects. Recently, Tripathi et al.
[39] extended this model to consider Joule heating and buoyancy effects in
electro-osmotic peristaltic pumping of water-based nanofluids with different
wave forms. Noreen et al. [40] studied a theoretical model to to simulate
electroosmotic transport via peristaltic motion in non-Darcy porous medium.
More recently, Narla et al. [41] developed a two-dimensional model of electro-
osmotic modulated peristaltic transport in a channel with a phase shift be-
tween the walls. This model was extended by Narla et al. [42] to study
uterine hydrodynamics of tapered geometry of the uterine cavity.

In many biological systems, heat transfer is present and energy losses
are incurred which can cause disorder (entropy). The mitigation or reduc-
tion of energy losses is now a major focus in bio-inspired engineering systems.
Avoiding or controlling this energy loss in thermal processes has gained much
interest among researchers in recent years. Analysis of entropy generation is
a powerful tool enabling the minimization of energy wastage or the optimum
utilization for maximizing system performance. Bejan [43] pioneered the en-
tropy generation minimization (EGM) approach, initially for industrial ther-
mal systems. Since generically thermal processes are inherently irreversible,
this leads to continuous entropy generation, which eliminates the exergy (use-
ful energy or available energy for work) of a system via different modes of
heat transfer (thermal conduction, convection and radiation). In biological
systems other phenomena may also contribute to the entropy production in-
cluding electrical fields (due to ions), magnetic fields (associated with iron in
the haemoglobin molecule), viscosity (fluid friction), magnetic field, thermal
buoyancy, species buoyancy etc. Minimization in the loss of exergy in any
system is desirable since it permits optimal usage of the energy situation
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with minimum irreversibilities. This optimum condition can be assessed via
entropy generation minimization (EGM). An extensive range of biological
flows have been studied with this technique which utilizes the second law
of thermodynamics to enable a more refined appraisal of heat transfer and
mitigation of losses. Akbar et al. [44] investigated analytically the entropy
generation in pumping of carbon nanotube (CNT)-nanofluids through a cil-
iated permeable medium, noting that entropy generation rate is enhanced
with both Darcy (permeability parameter) and Brinkman number (ratio of
direct heat conduction from the wall surface to the viscous heat generated
by shear in the boundary layer). They also showed that Bejan number (ra-
tio of heat transfer irreversibility to total irreversibility due to heat transfer
and fluid friction) is enhanced with higher values of Brinkman and Darcy
numbers. Escandón et al. [45] developed asymptotic solutions for entropy
generation in electroosmotic non-Newtonian flow in a microchannel, noting
that the entropy generation is dominated by Joule heating. Zhao and Liu [46]
investigated entropy generation in electro-osmotic flow in two-dimensional
open-end and closed-end micro-channels, computing the contributions from
heat conduction, viscous dissipation and Joule heating. They showed that
volumetric entropy generation rates due to Joule heating is maximized at
the center of the micro-channel, whereas those associated heat conduction
and viscous dissipation peak in the vicinity of the micro-channel walls. They
further noted that Joule heating results in an elevation with applied electri-
cal field in both the heat conduction entropy generation number and Joule
heating entropy generation number. Their simulations also indicated that for
the case where temperature increment due to Joule heating exceeds the tem-
perature difference between the inlet and the top wall, the electro-osmotic
flow entropy generation due to Joule heating constitutes the major portion
of the total entropy.

The above studies have generally been confined to straight channels or
tubes i.e. the influence of curvature has been neglected. Several investi-
gators have considered peristaltic pumping in curved vessels. There have
been a couple of investigations of fluid transport in a curved channel un-
dergoing peristalsis with prescribed wall motions [47, 48, 49, 50, 51, 52, 53].
Narla et al. [54] studied entropy generation analysis for peristalsis of viscous
fluid in a curved geometry. They reported that curvature of channel is one
of the strong sources of entropy generation. In another study, Narla et al.
[55] investigated unsteady magnetized non-Newtonian peristaltic pumping
in distensible curved conduits. Very recently, Narla and Tripathi [56] per-
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formed electro-osmotic fluid dynamic analysis to study the coupling force of
electrokinetic force and wall motility in a two-dimensional curved channel
undergoing peristalsis to reflect transient blood flow in curved microvessels.

In the current article, a mathematical model is developed for the propul-
sion of electro-osmotic ionic nanofluids in a curved deformable microchannel
under peristaltic waves. Joule heating and thermal and species buoyancy
effects are included. The transformed conservation equations are simplified
for the case of low zeta potential (Debye Hckel linearization) and solved an-
alytically. With the aid of Mathematica 9 symbolic software solutions are
evaluated numerically. Entropy generation minimization analysis is also in-
cluded, and expressions derived for entropy generation rate and Bejan num-
ber. The impact of curvature parameter, maximum electroosmotic velocity
(Helmholtz-Smoluchowski velocity), inverse EDL thickness parameter, zeta
potential ratio and Joule heating parameter on velocity, temperature, nano-
particle concentration, streamline, isotherm and iso-concentration character-
istics are examined, for fixed values of the buoyancy, geometric and nanoscale
parameters. The study is motivated by providing a deeper insight thermody-
namic optimization of bio-inspired electro-osmotic nanofluid micro-channel
pumping systems of relevance in bionics and nanofluidic devices.

2. Mathematical model

The physical model of the ”smart” biomimetic electro-nanofluidic micro-
pump is shown in Fig. 1. It comprises a distensible curved micro-channel
with width 2a. The channel has center O and radius of curvature R. A
curvilinear coordinate system (x, r) in the laboratory frame is adopted with
a velocity vector V = u(x, r, t) êx + v(x, r, t) êr. The peristaltic propulsion
is mobilized via both the electrokinetic force and the transverse deflections
of sinusoidal waves of small amplitude b that are imposed on the deformable
(flexible) walls of the micro-channel. No-slip, isothermal (T = T0) and iso-
solutal (C = C0) conditions are enforced at the walls of the micro-channel.
The nano-particles are assumed to be spherical and of the same size and
in a state of local thermal equilibrium and the ionic aqueous nanofluid is
dilute. An electrical field, E, is applied to the micro-channel walls. The
fluid (e.g. blood) is Newtonian and incompressible. The deformation of the
micro-channel walls is simulated with the following relations:

r = ±h(x, t) = ±
(
a− b cos2 π

(x− ct

λ

))
, (1)
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Figure 1: Schematic view of the elecroosmotic flow with peristalsis in a curved
channel.

Here r denotes the radial coordinate, x is the axial distance, a is the radius of
the stationary curved channel, b is the wave amplitude, λ is the wave length,
t is the time, T is the wave period, and h is the radial displacement of the
wave from the channel central line. The wavelength is considered to be much
greater than the micro-channel width (a/λ << 1).

2.1. Electro-osmotic flow analysis

According to electrostatics theory, the electric potential, Φ, is governed
by well-known Poisson equation:

∇2Φ = −
ρe
ε
. (2)

In general, the ion distribution is affected by two different contributions: (a)
the externally applied potential, Φ̃, and (b) the electrical double layer (EDL)
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potential, Ψ, associated surface zeta-potential, ζ. However, it is important to
mention that, while the externally applied potential is presented by Laplace
equation, the equation (2) with net charge density in a unit volume of a
symmetric electrolyte, i.e. n+0 = n−0 = n0, z+ = z− = z, can be decomposed
as

∇2Φ̃ = 0, and ∇2Ψ = −
ze

ε
(n+ − n−). (3)

where n0 = CNA (C is the molar concentration of ions and NA is Avogadros
number), is the bulk concentration of ions and z is the valence of the ions.
In order to define potential distribution, it is important to analyze species
conservation equation. The Nernst-Planck equation for the curved geometry
[56], in the absence of chemical reactions, can be expressed as

(∂n±

∂t
+ u

R

R + r

∂n±

∂x
+ v

∂n±

∂r

)
= D±

(
∇2n±

)

±
D±z±e

kBT1

[ R

R + r

∂

∂x

{
n±

R

R + r

∂Ψ

∂x

}
+

1

R + r

∂

∂r

{
(R + r)n±

∂Ψ

∂r

}]
,

(4)

where D is the diffusivity of an ionic species, kB is the Boltzmann constant,
and T1 absolute temperature.

2.2. Conservation equations for electro-thermo-nanofluidic transport

The negatively charged wall of the micro-channel attracts opposite ions
in the ionic nanofluid generating a layer of positively charged fluid near the
wall and at the same time repels the counter-ions. The thin layer of immobile
counter-ions covering the inner side of the wall is known as the Stern layer.
Below the Stern layer, a thicker layer of moving counter-ions develops. The
combination of the Stern layer and the thicker layer is known as the electric
double layer (EDL). The electro-kinetic body force emerges by connecting the
system to an external applied electric field. The time-dependent equations
for the conservation of mass, momentum, energy and nanoparticle concen-
tration for ionic aqueous Newtonian biofluid in the curved microchannel can
be written as ([47, 51, 56]):
Equation of mass conservation

R

r +R

∂u

∂x
+
∂v

∂r
+

v

r +R
= 0, (5)
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Equation of momentum conservation

ρf

[∂u
∂t

+ (V · ∇)u+
uv

r +R

]
= −

R

r + R

∂p

∂x
+ µ

[
∇2u−

u

(r + R)2
+

2R

(r +R)2
∂v

∂x

]

+ (1− C0)ρpgα(T − T0) + (ρp − ρf )gβ(C − C0) + ρeEx,
(6)

ρf

[∂v
∂t

+ (V · ∇)v −
u2

r +R

]
= −

∂p

∂r
+ µ

[
∇2v −

v

(r +R)2
−

2R

(r +R)2
∂u

∂x

]
+ ρeEr,

(7)
Equation of energy conservation

[∂T
∂t

+ (V · ∇)T
]
=

K

(ρc)f
∇2T + τ

[
DB(∇C · ∇T ) +

DT

Tm
(∇T · ∇T )

]

+
µ

(ρc)f

[
2
{(∂v

∂r

)2

+
( R

r +R

∂u

∂x
+

v

r +R

)2}

+
(∂u
∂r

+
R

r +R

∂v

∂x
−

u

r +R

)2]
+

σe
(ρc)f

E2
x,

(8)

Equation of nanoparticle concentration (species)

[∂C
∂t

+ (V · ∇)C
]
= DB∇

2C +
DT

Tm
∇2T, (9)

Here the vector operators V ·∇ and ∇2 are given in the Appendix Appendix
A. The parameters p, ρ, µ, K, cp, T , C, DB, DT , τ = ρcp

ρcf
, α, β, g, σe and

E designate respectively the pressure, density, dynamic viscosity, thermal
conductivity, specific heat at constant pressure, temperature, nano-particle
concentration, Brownian diffusion coefficient, thermophoretic diffusion coef-
ficient, ratio of the effective heat capacity of the nanoparticle material and
heat capacity of the fluid, coefficient of linear thermal expansion of the fluid,
coefficient of expansion with concentration, acceleration due to gravity, elec-
trical conductivity, and applied electrical field. The electrokinetic body force
FE is here given as FE = ρeE=ρe(Ex êx + Er êr), where E the applied ex-
ternal electric field and ρe ≡ e(z+n+− z−n−) is the net charge density of the
aqueous medium of permittivity ε and e is the elementary electronic charge
(1.6× 10−19C), here z± and n± are the valence and number densities of co-
ions and counterions respectively. The body force induces a bulk fluid motion
generally referred to as electro-osmotic flow and the relationship between the
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electroosmotic flow and the applied electric field E in curved micro-channels
is given by:

E = −
R

(R + r)

∂Φ

∂x
êx −

∂Φ

∂r
êr, (10)

where Φ is the electric potential.

2.3. Non-dimensional analysis

The flow governing equations can be solved by applying lubrication ap-
proximation. It is assumed that Reynolds number (Re) and the local slope
of the channel wall are very small, which implies negligible inertial effects in
the micro-channel (λ/a ≫ 1). It is judicious to introduce non-dimensional
variables, as follows:

x′ =
x

λ
, r′ =

r

a
, u′ =

u

c
, v′ =

v

δc
, δ =

a

λ
, t′ =

ct

λ
h′ =

h

a
, ϕ =

b

a
, κ =

R

a
,

L′ =
L

λ
, p′ =

a2p

µcλ
, Re =

ρfca

µ
, ψ′ =

ψ

ac
, F =

Q

ac
, σ =

C − C0

C0

,

θ =
T − T0
T0

, P r =
µcp
K
, Ec =

c2

cpT0
, Nb =

τDBC0

ν
, Nt =

τDTT0
Tmν

,

Gr =
αgT0a

2(1− C0)

cν
, Gc =

(ρp − ρf )βgC0a
2

cµ
, Ψ′ =

Ψ

Ψ0

, ζ ′ =
ζ

Ψ0

,

U ′

HS =
UHS
c
, Pe =

cλ

D
, S =

σeE
2
xa

2

KT0
, n′ =

n

n0

, m′ = ma.

(11)
Here x′ is dimensionless axial coordinate, r′ is dimensionless radial coordi-
nate, u′ is dimensionless axial velocity, v′ is dimensionless transverse (ra-
dial) velocity, δ is the wave number, t′ is dimensionless time, h′ is dimen-
sionless wall deformation, ϕ is the amplitude ratio or the occlusion param-
eter, κ is the curvature parameter (larger values imply straighter micro-
channels and smaller values correspond to more curved geometries), L′ is
the dimensionless axial length of the finite micro-channel, p′ is dimension-
less pressure, Re is the Reynolds number (based on the micro-channel semi-
width as the scaling dimension), F is the volumetric flow rate, σ is the
non-dimensional nano-particle concentration, θ is the non-dimensional tem-
perature, Pr is the Prandtl number, Ec is the Eckert number, Nb is the
Brownian motion parameter, Nt is the thermophoresis parameter, Gr is the
thermal buoyancy parameter i.e. local temperature Grashof number, Gc is
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the concentration buoyancy parameter i.e. local nanoparticle Grashof num-
ber, Ψ′ is the dimensionless thermal potential (in which Ψ0 = kBT0/ez is the
thermal potential), ζ ′ is dimensionless surface zeta-potential, U ′

HS is non-
dimensional Helmholtz-Smoluchowski velocity (where UHS = −(ϵeΨ0Ex)/µ
is the Helmholtz-Smoluchowski velocity i.e. maximum electro-osmotic veloc-
ity), and Pe is ionic Péclet number (ratio of the contributions to ionic mass
transport by convection to those by diffusion), S Joule heating parameter,
n′ is dimensionless bulk concentration of ions, and m′ is the Debye-Hückel
parameter.

The non-dimensional form of the Nernst-Planck equation (4) is written
as (after omitting all the primes):

Pe δ2
[
u

κ

κ+ r

∂n±

∂x
+ v

∂n±

∂r

]
=

(
δ2
( κ

r + κ

)2∂2n±

∂x2
+
∂2n±

∂r2
+

1

r + κ

∂n±

∂r

)

±
(
δ2

κ

κ+ r

∂

∂x

{
n±

κ

κ+ r

∂Ψ

∂x

}
+

1

κ+ r

∂

∂r

{
(κ+ r)n±

∂Ψ

∂r

})
,

(12)
the magnitude of the Péclet number Pe may range from ∼ 0.01 − 1 for the
typical values assumed as c ∼ 10−2 m/s, λ ∼ 10µm, and D ∼ 10−9 m2/s.
The non-linear terms in the equation (12) are of O(Pe δ2). Therefore, for
δ → 0 and Pe δ2 → 0, the reduced form of the Nernst-Planck equation can
be written as:

∂2n±

∂r2
+

1

r + κ

∂n±

∂r
= ∓

1

κ+ r

∂

∂r

{
(κ+ r)n±

∂Ψ

∂r

}
, (13)

this is subject to bulk conditions:

n±(Ψ = 0) = 1 and
∂n±

∂r
= 0 where

∂Ψ

∂r
= 0. (14)

The solution of equation (13) with equation (14) gives the Boltzmann distri-
butions for the ions as:

n± = exp(∓Ψ). (15)

Combining equations (3) and (15), we obtain the well-known nonlinear Poisson-
Boltzmann equation (non-dimensional form), that gives electric potential
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distribution in the EDL, i.e,

δ2
( κ

r + κ

)2∂2Ψ

∂x2
+

1

r + κ

∂

∂r

{
(r + κ)

∂Ψ

∂r

}
= m2 sinh(Ψ), (16)

Invoking the classical lubrication theory framework (δ2Re→ 0, δ2 → 0), the
momentum equations (6) and (7) after eliminating the pressure term, the
energy equation (8), the nanoparticles concentration equation (9), and the
nonlinear Poisson-Boltzmann equation (16) emerges in terms of the above
dimensionless parameters and stream function u = ∂ψ

∂r
, v = − κ

r+κ

∂ψ

∂x
, as

follows, after omitting the primes:

∂

∂r

[ 1

r + κ

∂

∂r

{
(r + κ)2

(∂2ψ
∂r2

−
1

r + κ

∂ψ

∂r

)}
+ (r + κ)(Gr θ +Gc σ)

]

= −UHS
∂2

∂r2

{
(r + κ)

∂Ψ

∂r

}
,

(17)

1

Pr

(∂2θ
∂r2

+
1

r + κ

∂θ

∂r

)
+Ec

(∂2ψ
∂r2

−
1

r + κ

∂ψ

∂r

)2

+Nb
(∂θ
∂r

∂σ

∂r

)
+Nt

(∂θ
∂r

)2

+S = 0,

(18)
∂2σ

∂r2
+

1

r + κ

∂σ

∂r
+
Nt

Nb

(∂2θ
∂r2

+
1

r + κ

∂θ

∂r

)
= 0, (19)

1

r + κ

∂

∂r

{
(r + κ)

∂Ψ

∂r

}
= m2 sinh(Ψ), (20)

The corresponding dimensionless boundary conditions are given by

ψ(±h) = ±
F

2
,
∂ψ

∂r
(±h) = 0, θ(±h) = 0, σ(±h) = 0, Ψ(−h) = ζ1, Ψ(h) = ζ2.

(21)
The non-dimensional wall deformation equation take the form:

h = 1− ϕ cos2 π(x− t). (22)

2.4. Analytical solution for low zeta potentials

The electric potential and ion distributions are de-coupled from the Navier-
Stokes equations (i.e., independent of fluid velocity). When using the Debye-
Hückel approximation, equation (20) can be linearized by virtue of the ap-
proximation, sinh(x) ∼ x. This approximation is valid for many applica-
tions, when an aqueous solution pH value is near neutral, and the magnitude
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of zeta potentials |ζ1| and |ζ2| are 25 mV or less. Therefore, an analytical
solution can be derived for the Poisson-Boltzmann equation. The simpli-
fied dimensionless Poisson-Boltzmann equation with corresponding boundary
conditions are

1

r + κ

∂

∂r

[
(r + κ)

∂Ψ

∂r

]
−m2Ψ = 0, Ψ(−h) = ζ1, Ψ(h) = ζ2. (23)

The analytical solution of the boundary value problem in Eq. (23) can be
obtained as

Ψ(x, r) = ζ1

[ K2 −RζK1

I1K2 − I2K1

I0[m(r + κ)] +
RζI1 − I2

I1K2 − I2K1

K0[m(r + κ)]
]
. (24)

Here, I0 and K0 are modified Bessel functions of first and second kind of
order 0 respectively, I1 = I0[m(k−h)], I2 = I0[m(k+h)], K1 = K0[m(k−h)]
and K2 = K0[m(k + h)].

2.5. Entropy Analysis

Entropy generation is closely associated with thermodynamic irreversibil-
ity, which is encountered in all practical heat transfer processes. Differ-
ent sources are responsible for entropy generation such as heat transfer in
the presence of temperature difference, the mass transfer in the presence of
species concentration difference, the viscous dissipation and body forces (e.g.
electrical, magnetic etc). The volumetric rate of entropy generation is defined
as:

EG =
K

T 2
1

(∇T )2 +
µ

T1
Σ +

RD

C1

(∇C)2 +
RD

T1
(∇T · ∇C) +

σe
T1

E2
x, (25)

here Σ is viscous dissipation, T1 and C1 are respectively the reference tem-
perature and concentration. The volumetric rate of local entropy generation
for incompressible Newtonian electro-osmotic fluid in a curved channel takes
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the following form:

EG =
K

T 2
1

[( R

r +R

∂T

∂x

)2

+
(∂T
∂r

)2]
+
RD

C1

[( R

r +R

∂C

∂x

)2

+
(∂C
∂r

)2]

+
µ

T1

[
2
{(∂v

∂r

)2

+
( R

r +R

∂u

∂x
+

v

r +R

)2}
+
(∂u
∂r

+
R

r +R

∂v

∂x
−

u

r +R

)2]

+
RD

T1

[( R

r +R

)2∂T

∂x

∂C

∂x
+
∂T

∂r

∂C

∂r

]
+
σe
T1
E2
x,

(26)
where T0 is the absolute reference temperature. The dimensionless form
of entropy generation rate is the entropy generation number (ES) which is
equal to the ratio of the actual entropy generation (EG) to the characteristic
entropy generation rate (EC) and is defined as

ES =
EG
EC

= EG
a2T 2

1

KT 2
0

. (27)

Invoking the non-dimensional quantities defined in equation (11), then the
equation (26) can be written as:

ES = δ2
( k

r + k

∂θ

∂x

)2

+
(∂θ
∂r

)2

+
EcPr

Ω

[
2δ2

{( k

r + k

∂u

∂x
+

v

r + k

)2

+
(∂v
∂r

)2}

+
(∂u
∂r

+ δ2
k

r + k

∂v

∂x
−

u

r + k

)2]
+ Γ

(Λ
Ω

)2[
δ2
( k

r + k

∂σ

∂x

)2

+
(∂σ
∂r

)2]

+Υ
[
δ2
( k

r + k

)∂θ
∂x

∂σ

∂x
+
∂θ

∂r

∂σ

∂r

]
+
S

Ω
.

(28)
Here, the dimensionless parameters are Γ = RDC1

K
, Υ = RDT1C0

KT0
, Ω = T0

T1
and

Λ = C0

C1

. The average entropy generation rate (over a cross-section), ES,Avg.
can be defined as follows:

ES,Avg. =

∫
A
ES dA∫
A
dA

. (29)
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The entropy generation rate due to heat transfer NH , to the total entropy
generation, NS is called the Bejan number, Be:

Be =
NH

NS

=

(
∂θ
∂r

)2

EcPr
Ω

(
∂u
∂r

− u
r+k

)2

+ Γ
(

Λ
Ω

)2(
∂σ
∂r

)2

+Υ∂θ
∂r

∂σ
∂r

+ S
Ω

. (30)

This also quantifies the irreversibility distribution. Bejan number, Be gener-
ally lies between 0 and 1 i.e, 0 ≤ Be ≤ 1. Therefore, if Be = 0, NS dominates
NH and vice versa if Be = 1. Furthermore when Be = 0.5, the fluid friction
contribution in entropy generation and the irreversibility due to heat transfer
are equal i.e., NH = NS.

3. Numerical results and discussion

Selected computations have been presented for for velocity, temperature,
nano-particle concentration, streamline, temperature (isotherms), nano-particle
concentration (iso-solutes) contours, average entropy generation rate and Be-
jan number. All numerical evaluation has been executed in Mathematica 9
symbolic software via the efficient NDSolve algorithm. The results are vi-
sualized graphically for the influence of selected parameters in Figs. 2-10.
Since many parameters arise in the model, only five are selected here, namely
the curvature parameter(κ), maximum electroosmotic velocity (Helmholtz-
Smoluchowski velocity)(UHS), inverse EDL thickness parameter(m), zeta po-
tential ratio(Rζ) and Joule heating parameter (S). Default values of the other
parameters are as follows: ϕ = 0.6 (intermediate wave amplitude), κ = 2
(strong curvature), QT = 1.2 (high time averaged flow rate), UHS = −1
(axial electrical field applied in negative x-direction), Ec = 1 (strong viscous
dissipation), Pr = 1 (momentum and thermal diffusivity are equal and at the
walls in the hydrodynamic entry region the velocity and thermal boundary
layer thicknesses are equal), Gr = Gc = 1 (thermal buoyancy and nano-
particle solutal buoyancy force are both equal to the viscous hydrodynamic
force), Nt = 0.5 (intermediate thermophoretic body force), Nb = 0.5 (small
nano-particles and mediocre Brownian diffusion), S = 1 (strong Joule elec-
trical dissipation), m = 2 (low EDL thickness), Rζ = 1 (zeta potentials |ζ1|
and |ζ2| are equal at the outer and inner curved walls), x = 0.3 (axial lo-
cation near the entry of the micro-channel). The maximum electro-osmotic
velocity i.e. Helmholtz-Smoluchowski velocity (UHS) is a critical parameter
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Figure 2: Velocity profiles for variation in different parameters (a) curvature
parameter κ, (b) electroosmotic velocity UHS, (c) inverse EDL thickness pa-
rameters m, (d) zeta potential ratios Rζ , with other parameters ϕ = 0.6,
κ = 2, QT = 1.5, UHS = −1, Ec = 2, Pr = 1, Gr = 1, Gc = 1, Nt = 0.5,
Nb = 0.5, S = 1, m = 2, Rζ = 1, x = 0.3, t = 0.
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of interest. This represents the influence of applied external electric field
(if there is no electric field UHS → 0 and the model reduces to peristaltic
flow of electrically non-conducting nanofluid through a curved microchan-
nel), on velocity profile. The Joule heating parameter (S) is proportional
to the effect of the nano-particle volume fraction and also proportional to
the diameter of nanoparticles. Nano-particle geometry effects are not ex-
plicitly considered here and have been examined by the authors and other
investigators in earlier studies [55]. The case of a straight micro-channel
is retrieved for κ → ∞. The smaller the value of κ indicates the greater
curvature of the micro-channel. Figs. 2(a)-2(d) present the axial velocity
plotted against radial coordinate in the micro-channel with a change in (a)
curvature parameter κ, (b) Helmholtz-Smoluchowski velocity UHS, (c) inverse
EDL thickness parameter m, (d) zeta potential ratio Rζ . With decreasing
curvature parameter (stronger curved micro-channel), there is a significant
increase in velocity in the lower micro-channel half space (−1 < r < 0).
However in the upper micro-channel half-space (0 < r < +1), this trend
is reversed and the axial velocity is depleted with a reduction in curvature
parameter. Evidently the location across the cross-section and the curva-
ture exert a complex influence parameter. Nevertheless, the absolute peak
axial velocity arises near the micro-channel centre line in the lower micro-
channel half space (−1 < r < 0). This may be related to the assisting
nature of curvature to momentum development in this vicinity. In this re-
gion the straight micro-channel scenario leads to significant deceleration. In
all cases at the micro-channel walls the axial velocity vanishes in accordance
with the no-slip boundary conditions imposed. Fig. 2(b) indicates that a
reduction in Helmholtz-Smoluchowski velocity i.e. maximum electroosmotic
velocity UHS, induces significant acceleration in the lower microchannel half
space whereas the converse behavior is generated in the upper microchan-
nel half space. The parameter UHS = −(ϵeΨ0Ex)/µ is by default negative
and for constant values of permittivity, applied reference electrical potential
and biofluid dynamic viscosity, the axial electrical field is varied to achieve a
change. In the normalized momentum conservation equation 17 the electro-

osmotic body force, −UHS
∂2

∂r2

{
(r + κ)∂Ψ

∂r

}
is resistive for positive UHS and

assisting for negative UHS. Physically this corresponds to the direction of the
axial electrical field. When axial electrical field is orientated in the positive
x-direction, positive Ex results in a negative UHS value which manifests in
a positive (i.e. double negative) electro-osmotic body force which serves to
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Figure 3: Temperature profiles for variation in different parameters (a)
Brinkman Number Br (b) joule heating parameter S (c) electroosmotic ve-
locity UHS, (d) inverse EDL thickness parameters m, with other parameters
ϕ = 0.6, κ = 2, QT = 1.2, UHS = −1, Ec = 1, Pr = 1, Gr = 1, Gc = 1,
Nt = 0.5, Nb = 0.5, m = 2, Rζ = 1, x = 0.3, t = 1.
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accelerate the flow in the lower micro-channel half space. The re-distribution
of momentum in the regime also results in a deceleration for the same value
of UHS in the upper micro-channel half space. Conversely for axial electrical
field orientated in the reverse x-direction, negative Ex results in a positive
UHS value which effectively produces a negative electro-osmotic body force,
this leads to strong deceleration in the lower micro-channel half space and
a corresponding (but weaker) acceleration in the upper micro-channel half
space. The case of vanishing electrical field (Ex → 0 associated with vanish-
ing UHS) naturally produces profiles which lie between the other two cases
and corresponds to non-electrical curved micro-channel flow. It is also note-
worthy that as UHS changes from negative to positive values (positive to
negative electrical field, respectively) there is a displacement in peak axial
velocity from the lower half space into the upper half space i.e. the profiles
are skewed towards the upper curved wall. Inspection of Fig. 2(c) reveals
that with a substantial increment in inverse EDL thickness parameter (m) i.e.
electro-osmotic parameter, there is a considerable boost in axial velocity in
the lower micro-channel half space through the majority of this microchannel
zone. Conversely the same elevation in m results in a deceleration in upper
microchannel half space although this trend is not fully enforced for some
distance beyond the centerline i.e. the acceleration in the upper half space
overlaps partially into the lower micro-space and thereafter the retardation
is observed with increasing m values. The electro-osmotic parameter is in-
versely proportional to the Debye length or characteristic thickness of the
electrical double layer (EDL). A decrease in Debye length i.e. increasing m
value, elevates electrical potential, as elaborated in Smith et al. [57]. The
electrical potential is depleted systematically with elevation in Debye length
and this is attributable to the enhanced quantity of ions which replace counter
ions with further distance from the charged surfaces (micro-channel walls).
Debye length emerges in electroosmosis as a crucial parameter which can be
exploited to regulate the electrical potential distribution. By manipulation
of the inverse EDL thickness parameter, m, the momentum and therefore
velocity distribution may be controlled effectively. In Fig. 2(d) an elevation
in positive value of the zeta potential ratio Rζ(= ζ1/ζ2) there is a consider-
able acceleration in the flow in the lower microchannel half space whereas
with an increase in negative zeta potential, significant flow deceleration is
induced in the same zone. The opposite effect is induced in the upper mi-
crochannel half space i.e. negative zeta potential ratio generates acceleration
whereas positive zeta potential ratio produces strong retardation. However
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negative values of axial velocity are never computed indicating that back
flow (reversal of flow) is never induced anywhere in the micro-channel. Rζ

defines the ratio of the zeta potentials imposed at the upper and lower mi-
crochannel walls. Flow stability is ensured with higher zeta potential ratio.
Since nanofluids are colloids with nano-particles suspended in the ionic base
fluid, electrical stability is produced with high zeta potential (negative or
positive) are therefore electrically-stabilized. With lower zeta potential ra-
tio, coagulation or flocculation may arise which is undesirable. Effectively
zeta potential ratio provides a useful quantification of the characterization of
double-layer properties in micro-channel flows. It provides insight into the
extent of electrostatic repulsion between adjacent, similarly charged particles
in a nanofluid suspension or indeed in any other ionic colloid. For molecules
and particles that are small enough, a high zeta potential will confer stabil-
ity, i.e., the solution or dispersion will resist aggregation. When the potential
is small, attractive forces may exceed this repulsion and the dispersion may
break and flocculate, as noted by, among others, Murshed et al. [58].

Figs. 3(a)-3(d) illustrate the evolution in radial temperature distribution
in the micro-channel with a change in (a) curvature parameter κ, (b) Joule
heating (electrical dissipation) S, (c) Helmholtz-Smoluchowski velocity UHS,
(d) inverse EDL thickness parameter m. It is immediately evident that a
much more homogenous distribution in temperature profiles is obtained as
compared with axial velocity profiles i.e. inverse parabolic distributions are
computed across the micro-channel cross-section, with peak temperatures
always arising near the core zone. Fig. 3(a) shows that with increasing
curvature effect (smaller values of the curvature parameter), there is a sig-
nificant enhancement in temperatures across the width of the micro-channel.
Straighter micro-channel geometries therefore produce significant cooling in
the regime. Thermal convection heat transfer is aided with curvature of
the micro-channel. The maximum temperature arises for a straight micro-
channel at the centreline, whereas with increasingly curved geometries this
peak migrates into the upper half space. Fig. 3(b) indicates that nega-
tive Joule heating (S = −1) generates a notable reduction in temperature
across the microchannel whereas positive Joule heating (S = 1) manifests in
a marked boost in temperatures. Ionic charges are localized at the walls and
not in the bulk of the nanofluid. The presence of the negative ion charges on
the wall surfaces mobilizes a concentration gradient of positively charged ions
near the wall surfaces, but no tangible injection of charges along the central
line of the channel. This results in an electrical potential distribution in the
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Figure 4: Concentration profiles for variation in different parameters (a)
Brinkman Number Br (b) joule heating parameter S (c) electroosmotic ve-
locity UHS, (d) inverse EDL thickness parameters m, with other parameters
ϕ = 0.6, κ = 2, QT = 1.2, UHS = −1, Ec = 1, Pr = 1, Gr = 1, Gc = 1,
Nt = 0.5, Nb = 0.5, m = 2, Rζ = 1, x = 0.02, t = 0.
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electrolyte which is known as the electric double layer (EDL). When electri-
cal field (axial) is increased i.e. with greater Joule parameter (for constant
temperature difference), the electro-osmotic body force is also enhanced. The
change is inhibitive for negative S values and assisting for positive S values
resulting respectively in cooling and heating of the micro-channel. The Joule
heating term appears in the energy conservation equation (18), and although
linear, exerts a considerable influence on the electro-osmotic heat transfer.
The Joule heating parameter, S = (σeE

2
xa

2)/KT0. Clearly it is quadratically
linked to the electrical field, Ex and is also directly proportional to electrical
conductivity of the nanofluid, σe. With positive values of S the nanofluid
is energized similar to a heat source whereas with negative values of S it is
cooled. Electrical energy dissipated is converted to heat when S > 0 and is
removed from the nanofluid when S < 0. The case where Joule heating is
neglected corresponds to S = 0. Neglect of Joule heating therefore clearly
leads to unrealistic temperature predictions since it under predicts or over-
predicts temperatures depending on the nature of the flow. Cruz et al. [59]
have elaborated on the sensitivity of electro-osmotic heat transfer to electri-
cal conductivity and also the relationship with nanoparticle stability. These
are also important considerations in practical smart electro-nanofluid pumps.
Glory et al. [60] have also emphasized the inter-dependence of heat transfer
and electro-conductive properties in nanofluids. Generally stable solutions
have been obtained for the scenario of equal thermal and species buoyancy
forces, visualized in Fig. 3(b). Fig. 3(c) shows that an increase in maximum
electroosmotic velocity (UHS) generates a reduction in temperature whereas
a decrease induces a significant heating in the ionic nanofluid. Positive UHS
(reverse axial electrical field, Ex) inhibits the momentum diffusion and also
thermal diffusion whereas negative UHS (aligned axial electrical field, Ex)
encourages thermal diffusion leading to an elevation in temperatures. No
switch in profiles is computed across the micro-channel span. Fig. 3(d) indi-
cates that increasing positive values of inverse EDL thickness parameter (m)
i.e. electro-osmotic parameter, leads to a consistent enhancement in temper-
atures of the ionic nanofluid across the span. Heating is therefore encouraged
with lower electrical double layer thickness whereas cooling is induced with
higher electrical double layer thickness (lower inverse EDL thickness param-
eter value) in the regime.

Figs. 4(a)-4(d) depict the radial nano-particle concentration profiles,
σ(x, r), for different values of (a) curvature parameter κ, (b) Joule heating
(electrical dissipation) S, (c) Helmholtz-Smoluchowski velocity UHS, (d) in-
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verse EDL thickness parameter m. Significantly different profiles (parabolas)
are computed as compared with the temperature profiles (inverse parabolas)
in Fig 3. In all cases maximum nano-particle concentrations are computed at
the micro-channel walls and the minimum values are observed in the vicinity
of the micro-channel centerline. An increase in curvature parameter, κ, (fig.
4(a)) is observed to considerably reduce nano-particle concentration magni-
tudes in the ionic nanofluid, which is the reverse effect to that induced in
the temperature field. With greater curvature of the micro-channel (lower κ)
species (nano-particle) diffusion is inhibited and nano-particle concentration
magnitudes are depleted across the micro-channel span. The maximum nano-
particle concentration is obtained for the case of a straight micro-channel
κ → ∞). Geometry there has a profoundly different influence on species
diffusion as compared with heat diffusion. Fig. 4(b) shows that with nega-
tive Joule heating parameter (S = −2) the nano-particle concentrations are
boosted whereas they are suppressed with positive Joule heating parameter
(S = 2). Again, this is the reverse behavior to that computed for the tem-
perature distributions (Fig. 3(b)). As noted earlier, with positive values of
S the nanofluid is energized similar to a heat source whereas with negative
values of S it is cooled. Thermal diffusion is encouraged with positive S
whereas nano-particle diffusion is inhibited. The addition of thermal energy
with positive Joule electrical energy dissipation is counter-productive for the
transport of nano-particles. The implication is that negative Joule heating is
advantageous for stimulating enhanced species diffusion in real systems. It
has been shown by Zayid [61] that the electrical conductivity of nanofluids
shows enhancement with an increase in the concentration of nanoparticles.
It is therefore an important consideration in future work to consider variable
electrical conductivity of the nanofluid as this may provide an improved in-
sight into the collective influence of electrical field and the type and doping
of nanofluids with different nano-particles on heat and mass transfer char-
acteristics. It is also important to note that the Joule heating parameter
(S = (σeE

2
xa

2)/KT0) is also inversely proportional to thermal conductivity
of nanofluid, although in the current study this is not examined. In Fig. 4(c),
increasing maximum electro-osmotic velocity (positive UHS corresponding to
reverse axial electrical field, Ex) induces a notable reduction in nano-particle
concentration whereas decreasing maximum electro-osmotic velocity (nega-
tive UHS i.e. positively aligned axial electrical field) leads to significant eleva-
tion in nano-particle concentrations. Again, therefore the orientation of axial
electrical field, as simulated via UHS has a major influence on the distribution
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of nano-particles in the regime. Fig. 4d demonstrates that there is a substan-
tial suppression in nano-particle concentrations in the ionic nanofluid (across
the micro-channel span) with larger values of electro-osmotic parameter (m)
i.e. a decrease in electrical double layer thickness. As described earlier, m
is inversely proportional to the Debye length or characteristic thickness of
the electrical double layer (EDL). Lower values of Debye length i.e. increas-
ing m value, elevate electrical potential, which encourages the replacement
of ions with counter ions in the regime. This counter-acts the diffusion of
nano-particles, as also noted by Zayid [61] and leads to smaller values of
nano-particle concentration. The effect also noted by Smith et al. [57] that
is maximized with further distance from the charged surfaces (micro-channel
walls) i.e. in the core zone of the micro-channel, leading to a minimization
in nano-particle concentrations around the micro-channel centerline.

(a) κ = 2 (b) κ = 5

(c) κ = 10 (d) κ− > ∞

Figure 5: Stream lines for channel curvature in wave frame of reference. The
other parameters are ϕ = 0.6, κ = 2, QT = 1.2, UHS = −1, Ec = 1, Pr = 1,
Gr = 1, Gc = 1, Nt = 1, Nb = 1, m = 2, Rζ = 1, x = 0.3, S = 1.
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Figure 6: Temperature contours for channel curvature. The other parameters
are ϕ = 0.6, κ = 2, QT = 1.2, UHS = −1, Ec = 1, Pr = 1, Gr = 1, Gc = 1,
Nt = 1, Nb = 1, m = 2, Rζ = 1, x = 0.02, S = 1.
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Figure 7: Nanoparticles concentration contours for channel curvature. The
other parameters are ϕ = 0.6, κ = 2, QT = 1.2, UHS = −1, Ec = 1, Pr = 1,
Gr = 1, Gc = 1, Nt = 1, Nb = 1, m = 2, Rζ = 1, x = 0.02, S = 1.
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Figs. 5-7 illustrate respectively the streamline, temperature and nano-
particle concentration contours in the peristaltic microchannel flow with
variation in the conduit curvature parameter (κ). Figs. 5(a)-5(d) show that
higher curvature parameter (associated with an increasingly straighter geom-
etry) modifies the dominant single bolus structure in the upper microchannel
half space into a dual structure. The smaller lower bolus in Fig. 5(a) (strong
curvature, κ = 2) is expanded considerably with increasing κ values (Fig
5(b), κ = 5 and Fig. 5(c), κ = 10) and progressively more elliptic boluses are
synthesized in the two half spaces of the micro-channel. Vorticity structure is
therefore strongly influenced by a decrease in curvature of the microchannel.
A more symmetric streamline distribution is achieved for straight channels
(Fig. 5(d)), although there is a still a marginally larger bolus in the up-
per half space. Figs. 6(a)-6(d) illustrate that only a single temperature
(isotherm) structure is computed in the entire micro-channel, as opposed to
the dual vortex structure for the streamlines (Figs. 5(a)-5(d)). As curva-
ture parameter is enhanced this central zone shrinks laterally (Fig. 6(a))
and extends vertically (Figs 6(b), 6(c)) eventually leading to a more circular
structure (Fig. 6(d)). The isotherms are compressed laterally and expanded
vertically therefore for less curved micro-channels. Dual symmetry is however
generally sustained for all values of curvature parameter except for the inter-
mediate case of κ = 5 where the upper zone circular isotherms is more dilated
than the lower constricted zone. Heat transfer characteristics are therefore
confirmed to be modified significantly in the micro-channel with curvature.
Inspection of Figs 7(a)-7(d) reveals that the iso-solute (nano-particle concen-
tration contours), exhibit a similar topology to the temperature contours. A
solitary bolus is observed at all values of curvature parameter, (κ). How-
ever with increasing values, there is a more dramatic modification in bolus
structure. The generally circular structure at the centre of the micro-channel
progressively morphs to a vertically biased oval structure with an increase
in (κ) from 1.5 (strongly curved micro-channel) through 2, 5 to 10 (an al-
most straighter microchannel). Evidently there is an intensification in the
proximity of the concentration contours, at both the upper and lower micro-
channel walls accompanying the transition to an oval bolus structure with
a relaxation in concentration contours in the lateral direction. Overall the
impact of curvature on all flow characteristics in the peristaltic regime is
considerable. Figs. 8(a) and 8(b) illustrate axial distribution of average en-
tropy generation rate, ES,Avg. with variation in curvature parameter (κ) and
Helmholtz-Smoluchowski velocity (UHS). An oscillatory behaviour is com-
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Figure 8: Average entropy generation rate ES,Avg. vs axial length. The other
parameters are ϕ = 0.6, κ = 2, QT = 1.2, UHS = −1, Ec = 1, Pr = 1,
Gr = 1, Gc = 1, Nt = 1, Nb = 1, m = 2, Rζ = 1, S = 0.5, Γ = 1, Ω = 1,
Λ = 1, Υ = 0.5.
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puted from the inlet to the outlet of the finite micro-channel. High values
of average entropy generation rate arise at both extremities. In fig. 8(a),
the peak value of average entropy generation rate, ES,Avg. is observed in the
mid-region of the micro-channel. With increasing curvature parameter (κ)
there is a significant depression in ES,Avg. More curved geometries (lower
value) therefore achieve greater average entropy generation rates compared
with straighter micro-channel geometries. Fig. 8b shows that average en-
tropy generation rate is enhanced with negative Helmholtz-Smoluchowski
velocity (UHS) whereas it is depleted for positive Helmholtz-Smoluchowski
velocity. Entropy generation is therefore elevated with aligned axial electrical
field (Ex) whereas it is suppressed in the micro-channel with reverse axial
electrical field.

Figs. 9(a) and 9(b) depict the evolution in average entropy generation
rate, ES,Avg. with time-averaged flow rate (QT ) for different values of (a)
inverse EDL thickness parameter m, (b) zeta potential ratio Rζ . There is
a monotonic increase in entropy generation rate with volumetric flow rate.
Fig 9(a) shows that entropy generation rate is strongly elevated (for equal
potential at the upper and lower micro-channel walls i.e. Rζ = 1 with in-
verse EDL thickness parameter (m) indicating that smaller Debye lengths
and higher electrical potential encourage the production of entropy. The
opposite effect i.e. entropy generation reduction, which is desirable from
a thermodynamic optimization viewpoint, is achieved by decreasing inverse
EDL thickness parameter m i.e. increasing Debye length and lower elec-
trical potential. Fig. 9(b) indicates that for relatively large inverse EDL
thickness parameter (m = 2) entropy generation rate, ES,Avg., is increased
with positive increase in zeta potential ratio; however a markedly greater en-
hancement is generated with greater negative values of zeta potential ratio.
This indicates that the polarity of electrical potential at the micro-channel
walls has a considerable impact on entropy generation in the system. Larger
negative difference in zeta potential ratio leads to an undesirable increase in
entropy generation. Entropy generation is therefore minimized with smaller
zeta potential ratio when the polarity of the micro-channel walls is the same.
Figs. 10(a)-10(d) present the radial Bejan number (Be) distributions with a
change in (a) curvature parameter κ, (b) Helmholtz-Smoluchowski velocity
UHS, (c) inverse EDL thickness parameter m, (d) zeta potential ratio Rζ .
With decreasing curvature parameter (stronger curved micro-channel), there
is initially a reduction in Bejan number in the vicinity of the lower micro-
channel wall; however this is superseded quickly with a strong elevation in
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Figure 9: Average entropy generation rate ES,Avg. with the time averaged
flow rate. The other parameters are ϕ = 0.6, κ = 2, UHS = −1, Ec = 1,
Pr = 1, Gr = 1, Gc = 1, Nt = 1, Nb = 1, m = 2, Rζ = 1, x = 0.3, S = 0.5,
Γ = 1, Ω = 1, Λ = 1, Υ = 0.5.
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Figure 10: Bejan number with the radial distance. The other parameters are
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Bejan number across the remainder of the micro-channel span (radial coordi-
nate) with decreasing curvature. The peak Bejan number arises in the lower
micro-channel half space, near the centre-line and this zone also corresponds
to the widest disparity in Bejan numbers with curvature effect. In the upper
micro-channel half space although lower curvature parameter still attains the
highest Bejan number, the influence is less prominent. Fig. 10b shows that
with negative Helmholtz-Smoluchowski velocity (UHS) i.e. positive aligned
axial electrical field, larger values of Bejan number are computed across the
micro-channel span whereas with positive Helmholtz-Smoluchowski velocity
(UHS) i.e. reverse axial electrical field, much smaller values of Bejan num-
ber are observed. Fig. 10(c) indicates that Bejan number is is generally
increased with greater values of inverse EDL thickness parameter (smaller
Debye lengths) in the radial direction. Although initially the influence of
negative zeta potential ratio, Rζ , (Fig. 10(d)) is to significantly increase Be-
jan number (closer to the lower wall of the micro-channel); however as we
progress across the micro-channel, there is a strong decrease in Bejan num-
ber. In the central zone and the upper micro-channel half space conversely
a positive zeta potential ratio, Rζ , boosts the Bejan number. To understand
the entropy generation mechanisms, it is necessary to consider the contribu-
tion of heat transfer to the overall irreversibility. For this purpose, the Bejan
number is used which is an alternative irreversibility parameter. As noted
earlier, Bejan number defines the ratio of irreversibility due to heat transfer
to the total irreversibility. When Be = 1, the irreversibility due to heat
transfer dominates and when Be = 0 the irreversibility due to fluid friction
and electrical field dominates. It is clear, when Be = 0.5, the contribution to
entropy due to heat transfer is equal to the sum of electrical field and fluid
friction effects. Clearly optimum Bejan numbers can be achieved via careful
manipulation of the electrical potential at the walls of the micro-channel and
this is beneficial in electro-osmotic nanofluid pump design.

4. Conclusions

A mathematical study of entropy generation in peristaltic propulsion of
an electro-osmotic ionic nanofluid in a curved deformable microchannel un-
der the action of an axial electrical field has been presented. Thermal and
species (nano-particle) buoyancy effects and Soret and Dufour cross-diffusion
effects have also been computed. A dilute nanofluid has been considered
with Brownian motion and thermophoretic body forces present. Joule elec-
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trical dissipation has also been included in the model in addition to thermal
and species (nano-particle) buoyancy effects. The reduced non-dimensional
conservation equations have been solved analytically after employing lubri-
cation approximations and low zeta potential (Debye-Hückel linearization).
Numerical evaluation of these closed-form solutions have been extracted with
the symbolic software, Mathematica 9 via the NDSolve algorithm. Velocity,
temperature, nano-particle concentration, streamline, isotherm, iso-solutal
(nano-particle concentration contour), average entropy generation rate and
Bejan number distributions have been plotted. The influence of curvature pa-
rameter, maximum electroosmotic velocity (Helmholtz-Smoluchowski veloc-
ity), inverse EDL thickness parameter, zeta potential ratio and Joule heating
parameter on transport characteristics have been studied. The computations
have shown that:

1. Entropy generation rate is increased with positive increase in zeta po-
tential ratio; however a more substantial enhancement is computed
with greater negative values of zeta potential ratio.

2. Bejan number is reduced for more curved micro-channels (lower values
of curvature parameter) whereas it is generally elevated with greater
values of inverse EDL thickness parameter (lower Debye lengths) in the
radial direction.

3. Average entropy generation rate is strongly boosted along the axis of
the curved channel with increasing curvature and for negative Helmholtz-
Smoluchowski velocity whereas it is depleted for positive Helmholtz-
Smoluchowski velocity.

4. With lower values of curvature parameter (more curved micro-channel
geometry) the average entropy generation rate peaks at a central lo-
cation along the micro-channel whereas for lower curvatures the peaks
are located at the extremities of the microchannel i.e. entry and exit.

5. There is a monotonic increase in entropy generation rate with volumet-
ric flow rate.

6. Temperatures are elevated with positive Joule heating and reduced with
negative Joule heating whereas the converse response is computed for
the nano-particle concentration distributions.
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7. With greater curvature parameter (corresponding to a progressively
straighter microchannel), the streamline patterns reveal that the domi-
nant single bolus structure in the upper microchannel half space morphs
into a dual structure.

8. With greater curvature parameter (corresponding to a progressively
straighter microchannel), the isotherms and iso-solute patterns indicate
that the closed contours around a stagnation point is elongated in the
vertical direction and transitions from a circular structure to an oval
one.

9. Increasing curvature parameterleads to a retardation in axial veloc-
ity in the lower micro-channel half space whereas it generates strong
acceleration in the upper micro-channel half space.

10. Increasing positive Joule heating parameter elevates temperatures whereas
it suppresses nano-particle concentration magnitudes across the micro-
channel span; increasing negative Joule heating parameter results in
the converse behaviour.

11. Increasing positive Helmholtz-Smoulochowski velocity (corresponding
to reverse axial electrical field) reduces temperatures whereas it accen-
tuates nano-particle concentration values, with these trends sustained
across the microchannel.

The current simulations have however provided a good insight into the phe-
nomena intrinsic to electro-osmotic nanofluid pumping with a biologically-
inspired (peristaltic) mechanism.

Appendix A.

The vector operators in the governing equations are

(V · ∇) =
Ru

(r +R)

∂

∂x
+ v

∂

∂r
, (A.1)

∇2 =
( R

r +R

)2 ∂2

∂x2
+

1

r + R

∂

∂r
+

∂2

∂r2
, (A.2)
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Appendix B.

The transformations between the wave and the laboratory frames, in
dimensionless form, are:

X = x− t, Y = r, U = u− 1, V = v, q = F − 2h,Ψ = ψ − r, (B.1)

where the left hand side parameters are in the wave frame and the right hand
side parameters are in the laboratory frame.
The dimensionless volume flow rate in laboratory frame is defined as

F (x, t) =

h∫

−h

u(x, r, t)dr, (B.2)

and the time averaged flow rate over one period, yielding

QT (x) =

1∫

0

F (x, t)dt. (B.3)

The relation between volume flow rate and time averaged flow rate is

F (x, t) = QT + 2(h(x, t)− 1). (B.4)
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