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Low-cycle fatigue tests at different frequencies and creep tests under different stress levels of Plexiglas Resist 45 were conducted.
Correspondingly, the creep fracture time, S-N curves, cyclic creep, and hysteresis loop were obtained. These results showed that the
fatigue life increases with frequency at low frequency domain. After analysis, it was found that fatigue life is dependent on the load
rate and is affected by the creep damage. In addition, a new continuum damage mechanics (CDM) model was established to analyze
creep-fatigue life, where the damage increment nonlinear summation rule was proposed and the frequency modification was made
on the fatigue damage evolution equation. Differential evolution (DE) algorithm was employed to determine the parameters within
the model. The proposed model described fatigue life under different frequencies, and the calculated results agreed well with the

experimental results.

1. Introduction

Because of its high impact resistance, sufficient strength, and
excellent transmittance, PMMA material has wide applica-
tion. Since many structures must withstand cyclic loading
during their service lives, the research on fatigue of PMMA is
attracting an increased interest [1-3].

PMMA is a typical kind of viscoelastic material. The fati-
gue properties of viscoelastic materials are sensitive to tem-
perature and cyclic frequency, which is one of the biggest
differences from conventional metal material. This paper is
concerned with the frequency sensitivity. Lots of researchers
have investigated the fatigue property of PMMA and other
polymers at different frequencies. Cheng et al. [2] conducted
PMMA fatigue crack propagation (FCP) experiments at
frequencies of 1, 10, 50, and 100 Hz. Test temperature ranged
from —30 to 100°C. Their results showed that FCP rates
decrease as cyclic frequency increases until temperature
approaches the glass transition region. Jia et al. [4] and Feng et
al. [5] performed fatigue tests on PMMA used in aircraft and
ordinary industrial grade; they all observed that FCP rates
decrease as cyclic frequency increases. Luo et al. [6] carried

out several fatigue tests of YB-3 PMMA under the frequency
of 0.1, 1, and 10 Hz; the results showed that fatigue life
increased with increasing frequency, although the increase
was not so notable in high frequency range. Wang et al. [7]
also conducted PMMA fatigue tests at the frequency of 1, 2,
and 5 Hz, and the difference was that fatigue life was observed
to decrease with frequency except at high stress level.

The fatigue life of PMMA varies with frequency indis-
putably, and that its fatigue crack propagation rate decreases
with frequency is a consistent conclusion of most experi-
ments. However, there is not such consistent relationship
between fatigue life and loading frequency. Many research
analyzed the influence mechanism of frequency on fatigue
behavior. It can be summed up to three attributions: hysteretic
heating, creep, and rate sensitivity. Under cyclic loading, the
hysteresis loop is formed by out of phase stresses and strains
due to high internal damping of polymers. Hysteresis loop
indicates energy dissipation or heat generation named hys-
teretic heating. If frequency is high, hysteretic heat cannot be
dissipated rapidly enough because of low thermal conductiv-
ity of polymers, and thus temperature will rise up. Hysteretic
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TaBLE 1: Typical property values (at 23°C and 50% relative humidity) of Plexiglas Resist 45.
Modulus of Nominal
Density Transmittance Tensile strength elasticity Poisson’s rate .
elongation at break
(short-term value)
1.19 g/cm3 91% 60 MPa 2700 MPa 0.41 10%

heating will soften the material, and both stiffness and
strength will decrease. This is the reason for fatigue life
decreasing with frequency in some experiments. Creep phe-
nomenon is significant and common in polymers. During
fatigue process with nonzero mean stress, creep deformation
and creep damage can be observed apparently even without
load holding. More creep damage accumulates in one cycle
under lower frequency for longer time per cycle. This will
result in decrement of fatigue life as frequency decreases.
Mechanical properties of viscoelastic material are dependent
upon strain rate. For polymers, strain rate effect is an import-
ant property as creep. In unidirectional tension or compres-
sion and impact research field, strain rate effect has been
paid quite more attention. Strain rate hardening and strain
rate strengthening phenomenon of PMMA were observed in
lots of experiments [8, 9]. It is well reasoned to deduce that
frequency is higher, strain rate is necessarily higher, and
then stiffness and tensile strength will be higher, and fatigue
strength will be higher too. That is to say, at the same load
level, frequency is higher, and fatigue life will be larger. Unfor-
tunately, rate effect in PMMA fatigue was only mentioned
occasionally; the attention paid to rate effect was far from
enough. In general, fatigue life variation with frequency is
related to frequency range, stress level, and other parameters
and is determined by the dominate mechanism. For example,
hysteretic heat is notable at high frequency, creep damage
contributes more during lower frequency, and rate effect may
play a part in a wide frequency range.

Hysteretic heating in polymers was noticed and investi-
gated from an early period; many works have been done [10,
11]. For creep damage, equations similar to Paris law includ-
ing fatigue and creep have been proposed to describe the
FCP rate [12, 13]. Luo et al. [6] established a creep-fatigue life
model based on continuum damage mechanics. However,
rate effect consideration appears lacking in the fatigue life
prediction model.

The authors of this paper performed fatigue test at 0.03,
0.1, and 0.5Hz with Plexiglas Resist 45 and recorded its
mechanical response at different frequencies to accumulate
test data towards a better understanding of the frequency
influence on PMMA fatigue behavior and relevant theoretical
research. It is found that the temperature rise is insignificant
at frequencies no more than 0.5 Hz [1]. Load frequency in this
paper was low enough to take no account of hysteretic
heating. Thus the problem could be simplified to investigate
pure frequency influence. To assess creep damage during the
fatigue process, creep tests were carried out. Moreover, a
modified CDM creep-fatigue model was proposed to describe
fatigue life at low frequency. The proposed model can also be
used in the condition with load holding.

45!

45!

FIGURE 1: Geometry and dimensions (in mm) of specimen: (a) creep
specimen and (b) fatigue specimen.

2. Experimental

2.1. Material and Specimen. Plexiglas Resist 45 sheet, which is
developed and produced by Rohm Company, is a kind of solid
plastic sheet extruded from impact-modified PMMA. Some
material properties of Plexiglas Resist 45 are presented in
Table 1.

The creep and fatigue specimens (see Figure 1) are 3 mm
thick and are designed according to the standard of high
polymers mechanics test [14].

2.2. Creep Test. In this paper, creep tests were carried out
under constant load. To reduce test cost, creep tests were
carried out on the self-designed equipment which apply
constant load by hanging the weight. A camera was utilized to
monitor and record the fracture time. A gauge length with an
initial value of about 55mm was drawn on the specimen
beforehand. In some interval, the gauge length was measured
by microcaliper. Although the error of this measuring
method was big, the approximate shape of creep curve could
be obtained because of big creep deformation of specimen.
Five levels of nominal stress were used in creep tests: 30 MPa,
33 MPa, 36 MPa, 37 MPa, and 40 MPa. Three specimens were
tested at each stress level.

2.3. Fatigue Test. Fatigue tests were run by applying sinu-
soidal tensile loads with constant amplitude, in load control
mode, on a MTS809 servohydraulic testing machine. The
environment temperature was controlled at about 27°C
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FIGURE 2: Creep fracture time at different stresses.

throughout all tests. 30, 33, 39, 42, and 44 MPa were, respec-
tively, chosen as maximum stress. Three series of tests were
conducted with cyclic load frequency values of 0.03, 0.1,
and 0.5 Hz. To prevent specimens from buckling under com-
pressive loading, tension to tension load cycles were applied
with a load ratio 0.01 for all tests. During the load controlled
fatigue tests, in order to observe cyclic creep and hystere-
sis loop, axial strains were measured by MTS632.13F-20
extensometer with 10 mm base length. Full stress strain cycles
were recorded at fixed time intervals.

3. Results and Discussions

3.1 Creep Result. The creep curve of Plexiglas Resist 45 was
composed of three typical stages, with rapid strain rate in
initial stage and before fracturing. The fracture time was pre-
sented in Figure 2, where the log (fracture time) was plotted
versus log (stress). The fracture time covered 4 hours to 200
hours and decreased steeply with increasing stress. As shown
in Figure 2, the data points were nearly in a line.

3.2. Fatigue Test Result

3.2.1. Fatigue Life. 'The results of fatigue tests were reported in
Figure 3, where o,,,, was plotted versus log N. These three
curves were far from coincidence, with fatigue life increasing
with increasing cyclic frequency.

3.2.2. Cyclic Creep. Hysteresis loop is always observed to
move gradually along the strain axis during nonzero mean
stress fatigue process of polymers, and this indicates that
cyclic creep strain accumulates gradually. For different mate-
rials, load holding time or frequency has a different effect on
cyclic creep rate. For some high polymers, frequency exhibits
an acceleration effect on cyclic creep rate [15]. This paper
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FIGURE 3: Fatigue life and S-N curve at different frequencies.

attempted to observe the cyclic creep of Plexiglas Resist 45 at
different frequencies. Because the stress ratio of fatigue test in
this paper was close to zero (R = 0.01), the elastic component
included in minimum (min) displacement was very small;
the min displacement could be treated approximately as
cyclic creep displacement. The min displacements at different
frequencies were presented in Figure 4 (0,,,, = 33 MPa) and
Figure 5 (0,,,, = 44 MPa). The results at other stress levels
were similar. It could be seen from Figures 4(a) and 5(a) that
frequency slightly accelerated the cyclic creep rate of the first
stage. For the second stage of the major part of cyclic creep
curve, frequency had no notable acceleration effect. The
comparisons between Figures 4(a) and 4(b) and Figures 5(a)
and 5(b) demonstrated that cyclic creep was more related to
time than to cycles.

3.2.3. Hysteresis Loop. Because mechanical properties of vis-
coelastic material such as elastic modulus and viscous damp
are related to strain rate, hysteresis loop at different frequen-
cies exhibits some differences. This paper investigated the
frequency influence on hysteresis loop. The hysteresis loop
of 0, = 39 MPa at half-life was presented in Figure 6. The
results at other stress levels were similar. The area within
hysteresis loop was calculated by integration. The integration
results showed that the area did not vary with frequency sig-
nificantly. The test results by Wang et al. [7] on Plexiglas also
demonstrated that frequency did not notably affect the area of
the hysteresis loop. However, as seen in Figure 6, the “slope”
of hysteresis loop decreased with frequency. Modulus E was
defined as E = Ao/Aeg, and the calculated E was dotted in
Figure 7 where a fitted power functional curve of E was plot-
ted. As shown in Figure 7, modulus increased with frequency
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FIGURE 4: (a) Min displacement versus time and (b) min displace-
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especially at low frequency, and E could be expressed as the
power function of frequency.

4. CDM Model for Fatigue Life Prediction

Because the continuum damage mechanics approach can
cope with the coexisting of multiform damage, it is a suitable
and promising method for creep-fatigue life prediction. Luo
et al. [6] have established the creep-fatigue damage model of
YB-3 Plexiglas based on CDM; additionally the pure fatigue
damage has been separated from the fatigue test including
creep damage. This paper stepped forward on their work.

Mathematical Problems in Engineering

The main work of CDM approach to prediction fatigue
life includes establishment of damage evolution equation and
determination of the initial and critical damage value. For the
sake of convenience, damage initial value is mostly taken as
zero D = 0 and critical value as unity D, = 1.

4.1. Frequency Modified Fatigue Damage Evolution Equation.
The following formula is a constantly used fatigue damage
evolution under simple load condition [16]:
dD O,25+1

_ a

dN ~ B(1-D)*’ W

where s and B are material constants, D is the damage
variable, and o, is stress amplitude.

The above analysis has concluded that, because mechani-
cal properties of viscoelastic material are related to strain rate,
fatigue strength would increase with frequency. But the quan-
tity relationship of fatigue strength to frequency is difficult to
determine. Experimental results in [9] showed that initial
modulus along with tensile strength increases with strain rate,
and they both have similar functional relationship with
strain rate. It should be possible that functional relationship
between fatigue strength and frequency is similar to modulus
and frequency. According to results in [17] and this paper, the
modulus increases with frequency significantly when fre-
quency is low and then tends to be stable at higher frequency.
Figure 7 showed that modulus could be expressed as power
function of frequency in low frequency range. Hence, this
paper proposed the frequency modified fatigue damage
evolution equation expressed as

dD 0,25+1
et @
dN  Bfm(1-D)

where f is cyclic frequency and m is constant. Because creep
damage exists inevitably in fatigue process and load fre-
quency of high polymers cannot be too high, it is difficult to
obtain pure fatigue life directly from fatigue test. The param-
eters in (2) would be determined through later fitting calcu-
lation of creep-fatigue life.

4.2. Creep Damage Evolution Equation. As can be seen from
cyclic creep result, the shape of cyclic creep curve was similar
to static creep, and frequency did not accelerate the cyclic
creep rate significantly. It can be assumed that creep under
cyclic load may occur due to the same mechanism as static
creep. Static creep damage evolution equation could be
employed to describe the pure creep damage in fatigue pro-
cess. Therefore, Kachanov equation was utilized to describe
the creep damage evolution of Plexiglas Resist 45 and this
equation has been proposed for a long time and has been
verified in many aspects [18]:

%2A<1YD>f’ ®)

where A and r are material constants, which can be obtained
through creep test.
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FIGURE 6: Hysteresis loop at different frequencies (0,,,,, = 39 MPa).

Integrating (3) with initial condition D |,_, = 0, damage
equation can be obtained as follows:

1/(r+1)

D=1-(1-A(r+1)o't) (4)

When material is failure, D = 1, then fracture time ¢, can be
written as
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FIGURE 7: Modulus versus frequency (0,,,, = 39 MPa).
Rewrite (5) in the following logarithm form:
log (t.) = —log (A (r + 1)) — rlog (o). (6)

Equation (6) showed that fracture time should be logarithm
linear with stress level. A = 9.198E — 26, r = 14.216 could be
determined from creep test results, and the units of 0, t, and ¢,
are MPa, hour, and hour, respectively.

4.3. Creep-Fatigue Damage Evolution Equation. For high pol-
ymers, creep damage and fatigue damage most often accumu-
late nonlinearly because of creep-fatigue interaction during
creep-fatigue process [15, 19]. To the creep-fatigue interaction
question, Lemaitre and Chaboche presented a general kinetic



equation for creep-fatigue damage problems based on the
assumption that the total damage increment dD is the sum of
fatigue damage increment dD  and creep damage increment
dD, (i.e., dD = dD, + de) 18]. This model has been used
with success during the past 30 years on various classes of
materials and applications [20, 21]. Factually, the damage
increment linear summation rule was not flawless; for exam-
ple, Chaboche pointed out that this rule would overestimate
creep-fatigue interaction [22, 23].

In most cases, creep-fatigue interaction will be strong
when creep damage is nearly equal to fatigue damage and will
be weak when either creep or fatigue is dominant. The inter-
action intensity in a short time or in one cycle should obey
the same rule. Thus increment nonlinear summation rule was
proposed here; in detail, fatigue damage is composed by
fatigue damage itself and fatigue damage caused by creep, and
in the same way creep damage is the sum of creep damage
itself and creep damage caused by fatigue damage. The
interaction damage is related to the relative quantity of creep
damage and fatigue damage. When the sum of creep damage
and fatigue damage attains critical value 1, the material will
fail:

dD}; =dD; +C-dD,, )
dD] =dD, +C-dDy, (8)
D;=D;+dDj, )
D, =D, +dD., (10)
D«=D.+D Iz (11)

where C = ¢/ exp(ZWIde -dD./(dDy + dD,)), ¢’ is a slight-

adjustment parameter and has a value of about 1. Let C = 1;
damage increment linear summation rule will be obtained.
Let a = dD./dDy; then C can be written as C =

¢ exp(2+/a/(1+a)). Function C is symmetric to a = 1; that s,
C(a) = C(1/a). The value of exp(2+/a/(1 + a)) varies from 1
to 2.718 and reaches maximum value ata = 1 (dD = dD,).
In most cases, the value is slightly greater than 1, and this
indicates that there is no big difference between the proposed
damage summation rule and the widely used damage incre-
ment linear summation rule. But the expression of C in this
paper is more flexible and is consistent with the general rule
that interaction is strongest when creep damage and fatigue
damage are in the same level. Variable value C along with
slight-adjustment coefficient ¢’ can make the calculated result
agree better with experimental result.

Substituting (2) and (3) into (7) and (8), respectively,
creep-fatigue damage evolution equation would be obtained.
Generally, one cycle is chosen as integrate step size. D, is
taken as constant value during one cycle; dD, obtained by
integrating (3) in one cycle is substituted to (8) then.

4.4. Parameter Determination. It is difficult to determine the
parameters in creep-fatigue damage model. Differential evo-
lution (DE) algorithm was employed to solve this problem.
Parameters determined by DE were presented in Table 2. DE
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Model 3).

algorithm presented by Stron and Price is a relatively new
population based stochastic optimization approach [24]. As a
branch of evolution algorithm, DE has a similar theory to
other evolution algorithms, including population initializa-
tion, mutation, crossover, and selection operation. The crucial
difference is that DE uses the difference of randomly sampled
pairs of vectors in the population for its mutation opera-
tor and other evolutionary algorithms use predetermined
probability distribution functions. DE algorithm has been
attracting increasing attention for it is simple, fast, and robust.

4.5. Comparison with Conventional Model. Compared to
conventional creep-fatigue damage mechanical model, two
modifications have been made in this paper. First, frequency
modification was introduced into pure fatigue evolution
equation. Second, nonlinear summation of damage incre-
ment was proposed. The comparison between the fitted
results by modified model and conventional model was
presented in Table 2 and Figure 8. Model 1 was the pro-
posed model, Model 2 turned nonlinear damage increment
summation back to linear, that is, C = 1, and Model 3
cleared away frequency modification from fatigue evolution
equation. As shown by the results, the fitted result of Model 1
agreed best with tested result; Model 3 agreed worst. The
difference between Model 2 and Model 1 was quite small; it
was because in all tests of this paper creep damage was quite
small compared to fatigue damage, and the values of C in
Model 1 were close to 1. The comparison also indicated that
fatigue strength rate dependence contributed largely to
fatigue life frequency sensitivity of Plexiglas Resist 45.

5. Conclusion

Tensile fatigue tests at three frequencies (0.03, 0.1, and 0.5 Hz)
were performed in MTS809, and the results showed that
fatigue life increases with frequency. Frequency had little
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TaBLE 2: Comparison of equation and R? of three models.

Model 1 Model 2 Model 3
Initial N = 0, Dy =0, D, = 0 Initial N =0, D, = 1 Initial N = 0, D,,,(N) = 0
End D (N) = 1 End D (N) = 1 End D (N) = 1
0,25+1 2s+1 0,25+1
AD; = —*——— AD; = ——*—— AD; = —4——
7 Bfm(1-Dy) 77 Bf"(1-Dy) 77 B(1-Dy)

NT PN
AD, = J A( ) d
~N-npT \1-D,

NT c \
AD, = J A< ) d
~N-nt \1-D,

NT o r
AD, = J A< ) dt
(N-DT 1 - Dy,

Equations ot
, \JAD, +AD;
C=c exp m Dy = Doy + ADy + AD, Dyy = Do + AD + AD,
D; =D, +AD; +C-AD,
DC:DC+ADC+C-ADf
D, =D, +D,
For three models: A = 9.198E — 26, v = 14.216 units: (0, 0,: MPa T, t: hour)

Parameters s =1.1497, m = 0.3316 s =1.0592, m = 0.34047 s =1.1436

B = 190990790, ¢’ = 0.9964 B =99955327 B =99767982
R 0.98 0.95 0.66

impact on cyclic creep rate and the area within hysteresis
loop, but modulus increased with frequency.

Based on the analysis of test data and the viscoelastic
mechanical properties of Plexiglas, creep damage along with
creep-fatigue interaction, and fatigue strength rate-depend-
ence, these two factors should be concerned with the life
prediction. A creep-fatigue damage model including damage
increment nonlinear summation and frequency modification
was presented for life analysis. The comparison of test and cal-
culation result showed the capability of the proposed model
to describe the fatigue life of Plexiglas Resist 45 at different
frequencies.
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