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EDITOR' S NOTE 

Although ORNL has a pol icy  of r epo r t ing  i ts  work i n  SI me t r i c  u n i t s ,  

t h i s  r epo r t  uses  English u n i t s .  The j u s t i f i c a t i o n  is t h a t  t h e  i n s u l a t i o n  

i n d u s t r y  a t  p resent  opera tes  completely with English u n i t s ,  and r e p o r t i n g  

o therwise  would l o s e  meaning t o  the  intended readersh ip .  To a s s i s t  the  

reader  i n  ob ta in ing  the  SI eq.uivalents ' ,  t he se  a r e  l i s t e d  below f o r  the  

u n i t s  occurr ing  i n  t h i s  r epo r t .  

Dimension 

Dimension 

Density 

Power 

Thermal conduct iv i ty  

Thermal r e s i s t a n c e  

Temperature 

Temperature d i f f e r e n c e  

Unit Used SI  Equivalent  

i n .  

f t  

l b / f t 3  

Btu/h 

Btu in . /h  f t 2  OF 

h f t 2  OF/Btu 

OF 

OF 
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ANALYSIS OF HEAT TRANSFER IN BUILDING THERMAL INSULATION 

H. A. Fine, S. H. Jury, D. W..Yarbrough, and D. L. McElroy 

' ABSTRACT 

The measurement of the apparent thermal properties 

(i.e., conductivity, resistivity, and resistance) of insulation 
by the guarded hot-plate technique is mathematically simulated 
on a computer by assuming that coupled conductive and radiative 

heat transfer occurs in an absorbing and emitting single-phase 
gray medium. Calculations are performed for insulation 
extinction coefficients between 0.001 and 1000 ft-l, thicknesses 

between 0.0208 and 1.0 ft, continuous-phase thermal conduc- 

tivities between 0.1800 and 0.1980 Btu in./(h ft2 OF), hot-plate 
temperatures between 485 and 635OR, and cold-plate temperatures 

between 435 and 585OR. 
A three-region approximate solution to coupled conductive 

and radiative heat transfer in an infinite slab of absorbing and 

emitting gray material bounded by black surfaces is also 
developed and shown to agree to within '0.5% of the numerical 

results for most cases. The approximate solution to the coupled 
problem and the exact solution to the uncoupled problem are used 
to establish the effect of test conditions (such as specimen 
thickness, plate emissivity, plate temperatures, and continuous- 
phase thermal conductivity) on the measured apparent thermal 

properties of an insulation specimen. 
Examples of the temperature profiles within the insulation 

and a table of representative thicknesses for guarded hot-plate 
test specimens (i.e., the minimum specimen thickness required 

for measurement of an apparent thermal resistivity that is 
within 2% of the value at infinite thickness) are also presented. 

A means to extrapolate thermal resistance data from thin to 

thick specimens is suggested by this analysis. Predictions from 
the extrapolation ate shown to be cu~~sistcnt with clcicting 
thermal resistance data on low-density mineral fiber building 
insulation batts. 

1. INTRODUCTION 

Heat transfer within insulation may occur by conduction and. radiation 

in the solid phase and by conduction, convection, and radiation' in the gas 

phase. These mechanisms interact and combine to produce the total'heat 

flux through the insulation and the temperature profile within the 



i n s u l a t i o n .  The primary goal  of t h i s  s tudy i s  t o  understand how conduc- 

t i o n  and r a d i a t i o n  i n t e r a c t  t o  y i e l d  the thermal p r o p e r t i e s  of i n s u l a t i o n  

wi thout  the  in£  luence  of convection. * 

I n  gene ra l ,  a  u s e f u l  understanding of a  complicated hea t  t r a n s f e r  

problem i s  sought from a n a l y s i s  of experimental da t a  using t h e o r e t i c a l  

models of t he  i n t e r a c t i n g  phenomena. Although s e v e r a l  theore' t  i c a l  models 

e x i s t ,  l p 2  v i r t u a l l y  no experimental  da t a  can be found i n  t h e  l i t e r a t u r e  

f o r  t he  problem of i n t e r e s t .  Several  s i g n i f i c a n t  events  have occurred 

s i n c e  1976 t h a t  have focused a t t e n t i o n  on the  need f o r  a d d i t i o n a l  

Ll leoret ical  and experimental  ana lyses  of hea t  t r a n s f e r  i n  i n s u l a t i o n .  

These evenus are olitl.ined below. A new t h c o r c t i c a l  approach thaL c l e a r l y  

shows the  r e l a t i o n s h i p  between two modes of heat  t r a n s f e r  wi th in  insu la-  

t i on  and t h e ,  p r o p e r t i e s  of the  i n s u l a t i o n  and ' t es t  f a c i l i t y  'fol.lows. 

F i r s t ,  i n  1976, the  American Socie ty  f o r  Test ing and Mate r i a l s  (ASTM) 

approved a  s i g n i f i c a n t  change i n  the  ASTM C177 s p e c i f i c a t i o n  f o r  the  

s t anda rd  guarded ho t -p l a t e  t e s t  m e t h ~ d . ~  Among the changes, ASTM C177-76 

provided a  new method t o  e s t ima te  the  maximum th ickness  of specimens t h a t  

can  be used i n  the guarded hot -p la te  appara tus ;  the s p e c i f i c a t i o n  a l s o  

noted t h a t  the  thermal p r o p e r t i e s  of a  specimen may change with specimen 

th i ckness .  P r l o r  t o  c h i s  change, t he  maximum th ickness  wa's l imi t ed  t o  

one- th i rd  of t h e  l a t e r a l  dimension of the c e n t r a l  s e c t i o n  of the apparatus .  

Since the  l a t e r a l  dimensions of most c e n t r a l  ccc t ions  were l e s s  t h a ~ i  6 in . ,  

Llle major i ry  of t e s t s  were conducted a t  a  specimen th ickness  of l e s s  than 

2 i n ,  Thus p r i o r  t o  1976, few seudics  provided da ta  sers on the  specimen 

t h i c k n e s s  e f f e c t ,  and a  l i n e a r  e x t r a p o l a t i o n  of any a v a i l a b l e  d a t a  t o  

des ign  th i ckness  was employed. The C177-76 s p ~ c i - f i c a t i o n ,  howcvcr, ind i -  

c a t e d  the  need f o r  measurements nn i n s u l a t i o n s  at t h c i r  dcsign or  f u l l  or 

ac tua l -use  thick.nese. 

Second, s i n c e  1976, a  number of l a b o r a t o r i e s  have increased  the  

c e n t r a l  s e c t i o n  dimension t o  12 in . ,  which by the pre-1976 s p e c i f i c a t i o n  

would a l low sample th i cknesses  up t o  4 in .  but by the new spec i f ica t i ,on  

* 
I n  t h i s  a n s l y c i o  convect ion is  esLimated as efihanced conduction 

(Sec t .  2.7). 



al low th icknesses  of 6 in .  or  more: These devices  should provide d i r e c t  

experimental  d a t a  on the  e f f e c t  of th ickness ,  assuming t h a t  t h e  increased  

th i ckness  does not i nc rease  the  measurement e r r o r .  

Although ASTM has endorsed the  philosophy of fu l l - t h i ckness  t e s t i n g ,  a 

cau t iona ry  s tatement  has  been.appended to' C177-76 and a p o s i t i o n  s tatement  

prepared .4 Both suggest t h a t  i d e n t i f i c a t i o n  of measurement acduracy and the  

fu l l - t h i ckness  e f f e c t  r equ i r e  c a l i b r a t i o n  s t anda rds ,  which do not e x i s t .  

Third,  in 1979, t he  Federal  Trade Commission (FTC) issued a f i n a l  . 

r u l e  on l a b e l i n g  and a d v e r t i s i n g  of home i n s u l a t i o n  t h a t  inc ludes  

p re sc r ibed  s tandard ized  t e s t  methods f o r  determining R-values of home 

i n s u l a t i o n   material^.^ The r u l e '  s t a t e s  a l l  t e s t s  must be perforued a t  

a specimen th ickness  g r e a t e r  than t h a t  f o r  which the  apparent  thermal 

r e s i s t i v i t y  of the  m a t e r i a l  does not change by more than 2% with f u r t h e r  

i n c r e a s e s  i n  thickness .  The e f f e c t i v e  da t e  of t h i s  r u l e  was t o  have been 

November 30, 1979, but t h i s  has been delayed. 

L a t e r  i n  1979, t he  Department of Energy (DOE) Res iden t i a l  Conservation 

Serv ice  (RCS) program issued  a f i n a l  r u l e , 6  which became e f f e c t i v e  

December 7, 1979, and would recognize the  FTC f i n a l  r u l e  a s  inc luding  

requirements  f o r  thermal r e s i s t a n c e  t e s t i n g .  Since the  RCS program is  

a major f e d e r a l  e f f o r t  t o  encourage energy conserva t ion  measures, such a s  

a p p l i c a t i o n  of home i n s u l a t i o n ,  the  understanding of fu l l - t h i ckness  

t e s t i n g  is  an important pa r t  of the  n a t i o n a l  e f f o r t  f o r  energy 

conserva t ion .  
. . 

For 'an in£ i n i t e  p lanar  s e c t i o n  of i n s u l a t i o n  a t  s teady  s t a t e ,  the  

t o t a l  hea t  f l u x  is a cons tan t  t h a t  is  independent of p o s i t i o n  w i t h i n  t h e  

specimen. . Thus, the thermal conduc t iv i ty ,  r e s i s t i v i t y ,  and 'resistance 

t o  hea t  t r a n s f e r  of an  i n s u l a t i n g  m a t e r i a l  may be defined by analogy t o  

pure conductive hea t  t r a n s f e r .  (See Appendix A1 f o r  t he  d e f i n i t i o n s  given 

i n  ASTM C177-76.) However, while  t he  t o t a l  hea t  f l u x  must be cons t an t ,  

t h e  f r a c t i o n  of energy c a r r i e d  by each mechanism v a r i e s ,  wi th  a nonl inear  

temperature p r o f i l e  r e s u l t i n g  even when the  p r o p e r t i e s  a r e  not a func t ion  

of temperature.  Because of the  presence of r a d i a t i v e  hea t  t r a n s f e r ,  t h e  

thermal  p r o p e r t i e s  of i n s u l a t i o n  a r e  apparent  thermal p r o p e r t i e s  t h a t  a r e  

a func t ion  of t he  phys i ca l  and o p t i c a l  p r o p e r t i e s  of t he  i n s u l a t i o n  and 

i t s  bounding sur faces .  



Real iz ing  t h a t  measured va lues  f o r  t he  thermal p r o p e r t i e s  of insu la-  

t i o n  may depend on the  appara tus  a s  w e l l  a s  t he  i n s u l a t i o n ,  s e v e r a l  

i n v e s t i g a t o r s  have employed l imi t ing-case  s o l u t i o n s  t o  t he  a c t u a l  hea t  

t r a n s f e r  problem t o  d e f i n e  the  e f f e c t  of measurement condi t ions  on the  

measured r e s u l t .  7-9 These a t tempts  have gene ra l ly  been based e i t h e r  

on  uncoupled ( i . e . ,  non in t e rac t ing )  conduct ive,  and r a d i a t i v e  hea t  t r a n s f e r  

i n  an absorbing,  e m i t t i n g ,  and s c a t t e r i n g  single-phase gray medium7 9 

o r  on conduct ive p lus  r a d i a t i v e  hea t  t r a n s f e r  wi th  only 

Exact s o l u t i o n s  t o  the  coupled conduct ive and r a d i a t i v e  hea t  t r a n s f e r  

problem f o r  absorb ing ,  e m i t t i n g ,  and i sn t rnp i - ca l ly  s c a t t e r i n g  s ingle-phase 

g ray  m a t e r i a l s  bounded by nonblack i so thermal  i n f i n i t e  p a r a l l e l  p l a t e s  

have been developed by v i skan ta l  and by L i i  and ~ z i s i k . ~  These ana lyses  

show t h a t  a  l i n e a r  tempe_ratl.lrc p r o f i l e  e x i s t s  only f o r  clle pure s c a t t e r i n g  

c a s e  and t h a t  a s  t he  importance of s c a t t e r i n g  r e l a t i v e  t o  absorp t ion  

d e c r e a s e s  t he  n o n l i n e a r i t y  of the temperature p r o f i l e  i nc reases .  The 

wors t  l i m i t i n g  case ,  a s  i nd ica t ed  by t h e  most non l inea r  temperature 

p r o f i l e ,  occurs  f o r  b lack  bounding s u r f a c e s  and no s c a t t e r i n g  wi th in  t h e  

m a t e r i a l .  

I n  the  c u r r e n t  work, the  measurement of t he  apparent  thermal proper- 

t i e s  ( i . e . ,  conduc t iv i ty ,  r e s i s t i v i t y ,  and r e s i s t a n c e )  of i n c u l a t i o n  by 

t h e  guarded ho t -p l a t e  technique is modeled us ing  a  d i g i t a l  computer t h a t  

s o l v e s  t he  coupled conduct ive and r a d i a t i v e  hea t  t r a n s f e r  problem f o r  an  

absorb ing  and e m i t t i n g  single-phase gray medium bounded by i n f i n i t e  

p a r a l l e l  black i so thermal  p l a t e s .  The r e s u l t s  of t hese  c a l c u l a t i o n s  f o r  

t h e  worst l i m i t i n g  case  and the  previous ly  determined r e s u l t s  f o r  the  b e s t  

l i m i t i n g  case  a r e  used t o  bracke t  t h e  e f f e c t  of sample th i ckness  on the 

appa ren t  thermal  p r o p e r t i e s  of i n s u l a t i o n  and t o  develop an  e x t r a p o l a t i o n  

e q u a t i o n  t h a t  shows the  r e l a t i o n s h i p  between the apparent  thermal propcp- 

ties and the measurement cond i t i ons  (e.g., hot- and cold-plate  emissivi-  

t ies and t eupe ra tu re s  and specimen th i ckness ) .  

2. THEORETICAL CONSIDERATIONS 

I n  a  proper ly  designed and operated guarded hot p l a t e ,  t h k  guards 

minimize l a t e r a l  hea t  exchange wi th  the  metered s e c t i o n  so t h a t  a  ne t  f l u x  

o c c u r s  only  i n  t h e  d i r e c t i o n  normal t o  the  hot  and co ld  specimen su r f aces .  



Under these conditions, the specimen is equivalent to an infinite slab of 

the same thickness. The heat flux and temperature profile within the slab 

and the specimen are identical. Thus, heat tra.nsfer by -coupled conduction 

. . 
and radiation in an absorbing and emitting.single-phase, gray slab bounded 

by infinite, black, isothermal, . parallel plates. approx.imates. the worst 
. . .  

. . limiting case for heat transfer within in insular ion sample ' contained in a' 
. .  . 

guarded hot plate with'the hot plate up. 

2.1 The ~iskanta and ~rosh' Analysis 

The temperature profile and total heat flux for the general coupled 

.' radiation and conduction problem are functions of the emissivities of the 
. . .  . 

bounding surfaces and four dimension1ess.parameters that describe the 

sample and ,test conditions: 

cold surface absolute temperature - T2 (reduced temperature) 
02.. = - - (1) 

hot surf ace absolute temperature TI 

L L To = - - sample thickness 
(optical thickness) , ( 2 )  

1 / ~  photon mean free path within sample 

KcE conductive heat flux 
% = - =  (radiation-conduction number) , 

( 3 )  

4oT; radiative heat flux 

and 

o scattering coefficient 
y = - =  (albedo) , (4 

E extinction coefficient 

where the parameters are defined in Table 1. 

In the .case of interest, the emissivities are equal to one and the 

extinction coefficient is equal to the absorption coefficient, that is, 

the pure absorption case for which the scattering coefficient and the 

albedo equal zero. Also, the thermal conductivity was .assumed to be that 

of the continuous phase (i.e., air).. 



Table 1. Nomenclature 

A, A(E), A(Tm), Constants in appropriate relationship 

A(a), A(a) 

B, B ( E ) ,  B(T,), Constants in appropriate relationship 

B(a), B(a) 

di Thickness of region i 

E Extinction coefficient, E = a + a 

.&(TI nth-order integral exponential function of T 

F6 Volume fraction of fibers in insulation 

G( T >  Parameter defined by Eq. (8) 

h Heat transfer coefficient 

I(0) Intensity of light incident on a sample at x = 0 

9 r 

Qt 

Qt, i 

Q 

Intensity of light emerging from a sample of thickness x 

Thermal conductivity uf air 

Apparent thermal conductivity 

Continuous-phase thermal conductivity 

Effective thermal conductivity, see Eq. (23) 

Radiative conductivity, see Eq. (21) 

Total or enhanced thermal conductivity, see Eqs. (56) and (57) 

Sample thickness 

Full or actual-use thickness 

Representative thickness for guarded hot-plate appaiatus test 

specimens 

Weighring factor in Eq. (62) 

Refractive index T 

Refractive index at 

Number of increments within simulated sample 

Radiation-conduction number defined by Eq. (3) 

Conductive heat flux 

Radiati-ve heat flux 

Tntal heat flux 

Total heat flux through region i 

Parameter defined by Eq. (29 ) ,  (30) or (31) 

Correlation coefficient 



Table 1. (Continued) 

R Thermal resistance 

Thermal resistance of region i 

Differential thermal resistivity 

~~~ar.nt thermal resistivity, Ilkapp 

Absolute temperature 

Absolute temperature at "i 

Absolute temperature ,for a linear temperature profile, TLin(T) . 

= T2 + (T/TO)(T~ - T2) 
Modified mean .absolute temperature defined in Eq. (55) 

Hot-plate absolute temperature 

Cold-plate 'absolute temperature 

Absolute temperature at interface between regions. I and I1 

Absolute temperature at interface between regions 11 and I T 1  

Position 

Absorption coefficient , 

Dimensionless slope at T = 0, see Eq, (12) 

[~(TII~ 

Constant equal to 1.42089 

Convergence limit 

Emissivity 

Emissivity of hot plate 

Emissivity of cold plate 

Dimensionless or reduced temperature, T/T~ 

Dimensionless temperature at T 

Cth value wf the dimensionlesg temperature at T 

Dimensionless temperature at cold plate, T2/T1 

Scattering coefficient 

Stefan-~oltzmann constant 

Dimensionless position, Ex 

Varia'ble of irleegrarion in Eqs. (7), (9 ) ,  and 110) 

Optical thickness, EL 

Parameter in Eq. (60), position at which T = TLin 

Albedo, Eq. (4) 



The temperature p r o f i l e  f o r  t he  pure absorp t ion  case  with black 

boundaries  w a s  found by s o l u t i o n  of the  n o n l h e a r  i n t e g r o - d i f f e r e n t i a l  
, . 

e q u a t i o n  developed by Viskanta and Grosh, l0 , l1  

s u b j e c t  t o  boundary condjdtions 

8(0) = 82, 8 ( . r 0 ) ' =  1.0 . 

Viskanta and Grosh have shown t h a t  t he  dimensionless  temperature 8(?)  

e q u a l s  

where 

Since a closed-form s o l u t i o n  f o r  Eq. (7)  i s  not a v a i l a b l e ,  a numerical 

technique  was used t o  o b t a i n .  a s o l u t i o n  f o r  the  temperature p r o f i l e .  l 0 ~  l1 

~ a v i n g  determined the  temperature p r o f i l e ,  Viskanta and Grosh show 

t h a t  t h e  t o t a l  hea t  f l u x  through the  sample equa l s  



where t he  conduct ive hea t  f l u x  i s  given by the  f i r s t  two terms i n  Eq. (9)  

and t h e  hea.t' f l u x  due t o  r a d i a t i o n  by the  l a s t  t h r ee  terms. l1 Combination . 

of  t h e  i n t e g r a l s  i n  Eq. (9)  y i e l d s  

Equation ( 7 )  can be d i f f e r e n t i a t e d  t o  show t h a t  



By i n s p e c t i o n  of Eq. (11) one can show t h a t  t h e  dimensionless  s l o p e  f3 must 

s a t i s f y  t he  i n e q u a l i t y  

f o r  a  s o l u t i o n  t o  be c o r r e c t .  An i t e r a t i v e  technique d i f f e r e n t  i n  d e t a i l  

LuL s i m i l a r  fa p r i n c i p l e  t o  t h a t  used by Viskanta and ~ r o s h l O , l l  was . 

developed i n  the airrent work f o r  de te rmina t ion  of t he  tetuperaLure p r o f i l e  ' ' 

and h e a t  f l u x .  

2.2 T h e . L i i  and Ozis ik  Analyses , 
. . 

An a l t e r n a t e  s o l u t i o n  technique was developed' f o r  t he  foregoing 

problem by L i i  and ~ z i s i k . ~  This  s o l u t i o n  is based on. a  normal mode 

expans ion  of t he  combined conduction and r a d i a t i o n  hea t  t r a n s f e r  problem 

i n  an absorb ing ,  e m i t t i n g ,  and s c a t t e r i n g  medium. For f u r t h e r  d e t a i l s  of 

this a n a l y s i s  , the  r eade r  i s  r e f e r r e d  ' t o  t h e  o r i g i n a l :  paper.  

2 . 3  Some T,l.iiii f. i ng Kasc A n a l y ~ i ~  (Thin, Thick, Rennex) 

Sparrow and cccolZ show t h a t  I u r  ~ l l e  o p c l c a l l y  t h i n  l i m i t ,  the  mean 

f r e e  pa th  of a  photon, l . / E ,  with in  .an o b j e c t  is l a r g e  compared t o  t he  

t h i c k n e s s  of t he  ob j ,ec t ,  L. Thus 

For t h i s  ca se ,  it was assumed t h a t  t he  r a d i a n t  hea t  f l u x  i s  not  a f f e c t e d  

by t h e  m a t e r i a l  and t h e  conduct ive and r a d i a t i v e  mechanisms'do not 

i n t e r a c t .  l2 The t o t a l  hea t  f l u x  through t h e  o b j e c t  then equa l s  

q t  = Qc + q p  , 



where qc is given by Fourier's. law, which fo'r a planar object of thickness 

L, constant properties, and unidirectional heat flow at steady state equals 

ThcS radiant heat flux between two infinite,parallel ~lates at T1 and T2 

and with emissivities ~1 and ~2 equals 

Substitution of Eqs. (15) and (16) into Eq. (14) yields 

For black plates €1 = ~2 = 1, and Eq.. (17) becomes 

When the limit of zero optical thickness is subgtituted into Eq. (12) 

and L'Hospi.talts rule is used to evaluate the.indeterminant term that 
. . :  

a'rises, Eq. (10) simplifies to Eq. (18). 

siege1 and ~owelll~ discuss the optically thick limiting case, where. 

the dimensions of an object are large compared to the mean free path of a 
. . 

photon in the object, 



. and t h e  photons t h a t  c a r r y  r ad i an t  energy wi th in  the  ob jec t  behave i n  a  

manner s i m i l a r  t o  photons i n  the conductive hea t  t r a n s f e r  process.  The 

. r a d i a n t  h e a t  f l u x  i s  approximated by 

. . 

where f o r  a  gray medium the  r a d i a t i v e  conduc t iv i ty  k , equa l s  

For combined conduction and r a d i a t i o n  hea t  t r a n s f e r ,  

where ke f f ,  t he  e f f e c t i v e  thermal conduc t iv i ty ,  equa l s  

El imina t ing  both keff between Eys. (22) and (23) and k,, h r r v ~ ~ n  the 

r e s u l t , a s d  Eq. (21)  and i n t e g r a t i n g  the  r e s u l t  y i e l d s  t he  approximate 

' t o t a l  hea t  f l u x  a t  s teady  s t a t e  f n r  one -d i r ec f ions l ' hca t  flow i n  an 

o p t i c a l l y  t h i c k  s l ab , .  

Combining the  t o t a l  hea t  f l u x  f o r  the  o p t i c a l l y  t h i n  l i m i t i n g  case  

s o l u t i o n ,  Eq. ( l a ) ,  with the  d e f i n i t i o n  of the  apparent  thermal 



y i e l d s  a  l i n e a r  r e l a t i o n s h i p  between kapp and L f o r  cons tan t  va lues  of t h e  

p l a t e  temperatures:  

S u b s t i t u t i o n  of t he  t o t a l  hea t  f l u x  f o r  t h e  o p t i c a l l y  t h i c k  l i m i t ,  

Eq. (24 ) ,  i n t o  Eq. (25) shows t h a t  t he  asymptot ic  approach of t he  

apparen t  thermal  conduc t iv i t y  t o  an upper l i m i t  t h a t  i s  dependent on the  

abso rp t ion  c o e f f i c i e n t  of the  sample occurs  a t  l a r g e  sample t h i cknes se s  

and high abso rp t ion  c o e f f i c i e n t s .  The asympto t ic  l i m i t  equa l s  

A review of s e v e r a l  methods f o r  t r e a t i n g  the  e f f e c t  of t h i cknes s  on 

t h e  apparent  thermal  p r o p e r t i e s  of i n s u l a t i o n  was recent ' ly  prepared by 

~ e n n e x . ~  The.&odels d i scussed  by Rennex assume t h a t  i n t e r a c t i o n  does not  

occur  bctween conduction and r a d i a t i o n  w i th in  t he  i n s u l a t i o n  and t h a t  t h e  

h e a t  f l uxes  a r e  a d d i t i v e .  

Rennex d i s c u s s e s  t h r e e  s o l u t i o n s  t o  t he  pure r a d i a t i v e  hea t  t r a n s f e r  

problem. A t  thermal 0.r r a d i a t i v e  equ i l i b r ium,  t h e ' r a d i a n t  hea t  f l u x  

between t w o . i n f i n i . t e  parallel p l a t e s  a t  T1 and T2 separa ted  by a  gray 

medl.~.im equa l s  

An exac t  s o l u t i o n  f o r  Q developed by Heaslet  and warming14 shows t h a t  ' f o r  



where y = 1.42089. The exponent ial-kernel  approximation12, l5  t o  t h i s  

problem y i e l d s  

whi le  ~ e r i n e x ~  proposes 

413 
= -cO + 413 [l + 0.0657 tanh   TO)] 

a s  a  replacement f o r  Eq. (29).  

Assuming t h a t  t he  t a d i a t i v e  and conduct ive hea t  f l uxes  do not 

, i n t e r a c t  and t h a t  t h e  t o t a l  f l u x  equals  the  sum of t he  two independent 

f l u x e s ,  ~ e n n e x ~  developed the  follnwfng equafionc f o r  t he  e f f e c t  oJ: 

t h i ckness  on the  apparent  thermal conduct iv i ty  by combining Eq. (29) ,  

( 3 0 ) ,  o r  (31)  with Eq. (28) and'  Eqs. (28) and (15) with Eq. (14) t o  

o b t a i n  qt. This  va lue  of qe was then i n s e r t e d  i n t o  Eq. (25) t o  y i e ld  

-9 
k = k  + 40. - 

app c 2 - - - 
L , .  

€ 
1 + 2 r + 0 . 0 6 5 7  4 . , 

and 

- T ~  
k = 

, 4 a m  . 
L ' 

E 
3r0 + 0.0657 tanh  ( 2 ~ ' )  

4 3 
when i t  i s  assumed t h a t  c l  = ~2 = E and (Tfi - T2)/(T1 - T2) = 4T,. 

.For conduction and r a d i a t i o n  with pure s c a t t e r i n g  ( w ' =  l ) ,  i n t e r a c t i o n  

between the two modes of hea t  t r a n s f e r  does not occur ,  l2 and the  con- 

d u c t i v e  and r a d i a t i v e  hea t  f l uxes  through the  specimen a r e  added t o  f i nd  



. t h e  t o t a l  hea t  f l ux .  For pure s c a t t e r i n g ,  q p  i s  given by Eq. (28) and & 

i s  .giSen by Eq. (.29) with T O  equal  t o  crL.12 It i s  . t h e r e f o r e  c l e a r  t h a t  

Eq... (32) ,  developed by ~ e n n e x , ~  is exac t  f o r  combined conduct ion and 

r a d i a t i o n  with pure s c a t t e r i n g  ( w  = 1).  

For T O  g r e a t e r  t han '  2 ,  . tanh (2-r0) i s  equal  t o  u n i t y  and thus  Eqs. (32) 

and (34) a r e  i d e n t i c a l .  A s  a l l  'cases  of i n t e r e s t  i n  t h i s  a n a l y s i s  have 

va lues  of T O  g r e a t e r  than 2, only Eqs. (32) and (33) need t o  be d i scussed  

f u r t h e r .  The, only di£fer .ence between Eqs. (32) and (33) i s  t h e  cons t an t  
' 

i n  t he  denominator of Eqs. ' ( 29 )  and (30).  The va lue  1.42089 was found 

f o r  t he  exac t  s o l u t i o n ,  l4 w h i l e .  1.3333 was found by the  approximate 

,,:. t e ~ h n i ~ u e . " ~ ~ , ~ ~  A s  t h i s  .is t he  only d i f f e r e n c e ,  only t h e  exac t  s o l u t i o n  

'which y i e l d s  Eq. (32) ' w i l l  be used i n  subsequent ana lyses .  

S ince  t h e  thermal r e s i s t i v i t y  . equa ls  t he  i nve r se  o f .  t he  thermal  

conduc t iv i t y ,  i n v e r t i n g  Eq. (32) y i e l d s  an  express ion  f o r  t h e  apparent  

thermal  r e s i s t i v i t y .  For t he  pure s c a t t e r i n g  ca se ,  

where 

and 



2.4 Numerical Value of the Ext inc t ion  Coef f i c i en t  

I n  gene ra l ,  t h e  e x t i n c t i o n  c o e f f i c i e n t  is  a func t ion  of wavelength. 

To d a t e ,  s p e c t r a l  o r  average e x t i n c t i o n  c o e f f i c i e n t s  have not been 

measured f o r  f i b r o u s  i n s u l a t i o n  f o r  t he  wavelength range of i n t e r e s t ,  

3 t o  20 pm. pelanne16 has ,  however, measured the  percent  t ransmdttance of 

v i s i b l e  l i g h t ,  0.4 t o  0.7 pn, through f i b e r g l a s s  i n s u l a t i o n ,  which can be 

conver ted  t o '  e x t i n c t i o n  c o e f f i c i e n t s  using ~ e e r ' s  law: 13. 

I(x) .m = exp (-Ex) . 

The r e s u l t s  of t hese  ca lcu la t ionG,  which r ep resen t  an approximation t o  the  

v a l u e s  of i n t e r e s t ,  i n d i c a t e  t h a t  the  ex t inc t ion .  c o e f f i c i e n t  f o r  f i b e r g l a s s  

i n s u l a t i o n  l i e s  i n  t he  range of 50 t o  150 f t - l .  The o p t i c a l  th icknesses  

of t h e  ma jo r i t y  of i n s u l a t i o n  t e s t  specimens wi l l  , t h ~ r e f o r ~ ,  l i c  i n .  the 

r e g i o n  where Eqs. (26) and (27) do not apply. Thus, we t u r n  t o  t he  

development of the r e l a t i o n s h i p  between the  apparent  thermal conduc t iv i ty  

and sample th i ckness  f o r  in te rmedia te  o p t i c a l  th icknesses .  For t h i s  

purpose,  the three- reg ion  approximation i s  a u s e f u l  conccpt. 

2.5 Development of a Three-Region Apprnxirnation 

I n  p r i i l c ip l e ,  t h e  effective. th-ermal conduc t iv i ty  i s  au l ~ k e n s i v e  

p rope r ty  of a m a t e r i a l .  The r a d i a t i o n  conducti nn approximation, clef inecl 

Ly Eq. (LO), however, is not  a va l id  r.nncept near  t hc  S U P ~ A C . ~ ~  OL a11 

o b j e c t .  I n  t h i s  reg ion ,  photons may pass through the  ob jec t  without  

i n t e r a c t i n g ,  a s i t u a t i o n  s i m i l a r  t o  the  o p t i c a l l y  t h i n  l i m i t .  It is,  

t h e r e f o r e ,  a p p r o p r i a t e  t o  approximate a p l ana r  i n s u l a t i o n  sample as an 

o p l i c a l l y  ch in  s e c t i o n  of th ickness  dL1 which is  immediately ad jacent  t o  

t h e  hot  su r f ace  i n  t h e  t e s t  appara tus  ( r eg ion  I ) ,  an o p t i c a l l y  t h i c k  

c e n t r a l  s e c t i o n  ( r eg ion  1 1 ) ,  and an o p t i c a l l y  t h i n  s e c t i o n  of th ickness  

dL2 which is  h g e d i a t e l y  ad j acen t  t o  the  cold s u r f a c e  i n  the  t e s t  

a p p a r a t u s  ( r eg ion  I I I ) . .  The t o t a l  hea t  f l u x e s  through each region w i l l  

t h e n  equal  



and 

where T1 and T2 a r e  the  temperatures a t  the i n t e r f a c e s  between reg ions  I 

and I1 and 11 and 111, r e spec t ive ly .  

To s impl i fy  the  a n a l y s i s ,  i t  . w i l l  be assumed t h a t  t h e  th icknesses  of 

reg ions  I and 111 a r e  equal .  A s  some photons w i l l  be absorbed a s  soon a s  

they  e n t e r  the  sample and o t h e r s  w i l l  t r a v e l  wel l  i n t o  the  sample, an 

average th ickness  for regi-ons I and 111 w i l l  be def ined  a s  the  d i s t a n c e  

which w i l l  absorb one-half the inc iden t  r ad i an t  energy. According t o  

Eq. ( 3 8 ) ,  f o r  the pure absorp t ion  case  t h i s  th ickness  equals  

Combining Eqs. (39) through (42) y i e l d s  

and 



where R1, R2 ,  and R3 a r e  t he  thermal r e s i s t a n c e s  of the  regions.  The 

v a l u e s  of t h e s e  r e s i s t a n c e s  a r e  

and 

A r e l a t i o n s h i p  between t h e  apparent  thermal  r e s i s t i v i t y  and specimen 

o p t i c a l  t h i cknes s  was ob ta ined  by combining Eqs. ( 4 5 )  through (48)  and 

t h e  i nve r se  of Eq. ( 2 5 )  f o r  t he  pure abso rp t ion  case.  The r e s u l t t n g  . . 

r e l a t i o n s h i p  is  

where 

and 



The foregoing ana lys i s '  provides  s i m p l i f i e d  equa t ions ,  such a s  

Eqs. (35) and (49) ,  f o r .  i n t e r p r e t a t i o n  of t he  dependence of the  apparen t  

thermal  conduc t iv i t y  and r e s i s t i v i t y  of i n s u l a t i o n s  upon measurement 

condi t ion .  These equa t ions  c l e a r l y  show t h e  dependency of t he  apparen t  

thermal r e s i s t i v i t y  (o r  conduc t iv i t y )  on o p t i c a l  t h i cknes s  and a r e  f i n i t e  

f o r  i n f i n i t e  TO. 

2.6 E f f e c t  of Temperature on Apparent Thermal Conduct ivi ty  

The apparent  thermal conduc t iv i t y  is dependent on temperature  and 

s t r o n g l y  dependent on the  term T; when the  continuous-phase thermal  

conduc t iv i t y ,  e x t i n c t i o n  c o e f f i c i e n t ,  and p l a t e  e m i s s i t i v i t y  a r e  approxi- 

mately cons tan t  over t he  temperature  range of i n t e r e s t  and when t h e  albedo 

equa l s  one (pure .  s c a t t e r i n g )  : 

The va lues  of A(T,), B(Tm), and T, a r e  e s t a b l i s h e d  by the  s o l u t i o n  t o  t h e  

uncoupled hea t  t r a n s f e r  problem [Eq. (32)l  wi th  

and 

The dependence of t h e  apparent  thermal  conduc t iv i t y  on temperature  

f o r  t he  pure abso rp t ion  case  ( w  = 0),  a s  g iven  by the  three-region 

approximation,.  appears  t o  be more complicated t han  Eq. (52): A s  a f i r s t  
. . 

approximation,  however, it can be assumed t h a t  kapp . i s  l i n e a r l y  dependent. 

3 ' on Tm when the  a lbedo ,  equa ls  zero. 



2.7 Effect of Convection and Solid-Phase Conduction 

Ideally we would like to include the (effect of solid-phase conduction 

and convection in our solution efforts. At present, we can only estimate 

these effects. The contribution of solid-phase cond~lction to the apparent 

thermal conductivity of the insulation may be estimated by analyzing the 

insulation as an air-fiber composite. This composite will consist of a 

continuous phase with low thermal conductivity (i.e., air) and a randomly 

distributed phase with high condutivity (i.e., fibers). The thermal 

conductivity of the congosite i s given by thc Maxwell-Duckell equar f on1 

and equals 

1 + 2Fs 
k = k  
tot airl-Fs ' 

. Convection within the insulation will occur in parallel with 

conduction. Analysis of the parallel heat transfer problem yields an 

enhanced or total thermal conductivity, 

Rearrangement of Eq. (32) yields 

Thus for the pure scattering case, the quantity kapp - kc will be 

unaffected by changing the value of the continuous-phase thermal con- 

ductivity [i.e., substituting ktot from Eq. (56) or (57) for kc]. If 

changing kc does not affect kapp - ko (i.e., the apparent k?), then for 

any total thermal conductivity, 



3.  PROCEDURE 

An i t e r a t i v e  technique '  d i f f e r e n t  i n  d e t a i l  but s i m i l a r  . i n  p r i n c i p l e  

t o  t h a t  'used by Viskanta and ~ r o s h l O , l l  was developed i n  t he  c u r r e n t  work 

f o r  de te rmina t ion  of - t h e  temperature  p r o f i l e  and hea t  f lux .  I n  t h i s  

s o l u t i o n ,  the  i n t e r v a l  (0 ,  L )  was d iv ided  i n t o  N s u b i n t e r v a l s  of equa l  

l e n g t h  L / N  and Eq. (7)  was. solved f o r  t he  temperatures  a t  t h e  N - 1 

. . i n t e r i o r  po in t s .  

To beg'in a  nume'rical c a l c u l a t i o n ,  va lues  were s e l e c t e d  f o r .  t he  

a b s o r p t i o n  c o e f f i c i e n t ,  t h i cknes s ,  r e f r a c t i v e  index, continuous-phase 

thermal  conduc t iv i t y ,  and hot- and cold-face a b s o l u t e  temperatures .  The 

computer program is  given i n  Appendix A2, and a  flow c h a r t  of t h e  program 

i s  shown i n  Fig. 1. The s e r i e s  approximation f o r  t he  exponent ia l  i n t e g r a l  

func t ions18  and the  func t ion  G ( T )  [Eq. (8)l  were then eva lua ted ,  and an 

i n i t i a l  e s t ima te  f o r  t he  dimensionless  temperature  p r o f i l e  was c a l c u l a t e d  

+ (kt0,, - 0 . l8).  . 
. . 

. , 
. . ( 5 9 ) .  ' . 

k .=, 0.18 . . . . . '  . ' 

C :; - . . . .  . 
. , . 

k 
aPP 

. . 

. 4' 

. 
. . . . 

from the  equa t ion  

. . . . ' . .  
. . . .. . .' . . . . . . . . 

. . 
. . . . . . ' . .  

, . . . 

- - k 
aPP 

. . 
. . 

k = k . . ?  
C t o t  , 

e ( ~ )  - e, [is - l j t l  - T / T ~ )  + 1 (T /T ' )  
- - 1 (60) 

1 - 0 2  1 + (B - 1 - TIT TI^ ' 

. . . .  

F i n a l l y ,  t he  i t e r a t i v e  s o l u t i o n  was begun by c a l c u l a t i n g  t h e  N - 1 

i n t e r i o r  temperatures ,  ei+l(,), of Eq. ( 7 )  using t h e  t r a p e z o i d a l  r u l e  



Fig. 1. Flow Chart  f o r  the  Computer Program Used t o  Solve t h e  
Coupled Conductive-Radiative Heat Transfe r  Problem. 
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and the  i n i t i a l  e s t i m a t e  f o r  8 ( ~ ) ,  e i ( r ) ,  t o  e v a l u a t e  terms on the  r i g h t  

s i d e  o'f Eq. (7) .  A run, was s u c c e s s f u l l y ~  terminated when Eq. (12)  was 

s a t i s f i e d  and 

: . f o r  a l l  i n t e r i o r  po in t s .  The convergence l i m i t  6 was u s u a l l y  set equal  

t o  0.0001. 

I f  e i t h e r  o r  both of t he  convergence c r i t e r i a  were not met, a  

weighted average of the '  c u r r e n t  and previous values .  f o r  8(=) was used 

t o  produce a  new es t ima te  f o r  t h e  temperatures  a t  t h e  i n t e r n a l  po in t s .  

The new es t ima te  equaled 

where M was i n i t i a l l y  set equal  t o  one. I f ,  however, t h e  c a l c u l a t e d  e r r o r  

became l a r g e ,  t he  computer s e t  M equal  t o  2M + 1 and Eq. (60) was used t o  

r e s t a r t  t he  i t e r a t i v e  procedure.  The new e s t i m a t e s  f o r  8 ( r )  were used i n  

Eq. (7 ) ,  and the  i t e r a t i v e  process  cont inued u n t i l  both convergence 

c r i t e r i a  were 'met. 

Af t e r  s u c c e s s f u l  convergence of t he  temperature  p r o f i l e  was ob ta ined ,  

t h e  t r a p e z o i d a l  r u l e  was employed t o  c a l c u l a t e  t h e  t o t a l  hea t  f l u x  through 

t h e  specimen and the  apparent  thermal  conduc t iv i t y  us ing  Eqs. (10) and (25). 

4. RESULTS 

Ca lcu l a t i ons  were performed f o r  guarded ho t -p l a t e  cond i t i ons  t h a t  

would approximate bu i ld ing - in su l a t i on  t e s t  condi t ions .  I n  a l l  c a s e s ,  t h e  

r e f r a c t i v e  index 'of t he  sample was 'assumed t o  equa l  one. The e f f e c t  of 



t h e  number of s u b i n t e r v a l s ,  convergence c r i t e r i o n  ( 6 ) ,  absorp t ion  

c o e f f i c i e n t ,  t h i ckness ,  continuous-phase thermal conduc t iv i ty  of the 
. . 

' .  , specimen,  and hot- and co ld-p la te  temperatures  was inves t iga t ed .  Calcula- 

. t i o n s  f o r  cond i t i ons  i d e n t i c a l  t o  those s tud ied  by v i skan ta l0 ,  l1 and L i i  

and 0z is ik2 ."ere .  a l s o  run. 

When t h e ' o p t i c a l  t h i ckness  TO of . t h e  s imulated sample was increased ,  

t h e  s o l u t i o n  diverged i n  the i n i t i a l  c a l c u l a t i o n s .  A t  f i r s t  t he  

d ivergence  problem was c o n t r o l l a b l e  f o r  c e r t a i n  cases  by inc reas ing  M 

( . i  .e., slowing the  i n i t i a l  divergence of t he  so lu t ion ) .  Increas ing  M, 

however, a l s o  slowed t h e  convergence of the  s o l u t i o n  and l e d  t o  long run 

t imes .  I n  many c a s e s ,  IUO i t e r a t i o n s  were made without convergence. 

Extens ive  t e s t i n g  of the program ind ica t ed  t h a t  i f  the  number of 

s u b i n t e r v a l s  was chosen such t h a t  

convergence of the .program gene ra l ly  occurred wi th  M equal  t o  one. I n  t he  

few c a s e s  where convergence did not  occur ,  the  o r i g i n  of the  problem was 

t r a c e d  t o  a  poor i n i t i a l  e s t ima te  f o r  9 ( ~ ) ,  which gene ra l ly  r e s u l t e d  from 

s e t t i n g  B i n  Eq. (60)  too  c l o s e  t o  one. I n  t hese  few cases ,  t he  program 

would have e v e n t u a l l y  converged. However, a s  each i t e r a t i o n  t akes  

approximate l ly  11 ( ~ 1 5 0 ) ~  min on a  ~ ~ / 8 e  computer, t hese  runs were 

s topped and r e s t a r t e d  a f t e r  i nc reas ing  6. 

The v a r i a t i o n  of t h e  c a l c u l a t e d  t o t a l  hea t  f l u x  r e s u l t i n g  from 

changing the  s i z e  of convergence l i m i t  6 from 0.1 t o  0.00001 was s tud ied  

f o r  a  sample with an  abso rp t ion  c o e f f i c i e n t  of 1UO f t - l ,  a  t h i ckness  of 

0.25 f t  , a  continuous-phase thermal conduc t iv i ty  of 0.1800 Btu i n . / ( h  f t2 'OF), 

and hot- and co ld-p la te  temperatures  of 560 and 510°R, r e spec t ive ly .  For 

6  equal  t o  0.001 and 0.00001, t h e  c s l c u l a t c d  t o t a l  hea t  f l u x e s  were w i t h i n  
,; !. 

0.01% of the va lue  obta ined  f o r  6  equal  t o  0.0001, while  f o r  6  equal  t o  

0.1 and 0.01, t he  c a l c u l a t e d  t o t a l  hea t  f l u x e s  were wi th in  0.07% of t he  

v a l u e  f o r  6 equal  t o  0.0001. While t h e  run t imes f o r  6 g r e a t e r  than 0.01 

were s u b s t a n t i a l l y  l e s s  than  those  ' f o r  6  l e s s  than  0.001 (3.5 vs 10.5 h) ,  



i t  was concluded t h a t  a  small  va lue  f o r  6 should be used t o  o b t a i n  t h e  

most a c c u r a t e  va lue  f o r  t h e  t o t a l  hea t  f l ux .  Thus, i n  a l l  ensuing runs ,  

t h e  convergence l i m i t  6 was set equal  t o  0.0001. , 

The r e l a t i o n s h i p s  between t h e  apparen t  thermal  p r o p e r t i e s  and sample 

t h i cknes s  were i n v e s t i g a t e d  f o r  hot- and co ld-p la te  temperatures  of 

560 and 510°R, r e spec t ive ly .  A s  the  abso rp t ion  c o e f f i c i e n t s  f o r  f i b r o u s  

i n s u l a t i o n  a r e .  not  known, c a l c u l a t i o n s  were performed f o r  abso rp t ion  

c o e f f i c i e n t s  between 0.001 and 1000 f t - l  a t  a  t h i cknes s  between 0.25 and 

12 in .  (0.0208 and 1  f t ) .  The t o t a l  hea t  f l u x e s ,  apparent  thermal  

c o n d u c t i v i t i e s ,  and apparent  thermal  r e s i s t a n c e s  f o r  t he se  c a l c u l a t i o n s  

a r e  given.  i n  Tables 2  through 4. The t o t a l  hea t  f l u x e s  through samples 

of th ickness  0.042, 0.083, 0.292, and 1.0 f t  a r e  a l s o  p l o t t e d  a s  func t ions  

of  t he  abso rp t ion  c o e f f i c i e n t  i n  Fig. 2. The apparen t  thermal  conduct ivi-  

t i es  a r e  shown i n , F i g .  3. The apparent  thermal  r e s i s t a n c e s  and r e s i s t i v i -  

t i es  fo r  a = 50, 100, 150, and 200 f t - l  a r e  shown i n  Figs.  4  and 5, 

r e s p e c t i v e l y .  

Examples of t he  n o n l i n e a r i t y  of the  temperature  p r o f i l e s  ob ta ined  i n  

t h e  presen t  s o l u t i o n  technique a r e  shown i n  Fig. 6. To h i g h l i g h t  t h e  

n o n l i n e a r i t y  of the  p r o f i l e s ,  t h e  d i f f e r e n c e  between t h e  c a l c u l a t e d  

temperature  T  and the  temperature  f o r  a  l i n e a r  p r o f i l e  TLin a r e  p l o t t e d  

ve r sus  t h e  f r a c t i o n  of t he  o p t i c a l  t h i cknes s  of t he  sample T I T O .  I n  a l l  

c a s e s ,  t he  temperature  g r a d i e n t s  a t  t he  ho t  and co ld  s u r f a c e s  a r e  s t e e p e r  

t han  those f o r  uncoupled r a d i a t i o n  and conduction. S u b s t a n t i a l .  d i f f e r e n c e s  

from the  arithmetic-mean t e s t  temperature  t h a t  would be expected a t  t he  

midpoint of the  specimen fo r  uncoupled heat t r a n s f e r  [ (TI  + T2)/2]  were 

a l s o  ev ident  i n  a l l  t h e  ca se s  s tud i ed .  . 

The e f f e c t  of vary ing  t h e  hot- and co ld-p la te  temperatures  on the  

apparen t  thermal  conduc t iv i t y  was determined f o r  sample t h i cknes se s  of 

1  and 3  in .  (0.0833 and 0.25 f t )  with abso rp t ion  c o e f f i c i e n t s  of 50, 100, 

150, and 200 f t - l .  A s l i g h t  i nc rease  i n  t he  va lues  of t he  apparent  thermal  

cond~.lc.t.i.vity was found when the  t e s t  temperature  d i f f e r e n c e ,  T1 - T2, was 

i nc reased  ( s ee  Table 5). Increas ing  t h e  mean test  temperature ,  wi th  a  

cons t an t  50°R temperature  d i f f e r e n c e ,  however, r e s u l t e d  i n  a  marked 

i n c r e a s e  i n  t he  apparen t  thermal  conduc t iv i t y  ( s e e  Table 6). 



Table 2. Total Heat Flux Thro.q.~ a Sample with n = 1 and k, = 0.1800 Btu in. /(h ft2 OF) 

Contained Between Black Plates at 560 and 510°R 

0. 
Yeat Flux, 3tu/(h ft2), for Various Sample Thicknesses, ft 

(ft-l) 0.0208 0.042 0.083 0.'1667 0.292 0.5 0.75 1.0 

aThickness = 0.020833 ft. 

b~hickness = 0,2917 ft. 

CThiekness = 0.0417 ft. 

dThickness = 0.0833 ,ft . 
eThickness = 0.04967 ft. 



Table 3. Apparent Thermal Conductivity of a Sample with n = 1 and 
kc = 0.18011 Btu in./(h ft2 OF) Contained Between Black Plates at 

560 and 510°R 

Thermal Conductivity, Btu in. /h (ft2 OF), . for Various Sample Thicknesses, ft a 

(ft-l) 0.0208 0.042 0.083 0.1667 0.292, 0.5 0.75 1.0 m a  

- - - 

qalculated from Eq. (37). 

bThickness = 0.2917 ft. 

CThickness = 0.0417 ft. 

dThickness = 0.0833 ft. 

eThickness = 0.020833 ft. 

fThizkness = 0.04167 ft. 



Table 4. Apparent Thermal Resistance of a Sample with n'= 1 and 
kc = C.1800 Btu in./(h ft2) Contained Between Black Plates 

at. 560 and 510°R 

Thermal Resistance, h ft2 OF/Btu, for Various Sample Thicknesses, ft 

0.0208 0.042 , 0.083 0.1667 0.292 0.5 0.75 1.0 

ZThickness = 0.2917 ft. 

hickness = 0.0$17 ft. 

=Thickness = 0.0;333 ft. 

dThickness = 0.02Q333 ft. 

"Thickness = 0.04167 ft, 
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Fig. 2. Variation of Total Heat Flux with Absor tion Coefficient, 

u (ft-l), and Thickness for kc = 0.1800 Btu in./(h ftq F ,  Tl = 560°~, 

and T2 = 510°R. 

Calculations were performed to determine how the apparent thermal 

conductivity of samples with .an absorption coefficient of 75 ft-l and 

sample thicknesses of 0.0883, 0.1667, and, 0.2917 ft (1, 2, and 3.5 in.) 

changed as the thermal conductivity of the continuous. phase was increased 

trom 0.1800 to 0.1980 BLu i~./(li ft7 OF,). A3 can be seen in Tabl.e 7, an 

increase in 'the continuous-phase. thermal conductivity resulted in an 

increase of similar magnitude in the apparent thermal conductivity. 
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Fig. 4. Thermal Resis tance vs  Thickness f o r  Absorption Coef f i c i en t s  

of 50, 100, 150, and 200 f t - l .  
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Fig: 5. Comparison of the  Apparent Thermal R e s i s t i v i t y  Obtained 
f o r  the  Pure Absorption Case (w = O), t he  Pure S c a t t e r i n g  Case (w = l ) ,  

and the Rennex (ref ' ,  7)  Extrapola t ion  Equation f o r  kc = 0.1800 ~ t u  in .  / 
( h  £t2 OF), TI = 560°R, T2 = 510°R, and E = 1. 
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Fig. 6. Variation of the Calculated Temperature Profile from a 
Linear Profile for kc = 0.1800 Rtu in./(h ft2 OF); TI = 560°R; T2 = 510'~; 
and a = 50, 100, 150, and 200 ft'l vs Dimensionless Position TITO. 



Table 5. Effect of Test Temperature Difference on the Apparent Thermal Conductivitya 

Thermal Conduct iv i ty ,  Btu i n . / ( h  f t 2  OF), a t  

asample proper t i e s  were n = 1 ,  kc = 0.1800 B t i  i n . / ( h  f t 2  OF), and E = 1. 

b ~ m  de f ined  by Eq. (55). . . 

CInterpolated value .  



Table  6. Ef fec t  of &an Tes.t. T e m ~ e r a t u r e  on t h e  Apparent Thermal Conduct ivi ty  
f o r  a Tes t  T e m ~ e r a t u r e  Di f fe rence  of 5 0 0 ~ ~  

- -- 

Thermal Conduc t iv i ty ,  Btu in . /dh f t 2  O F ) ,  a t  

T, 
'2IT1 ( "E)  a = 50 ft-l .r = 100 ft-1 a = 150 ft-1 a = 200 ft-1 

L = 0 . 0 3 3 3 f t  L = 0 . 2 5 f t  L = 0 . 3 8 3 3 f t  L = 0 . 2 5 f t  L = O . C # 8 3 3 f t  L = 0 . ? 5 f t  5 = 0 . 0 8 3 3 f t  L = 0 . 2 5 f t  

asample p r o p e r t i e s  E r e  n = 1  and kc.= 0.03160 + 2.768 x I+T, [Btu i . ~ . / ( h  f t 2  OF)]. Also, E = 1. Ca lcu la ted  u s i n g  t h e  t h r e e -  
r e g i o n  approxlmat  i>n .  



Table 7. Effect of Continuous-Phase Thermal 
~onductivi tya on the Apparent Thermal 

Conductivity for a = 75 ft-l 

Thermal conductivity, Btu in./(h ft2 OF) . . 

Length 

aTest conditions were n = 1, Ti = 560°~, T2 = 

510°R, and E = 1. 

Finally, several calculations were made to duplicate the results 

of Viskanta and.~roshl~,ll and Lii and ~zisik.~ The conditions for 

these calculations.assumed an arithmetic-mean test temperature of 

535OR, (T1 + ~ ~ ) / 2 ,  and a thermal conductivity of air equal to 

0.1800 Btu in./(h ft2 OF). The remainder of the conditions were then 

calculated from thc values of the dirnensinn1.e~~ parameters. The differ- 

ence between the calculated total heat fluxes and the values given in 

the literature varied from less than 0.1% to slightly more than 4.5% 

(see Table 8). 



Table 8. Resu l t s  of Va l ida t ion  Ca lcu l a t i ons  

L a qca lc  q r e  f Er ror  
( f  t'l) ( f t  ) [ ~ t u / ( h  f t 2 ) 1  [Btu/(h f t 2 ) 1  (%  1 

O p t i c a l l y  Thin Limita 

0.0208 88.6646. 88.6654 
0.042 70.4637 70.4649 
0.083 61.6411 61.6439 
0.292 55.1660 55.1762 
0.5 54.0902 54.1077 
1.0 53.3226 53.3577 

O p t i c a l l y  Thick Limita 
.. - 

1.0 3.4480 3.5557 
0.75 2.8267 2.8705 
0.5 3.3287 3.3705 
0.2917 4.. 4509 4.4949 
0.1667 6.5548 6.6030 
0.0833 10.6591 10.6877 
0.0417 19.6532 19.6677 

L i i  and Oz i s ik  ( r e f .  2) 

0.00357 5 , ~ 3 5 . ' 7 ~  5,833.7 
0.0179 2,259.1b 2.262.4 ' 

0.0357 1 , 8 2 1 . 3 ~  1,821.4 
Vislcanta and Grosh ( r e f .  10) 

0.001 571,132" 571,100 
0.01 ,78, 842C 78,900 
0.1 29, 6OOC 29,500 
0.01 7 0 , 4 0 2 ~  71,400 
U. 1 2 1 , 0 8 8 ~  21,900 
i .0  1 5 , 5 6 9 ~  16,300 
0.001 203, l M d  203,800 
0.01 85. 784d 89,900 
0.1 16, 394d 16,300 

v i skan ta  (ref. 1 1 1  

0.01 70, 402C 70.377 

q o n d i t i o n s :  T1 = 560°R, T2 = 510°R, and kc = 
0.015 Btu/(h f t  OF). 

b ~ o n d i t i o n s :  T1 = 1070°R, T2 = OOR, and kc = 

0.015 Btu/(h f t  OF). 

CConditions: T1 = 2000°R; T2 = 1000°R, and kc = 
0.547 Btu/(h f t  '3). 

d ~ o n d i t i o n s :  T1 = 3000°R, T2 = 1500°R, and kc = 
0.054 Btu/ (h f t  OF). 
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5. APPLICATIONS 

The e f f e c t s  of t h i ckness  and o t h e r  t e s t  condi t ions  on the  apparent  

thermal  conduc t iv i ty ,  r e s i s t i v i t y ,  and r e s i s t a n c e  of i n s u 1 a t i o n . i ~  widely 

rkcognized, .although the  magnitude of t he  e f f e c t s  . is  not wel l  def ined.  To 

e . s t ab l i sh  ' the  magnitude of the e f f e c t s  , equat ions '  t h a t  r e l a t e  t he  appa ren t  

thermal  p r o p e r t i e s  of i n s u l a t i o n  . to  the  t e s t '  condi t ions  were developed i n  

a n  e a r l i e r  s ec t ion .  To bracket  the magnitude of the  e f f e c t s  f o r  t e s t s  

performed on bui ld ing  i n s u l a t i o n s ,  the  r e s u l t s  f o r  t h e  numerical s o l u t i o n  

and the three-region approximation t o  the  coupled h e a t  t r a n s f e r  problem 

a r e  compared with the  l i m i t i n g  s o l u t i o n s  f o r  which no ~ n t e r a c t i o n  i s  

assumed between conduction and r ad ia t ion .  The accuracy of t he  numerical 

s o l u t i o n  of the  coupled hea t  t r a n s f e r  problem which i s  used t o  model t he  

measurement of the  apparent  thermal conduct iv i ty  i n  a .  guarded hot  p l a t e  . . 
. 

must, however, be d iscussed .  f i r s t .  
. . . . 

5.1 Analysis  of Er rors  

To a s s e s s  the  accuracy of the  numerical s o l u t i o n  used i n  t h i s  work, 

t h e  s o l u t i o n  r e s u l t s  should be compared t o  t he  r e s u l t s  of an a n a l y t i c a l  

s o l u t i o n  t o  the  same problem. An a n a l y t i c a l  s o l u t i o n  t o  the  problem of 

i a t e r e s t  is ,  however, not ava i l ab l e .  Thus, t he  r e s u l t s  of t he  numerical 

s o l u t i o n  can only be compared with the l i m i t i n g  s o l u t i o n s  f o r  t he  

o p t i c a l l y  t h i n  and t h i c k  cases ;  the r e s u l t s  repor ted  by Viskanta and 

Grosh, l ,  lo, l1 which were. obtained us ing  a  s i m i l a r  nllrnerical technique;  and 

t h e  r e s u l t s  of t h e .  L i i  and 0 z i s i k 2  method. 

When the  t o t a l  hea t  f l uxes  ca l cu la t ed  using the  numerical s o l u t i o n  

technique f o r  TO < 10 '~  a r e  compared with the  va lues  ca l cu la t ed  from 

Eq. (18) ,  t he  agreement between the  r e s u l t s  obtained from the  numerical 

s o l u t i o n  and those ca l cu la t ed  using Eq. (18) is  b e t t e r  than 0.07X i n .  a l l  

c a s e s ,  a s  shown i n  f i r s t  s ix  rows of Table 8,  

While t he  o p t i c a l l y  t h i c k  l i m i t  is  gene ra l ly  considered t o  be 

a p p l i c a b l e  f o r  o p t i c a l  th icknesses  g r e a t e r  than 10, rows 7 through 13 of 

Table 8 i n d i c a t e  t h a t  t he  t o t a l  hea t  f l u x  obta ined  from the  present  



i t e r a t i v e  s o l u t i o n  does not approach the  l i m i t i n g  va lue  u n t i l  TO is  

g r e a t e r  than 40. A t  t h i s  p o i n t ,  however, the  agreement i s  b e t t e r  than 

0.3%. It must be remembered t h a t  Eqs. (23) and (24) a r e  approximations 

.and t h a t  exac t  agreement betweeen the  present  i t e r a t i v e  s o l u t i o n  and the  

approximate s o l u t i o n  w i l l  only  occur at i n f i n i t e  o p t i c a l  th icknesses .  The 

f a c t  t h a t  t he  i t e r a t i v e  and approximate s o l u t i o n s  approach the  same value 

a t  TO values  a s  low a s  40 is  f u r t h e r  evidence t h a t  t he  present  i t e r a t i v e  

s o l u t i o n  technique y i e l d s  c o r r e c t  r e s u l t s .  

An a l t e r n a t e  s o l u t i o n  technique based on a normal-mode expansinn of 

t h e  combined conduct ive and r a d i a t i v e  hea t  t r a n s f e r  problem i n  an 

abso rb ing ,  emi t t i ng ,  and s c a t t e r i n g  medium has been developed by L i i  and 

0 z i s i k 2  ( see  Sect. 2.2). The t o t a l  hea t  f l u x  thrnvgh an i n f i n i t c  s l a b  

was c a l c u l a t e d  f o r  s e v e r a l  ca ses ,  inc luding  t h a t  of black p l a t e s  (E: = 1) 

and no s c a t t e r i n g  (o = O), f o r  an o p t i c a l  th ickness  of one. Resul t s  from 

L i i  and Ozisik and from the  present  work a r e  shown i n  Table 8 (rows 14 

through 1 7 ) .  A s  can be seen from the  t a b l e ,  the  agreement is  b e t t e r  than 

0.04% f o r  two cases  and 0.15% f o r  the  t h i r d  case. 

A f i n a l  check on the  accuracy of the  present  i t e r a t i v e  s o l u t i o n  

involved  repea t ing  some of the cases  repor ted  by Viskanta and Grosh.l0 

A l l  t he  Viskanta and Grosh cases  were not repea ted ,  a s  disagreements of 

more than  4.5% o c c l l r r ~ d  f o r  some of thc  f i r s t  ca ses  LrraLed ( see  Table H). 

Thus, a c a r e f u l  check of a l l  t he  d a t a  repor ted  by Viskanta and 

~ r o s h l ,  lo, l1 , l9 was undertaken i n  an at tempt  t o  exp la in  these  discrepan- 

c i e s  be tore  redoing a d d i t i o n a l  cases .  

When the f i r s t  t h r e ~  Vi s k a n t a  and Croch r u b l i c a t i u a s l o s  l 1  9 l9 were 

compared, i t  was found t h a t  the  t o t a l  hea t  f l uxes  f o r  s i m i l a r  cases  i n  a l l  

t h r e e  agreed. However, i t  was a l s o  seen t h a t  t he  conduct ive and r a d i a t i v e  

IleaL f l uxes  d id  not agree  i n  many cases .  Furthermore, i n  t h e  ca ses  f o r  

which the  l a r g e s t  disagreements  nccurrad betwccn Viskanta aid Grosh's 

r e s u l t s  and the  c u r r e n t  work, the l a r g e s t  disagreements a l s o  occurred f o r  

t h e  conduction and r a d i a t i o n  hea t  f l u x e s  i n  Viskanta and Grosh's own 

pub l i ca t ions .  

It appears  t h a t  Viskanta and Grosh's problem a r i s e s  from the  procedure 

used t o  c a l c u l a t e  the  conduction hea t  f lux .  Their  o r i g i n a l  workl1 

c l e a r l y  s t a t e d  t h a t  t he  conduct ive hea t  f l u x  equals  t he  f i r s t  tuo terms 



of Eq. (9) .  However, i n  t h e i r  f i r s t  paper,  i t  appears t h a t  only the  f i r s t  

term was used. This e r r o r  was probably c a r r i e d  over i n t o  t h e i r  second 

paper ,  l9 which was prepared concurren t ly  wi th  t h e i r  f i r s t  paper. 

A f u r t h e r  comparison of the  f i r s t  t h r e e  workslo, 11, l9 wit'h a l a t e r  

paper1 shows t h a t  the  e r r o r  may have .been co r rec t ed .  This comparison 

showed disagreement of the t o t a l  hea t  f l u x e s  f o r  i d e n t i c a l  ca ses  i n  

Viskanta and .  Grosh's own papers but e x c e l l e n t .  agreement. of the  l a s t  . 

pape r ' s  r e s u l t s  with '  t he  present  work ( see  the  l a s t  row of Table 8). 

Fur ther  comparisons wi th  Viskanta and Grosh's work were not a t tempted,  a s  

i t  was not poss ib l e  t o  s t a t e  with complete c e r t a i n t y  which of t h e i r  

r e s u l t s  were c o r r e c t .  

Based on the  e x c e l l e n t  agreement between t h e  t o t a l  .hea t  f l uxes  

obta ined  from the  present  i t e r a t i v e  s o l u t i o n  and the  va lues  ca l cu la t ed  

f o r  t he  o p t i c a l l y  t h i n  and , th ick  l i m i t s  (TO << 1 and T O  > 40) and the  

agreement with the r e s u l t s  repor ted  by L i i  and 0 z i s i k 2  and Viskanta , l  

i t  was concluded t h a t  an e r r o r  of l e s s  than 0.1% should be expected 

between the  present  r e s u l t s  and the va lue  of the  t o t a l  hea t  f l ux .  

5.2 Thickness E f fec t  

The e f f e c t  of sample th ickness  on the  apparent  thermal conduc t iv i ty  

i s  shown i n  Fig. 3. The l i n e a r  behavior f o r  small  sample th i cknesses  and 

low absorp t ion  c o e f f i c i e n t s  is e a s i l y  expla ined  by the  o p t i c a l l y  t h i n  

l i m i t i n g  case  of Eq. (26).  A s  the  o p t i c a l  th ickness  i nc reases ,  the  

apparent  thermal conduct iv i ty  asymptot ica l ly  approaches a l i m i t i n g  va lue ,  

Eq. (27).  The in te rmedia te  regime w i l l  be d iscussed  i n  terms of t he  

apparent  thermal r e s i s t i v i t y  , a s  the  three-region approximat i o n  shows a 
a , l i n e a r  dependence of RL on 11~'. 

Equations (43) through (48) a r e  e a s i l y  solved us ing  an i t e r a t i v e  

technique a s  i nd ica t ed  i n  Appendices ~ 3 '  and A4. The i t e r a t i o n  quick ly  

cnnverges when T1* and T2* a r e  s e t  equal  t o  T1 and T2, r e s p e c t i v e l y ,  i n  
. . 

Eqs. (46) ,  (47) ,  and (48).  The va lues  of R1, R2, and R3 a r e  then  used t o  

f i n d  TI* [Eq. (43)]  and T2* [Eq. (44) 1.  The process  i s  repea ted  u n t i l  the 

- v a l u e s  of T1* and T2* used i n  Eqs. (46) ,  (47) ,  and (48) approximate those  



obta ined  from Eqs. (43) and (44) .  [A convergence l i m i t  s i m i l a r  t o  

Eq. (61)  may be employed t o  e s t a b l i s h  a c r i t e r i o n  f o r  succes s fu l  

convergence.] The t o t a l  hea t  f l u x  through the  sample i s  then  c a l c u l a t e d  

us ing  Eq. (45 ) ,  and the  apparent  thermal r e s i s t i v i t y  o r  conduc t iv i ty  is  

calcu.lated. 

A s  it is not  p o s s i b l e  t o  have a nega t ive  thermal r e s i s t a n c e ,  it is  

c l e a r  from Eq. (47)  t h a t  t he  minimum o p t i c a l  th ickness  of the  sample must 

be  1.3863. However, a s  reg ion  I1 is assumed t o  be o p t i c a l l y  t h i c k ,  i t  i s  

l i k e l y  t h a t  t h i s  three-region approximation w i l l  only be v a l i d  f o r  o p t i c a l  

thickuesses cons iderably  g r e a t e r  than  1.3863. Table 9 shows the  va lues  of 

t h e  apparent  thermal  condiicti .vit ies calculated using t l ~ e  three-region 

approximation and the  percent  d i f f e r e n c e  between these  va lues  and t h e  

apparent thermal  c o n d u c t i v i t i e s  c a l c u l a t e d  f o r  corresponding condi t ions  

u s i n g  Eqs. (10)  and (25).  A s  can be seen i n  t h i s  t a b l e ,  the  l a r g e s t  e r r o r  

i s  l e s s  than 2%. For a g r e a t e r  than  o r  equal  t o  50 f t - l  and greater 

t han  4, the l a r g e s t  e r r o r  is only -0.55%. The three-region approximation 

i s  an e x c e l l e n t  one f o r  the  a n a l y s i s  of the  coupled conduction and 

r a d i a t i o n  h e a t  t r a n s f e r  problems of i n t e r e s t .  

The apparent  thermal r e s i s t i v i t i e s  ob ta ined  from the  numerical 

i t e r a t i v e  s o l u t i o n  a r e  p l o t t e d  versus  the  r e c i p r o c a l  of t he  sample 

t h i c k n e s s  i n  Fig. 5. A s  can be seen from t h i s  f i g u r e  and fhc r c o u l t s  of 

a 
t h e  l e a s t  squares  ana lyses  given i n  Table 10, RL v a r i e s  1-inaarly with 

 TO a s  suggested by Eq. (49) f o r  TO > 2. 

The da t a  used i n  t he  ana lyses  i n  b h i ~  and fol lowing secllons were 

ob ta ined  from the  numerical s o l u t i o n  f o r  n p t i c a l  thisknacoco lcss than 40 

and trom the three-region apprnximation f o r  .rO grcater t . 1 7 ~ 1 1  40. 'Ria 

numerical  s o l u t i o n  of Eqs. (7)  and (10) was l imi t ed  t o  o p t i c a l  th icknesses  

less than  40 because of computer l i m i t a t i o n s .  

A comparison of Eq. (50) with the  d e f i n i t i o n  of t h e  e f f e c t i v e  thermal 

conduc t iv i ty  sugges t s  t h a t  



Table 9. Apparent Thermal conduc t iv i t i e sa  Pred ic ted  by t h e  ~ h r e e - ~ e ~ i o n  Approximation 
f o r  a Sample wi th  n = 1 and kc  = 0.1800 Btu in . / (h  . f t 2  OF) Contained Between ' 

Black P l a t e s  a t  560 and 510°R 

Thermal Conduct ivi ty ,  Btu in.  / (h  f t2 OF), f o r  var ious  Sample Thicknesses,  f t  
a 

( f t - l )  9.0208 0.042 0.083 0.1667 0.292 0.5 0.75 1.0 

"Values i n  parentheses  a r e  percent  d i f f e r e n c e  of two so lu t ions .  

b ~ h i c k n s s s  = 0.0833 f t .  . 

CThickness = 0.2917 f t .  , 

d ~ h i c k n e s s  = 0.0417 f t .  

eThickness = 0.02083 f t .  

f ~ h i c k n e s s  = 0.04167 f t .  



Table 10. Leas t ,  Squares Analysis Resul t s  

- - -  --- 

a h l c u l a t e d  from Eq. ( 2 7 ) .  

The coihpiiiisuu of the regreSs ion  a n a l y s i s  i n t e r c e p t s  A ( & )  and the  i nve r se  

of keff c a l c u l a t e d  from Eq. (23) shows t h a t  the  i n t e r c e p t  nf Erl. ( L 9 )  

. e q u a l s  t h e  i nve r se  of t he  e f f e c t i v e  thermal conduc t iv i t y  ( s ee  Table 10). 

A comparison of Eq. (49) ' f o r  t he  cobpled conduction and r a d i a t i o n  hea t  

t r a n s f e r  case  (w = 0) and Eq. (35) f o r  the  uncoupled conduction and 

r a d i a t i o n  case  (w = 1)  is  shown i n  Fig. 5 f o r  b lack  p l a t e s  ( E  - 1.) and 

e x t i n c t i o n  c o e f f i c i e n t s  of 50, 100, 150, and 200 f t - l .  This ,  f i g u r e  

c l e a r l y  shows t h a t  a  l i n e a r  r e l a e i o n s h i p  e x i s t s  between t h e  .apparent  

thermal  r e s i s t i v i t y  and 1 / ~ "  f o r  both t h e  coupled and the  uncoupled cases .  

Furthermore,  Fig. 5  shows t h a t  the  i n t e r c e p t s  f o r  both ca se s  equa l  t h e  

i n v e r s e  of t he  e f f e c t i v e  thermal  conduc t iv i t y  and t h a t  the  only d i f f e r e n c e  



4 3  

between the  l i n e a r  r e l a t i o n s h i p s  pred ic ted  hy the  two cases  r e s u l t s  from 

d i f f e r e n t '  values o f '  t he  s lopes.  . A  comparison of t he  va lues  of t he  s lopes ,  

'B(a) and B(a),  is shown i n  Fig. 7  and Table 10. The pure absorp t ion  case  

( w. = 0) has. the  smal le r  slope. 

F i n a l l y ,  Itennex7 c o r r e c t l y  concludes t h a t  t he  apparent  thermal 

r e s i s t a n c e  has a  l i n e a r  dependence on sample th i ckness  a s  the sample 

th i ckness  approaches in£ i n i t y  . As. t he  apparent  thermal r e s i s t i v i t y  

equa l s  the apparent  thermal  r e s i s t a n c e  d iv ided  by th i ckness ,  ex tens ion  

of Rennex's a n a l y s i s  a l s o  shows t h a t  ~f i s  i nve r se ly  dependent on rO,  

and 

where 

The s lope  obta ined  from Rennex's equat ion  is  i n c o r r e c t  f o r  sample 

th i cknesses  of l e s s  ' than  1 f t .  . A s  can be seen i n  Fig. 5, Rennex's equat ion  

y i e l d s  the  c o r r e c t  i n t e r c e p t  f o r  i n f i n i t e  t h i ckness ,  1 /L  = 0, but  has  a 

s l o p e  t h a t  is  much g r e a t e r  than the  c o r r e c t  s lope  f o r  t he  pure s c a t t e r i n g  

case  ( w  = I ) . ,  This d i f f e r e n c e  r e s u l t e d  because Rennex developed t h e  

r e l a t i o n s h i p  assuming i n f i n i t e  t h i ckness ,  which i s  i nappropr i a t e  f o r  t h e  

bu i ld ing - insu la t ion  case.  This has subsequent ly-been  changed t o  y i e l d  a  

20. va lue  f o r  B [Eq. (67)]  t h a t  agrees  wi th  B [ ~ q .  (37 ) l .  , . 
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Fig'. 7. Comparison of the Slopes for Extinction Coefficients Between 
10 and 1000 ft-l in the Relationship Between the Apparent Thermal Resis- 
tivity and  TO for the Pure Absorption Case (w = O), the Pure Scattering 

. Case (w = l), and the Rennex (ref. 7) Relationship. 

5.3 Temperature Effect 

The plate temperatures in a guarded h~t'-~late apparatus establish the 

cest  temperature difference (TI- ~ i )  and the modified-mean absolute test 
temperature (Tm). Thc cffect sf .these paialuelers on the measured results 

was examined in the theory section. 

To test the validity of the assumptions made in the theory section, 

calculations were performed at several mean test temperatures for 1- and 

3-in.-thick (0.0833- and 0.25-ft) samples with absorption coefficients of 
, 

50, 100, 150, and 200 ft-l (see Table 6). The resulting apparent thermal 

conductivities were then fitted by the method of least squares to a linear 

relationship similar to Eq. (52) for each value of a and L. The correla- 

tion coefficient was determined. Even though continuous-phase thermal 

conductivity used in the calculations were allowed to vary with T,,,, 

linear relationships similar to Eq. (52), but having different intercepts 

and slopes, fit each set og data with a correlation coefficient of 

0.998 or better. 



Calcu la t ions  were a l s o  performed t o  e s t a b l i s h  the  e f f e c t  of t he  t e s t '  

temperature d i f f e r e n c e  on kapp ( see  Table 5). P r i o r  t o  t hese  c a l c u l a t i o n s ,  

i t  was bel ieved t h a t  the  mean t e s t  temperature could be approximated a s  

However, l e a s t  squares  ana lyses  of t hese  r e s u l t s  showed t h a t  the s l i g h t  

bu t  s i g n i f i c a n t  v a r i a t i o n  of kapp shown i n  Table 5  r e s u l t e d  from T1 - T2 

changing T,, Eq. (55) ,  even though the  approximate va lue  of Tm, Eq. (69), 

was cons tan t .  Thus, the  t e s t  temperature d i f f e r e n c e  does not have a  

d i r e c t  e f f e c t  on the  measured va lue  of kapp, but r a t h e r  an i n d i r e c t  e f f e c t  

t h a t  r e s u l t s  from the  dependence of Tm on T1 and T2 a s  shown i n  Eq. (55).  

5.4 Emissivi ty  E f fec t  

The e m i s s i v i t  i e s  of the. p l a t e s  i n .  a  guarded hot -p la te  appara tus  

a f f e c t  . t h e  measured va lue  of the  apparent  thermal conduct iv i ty .  The 

p l a t e  emis s iv i ty  e f f e c t  is examined i n  t h i s  s ec t ion .  

The p l a t e  e m i s s i v i t i e s  were e a s i l y  incorpora ted  i n t o  the  a n a l y s i s  of 

t h e  uncoupled conduction and r a d i a t i o n  hea t  t r a n s f e r  problem ( w  = 1) .  The 

r e s u l t s  of t h i s  a n a l y s i s  [Eq. (32) ]  c l e a r l y  ,show the  r e l a t i o n s h i p  between 

t h e  apparent  thermal conduc t iv i ty  and the  e m i s s i v i t y  of the p l a t e s .  

The i t e r a t i v e  s o l u t i o n  and the three-region approximation assumed 

t h a t  the bounding su r f aces  were black ( E  = 1). v i skan ta l  has ,  however, 

r epo r t ed  a  s e t  of r e s u l t s  t h a t  shows the  e f f e c t  of emis s iv i ty  on the  t o t a l  

h e a t  f l u x  f o r  coupled conduction and r ad ia t ion .  These values may be 

i n s e r t e d  i n t o  Eq. (25) t o  show the  e f f e c t  of the emis s iv i ty  on the  

apparent  thermal conduct iv i ty  of a  sample wi th  an o p t i c a l  t h i ckness  of 

one. A s  can be seen i n  Table 11, decreas ing  the  p l a t e  e m i s s i v i t y  decreases  

t h e  c a l c u l a t e d  apparent  thermal conduct iv i ty .  Furthermore, t he  decrease  

i s  l a r g e r  f o r  t he  pure s c a t t e r i n g  case  than f o r  t he  pure 'absorpt ion case  

o r ,  conversely,  t he  inc rease  i n  the  apparent .  thermal r e s i s t i v i t y  i s  more 

f o r  t he  pure s c a t t e r i n g  case than . f o r  t he  pure abso rp t ion  case  f o r  



Table 11. E f f e c t  of Albedo and Emissivi ty  on the  
Apparent Thermal Conductivity f o r  N, = 1.0, 

T O  = 1.0, and 02 = 0.5 

Apparent Thermal conduct iv i ty ,  a Btu i n . / ( h  f t 2  OF) 

E '  

b w = 0.5 w = l . O C  w = O  

a c a l c u l a t e d  from dimensionless  hea t  f l uxes  given 
by Viskanta ( r e f .  1) assuming T1 = 713.33 O R  and kc = 

0.1800 Btu i n . / ( h  f t 2  O.F). 

b ~ u r e  absorp t ion .  

CPure s c a t t e r i n g .  

i d e n t i c a l  t e s t  condi t ions .  A s  the i n t e r c e p t s  i n  the  . r e l a t i o n s h i p s  between 

R; end l / r O  equal  t h e  inve r se  of keff and t h i s  va lue  i s  independent of E, 

a 
t h e  l a r g e r .  i n c r e a s e  i n  RL f o r  t he  pure s c a t t e r i n g  case  must correspond t o  

a l a r g e r  i nc rease  i n  the  s lope ,  B(u). 

5 . 5  Conduction i n  t hc  Sol id  Phase and Cui~vecLlon Effecr  

I n  an a t tempt  t o  inc lude  so l id-phase . rnnduct ion  and convcct ion i n  

t h e  present  a n a l y s i s ,  t he  continuous-phase thermal conduc t iv i ty  c.an be 

enhanced a s  shown i n  the  theory s e c t i o n  t o  i n c l ~ l d e  c o n t r i b u t i o n s  due t o  

t h e s e  o the r  mechanisms. The enhanced va lue  f o r  the  thermal conduc t iv i ty  

i s  then used i n  t he  c a l c u l a t i o n s ,  i n  p lace  of the v a l ~ l e  f n r  a i r ,  t o  

de te rmine  what e f f e c t  t hese  mechanisms have on the  apparent  thermal 

c o n d u c t i v i t y  . 
For i n s u l a t i o n s  with d e n s i t i e s  between 0.37 and 1.56 l b / f t 3 ,  Eq. (56) 

y i e l d s  t o t a l  thermal c o n d u c t i v i t i e s  t h a t  a r e  0.5 t o  3.2% l a r g e r  than  the  

v a l u e  f o r  a i r .  Values f o r  ktot equa l  t o  1.005, 1.032, and 1.1 kair ( t h e  

c a s e  f o r  M / k c  = 0.1) were used i n  place  of kair f o r  s e v e r a l  c a l c u l a t i o n s  



(see Table 7): As can be seen' from the last column in the table, changing . 

kc does not affect kapp - kc (.i.e. ,' .kr). .Thus, the assumption of Eq. (58) 

is applicable. These calculati,ons show that .kr does change with thickness. 

5.6 Albedo Effect 

Prior.sections have examined the'effect of thickness, temperature, 

emissivity, and continuous-pha'se thermal conductivity on the apparent 

thermal conductivity or resistivity. These analyses were based on the 

solutions'. for the pure absorption case (w =0) and the pure scattering 

case (w = 1). However, both absorption and scattering occur 'in insulation,. 

and the actual case of importance has an albedo somewhere between zero 

and one. 

viskantal has developed .a solution for coupled conduction and : 

radiation in an absorbing and scattering medium. Combination of 

Viskanta's results and Eq. (25) permits the dependence of the apparent 

thermal conductivity on the albedo to be demonstrated for. .rO. and, N, = 1.0, 

82 = 0.5, and var'ious values of the plate emissivity. As shown in 

Table 11, the apparent thermal conductivity for an intermediate value of 

the albedo (w = 0.5) consistently falls between the values for the albedo 

equal to 0 and 1.0. Since this trend occurs for any combination .of 

thickness, temperature, emissivity, and continuous-phase thermal conduc- 

tivity which yields the specified values of the dimensionless parameters, 

the effects of thickness, temperature, emissivity, and continuous-phase 

thermal conductivity (resistivity) which were developed in the previous 

sections for w = 0 and 1.0 bracket the effect of these variables on the 

. apparent:thermal conductivity for an albedo between 0 and 1.0. 

5.7 Full-Thickness Calculations 

nefinitions of the thermal properties and a method for establishing 

. . the minimum or representative thickness for which these properties can be 

defined for low-density materials are set forth by the AsTM~ in C177-76. 

(A portion of this specification 'is. reprinted in Appendix A1 .) The ASTM 

'method. for establishing the representative thickness and &values are used 



by the FTC.~ These specifications are discussed in this section. It is 

also shown how the equations that represent the effect of thickness on the 

apparent thermal resistivity for the pure scattering calculation [Eq. (35)l 

and for the pure absorption calculation [Eq. (49)] may be used to 

establish the value of the representative thickness and the full-thickness 

resistance of building insulation. 

The ASTM C177-76 specification requires that the thermal resistance 

be a linear function of the sample thickness and that the function have a 

value of zero at zero thickness. Further, the specification recognizes 

Lhat a minimum sample thickness may exist above which the definitions 

apply and a procedure for estimating this thickness is sct forth (see 

Sect. XI.4.6 in Appendix Al). 

For a material whose thermal properties are a Eu~~ction of thickness, 

the ASTM specification appears to define two thermal resistivities - an 

average or mean thermal resistivity and an instantaneous or differential 

thermal resistivity. The mean thermal resistivity is defined as the slope 

of the resistance versus thickness curve, which is assumed to go through 

zero at zero thickness; that is, 

T11e dlfferenrial thermal resistivity is the incremental change in the 

resistance for an incremental increase in thickness, 

In the limit of L2 approaching L1, the differential thermal resistivity 

equals the derivative of the resistance function: 



Then, according t o  C177-76, the  r e p r e s e n t a t i v e  th i ckness  is the  minimum 

sample th ickness  f o r  which the  d i f f e r e n t i a l  thermal r e s i s t i v i t y  is  

wi th in  2% of the  mean thermal r e s i s t i v i t y  of the l a r g e s t '  s a m p l e ' t h a t  i s  t o  

be cha rac t e r i zed  o r  t h a t  can be measured i n  t h e  t e s t  apparatus .  
. . 

The FTC f i n a l  r u l e 5  r e q u i r e s  t h a t  a l l  measurements f o r  t he  r e s i s t a n c e  

of bu i ld ing  i n s u l a t i o n  be made a t  a specimen th i ckness  g r e a t e r  than  t h a t  

f o r  which the  apparent  thermal r e s i s t i v i t y  of t he  m a t e r i a l  does not  change 

by more than 2% with th ickness  i nc reases  t o  f u l l  th ickness .  The FTC f i n a l  

r u l e  does not spec i fy  whether t he  mean o r  t he  d i f f e r e n t i a l  thermal 

r e s i s t i v i t y  must be used t o  e s t a b l i s h  the  r e p r e s e n t a t i v e  th i ckness  LR. 

While it is bel ieved t h a t  the  i n t e n t  of the  FTC r u l e  was t o  r e q u i r e  t h a t  

t h e  mean va lue  be used, it w i l l  be shown t h a t  us ing  the  d i f f e r e n t i a l  

thermal  r e s i s t i v i t y  l e a d s  t o  another  c r i te r i 'on  f o r  e s t a b l i s h i n g  LR. 

I n  t h e  cu r r en t  work, t h e  apparent  thermal r e s i s t i v i t i e s  were 

c a l c u l a t e d  from the  t o t a l  hea t  f l u x  through the  specimens, 

Thus, t hese  r e s u l t i n g  va lues  equal  the  average o r  mean thermal r e s i s t i v i -  

t i e s .  Rearrangement of Eq. (73) y i e l d s  

and combination of Eq. (74) with Eq. (35) o r  (49) y i e l d s  

The va lues  of A ( E )  and B(E) have been determined f o r  T" > 2 and a r e  given 

i n  Table 10. 

S u b s t i t u t i n g  Eq. (75) i n t o  Eq. (71) o r  (72) shows t h a t  the  d i f f e r -  

e n t i a l  thermal r e s i s t i v i t y  i s  equal  t o  A(E), a cons t an t ,  f o r  a m a t e r i a l  

w i t h  a f i xed  e x t i n c t i o n  c o e f f i c i e n t  and f o r  TO > 2. Since A(E)  is  the 



same f o r  o = 0 o r  1, t h e  d i f f e r e n t i a l  thermal r e s i s t i v i t y  has the  same 

v a l u e  f o r  a given m a t e r i a l  whether thermal photons a r e  s c a t t e r e d ,  absorbed, 

o r  both. Since A ( E )  equals  l l k e f f ,  t he  d i f f e r e n t i a l  thermal r e s i s t i v i t y  

e q u a l s  

f o r  TO > 2 and any albedo. 

The AS'l'M method f o r  determining LR r e q u i r e s  t he  de te rmina t ion  of the  

t k i c k i ~ e s s  a L  w11Lch t he  va lue  o t  the  d i f f e r e n t i a l  thermal r e s i s t i v i t y  is  

w i t h i n  22 of the  va lue  f o r  t he  mean thermal r e s i s t i v i t y  of the b igges t  

sample t h a t  i s  t o  be cha rac t e r i zed  o r  t h a t  could be t e s t e d .  As the  

d i f f e r e n t i a l  va lue  i s  a cons tan t  f o r  a given materi-a1 f o r  TO > 2 and as 

t h e  mean va lue  w i l l  be decreas ing  a s  L inc reases ,  t he  ASTM method 

e s t a b l i s h e s  t h e  minimum th ickness  f o r  an i n s u l a t i o n  above which the 

d e f i n i t i o n  of the thermal conduc t iv i ty  app l i e s .  For products  with f u l l -  

u s e  th ickness  l e s s  than  LR, t e s t i n g  should be done a t  condi t ions  

a p p l i c a b l e  t o  t h e i r  use. 

Tlle r e p r e s e n t a t i v e  th i ckness ,  LR, a s  def ined  by ASTM C177-76 i s  the  

v a l u e  of L f o r  which the  mean thermal r e s i s t i v i t y  [Eq.  (35) o r  (4911 i s  

1.02 times the  d i f f e r e n t i a l  thermal r ~ o i s t i v i t y ,  Eq. (76) ,  

The r e p r e s e n t a t i v e  th i ckness  LR is  given by 



f o r  the pure absorpt ion  case, and 

f o r  t he  pure s c a t t e r i n g  case,  where a and a a r e  i n  f t - l  and LR i s  i n  inches. 

Equation (80) is  i n  agreement with ~ e n n e x . ~  Representat ive th icknesses  

f o r  specimens having e x t i n c t i o n  . c o e f f i c i e n t s  between 10 and 100 f t - I  a r e  

g iven  i n  Table 12. 

The value f o r  B(E) with w = 0 and E = 1 [ i .e . ,  B(a)] was the  lower 

l i m i t  f o r  B(E) a t  a given value of E. The value of B(E) with w = 1 and 

E + 1 [ i .e . ,  ' B(a)]  was the upper l i m i t .  . Since A(E) i s  independent of 

. w  and E t he  va lues  of LR given i n  Table 12 represent  t h e  upper and lower 

l i m i t s  of the  r ep resen ta t ive  thickness a s  s e t  f o r t h  by the  ASTM spec i f i ca -  

t i o n .  . I f  t he  e x t i n c t i o n  c o e f f i c i e n t  is i n  the  range 50 t o  150 f t - l  a s  

c a l c u l a t e d  from Pelannets  data ,16 then the  r e p r e s e n t a t i v e  th ickness  is i n  

t h e  range 1.27 in.  (E = 150, w = 0, E = 1) t o  13.3 in.  (E = 50, w =1, 

E = 0.9). I f  an average E of 100 f t - I  is  assumed t y p i c a l ,  then LR 

Table 12. Representat ive Thicknesses f o r  Guarded 
Ho t -P la t e  Test  Specimens 

- - - - - - -- - - - - ~ -- 

E 
Representat ive Thickness,  in.  

( f  t-1) 
u = O ,  ~ = 1  w = l , . ~  = 1 u = 1, E = 0.9 

10 61.1 76.9 92.9 
25 19.0 26.8 32.3 
50  7.19 . 11.0 13.3. 
75 3.93 6.21 7.50 

100 2.44 4.03 4.87 
125 1.71 2.84 3.43 
150 1.27 2.11 2.55 
2 00 0.78 1.30 1.57 
5 00 0.15 0.24 15.29 

1000 0. 0.37 0.057 0.069 



v a r i e s  from 2.44 i n .  (w = 0, E = 1)  t o  4.87 in .  ( o  = 1, E = 0.9). This 

l a r g e  range of LR va lues  i n d i c a t e s  t he  importance of t he  c h a r a c t e r i s t i c s  

o f  t he  appa ra tus  and the  i n s u l a t i o n  o p t i c a l  p r o p e r t i e s  . 
Equations (35) and (49) show t h a t  t h e  apparent  (mean) thermal 

r e s i s t i v i t y  cont inues  t o  decrease  u n t i l  L reaches i n f i n i t y .  Thus, an 

a l t e r n a t e  d e f i n i t i o n  of LR could be the  th i ckness  a t  which t h e  thermal 

r e s i s t i v i t y  equa l s  1.02 times the  va lue  a t  i n f i n i t e  th ickness .  The 

c r i t e r i o n  based on the  mean thermal r e s t s t i v i t y  i s  

A s  Eqs. (77)  and (81) a r e  i d e n t i c a l ,  t h e  ASTM method and t h i s  a l t e r n a t e  

method based on the'mean thermal r e s i s t i v i t y  a r e  i d e n t i c a l .  A s  noted 

above, above t h i s  LR t h e  ASTM d e f i n i t i o n  of thermal conduc t iv i ty  app l i e s .  

For products  wi th  fu l l -u se  th i ckness  LF < LR, t h i s  c r i t e r i o n  l eads  t o  the  

fo l lowing  expres s ion  f o r  LR: 

A t h i r d  method f o r  f i x i n g  LR i s  t o  use t h e  ' d i f f e r e n t i a l  thcrmal 

r e s i s t i v i t y .  This  procedure would r e q u i r e  t he  de te rmina t ion  of the  

Lhickness above which the  d i f f e r e n t i a l  thcrmal r e s i s t i v i L y  would nor 

change by more than  2% wi th  f u r t h e r  i n c r e a s e s  i n  thicknesc.  The ana lyses  

pertormed e a r l i e r  i n  t h i s  s ec t ion  and i n  Sect.  5.2, however, show L;llat the 

v a l u e  of A(E) and, hence the  d i f f e r e n t i a l  thermal r e s i s t i v i t y ,  does not  

change f o r  T O  > 2. Therefore,  t h i s  t h i r d  method would be independent of 

w and e aad fix LR as 

Based on t h i s  c r i t e r i o n ,  for .  E equal  t o  50, 100 o r  150 f t - l ,  LR equals  

0.48, 0.24, o r  0.18 in . ,  r e spec t ive ly .  



If the third method for determining- LR is used, the full-thickness 

resistance of the material can be determined from two or more measurements 

of the thermal resistance of the material at thicknesses .greater. than LR. 
. . 

The measurements are then used. to empirically establish the 'linear . . 
. . 

relationship between R and. L. Table, 13 shows the ratios' of the resistance 

obtained from either the numerical or three-region solution to the value 

calculated from a one-parameter line based upon. a 'measurement on a 1-in.- 

thick sample, where 

The values from Eq. (84) show errors as large as 17.8% (a = 50 ft-1, 

w = 1, and L = 12 in.). They are within 2% of the numerical solution's 

R-value for L less than 2 in.. and E less than 15'0 ft-1 or 3.5 in. for 

Table 14 shows the ratio of the solution resistance to that calculated 

from a least squares line obtained from the values of R calculated at 

0.042 (112 in.), 0.083 (1 in.), and 0.1667 ft (2 in.). 'Table 14 shows 

that the resu1ting.R-values from the two-parameter fit are within 2% of 

the value obtained by the numerical or three-region solutions. 

The above observations have been further tested using A-value data 

recently published by Tye et The data include R-values for a range 

of specimen thicknesses from 1.44 to 7.22 in. The R-values at specific 

insulation densities were calculated from measurements of apparent thermal 

conductivity and a correlation of apparent thermal conductivity and 

density. Apparent thermal conductivities were determined to within 3% 

from full-thickness guarded hot-plate measurements. An analysis was made 

using sets of measured R-values of fiberglass insulation from three 

manufacturers. The R-value data for a given manufacturer's product were 

divided into groups having. density ranges of 0.1 lb/ft3. For example, 

R-value data at various thicknesses with densities in the interval from 

0.55 to 0.65 lb/ft3 were grouped for the analysis. Finally, each group 

o.f R-values was adjusted to constant density using an empirical expression 



Table 13. Ratio of Thermal Resis tance 

from Eq. (75) t o  the  Value 
from Eq. (84) 

Ratio f o r  .Various E a t  
Thickness 

( i n . )  
50 ft'l 100 it-l 150 it-l 200 i t - I  

Table 14. Rat io of R from Eq. (75) t o  R 
Obtained from a ,Two-Parameter Line F i t  

t o  Daca a t  0 , 5 ,  1, and 2 i n .  

- - 

Ratio f o r  Various E a t  
Thickness - -. 

( i n .  ) 
50. ft'l 100 f t - l  150 f t -1  200 f t - l  



f o r  ' thermal  conduc t iv i ty  versus  dens i ty  t h a t  was repor ted  by Tye e t  a l .  2 1 

.. Seven s e t s  of R-values a t  constant,  d e n s i t y  and given manufacturer 'were 
. . 

s o  generated. 

The seven s e t s  of da t a  were used . t o  t e s t  t he  ' a p p l i c a b i l i t y  of. Eq. (75) 

f o r  desc r ib ing  the. R-value da t a  and t o  compare Eq. (7.5) - w i t h  Eq. (84) .  

For each s e t  of d a t a  the  cons t an t s  i n .  t he  two equat ions .were  computed 

us ing  the  method of l e a s t  squares  and the  va r i ances  were ca l cu la t ed .  A s  

expected,  the  var iances  obtained using Eq (75) were always l e s s  than  those 

obta ined  using Eq. (84).  The d i f f e r e n c e s  between t h e  two. equat ions  were 

not  dramatic.  . The r e s u l t s ,  however, which a r e  summarized i i y ~ a b l e  15, 

a r e  f u l l y  suppor t ive  'of  Eq. (75.). .. 

A more revea l ing  t e s t  of t h e  a p p l i c a b i l i t y  of Eq. (75) was provided 

by four  s e t s  of da t a  of R-values on approximately 1.5 in . ,  3 in. ,  and 

fu l l - t h i ckness  specimens. The approach was t o . c a l c u l a t e  a va lue  f o r  R 

a t  f u l l  th ickness  using both Eq. (84) with t h e  cons tan t  determined from a. 

t h i n  specimen and Eq. (7.5) with the slope' AR/ AL determined. from two th in-  

specimen R-value measurements. The ca l cu la t ed  A-values a t  f u l l  t h i ckness  

a r e  compared with the  experimental  va lues  i n  Table 16. The r e s u l t s  i n  t he  

t a b l e  c l e a r l y  show. an improvement r e s u l t i n g  from the  use of Eq. (75) . t o  

o b t a i n  fu l l - t h i ckness  R-values. 

Table 15. Summar.y of Resul t s  Obtained Using Eqs. (75) and (84)  
t o  Describe Experimentally Determined A-Values 

Manufacturer 
Densit3 Number i n  Eq. (84)  Eq' ( 7 5 )  Eq. (84)  Eq. (75) 

( l b / f t  ) Data Set 
'lope Slope Intercept  

variancea Variance 

n 
z p i ( e x p )  - ~ ~ ( c a l c f l ~ / ( n  - s ) ,  where n = number of points  i n  the data s e t  and 

i = 1  . . 

6 = 1 for  Eq. (84) and 2 for  Eq. (75 ) .  



Table 16. Comparisons of Full-Thickness R-Values from 
Eqs. (75) and (84) with Experimental Results 

R-Values for each Data Seta 
Method Used to Obtain 

C . Full Thickness R-Value A . .  D 
Average 

B 
(1204-3) (1205-3) (1206-3) (1206-4) 

,Eq. (84) with data at 18.79 18.75 17.39 18.49 18.4 
thickness of 1.44 in. 

Deviation from 4.6 10.3 9.8 5.5 7.6 
experimental value, % 

~ q .  (75) with data at i8.48 16.25 16.36 17 .'59 17.17 
thickness of 1.44 and 

2.88 in. 

Deviation from 2.9 -4.4 3.3 0.4 2.8C 
experiaedtal value, % 

Full-thickness measurement 17.96 17 -00 .15.84 17.52 17.08 

Full-thickness, in. . 6.00 6.00 ' 5.10 5.64 

aData from ref. 21 are for measurements on quadrasected nominal 6 .in. 
fiberglass batts coded in the reference with the numbers in parentheses. 

b~xact thicknesses are given in ref. 21. 

(?~verage of the absolute devf at ions. 

6 .  CONCLUSIONS 

The most significant accomplishments and conclusions are enumerated 

below. 

1. A numerical procedure was developed and applied to solve the 

coupled conductive and radiative heat transfer problem of an infinite 

slab of an absorbing and emitting gray medium bounded by black plates. 

This procedure allowed an assessment of the effects of boundary conditions 

and media properties on the apparent thermal properties of the media. 

2. The accuracy of the total heat flux obtained from the numerical 

procedure was established as 0.1% of the calculated value. This accuracy 

was determined by comparing the numerical solution rcsults with the heat 

fluxes obtained from the optically thin and thick analytical solutions and 

with alternate solutions found in the literature. l~ 



3. The numerical  s o l u t i o n  was used t o  model measurement of t he  

apparen t  thermal  conduc t iv i t y  of i n s u l a t i o n  f o r  specimens wi th  o p t i c a l  

t h i cknes s  less than 40. Ca lcu l a t i ons  were .performed f o r  abso rp t ion  

c o e f f i c i e n t s  between 0.001 and 1000 f t - l  and specimen th i cknes se s  between 

0.0208 and 1.0 f t .  

4. A three-region approximation t o  t h e  coupled hea t  t r a n s f e r  problem 

was developed and shown t o  y i e l d  r e s u l t s  w i th in  '0.5% of the  apparen t  

thermal  conduc t iv i t y  obtained from t h e  numerical technique f o r  o p t i c a l  . 

t h i cknes se s  g r e a t e r  than 4. 

5. The three-region approximate s o l u t i o n  t o  t he  coupled problem 

(w = 0) and the  numerical s o l u t i o n  t o  t he  uncoupled problem (w = 1) were 

used t o  show t h a t  

1 1 = -  B (El 
k .  + F  

app kef f  

The va lues  of B(E) were determined f o r  t h e  l i m i t i n g  ca se s  of pure 

abso rp t ion  ( w  = 0) and pure s c a t t e r i n g  (w = 1) .  

6 .  Data a v a i l a b l e  i n  t h e  l i t e r a t u r e 1  were used t o  show t h a t  t h e  

p l a t e  e m i s s i v i t y  had an e f f e c t  on B(E) and t h a t  t h e  va lue  of B(E) f o r  t h e  

pure abso rp t ion  case  with black p l a t e s  f ixed  a lower l i m i t  f o r  B(E), 

whi le  t he  va lue  ob ta ined  f o r  t he  pure s c a t t e r i n g  case  wi th  nonblack 

p l a t e s  f i x e d  t h e  upper l i m i t .  

7. The apparent  thermal conduc t iv i t y  f o r  t h e  pure abso rp t ion  

and pure ~ o a t t e r i n g  cases were shown t n  depend on T,, where T, = 

Z(T?  + T $ ) ( T ~  + T2)/4]  

8. A small  change i n  t he  continuous-phase thermal  conduc t iv i t y  

r e s u l t i n g  from sol id-phase conduction o r  convect ion produces t he  same 

change i n  t h e  apparen t  thermal conduc t iv i t y .  

9. The r e s u l t s  of the  a n a l y s i s  provide a 'method t o  e s t a b l i s h  how 

c r i t i c a l  parameters  d e f i n e  the  range nf apparent  thermal  conduc t iv i t y  of 

b u i l d i n g  i n s u l a t i o n s ,  f o r  example, r e p r e s e n t a t i v e  sample th icknesses .  

10. An a n a l y s i s  of e x i s t i n g  d a t a  f o r  f i b e r g l a s s '  b a t t s  suppor t s  t h e  

u se  of Eq. (75) f o r  t he  c o r r e l a t i o n  of R-values wi th  specimen th i cknes se s  

ahove. I. i n .  The slope i n  Eq. (75) can be used t o  determine fu l l - t h i cknes s  

R-values from t h i n  specimen measurements more a c c u r a t e l y  than Eq. (84.). 



7. RECOMMENDATIONS 

The three-region approximation and the numerical solution are 

valuable tools for the analysis of coupled conductive and radiative heat 

transfer in an absorbing and emitting slab bounded by black surfaces. The 

usefulness of these solutions can, however, be greatly increased by 

extending the analyses to include varying emissivity and albedo. With 

these analyses completed, it may be possible to determine the properties 

of insulation, such as extinction coefficient and albedo, by making 

apparenl thermal conductivity determinations at several mean test tempera- 

tures. Furthermore, once the extinction coefficient and albedo are 

determined, the effects of sample thickness and plate emissivity will also 

be established. Thus, one set of experiments m y  lead to a thorough 

understanding of the relationship between sample properties and test 

conditions for all similar types of insulation. 

Further development of theoretical analyses must incorporate accurate 

experimental data, which should be obtained on well-characterized 

specimens. The aim of this program should be the validation of the 

theoretical analyses through accurate measurement of apparent thermal 

conductivity as a function of thickness, temperature, emissivity, and 

continuous-phase thermal conductivity. Development of techniquco for 

extinction coefficient and albedo mpasvrments on insulation must also 

be pctr L u1 the experimental program. 

Since insulation is often used in shapes that have cylindrical or 

spherical symmetry. analyses nf h~at transfer in cylindrical and spherical 

coordinates should be undertaken to develop an understanding of how the 

properties of insulation are affected by t h ~ s ~  geometries and how thc 

results of measurements on planar samples must be corrected when the 

insulation is used in another shape. 

Finally, an effort should be made to use Eq. (75) for the deter- 

mination of full-thickness R-values from measurements on relatively thin 

specimens. The Eq. (75) extrapolation of measured R-values to full- 

thickness R-values when combined with improvements in determining R-value 

density dependence should be considered in the development of improved 

standards for measurement. 
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APPENDIX A 

4 i TERMINOLOGY 

::.Note 9, -  As Definition ~ 1 6 8  is unde'r revision, the definitions and 

symbois given here should be used. 

. . .  '4 .1 Definitions 

. . 

4.1.1 Thermal Res~stance, R, 

The temperature.difference required to produce a unit of heat flux 

through the specimens under steady-state conditions. For a flat slab, 

it is calculated as.:follows: 

4.1.2 Thermal Conductance; r 

.Under steady-state .conditions, the heat flux required to produce a 

unit temperature difference; the reciprocal of the thermal resistance of 

the specimen. For a flat slab, it is calculated as follows: 

. . 

4.1.3 Thermal Conductivity, h 

, Under steady-state conditions, the heat flux per unit temperature 

.gradient in the direction perpendicular to an isothermal surface. For 

: thin specimens pr low-density materials this definition must be applied , ' 

* 
Reprinted from ASTM C177-76, Standard Test Method for Steady-State 

T h e m 2  Tmnsmision Properties by Means of the Guarded Hot Plate, with 
the permission of the American Society for Testing and Materials (ASTM). 

This standard may be obtained from ASTM, 1916 Race St., Philadelphia, 
Pennsylvania 19103. 



with  caut ion .  Thermal conduc t iv i ty  of a m a t e r i a l  can be defined only 

where s e v e r a l  cond i t i ons  a r e  met ( s ee  1 . 6 ) :  t h e  thermal r e s i s t a n c e  of 

specimens o f '  a m a t e r i a l  must be s u f f i c i e n t l y  independent of t he  a r ea  of 

t h e  specimen, of where the  specimen i s .  s e l e c t e d  i n  t h e  sample, of the 

temperature d i f f e r e n c e  a c r o s s  t he  specimen, and, f o r  a f l a t  s l a b  specimen, 

t h e  thermal r e s i s t a n c e  must be pr 'oport ional  t o  the th ickness .  The l a t t e r  

can  be demonstrated by p l o t t i n g  the  thermal r e s i s t a n c e  of a number of 

specimens of the  m a t e r i a l  aga ins t  specimen thickness. .  The l i n e  through 
. . 

t h e  po in t  must increa 'se  l i n e a r l y  wi th  th ickness  from zero thermal 

r eo io t ancc  at  CCPO th ickness .  Wheli t h i s  c u ~ l d l ~ l u ~ i  Is mec, rhe rherinal 

c o n d ~ c t i v f t y  can .be. determined a s  t he  inve r se  of t he  slope of the  s t r a i g h t  

l i n e  and t h e  thermal conduc t iv i ty  can be c a l c u l a t e d  .as fol lows : 

The above requirement assumes . t h a t  . t h e  hea t  t r a n s f e r  w i th in  the  specimen 

i s  independent of t h i ckness  and temperature d i f i e r e n c e .  It recognizes  t he  

e x i s t e n c e  of a minimum th i ckness  and maximum temperature d i f f e r e n c e  f o r  

which thermal conduc t iv i ty  can be defined.  For the  purposes of t h i s  

method, a 2% dependence w i l l '  be considered maximum f o r  each. 

4.1.4 . Thcrmdl R e s i s t i v i t y ,  rb 

Under s t eady- s t a t e  conditions, t he  ternperatlit-P g r a d i e n t ,  i n  the 

d i r e c t i o n  perpendicular  t o  t he  i so thermal  su r f ace ,  per  u n i t  hea t  f l u x ;  

t h e  r e c i p r o c a l  of the  thermal conduct iv i ty .  It can only he defined when 

thermal  conduc t iv i ty  can be defined.  For a f l a t  s l a b ,  it is ca l cu la t ed  

as fol lows:  



4.2 Symbols 

The symbols used i n  t h i s  method have the  fol lowing s i g n i f i c a n c e  

(Note 10): 

X ="thermal conduc t iv i ty ,  w * m ' l * ~ ~  o r  W.rn*K-l 

r = thermal r e s i s t i v i t y ,  K * ~ * w - ~  o r  K * m 2 * ~ l * r n - l  

r = thermal conductance, w * ~ ' ~ * K - ~  

R = thermal r e s i s t a n c e ,  K * ~ ~ . w ' ~  

Q = time r a t e  of hea t  flow, W 

g = heat  f l u x ,  t h a t  is ,  time r a t e ,  of hea t  flow per u n i t  a r e a ,  

A = a rea  measured on a s e l e c t e d  i so thermal  su r f ace ,  m 2 

D = th ickness  of specimen measured along a path normal t o  i so thermal  

s u r f a c e s ,  m 

T1 = temperature of warm su r face  of specimens, K or  O C  
' 

T2 = temperature of cold su r f ace  of specimens, K or  O C  

Note 10 - Various u n i t s  may be found f o r  t he  thermal p r o p e r t i e s  i n  

t h e  l i t e r a t u r e .  The I n t e r n a t i o n a l  System of Units  i s  used exc lus ive ly  

i n  t h i s  t e s t  method and conversion f a c t o r s  t o  inch-pound and kilogram- 

c a l o r i e  systems can be found i n  Tables 2a and 2b f o r  thermal r e s i s t a n c e  

and thermal conduc t iv i ty  . 

X1.4 Determining the  Thermal Conduct ivi ty  and R e s i s t i v i t y  of a Mate r i a l  

X1.4.1 General - A thermal proper ty  of a m a t e r i a l  can be determined 

by, a s i n g l e  measurement only i f  t he  sample i s  t y p i c a l  of t he  m a t e r i a l ,  and 

t h e  specimen(s) a r e  t y p i c a l  of the sample. The procedure f o r  s e l e c t i n g  

t h e  sample should normally be s p e c i f i e d  i n  t he  m a t e r i a l  s p e c i f i c a t i o n ,  

o r  d i r e c t l y  by 'the p a r t i e s  concerned. The s e l e c t i o n  of the  specimen from 

t h e  sample can be p a r t l y  s p e c i f i e d  i n  t he  m a t e r i a l  s p e c i f i c a t i o n  and 

p a r t l y  i n  t he  t e s t  method. The s p e c i f i c a t i o n  i n  t h e  t e s t  method must be 

given p r i o r i t y  and d is regarded  only a f t e r  c a r e f u l  t e c h n i c a l  cons ide ra t ion .  

A number of t hese  requirements have been given above. The thermal 

r e s i s t a n c e  of 9 m a t e r i a l  . i s  known t o  depend on the  r e l a t i v e  magnitudes of 

t h e  hea t  t r a n s f e r  process  involved. Thermal conduction, r a d i a t i o n ,  and 



convection are the primary mechanisms. Of these, only conduction is 

linearly dependent on AT. These processes are well researched, but they 

can combine, or couple, to produce nonlinear effects that are difficult to 

analyze, and even more difficult to measure. 

XI, .4.2 Dependence of Specimen Thickness - Of the process involved, 
only conduction produces a heat flow that is directly proportional to the 

thickness of a specimen. The others result in a more complex relationship. 

The thinner and less dense the material, the more likely that the resis- 

tance depends on processes other than conduction. The result is a 

condition that does not satisfy the requirements of' the definitions for 

thermal conductivity and thermal resistivity, hnth defining intrinsic 

properties, since the apparent respective values show a dependence on the 

specimen rhic'kness. For such materials, it may be desirable to determine 

the thermal resistance at conditions applicable to their use. There is 

believed to be a lower limiting thickness for all materials below which 

such a dependence occurs. Below *this thickness, the specimen may have 

unique thermal transmission properties, but not the material. It remains, 

therefore, to establish this minimum thickness by measurements. 

X1.4.3 Dependent on Temperature Difference - The magnitude of all 

the thermal transfer processes depends on the temperature difference 

across the specimen. The dependence is more complex than direct propor- 

tionality for all processes except conductinn. Pnr many materials tho 

complex dependence occurs at temperature differences that are typical of 

use. f.n si1r.h a case, it is wise to uoc a value for the t e s L  LllaL Is 

typical of use, and to determine an apprnximate relationship for a range 

of temperature differences. The dependence can be linear for a wide range 

in temperature differences. 

X1.4.4 Method of Determining Dependence on Temperature Difference - 

If the temperature-difference dependence of the thermal properties is not 

known for a material, a minimum of three measurements is necessary. These 

are made with widely differing temperature differences. A second-order 

dependence can be revealed by these measurements. When a simple linear 

relationship is known to occur, only two measurements, that is, one extra, 

need be made. This establishes the linear dependence for that particular 

sample. 



X1.4.5 Determination of Minimum Thickness f o r  Which Thermal 

p r o p e r t i e s  of the Mater ia l  May Be Defined - I f  t h e  minimum th i ckness  

f o r  which the  thermal conduct iv i ty  and r e s i s t i v i t y  can be def ined  i s  not  

known, it is necessary t o  e s t ima te  t h i s  th ickness .  There i s  no e s t a b l i s h e d  

procedure f o r  determining t h i s  th ickness  (Note Xl). , The somewhat crude 

procedure ou t l i ned  below may be used f o r  determining the  th i ckness  and 
. . 

whether it occurs  i n  t h e  range of th ickness  i n  which a m a t e r i a l  i s  l i k e l y  

t o  be used (Note X 3 ) .  

Note X1 - I f  improved methods f o r  determining the  th ickness  i n  

ques t ion  a r e  developed or  proposed, ASTM Subcommittee C16.30 would 

a p p r e c i a t e  rece iv ing  information about them. Contact t he  chairman of 

t h e  subcommittee through ASTM Headquarters. 

X1.4.6 Procedure: 

X1.4.6.1 Se l ec t  a uniform sample of m a t e r i a l  of t h i ckness  equal  t o  

t h e  g r e a t e s t  th ickness  t o  be cha rac t e r i zed ,  o r  t o  t he  maximum a l lowable  

t h i ckness  f o r  the  t e s t  apparatus .  This t h i ckness  is termed D5. 

Note X2 - This p a r t i c u l a r  t e s t ,  ky be conducted i n  t he  Guarded Hot 

Box, Method C236. 

X1.4.6.2 Cut f i v e  s e t s  of specimens from the  samples. These should 

range i n  th ickness  from the  sma l l e s t  th ickness  l i k e l y  t o  be used i n  

p r a c t i c e ,  termed D l ,  t o  D5 i n  approximately equal  increments.  The s e t s  

.of  specimens a r e  then designated.  S1 t o . S 5  according t o  t h e i r  th ickness .  

X1.4.6.3 Measure the th ickness  and thermal r e s i s t a n c e s  of S1, S3, 

and S5. 

X1.4.6.4 Calcula te  (~3 -R1) /  (D3-Dl), (~5 -R3) /  (~5 -D3) ,  and ~ 5 1 ~ 5 .  

These a r e  termed AR/AD values.  

X1.4.6.5 I f  t hese  t h r e e  va lues  d i f f e r  by l e s s  than 2%, then  the  

m a t e r i a l  can be cha rac t e r i zed  by a thermal conduc t iv i ty  and r e s i s t i v i t y .  

X1.4.6.6 I f  the th ree  values d i f f e r  by more than 2%, then  measure 

t h e  th ickness  and thermal r e s i s t a n c e  of S2 and S4. Calcu la te  t he  va lues  

o f  (R2-R1)/ (D2-Dl), (~3-R2)  / (~3 -D2) ,  ( ~ 4 - ~ 3 ) /  ( ~ 4 - ~ 3 ) ,  (~5 -R4) /  (~5-D4) and 

R5/D5. 



Note X3 - It is important to differentiate between added thermal 

resistance in measurements caused by the placement of the thermocouples 

below the surfaces of the plates, added resistance caused by poor specimen 

surfaces, and added thermal resistance caused by the coupling of the 

conduction and radiation modes of heat transfer in the specimens. All 

three can affect the measurements in the same way, and often the three 

may be additive. 

X1.4.6.7 Thicknesses above which all the AR/AD values agree with the 

value of R5/D5 to within 2% may be characterized by thermal conductivity 

and thermal resistivity. Allowance must be made in interpretation of the 

resulrs for experimental error. A plot of the  AR/ADts and R 5 / D 5  vercue 

thickness may aid in reducing the uncertainty. Least squares curve 

IitLlng of R versus 0 may also help. A larger number of specimens m y  be 

used where greater definition is required. Thickness dependence may be a 

function of mean temperature and temperature difference across the 

specimens. For the purposes of this method, this single check, if 

performed at typical operating temperature and temperature differences, 

shall be adequate to indicate the degree of thickness dependence. 
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82.07 S D l b  PSTR< 3580+ 1 J E4) 
82- I S  S DZltPSTRt3BBB*IrE3)3R 

83. 1 8  S L).< BE- I )*<  I - I /<N*XS) ) t  R  

6 4 . 8 1  C CALCUATION OF GCI) 
09.85 S *< I / <  2 * R C ) ) * < T C / M ) t 4  
94.87 S ~Ci*<-FSTR~358WI)+I*FSTR<3580+N)/N+( 1- I /N) /3 )  
90. 1 0  S  GI=< < I-I /N)*FSrRQ 358WN)-FSTRC35BB*N-I)+1/<3*N))/62*PC) 
P4.20 S 0.G+GI+<TC/ t r (+<l /N)*:  1-TC/TH)) iR-  

12.8 1  C EVALUATi ON 0 F E 3  INTEGRAL 
12. 05 I <UC) l 2 .58a  12. 45, 12. 1 
12. 1 8  I (WJ- 1) 12. 15, 12. 15r 12. 38 
12. 1 5  S  E I ~ A B R . ( I G < U I ) + A l * W J + A 2 * W l ~ 2 + A 3 * W l t 3 + A L y k M l t 4 + A 5 * ~ ~ t S J 0 0 1 9  l a .3S  
12. 38 S Elm< UJ? 4 + B l * W l ~ 3 ~ B 2 * Y l * 2 * B 3 * U l + B 4 )  
120 3 1  S  E l - E l / <  ( V l a g , C 1 * V l ~ : 3 + C 2 * U l ~ 2 + C 3 * U l + C 4 ) * <  UA*FWP< WL))) 
12- 35 S E2aFMPC-YI)-UI*EI  
lL.48 S E 3 r < F M P C - U I ) - Q l * E 2 ) / S  D 1 3 3 9  
12.45 S E3a. 53 S  EIln 1 /33R 
12.50 S WJr-  Wl3 S  EIm. 57721566+FLO G< Wl)3 S 9 1 ~  I3 9 KK-03 O KAr 1 
12- 60 S KKmKK+ If $ KCP.YII*KKf 5 $ 1 ~  Sl*UI  
18.65 S EI-EI+SI/<KK*KA) 
12.78 I < l F r b F A B S f S I / < K K * K A * E I ) ) )  1 2 - 6  
12.88 S  E B <  < I+WJ)*FE+R< G I ) -  WIl 2*El) /21  R 

13.81 C EVALUATION OF E4 INTEGRPLS 
1 3  I 8  S  E4r<  FEXP<-Ul ) -Yl*E3) /Y  R 

1 4 . 8 1  C ENTER P A M E T E R  VALUES 
1 4 . 8 5  S  A m - -  577215663  S  Ala .99999 1933 S A @ - *  249.9 18551 S A*. 855 19968 
14. 1 0  S AM-. 809760841  S  A%* 80187857;  S B l ~ 8 . 5 7 3 3 2 8 7 r r l  S B* I8.0598IC197 
14- I S  S  8 3 0 . 6 3 4 7 6 8 8 9 3  S  B e *  267773733 S ~ l f 9 . 5 7 3 3 2 2 3 5  
14 .28  S  CB25 .63295615 ;  S CS21*89965388iS.C4rr3-958496931L P 4 
14- 2 1  L S  4~ 33 G 1 5 - 0 1  
* 



G Pd GAL. J 4. CO DASI 1 I 3 3 5 3 4 V  

0 8 1  C RADIATION/CONDUCTION IN SLAB. F I L E  9 m  SHJ 1 AUG 79 
l 82 1 "Zm **a XI 2, ** TIMG H &n **a X6m 8 &  FTIM< 8j/ 36884 I3 R 
l 1 1  $ I W  1 8 8 8 8 3  S . A t m F S P R < I V * l ) S S  CAPFSTR<IU+2)3S L ~ F S ' R < I W 3 )  

12 S TC=FSTR<lV+4)3 S M = F S T R < I W 5 ) 3  S W = F S T R ( I V + 6 )  
1. 1 3  S N = F S T R < I W 7 ) 3  S S I m F S T ~ < I W 9 ) 3  S R[>.FSTR(IV,ll)  

1 4  S JJP l B * N / < A t * L ) I L  P 9 
l 5 1  F 1- IrN- I3 D 72 S T 2 1 F S T M 4 8 8 0 t I  )+A/<2*RC)2  S D I C F S T R < 9 8 8 0 + l r  72) 
l 52 S 2-03 S Dl lrFSTRC9BBl ) -< tC/ 'b i+C 1-TC/TH)/N)3 F I s B r N 3  0 1 8  
1.53 r (2-2) 1.973D 1.8231 < D U , l E - 4 ) 1 . 5 W I  ~ 2 ~ 1 E - 4 ) 1 . 5 9 r  1.55, 1 .55 
0 5 4  T "BET;Clo"r X7.85N*CM*FSfR<9BB15-TC)/(~-TC)r I 

55 F 1-80N3 D 1.58 
057 wm 1.51 
l 58 S T I - <  FSTR<9880+1 )+M*FSTR< 4580tI) ) /<M+ 113 3 D1CFST.R( 4 5 8 W I r  TI) 
059 7, t **B**r& l l t r  ** I F 2  f2-FL t C A L  C ZCAL G R I N  
068 7, J I 
0 7 8  L S 9 . 3 3 6  1.6 
l 97 S H- I+ 2*H3 3 I, ''LARGE ERH) R **, XI ZS " REBEAT U S N  G M- **r %&MI I I 
98 L S 9.91 G 10 8 2  

18.8 I  C LARGEST ERW R DETECT0 R 
l & 9 4  I ( 1 - 1 )  18 .993S E R F q B W :  l - F S T R < 9 B B B + I ) / F S T ~ 4 5 B B * J ) )  
18- 1 8  I < E R Z )  18m993 S D E R  
19099  R 

I I. 8 1  C SET START VALUE 0 F M 
11; 82 S M-137' " M = * * r  X6rMr l3L P 9 
11. 83 L S 9r 3 G 1'5. 5 
* 
L G 10 
* 
*w 
C- FO CALm J 4. CO DASI I I 33534W 

I 

I. 

81.01 C FSTR U S E  BY F I L E S  3,4990 S H J  F I L E  10. %J 1 AUG 1 9 7 9  

: * 
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Focal  Program Nomenclature f o r  Program i n  Appendix B 

Symbol 

. . 

A ' .  

AL 

T C 

S I 

KEFF . 

T2 

T 1 

TL, DF, T3, T4 

NK, J, I V ,  I, KK, KA, JJ, 

I N ,  K 

D l ,  EG, DU, D2, E F .  

RI 

NO 

RC 

w 1 

BE . . 

XS 

D 

G ,  G 1  

E l ,  E2E3, E4 

AQ, A l ,  A2, A 3 ,  A4, A5, B1, B2, 
B3, B4, C 1 ,  C2, C3, C4 

E I 

z 

U 

D e f i n i t i o n  

Trapezo ida l  a r e a  

a. 

~ a t ' t  t h i c k n e s s  

Number of increments  

Heat f low r a t e .  

k 

kef f 

New reduced tempera ture  d i s t r i b u t i o n  

Old reduced tempera ture  d i s t r i b u t i o n  

ou tpu t  convenience v a r i a b l e s  

I n d i c e s  

Convenience Va r i ab l e s  . 

R e f r a c t i v e  index 

Number of c a s e s  

Defined i n  l i n e  15.32 F i l e  3 

Defined i n  01.32 F i l e  4 

b 

Defined i n  01.34 F i l e  4 

Defined i n  03.10 F i l e  4 

Defined i n  Group 4 ~ i l e  4 
' 

El (x ) ,  .E2(x),  E3(x) ,  E4(x) i n t e g r a l s  

~ a r a m e t e , r s  set i n  Group 14 of p i l e  4 

E 1 (-XI 

Er ro r  de f i ned  i n  Group 10 F i l e  9 

Old va lue  of EF 
. . 
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APPENDIX C 

P D P / ~ ~  FOCAL PROGRAM LISTING, TYPICAL OUTPUT, AND NOMENCLATUKE 

L I S T  FOR THREE-REGION APPROXIMATION. 

G FU CAL. J 4 .  CO DASI I  I  33534W 

0 1 - 0 1  C  THREE REGION RAWCON& F I L E  85 SHJ 2 0  MARCH 8 0  
0 1 . 0 2  C  INPUT I S  I N  BTUr HR, FTv DEG. R W I T S -  
0 1 . 0 3  C  OUTPUT I S  I N  BTUr I N ,  HTt PTI DEG-R W I T S  
0 1 - 0 5  A "PFLEPrNB ? "  PSbEPrNBIT l i S  N I B I T  "ALrXLrCA,THrT.LEHrEC ? "  
01. 06 S  N=N+ 1  
01. I 0  A AL<N)rXL<N)r  CA<N)r TH<N)r  t C < N ) r  EX<N)r EC<N)i  I: I 
01. 1 1  I  (N-NB) 1.06; S N=B 
01. 1 2  S  N=N+ If S  AL=AL<N)i S NL=ML<N)t S C&CA<N)i S PH='M<N)i  4 T P T C C N )  
01- 1 3  S  M=E?i<N)f S  E@EC(N) 
01- 1 5  S  I = W  S SI=.  1714E-8; S t l <  l )=r ;Hi  9 f2< 1 ) x P C  
01. 2 0  S  R1= 1 / (  CA*AL/PR+SI*M*<THt:2+Tl< 1 ) t  2 ) * < T H + T I <  1 ) J )  
01- 2 5  S R2P(XL*AL-2*PR)/<CA*AL+< W 3 ) * 3 I * < T l C  1 ) t  2+T.2< l ) t 2 ) * < . T * l <  1 ) + T 2 <  1 ) ) )  
01.30 S R 3 . r l / < C A * A L / I ? R + S f * E C * ( t 2 <  1 ) * 2 + T C * 2 ) * < T 2 <  l ) + % ) )  
81. 35 S  I = I +  1  
01-  4 0  S  B I r T # + <  TC- TH)*R.l/< Rl+R2+%3) 
01. 4 5  S  T2.r '11C+<M-TC)*W<Rl+R2*R3)  
01- 50 1 < -  FABSS < T1-TlC 1)  ) / T I <  1)  ) + E P )  1- 6r 1- 6 
0 1 . 5 5  I  (FABS(<T~T2(l))/T2<l))-EP~1-7 
81 .68  S T I <  l ) = T l f  S  T2( l ) = T 2 ;  I  < I -  1 0 0 )  1.2 
8 1 - 6 5  G O l D  2.05 
01. 7 0  S  @ <  ?H-TC) /<  RI+R2+R.3) 
01 .75  S  CFh l 2 *  WXL/ < 'M- TC) 
0 1 - 9 8  T  "CA.r"rX.11.0lrCArg~ ALzWrALr"  X L = " ~ X L J * *  Et i=* ' rEHrI  
0 1.9 I T "EC= EC, '* M= '9, MI te **, TC, **  PR= **, prt ! 

0 1 . 9 2  T  " E P I W r E P j  I 
0 1 - 9 5  T  " ~ " r X l l e B 6 r Q L "  C R W r C b h  I 
81 .96  T  "Tls", TI;" T*"r T2r ! 

02. F 1  I (N-NB) 1. 121 6 
02- 05 D 1.92 D 1.9 If D 1.9% T ***** D I E  NOT. CONVERGE * * * a g q O  I 

02. 1 0  I  (N-NO) 1. 1 2 f Q  
* 



Symbol 

Nomenclature f o r  Program i n  Appendix C. 
. 

I d e n t i f i c a t i o n  
- -- 

Apparent thermal conduct iv i ty  

Constants  s e t  equal  t o  1 

Conitantt; ,Eet equal  t o  1 

Corlvergence criteria, 1 x 

Number of da t a  s e t s  < 100 

Uirnensionless boundary region th i ckness ,  0.64315 

Thermal r e s i s t a n c e  of region I 

Thermal r e s i s t a n c e  of region 11 

Thermal r e s i s t a n c e  of reg ion  I11 

Absolute temperature a t  i n t e r £  ace  I/ I1 

Absolute temperature a t  i n t e r f a c e  II/III 



APPENlIIX I.) 

. The  f o l l o w i n g  p i r o g r a m 6 u t p u t s . v a l u e s  f o r  t h e  t empr raLur l  ;.lL tile 

i n t e r i o r  p o i n t s  whish d i v i d e  t h e  t o t a l  insul .a t io ; l  t l l i ckness  i n t o  tilrec 

r e g i o n s .  The t empera tu re  c a l c u l a t i o ~ l s  i n c l d e  a n  output: f o r  tilt? tel:i- 

.'. pera  t u r e  prof i Le i n .  . t l h  1aidd:Le r e g i o n .  

I d e n t i f i c a t i o n  d'f V a r i a b l e s  

XK - tllerelal c o n d u c t i v i t y  of a i r  

XL - specimen th ickness :  ., 

TC - t e m p e r a t u r e  of,  co4ld ' boundary 
. . 
TG - t e m p e r a t u r e  of ho t  boundary ' .  

T1 - t e m p e r a t u r e  between r e g i o n s  2 and 3 

T2 - t e m p e r a t u r e  be.twee-n r e g i o n s  1 and 2 

Q - h e a t  ' f l u x  

' r  i lilE\n CP - e f f e c t i v e  the rmal  condl-IC t i v i  t y  nf 'spt.  .. '. 

AL - a l p h a ,  d e f i n e d  i n  n o ~ n e n c l a t u r e  
. . 

KI - r e f r a c t i v e  itidex 

F K  - parameter  d e f i n i n g  t h i c k n e s s  of r e g i o n s  1 and 3 
. . 

EP - c o n v e r g e n c e ' i c r i t e r i o n  . 
, .. 

S I  - ~ t e f a n - ~ o l t z i a n n  c o n s t a n t  ' ., 

_*,  . '. .: ' .  
EH - erniss iv i t 'y  6f"kold  p l a t e  

t s EC '- e m i ~ s i v i t y  of h o t  p l a t e  

X - d i s t a n c e  i n t o  spec imen '  . < 



Program Listing 

p 1 c c :  3 9  11  
C O l 0 0  
CCP 0 c! 

C03C.C 

6 6 7 0 /  

CC400 
0 0 5 0 0  

C 0 6 0 0  
0 0 7 0 0  

CC8 0 0 
0 0 9  0 0  
Cl oco 
C11CO 

0 1 2 0 0  
01  3 0 0  
01  4 0 0  
0 1 5 0 0  , 

, 8 1 6 0 6  
C 1 6 0 5  

0 1 6 1 0  
L'162U 

C 1 6 3 0  

C 1 7 0 0  1 7  

C 1 8 0 0  

0 2 1  0 0  

C 2 2 0 0  

C230C 
0 2 4 0 C  
C 2 5 0 0  

0 2  6 0 0 
C 2 7 0 0  

028 0 0  
ozYnc 
C29 1 C  

0 2 9 2 C  
cnnan 
C 3 1 0 0  35 

0 3 2 0 0  
0 3 0 0 0  
0 3 4 0 0  9 9  

0 3 5 0 0  1 0 0 0  

Q 3 6 0 0  
C 3 7 0 0  . 9 6  

C38 0 0  

C39CO 1 0 0  

C39 0 5 
C 3 9 1 0  1 5 0  

C39 1 1 1 ' 
* .  

DAT A XL/. C 3 3 3 r .  ~ E J  5 4 0 .  C/ 
DATA T C / 4 3 5 . 0 ~  4 7 5 . 0 1  CO,E.C, ,ElO.C, E ~ C . O J  ~ ~ , E . O J  E3E.O/  
AL=2CC.  

DATA T G / 9 8 . r  5 2 5 . ~  5 5 . ~  560 . .  6 5 . 8  595 . .  6 3 5 . /  

R I = l - C  
F R z . 6 9 3 1 5  
F P = *  0 0 0 C  1 

S I = .  1 7  14E- '3 
FH=.l .  

FC= 1. 
D0 1 0 0  1 ~ 1 ~ 7  
D0 J = 1 ~ 2  
X= 1 

T ; i=T Q(  I )  

T l A = T C < i O  
f 2 P . = t l i  

NC=O 

NC=NC+ 1 

I F ( N C *  GT. 1 0 0 )  G0 TB 99 

R 1=  1./(XK(I)*AL/FR+SI*Ei-I*(f:1**2+TlA**2>*<TH+TlA)) 

R 2 = ( X L ( J ) * P . L - 2 * F R )  / ( X K (  I )*AL+( 1 . 3 3 3 3 ) * S I * (  TIA**2 
l+T 2f ! **2 ) * ( T l P .+T2A )  

R~=~*/(XK(I)*AL/FF.+SI*FC*(T~A**~+T'C(~<)**~)*(T~A+TC:(K))) 
T l H = T t I + (  T C ( K ) - T H ) * F ? l / (  R l + E ? + R 3 )  - 
- T ~ F . = T C < K > + C ' ~ ' ; < = ' I C : ~ K ~  5+ I?3 iC  ~ i + H p + H 3 )  

T S T l = A B S (  ( T l b - ? 1 A )  / T l f i )  
T S T 2 = A E S (  ( T 2 E - T 3 A )  / T P A )  

IF ( T S T 1 - L T -  F P . A N ~ -  TST?.LT;  EP) c a  T@ 9 5  
1 &= .!, 1 

T 2 k = T P E  
GPi  T6l 1 7  
T I (  I s  J J ~ O - T I E  
T 2 (  I J J J K ) = T P A  
G0 TB 9 6  

T YPF  IOCCJ 11 J J K  
FBFiVIATC 2x1  ' N rBN\J .  ' J 31 3 )  

6 (  I r J rK)=C.T: - i -?C: (K)  ) / < F l + F . ? + R 3 )  

CP( I I J J K ) = I ~ . * Q (  I , J J K ) * X L ( J )  /(T:-i-TCCK) 

C!ZNTINLIF' 

TYPE 1 5 0  
FORIlf?T( 3x1 ' I I ' J r I . X 8 ,  ?;<J ' I < ' .  3x1 'LFNGT: ig ,  3x1 ' 7  C@LT;', 3x1 
T* ' , 3 X J 8  T* ' J ~ x I ' T  i < n T U r & x J  ' C ' 3  EX, '1< E ' F F ' )  



D 0  2 0 C  1 ~ 1 ~ 7  

D 0  20C J =  1~ 2 
K =  I  

T Y P F  ~ O O ! J I J J J ~ < ; X J < ( I ) J X L < J ) ~ T C C K ) J T F ( I J J J ~ < )  
1 J T ~ ( I J J J K ) J T G ( K ) J C ( I ~ J J ~ O J C P ( I J J ~ K )  

FORMAT( 1x1  ,1123 F 9 . 6 ~ F 7 . 4 ~ 4 F 3 . 2 ~ 2 F 8 . 4 )  
C0NTINI: 'E 
T Y P F  I O C ~ J  (Xi ( (  I  ) J  I =  l r  A )  
TYPE I C C ~ J C X L < J ) J J = ~ J ~ )  

TYPF ICC'2r ( T C ( K )  J K =  l~ 6)  

FQRYAT ( 2 x 1  7 F 3 . 3 )  
D 0  4CC 1 ~ 1 ~ 7  

D'J 4CC J = l r ?  

NC=N C+ 1 

I F  ( N C o G T *  1 0 0 )  G O  TB 2 1 5  

C F = ( A * T P * * ~ + P * T F - C j / (  4*[P*TP**3+F)  
I F  ( AF:S( CF)  * L T .  FP)  G0 TB 2 1 

T P =  TP-  C F 
r;e r e  3 c  
T ( L ) = T P  
CBNTIbl l rF ' . 

T Y P F  1 0 C 3 ~  I J J J K  
F@!?MkT( PXJ 3 1  3)  

TYFF 1 6 O  

F@?.>lE'Tt 1Xr '.'I l!liLi.lp Tk:IP') 

rpI 393 I.= 1 ,  1 1 
TYPE l O C 4 r X ( L ) r  T ( i )  
FBRMATC 2 x 1  FFI CJ F 1 C. 3 )  . 

CPNTINl!F 
(:@NTIN!'F 

TYPE I O O C J L  
F@RI'IP.T( 2 x 1  ' T J-I r I'JGT C@N!?FE?F' J I . ? )  
,ZC?. TO 4 0 0  

FN D 



Sample O u t p u t  fo r  a = 200 

l ! l  

X VAL I'F. T E;.I P 

. -0C3Ir66 437. 3 9 4  

. C 1 1 103 4.42 074 

018?39 446.729 

' -626376 451.345 
034013  4 5 5 - 9 2 7  

.041650  460.476 
- 0 4 9 2 8 7  464.991 

e056924  4 6 9 -  472  
- 0 6 4 5 6 1  473-9 '19  
- 0 7 2  !97 413 333  
- 0 7 9 8 3 4  4820714  

1 2 1  
?( 'IAL1'F T R I P  

- 0 6 3 4 6 6  43598U4 . OP7773 440.32 1 
.(?22079 A&'. 799  

-076.186 45C* 7'36 
- 1  COh93 4 5 5 -  639 . 125OCC 460. 50C 

149307 1165- 3 2 4  

. 173614 476. 1 C B  

197021 f17f4;855 

.222227 479 563 
e246534  484.233 

ii F F F  

(1.2C36 - 
C.91 I F , .  

C.2357 
0*237:3 

0 - 2 5 6 6  
C *  7592 

C026C3 
C .2629"  
C. 2633 
C - 2 6 6 6  . 

C-2365 
0.2397 
0 .  3 13'7 
0.3227 
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S t r e e t ,  A l l i a n c e ,  OH 44601 

H. W. Wahle 

250.: C E A ' I N C . ,  61 Taylor-Reed P l a c e ,  Stamford,  CT 06096 

251. CEKTAIN-TEED PRODS. CORP., P.O. Box 860, Va l ley  Forge, PA 19482 

J. F. Kimpflen I 

252. CERTAINTEED CORP,. , 1400 Union .Meeting Rd., Blue B e l l ,  PA 19422 

D. J. McCaa > .  

, . 

253. DOW CHEMICAL- COEIPANY, G r a n v i l l e  Research Cente r ,  P.O. Box 515, 
' ~ ' r a n v i l l e ,  OH 43023 

D. Greason 



254. FEDERAL TRADE COMMISSION, 414 1 1 t h  S t r e e t ,  S t a r  B u i l d i n g ,  

Washington,  DC 20580 

K.. C. Howerton 

255. FIBER MATERIALS, Biddeford I n d u s t r i a l  Park,  Biddeford,  ME 04005 

R. P. 5 e  

256. GENEKAL SERVICES ADMINISTRATION, 18 and F S t r e e t s ,  NW, 
Washington,  DC 20405 

C. L. C a r t e r  

257. GEOSCIENCE LTD., 410 S. Cedros Ave., Solana Beach, CA 92075 

. H. F. Poppendick 

258. C h a r l e s  Gi lbo ,  201 E. Ross S t r e e t ,  L a n c a s t e r ,  PA 17602 

259. W. R. GRACE & CO., 62 Wittemore Ave., Cambridge, MA 02140 

J. W. Howanski 

260. HAUSER LABORATORIES, 5680 C e n t r a l  Ave., P.O. Box G, .Boulder,  
CO 80302 

R. L. Hauser 

261. INSTITUTO D I  FISICA TECHNICA, FACOLTA INGEGNEKIA-UNIV PADOVA, 
V i a  F Plarzulo N9, Padova 35100 I t a l y  

262. JOHNS-t4ANVILLE RESEARCH AND DEVELOPMENT CENTER, I?. 0. BOX 5108, 
Denver,  CO 00217 

C. M. Pelanne 

263. LAWRENCE BERKELEY LABORATORY, U n i v e r s i t y  of C a l i f o r n i a ,  
Bldg. 90,  Rm. 3058, Berkley,  CA 94720 

W e  L. C a r r o l l  

264. LOUISIANA PACIFIC CORP., PABCO INSULATION D I V . ,  1110 16 RD., 

F r u i t a ,  CO 81521 

F .  B. Hutto;  Jr. 

265. C. F. Lucks, 1858 W. Lane Ave., Columbus, OH 43221 

266. MINEKAL INSULATION MANUFACTUKEKS ASSOCIATION, 382 S p r i n g f i e l d  Ave., 
Summit, N J  07901 

S. Cady 



NATIONAL ASSOCIATION OF HOME BUILDERS, RESEARCH. FOUNDATION ,. INC.  , 
627 Southlawn Lane, R o c k v i l l e ,  HD 20850 

. . 

H. D. Angelton 

NATIONAL BUREAU OF 'STANDARDS, DEPARTNENT OF COFLYERCE, G a i t h e r s b u r g ,  

Washington,  DC 20234 
. . 

R. ' D i l s  

F. J. Powell . . 

B. Peavy 
B.  G. Rennex 

M . C . I .  S iu  . 

NATIONAL BUREAU .OF STANDARDS-BOULDER, CYROGENICS DIVISION, 
INSTITUTE FOR BASIC STANDARDS, Boulder ,  CO 80303 

J. G. Hust . ,  

NATIONAL. RESEARCH COUNCIL OF CANADA, ?iont r e a l  Road, Ottawa 

O n t a r i o  K l A  OR6, Canada 

M. Bomberg 

C. J. , S h i r t l i f f e  . 

OWENS-CORNING FIBERGLASS CORP., Techn ica l  Cen te r ,  .Box 41 5 ,  
G r a n v i l l e ,  OH 43023 

Fi. Hol l ingswor th ,  Jr. 

PITTSBURGH CORNING CORP., 800 Presque I s l e  Dr ive ,  P i t t s b u r g h ,  
PA 15239 

R. W. G e r r i s h  

ROCKWOOL INDUSTRIES, I N C . ,  P.O. Box 5170, Denver, CO 80217 

S. 'L. Flatthews 

ROCKWOOL INDUSTRIES, I N C .  , Leeds, AL 35094 

E. F. C ~ ~ s i c k ,  Jr. 

ST. G O B A I N  ISOVEK, CENTRE DE RECHERCHES INDUSTKIELLE DE RXKTIGhY, 
,60290 Rant igny ,  Fra11c.e . 

C a t h e r i n e  L a n g l a i s  

STATE UNIVEKSITY O F  NEW YORK-STONY BROOK, Engineer ing Depat tmznt , 
Stony Brook, NY 11794 

.4, C. Berlad 

W. C. .Tbrner, 713 Fores t  C i r c l e ,  South C h a r l e s ,  UV 25303 



283. JIM WALTER RESEARCH CORP., 10301 9 t h  S t r e e t ,  North,  

S t .  P e t e r b u r g ,  FL 33702 

G. M i l l e r  

284-289. DOE CONSERVATION AND SOLAR ENERGY, The F o r e s t a l  Bldg., 

1000 Independence Ave., Washington, DC 20585 

M. S a v i t z ,  Deputy A s s i s t a n t  S e c r e t a r y  . 

O f f i c e  of B u i l d i n g s  and Community Systems 

E. C. Freeman, Program Manager, A r c h i t e c t u r a l  and 
Engineer ing  Branch 

E. L. Bales  

John Cable 
J. P. Mil lhone 

O f f i c e  of I n d u s t r i a l  Programs 

M. McNeil 

290. . DOE OAK RIDGE OPERATIONS OFFICE, P.O. Box E, Oak Ridge, TN' 37830 

o f f  i c e  ' of A s s i s t a n t  Manager f o r  Energy Kes'earch and 
Development O f f i c e  

29 1-562. . DOE, TECHNICAL LNYUKMA'l ' ION CElVTEK, OFFICE OF INPONMTIOM CERVICES, 
P.O., Box 62, Oak Ridge, TN 37830 

For d i s t r i b u t i o n  as shown i n  TI\)-4500 D i s t r i b u t i o n  Category,  
UC-95d (Energy Conserva t ion  -. B u i l d i n g s  and Community Systems) 

* U.S. GOVERNMENT PRINTING OFFICE: 1980-740-062/369 


