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ANALYSIS OF ITERATIVE METHODS
FOR SADDLE POINT PROBLEMS: A UNIFIED APPROACH

WALTER ZULEHNER

ABSTRACT. In this paper two classes of iterative methods for saddle point
problems are considered: inexact Uzawa algorithms and a class of methods
with symmetric preconditioners. In both cases the iteration matrix can be
transformed to a symmetric matrix by block diagonal matrices, a simple but
essential observation which allows one to estimate the convergence rate of both
classes by studying associated eigenvalue problems. The obtained estimates
apply for a wider range of situations and are partially sharper than the known
estimates in literature. A few numerical tests are given which confirm the
sharpness of the estimates.

1. INTRODUCTION

In this paper we consider systems of linear equations of the form

= (5 ) ()-0)

where A is a symmetric, positive definite n X n-matrix, B is a m X n-matrix with
full rank m < n, and BT denotes the transposed matrix of B.

Linear systems of the form (LI) correspond to the Kuhn-Tucker conditions for
linearly constrained quadratic programming problems or saddle point problems.
Such systems typically result from mixed or hybrid finite element approximations of
second-order elliptic problems, elasticity problems or the Stokes equations (see e.g.
Brezzi, Fortin [5]) and from Lagrange multiplier methods (see e.g. Fortin, Glowinski
).

Under the assumptions mentioned above the coefficient matrix
A BT
IC =
B 0
is nonsingular and the (negative) Schur complement

C =BA'BT

is symmetric and positive definite.
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480 WALTER ZULEHNER

The system (I can be reformulated in the following way:
Au = f - BTp7
Cp = BA'f—g.

This gives rise to the following theoretical solution approach: Starting with the
second equation p can be computed. Then the first equation allows the computation
of u. For large scale problems, however, the exact solution of systems of the form
Au = b and Cp = ¢ is not possible, in general. At best only approximate solvers
for this type of equations are available. The question now is how to construct
an efficient method out of the two building blocks of approximate solvers for the
systems Au = b and Cp = c.

A classical method of this type is the Uzawa algorithm [1], which relies on an
exact solver for Au = b and a Jacobi-like iteration for C'p = ¢. Several modifications
have been suggested to avoid the exact solution of Au = b, reaching from Jacobi-
like iterations (Arrow-Hurwics algorithm [1]) to multigrid methods (see Verfiirth
[12]). Methods of this type can be summarized as inexact Uzawa algorithms, whose
convergence properties have been investigated, e.g., by Queck [10], Elman and
Golub [6] and more recently by Bramble, Pasciak and Vassilev [4]. A second class
of methods has been introduced and analyzed by Bank, Welfert and Yserentant
[2]. There, an additional correction step for u is suggested leading to a symmetric
preconditioner of .

The obvious advantage of methods of this type, sometimes called segregated
methods, is that they rely only on efficient solvers for separated problems for v and
p, which are often quite well understood. They can be implemented very easily as
combination of available algorithms.

The aim of this paper is to present a convergence analysis for inexact Uzawa al-
gorithms and for the class of methods with symmetric preconditioners on a common
theoretical basis. The analysis has been strongly influenced by the theory in [4].
The main tool is summarized in Lemma [3.1] which gives lower and upper bounds
for the eigenvalues of a generalized eigenvalue problem associated with the itera-
tion matrices. The upper bounds yield bounds for the convergence rate of inexact
Uzawa algorithms, which generalizes the results in [3], where only preconditioners
of A were considered which underestimate A, and in [4], where only preconditioners
of A were considered which overestimate A. Some of the estimates in these papers
are improved. The lower bounds can be used to estimate the convergence of the
class of methods with symmetric preconditioners. This approach differs completely
from the technique in [2]. The consequences drawn from this new approach sharp-
ens some of the consequences of the theory presented in [2], and special cases are
identified which allow the application of an acceleration by a conjugate gradient
technique for the total iteration, similar to the results in [3].

The paper is organized as follows. In Section 2 the two classes of iterative meth-
ods are shortly reviewed and, for either class, a factorization of the iteration matrix
is derived. Section 3 contains the scaling technique and the necessary eigenvalue
estimates, which are applied to the two classes of iterative methods in the subse-
quent Sections 4 and 5, respectively. Each of these two last sections is divided into
three parts. The subsections on special cases present the results under assumptions
which guarantee a spectrum of real numbers for the iteration matrices, the second
part deals with the general case with full freedom with respect to the chosen norm,
and, finally, the third part shows the implications if restrictions on the norms are to
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ITERATIVE METHODS FOR SADDLE POINT PROBLEMS 481

be considered, which are typical in cases of variable preconditioners or acceleration
techniques. Finally, Section 6 contains the results of a few numerical tests.

2. BASIC ITERATIVE METHODS

Two classes of iterative methods are considered here. For each class a product
representation of the iteration matrix is shown.

2.1. Inexact Uzawa algorithms. We start by considering the following class of
methods:

A(ups1 —up) = f— Aug— B py,
CPr+1 —pk) = Bugir—g,
where A and C are symmetric positive definite matrices. This includes the classical
Uzawa algorithm (A = A, C' = ~1I), and the classical Arrow-Hurwicz algorithm
(A=al, C=~I).
The method can be seen as a preconditioned Richardson method

£ (o) - (<6
Pr+1 — Pk g Pk

5 A 0

Let (u«,p«) be the exact solution of (L.I)). For the error

with preconditioner

Auy = up — Us, App = pr — D«

Aupiq Auy,
= M 5
(Akarl) ! (Apk)
where M denotes the iteration matrix of the inexact Uzawa algorithm, given by
A"1(A - A) —A-1BT
C'BA"YW(A—-A) I-C'BA'BT)"

we have

Mlzl—léfllcz<

It is easy to see that

A1 A-1BTC! A—A 0
@1) M= ‘(0—13;1—1 C‘—lel—lBTC‘—l—C‘—1>< 0 é)
(2.2) _ (AP 0 N(A BT \[(AYA-4) o
' N 0 C')\B BA'BT-(C 0 I

Remark 2.1. If we reverse the order in dealing with the equations, the following
iterative process is obtained:

C(pr+1—px) = Bug—g,

A(ugyr —ug) = f— Au, — BTprys.

The method can be seen as a preconditioned Richardson method with precondi-

tioner
R A BT
KT = A
! <0 —C>
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It is easy to see that this iteration reduces to the previously discussed inexact Uzawa
algorithm starting with (ug,p1), where p; is given by

C(p1 — po) = Bug — g.

So, iteration methods of this type are included in the discussion of inexact Uzawa
methods.

2.2. A class of symmetric preconditioners. The factorization
K — A 0\ /At 0 A BT
- \B I o -Cc)\0o I
motivates the use of another preconditioner
K, — A 0 A1 0 A BT
*m\B J\lo -¢)\o 1

(see [2]). This is equivalent to the iterative procedure

Allgy1 —ug) = f— Auy, — B py,
é(pk+1 —pr) = Bigp1—y,
A(Uk;Jrl — ﬁk+1) = —BT(karl - pk)'

This method can be viewed as an inexact Uzawa algorithm with an additional
correction step for u. It can also be interpreted as a correction method in the
following sense: In a first step a preliminary approximation 41 is determined
from

A('&k-i-l — ’U,k) = f — Auk — BTpk

in the same way as in the inexact Uzawa algorithm. In order to satisfy the equation
Bu = g one uses the ansatz

(2.3) Alugr = rg1) = =BT (prsr — pr).-
Ideally speaking, this would lead to the correction equation
BA™'BT6piy1 = Biigy1 — g.

The second step of the iterative method

C(pr+1 —pr) = Blgy1 — g
can now be interpreted as approximating the solution of the correction equation
starting from the initial approximation 0 for the correction dpg41. In this sense C
approximates the inexact Schur complement BA-1BT. Finally, the correction of u
is done according to (2.3).
Simple calculation shows that the iteration matrix is now given by

My = T-K7'K=K;*(Ks—K)

2.4 (A BT a-A 0
' B B BA-'BT -C 0 C-BA'BT)’
Summarizing both iteration methods, we have seen that
M = PiN;Q;
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for ¢ = 1,2, where P; and Q; are block diagonal matrices, and N; is a symmetric
matrix. The matrices are given for ¢ = 1 either by (Z1) or (Z2), for ¢ = 2 by [2Z4).
In the next section the spectrum of such a matrix is investigated.

3. SCALING AND SPECTRAL ESTIMATES

The results presented here apply to both classes of iteration methods. So, for a
moment, we drop the subscripts and write

M =PNQ

with block diagonal matrices P, Q and a symmetric matrix N.
Let D and £ be two further block matrices, which are also symmetric and positive
definite. Then

M =DV2 D12 — [DI/QPEI/ﬂ {571/2./\/571/2} {EI/QQD’I/Q} —PNO.

Here and in the sequel we use the following notation: For a real function f: R — R
and a symmetric matrix M the matrix f(M) is defined in the usual way via the
spectral decomposition of M.

We discuss three different situations:

Special cases: If D and £ can be chosen such that
(3.1) P=0Q=1,
then it follows that M = N, which implies that
1. M is symmetric with respect to the scalar product (.,.)p, given by

<£C, y>D = <D(E, y>7
where (., .) denotes the ordinary Euclidean scalar product;
2. the spectrum of M and spectrum of N coincide:
o(M) = o(N)

(here o(.) denotes the spectrum); and
3. the convergence rate of the iteration method is given by

p(M) = [Mllp = p(N).
Here, p(.) denotes the spectral radius and ||.|[p the norm associated to the
scalar product (., .)p.
It is easy to see that condition (B1) can be satisfied if P = I and Q is symmetric
and positive definite. Then the transformation matrices are given by
D= Q, E=9 .

The above-mentioned conditions on P and Q correspond to the following special
cases for the considered iteration methods:
Special case for the inexact Uzawa algorithm, see (1))

A< A
Here and in the sequel, we write M < N, respectively M < N, for symmetric
matrices M and N if and only if NV — M is positive definite, respectively positive

semidefinite.
Special case for the iteration method with symmetric preconditioners:

A<A and C>BA'BT.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



484 WALTER ZULEHNER

There is a second special case for this method: If D and £ are chosen such that
(3.2) P=1 and Q= -1,

then M = —N with similar implications as before. Condition (2] can be satisfied
if P =1 and Q is symmetric and negative definite. Then the transformation
matrices are given by

D=-9, E=-90 L
This corresponds to the special case
A>A and C<BA'BT

for the iteration method with symmetric preconditioners.
In each of these special cases the convergence analysis reduces to the eigenvalue

problem
(3.3) Nz =véx,
respectively to the eigenvalue problem Nz = —v Ex.

The general case: If one can find transformation matrices D and £ with
(34) IPl<1, JQll<1

(II.] denotes the spectral norm), then we can still conclude that

[Mllp < p(N).
Condition B4) leads to
PEPT <D™' and QD 'QT <&
So, a necessary condition for £ is
QrPePT Ol <&t
This is equivalent to
(3.5) EV2QPEY? < T

if QP is symmetric, which is the case for all applications in this paper.
Now, if £ is chosen such that condition (B3 is satisfied and if we set

-1
D= (PEPT)
one easily sees that condition (B4 is satisfied, too.

Restrictions on the norm: For some situations, like the analysis of iteration methods
with variable preconditioners or nonlinear iterations, it is necessary to (partially)
prescribe the transformation matrix D. Then it is still possible to satisfy (B.4):
One easily sees that (B.4) follows if

E1>PTDP and £'> 90D 10T

This discussion shows the importance of the generalized eigenvalue problem (B3)
for the analysis of the iteration methods. The next lemma is fundamental for
estimating the eigenvalues of (33)).
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Lemma 3.1. Let A and Q be symmetric, positive definite n X n-matrices, B a
m X n matriz, C' and S symmetric, positive definite m X m-matrices.
Assume that there are real numbers p1 < ps <0< p3 < pg < ps < pg with

(3.6) ©(p1) >0, @(p2) <0, @(ps) >0, ¢(ps) <O,

where

o(p) =pB(pA—-AQTA)'B" — S5 - C,

and
psQ < A< psQ.
Then we have: If X is an eigenvalue of the generalized eigenvalue problem
A BT w) _ (Qu
(8.7) (B BA-1BT — é) (p) =2 (Sp) ’
then

A € [p1, p2] U [p3, pa] U [p5, ps)-
Proof. Let (u,p) € R™ x R™ with (u,p) # (0,0) and X € R satisfy
Au+BTp = AQu,
Bu+ (BA'BT —C)p = ASp.

Assume that A & [ps3, pa]. Then AQ — A is either positive or negative definite
and p # 0. In this case we obtain from the first equation

u=(\Q—A)"'BTp.

Then the second equation yields
BAQ - A 'BTp+ (BA'BT — C)p = A\ Sp,
or, equivalently,
ABMA—AQ 'A)"'BTp=(AS+O)p.
Multiplying this equation by p” from the left yields
(e(N)p,p) =0
with
p(p) =pnB(pA—-AQ ' A)'B" —pus5 - C.

It is easy to see that (w(u)p,p) is strictly decreasing in u on each interval outside

the set [ps, pal.
From the assumptions (3.0) it follows that

(e(p1)p,p) =20, (p(p2)p;p) <0, (@(ps)p,p) >0, (p(ps)p,p) <O.

Then the estimates are direct consequences of the monotony of (p(u)p, p). O
Remark 3.2. Additionally, one easily verifies that
(#(0)p,p) <0 and (p(=po)p,p) =0,

where pg is a positive real number satisfying the condition

C < poS.
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This shows that it is always possible to choose p2, such that po < 0, and p;, such
that —pg < p1.
If, additionally, B has full rank m < n, then
(¢(=po)p,p) >0,
i.e., p1 can even be chosen, such that —py < p;.
Remark 3.3. For the special case A = A, C = BA~'B7T this lemma immediately

yields the spectral estimates by Iliash, Rossi and Toivanen [9], provided spectral
inequalities of the form

mQ<A<RQ
and
015 <BA'BT <6,58

are assumed. Especially for A = Q = A and C = S = BA 'BT we obtain the
exact bounds p; = p2 = (1 —=v5)/2, p3 = ps = 1 and ps = ps = (1 +/5)/2, a
simple but interesting observation due to Yu. Kuznetsov, 1990. Spectral estimates
of this kind are used to analyze block diagonal preconditioners (see e.g. Silvester
and Wathen [I1]). So, as a by-product of the convergence theory presented here,

the known results on iteration methods with block diagonal preconditioners are
reproduced. However, compared to literature, no new information is gained.

4. CONVERGENCE RESULTS FOR INEXACT UZAWA ALGORITHMS
The analysis of inexact Uzawa algorithms is based on the setting
A-A 0
P=1 - it
Ce=("1 )

for the special case (see 1)), and on the setting

(A0 _[(ATWA-A) 0
7)<0 él)’ Q( 0 I
for the general case (see (Z2)).
First, we discuss the

4.1. Special case: A < A. From the discussion in Section 3 we obtain the follow-
ing scaling matrices in this case:

(4 8) (3 ).

leading to the norm ||.||p, given by the scalar product

(4.1) <<z> : (Z>>D = ((A = Ayu,v) + (Cp,q).

The generalized eigenvalue problem (B.3)) leads to a generalized eigenvalue problem
of the form B71) with

(4.2) A=-v, Q=AA-A)TA, S=C¢C.
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For the preconditioners A and C the following spectral inequalities are assumed:
There is a constant as € R with 1 < as, such that
(4.3) A<A<amA,
and there are constants 71,72 € R with 0 < 71 < 2, such that
(4.4) 11 C<BA'BT <~,C.
A simple consequence of Lemma B.1] is

Theorem 4.1. Let A, A be symmetric, positive definite n X n-matrices, B a m xXn
matriz, C a symmetric, positive definite m x m matriz, satisfying (&3) and D).
Then we have:

1. The iteration matrix My of the inexact Uzawa algorithm is symmetric with
respect to the scalar product (EJ).
2. o(M1) C [p1,p2] C (=00, 1) with

2- (1+y)as \/[2 — (1 +72)a)?

P1 9 4 +a2_17
2—(14+m)a 2 — (14 v)as)?
oy = ( . ’71) 2 + \/[ ( 471) 2] +ag — 1.

3. 1If as(2 + y2) < 4, then p(My) = ||My]lp < 1.
4. ICfllC is symmetric and positive definite with respect to the scalar product
@ED) and o(K{'K) € [1 = p2,1— p1] € (0,00).

Proof. With the notation of Section 3 we have: M; = N, where N is symmetric.
This shows the symmetry of M in the corresponding scalar product (@1)).

A number v is an eigenvalue of A if and only if A = —v is an eigenvalue of the
generalized eigenvalue problem &) with the setting (2.

The matrix function ¢(u) of Lemma Blis given by

(i) = pBl(n+ A=A BT — (u+1)C.
Assume that —1 < g < 0. Then it follows from ([4) that ¢(u) > 0 if

p+1
71

pllp+ 1) A-A7" > A7

)

or, equivalently,
prn A< (u+)[(p+1)A- A
Set A= A"Y24A~Y/2. Then this inequality becomes
pn A< (p+1)[(n+1)1 - A],
which is satisfied if and only if
(4.5) pyra < (p+1)(p+1-a)

for all eigenvalues a of A. From (E3) we know that o(A) C (1, ). It is easy to see
that (£5) is satisfied for all @ € (1, as] if and only if it is satisfied for the extreme
value a = ao:

pyraz < (p+1) (p+1—az),
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which is equivalent to p < p5;, where py; is the negative root of the quadratic
equation

pyrog = (p+1)(p+1-a2).
One easily verifies that —1 < uy; < 0. Therefore, we have ¢(us;) > 0, which, by
Lemma BTl implies the bound A > ps; for the eigenvalues of (B7) and the bound
v=—\< —puy; = p2 for the eigenvalues of M;.
Observe that A < (ag — 1) Q. Then, for > ay — 1, it follows from (@A) that
e(p) <0if
w1

pllp+ 1 A=A < A7
V2

or, equivalently,
preA<(p+1)[(p+1)A- Al
In the same way as before, it can be shown that this inequality is satisfied if

pyzoe < (p+1) (p+1 - a2),

which is equivalent to u > ud,, where uf, is the positive root of the quadratic
equation

pyzoe = (p+1)(p+1-a2).
One easily verifies that g, > az — 1. Therefore, we have ¢(u3,) < 0, which, by
Lemma [31] implies the bound A < ud, for the eigenvalues of (3.7) and the bound
V= —-\> —Hérg = p; for the eigenvalues of M.

Statement 3 easily follows from 2, and 4 is an immediate consequence of 1 and
2. O

Remark 4.2. Statement 4 of Theorem (1] justifies the use of a conjugate gradient
acceleration for inexact Uzawa algorithms, which was the key observation in [3].
The last part of Theorem 1] provides a conditioning estimate:

(1= p2) (@, 2)p < (KT 'Kz, 2)p < (1= p1) (2, 2)p.
Compared to the basic estimate in Theorem 1 in [3], which deals only with the
special case C' = BA~™'BT, the upper bounds agree, while the lower bound given
here is sharper. Translating our results into the terminology of [3], Theorem 1
in [3] deals with the special case v = 72 = 1 and uses the notations A = Ay,
az =1/(1 — a) with o < 1. Then, the lower bound in our theory becomes:
1—a

1—a

1—p2:a2—\/(a2—1)2+a2—1:

The coinciding upper bound in the notation of [3] reads:

1+ o

l—«

1—p1:a2—|—\/(a2—1)2+a2—1:

An example in [3] shows the sharpness of these bounds, in particular, the sharpness
of the lower bound given here.

As far as quantitative conditioning estimates are concerned, Theorem 1 in [3]
covers only the case of using the exact Schur complement. In the general case,
where the exact Schur complement is replaced by a preconditioner C one could,
of course, derive conditioning estimates by comparing the overall preconditioning

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ITERATIVE METHODS FOR SADDLE POINT PROBLEMS 489

matrix with the theoretic preconditioner of Theorem 1 in [3] (see Remark 2 in
[3]). Generally speaking, this approach would lead to less sharp estimates than
our approach, which directly provides conditioning estimates without the use of an
intermediate theoretic preconditioner.

4.2. The general case. Now we assume the following spectral inequalities for the
preconditioner A: There are constants oy, s € R with 0 < a3 < 1 < ag, such that
(46) aq A § A S (65) A

Additionally, we assume that at least one of the inequalities ar; < 1 or ay A< A

and at least one of the inequalities 1 < ap or A < ag A hold strictly. Furthermore,
we introduce

do = max(l —ag, a0 — 1),
which is an upper bound of the convergence rate |1 — A~ A| 4 of the Richardson
method for an equation of the form Au = b, preconditioned with A.

As before, for the preconditioner C' the following spectral inequalities are as-
sumed: There are constants v1,72 € R with 0 < ;3 < 73, such that

(4.7) 11 C<BAT'BT <~,C.

According to the discussion in Section 3 we look for a scaling matrix
_(E, O
€= ( 0 Ep> ’

|gl/QQ7)gl/2| < I,

such that

or, in details,
EYPANA-AATEY <1 and |EV2CTEY? <L

Roughly speaking, the larger £ is with respect to the ordering < of matrices, intro-
duced in Section 3, the smaller are the eigenvalues in (3.3]). In this sense E, and
E, should be as large as possible.

The optimal choice for E, is obviously given by

E,=C.
For F, we set
(4.8) E, = AY2f(A)AY?,

where A = A=1/24A~1/2 and f: (0,00) — (0, 00] is an arbitrary function.
Then the condition on F, reads: All eigenvalues X\ of the generalized eigenvalue
problem

A YA - DA u=NEtu
or, equivalently,
(A—Du=Xf(A) " u
have to satisfy the condition: |A] < 1.

From (@.G) we know: o(A) C [a1,az]. The eigenvalues A result from the eigen-
values a of A by the formula

A= (a—1)f(a).
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The condition |A| < 1 is certainly satisfied if
|z —1|f(z) <1 forall x € [, ag].

This condition holds for the function f, given by

Qo — T

4.9 =1 1) = A
(4.9) f(x) ( Oél)a2_a1+(042 )a2_a1 Qo+ &
with
a1 +oag —2 . a1 + ag — 20109
ag=—"""7¥—, a= .
Qo — O Qg — Qg

Observe that
|z —1|f(z) =1 forz = q,,

except for the case a; = 1,7 = 1,2. So, f is as large as possible at least at the
boundary points of the interval which contains the spectrum of A.

The additional conditions on «; and g guarantee that E, is well defined and
positive definite.

The resulting matrix D is given by

dA—l—aoA 0
D: ~
()

with associated scalar product

U v . oa A
<<p) , (q)>D = <(aA+aoA> u,v> + (Cp, q).
Then a simple consequence of Lemma 311 is

Theorem 4.3. Let A, A be symmetric, positive definite n X n-matrices, B a m xn
matriz, C a symmetric, positive definite m x m matriz, satisfying @8) and D).
Then we have with the notations of Section 2 and 3:

1. o(N1) C [min(—qa, p1, p3), max(pa, ps)] with

da = max(l—aq,ay—1),
2—(1+ 2—(1+ 2
P (L+72)as \/[ (Lt+ag)aaf” g
2 4
2—(14+m) 2— (14 7)as]?
2 ( 71)2+\/[ (1 +71)ae] fag 1,
2 4
(1—72)n \/(1 —72)%07
= — 1 —
P3 5 1 + ay,
1—m)a 1—71)2a?
oy = ( 71)1+\/( DA R
2 4
2. [Malp < max(ga, —p1, —ps, p2 pa)-
3. If aa(2 4+ v2) < 4, then |[Mi|p < 1.
Proof. With the notation of Section 3 we have
[Millp < p(N1)
and v is an eigenvalue of NV; if and only if A = —v is an eigenvalue of the generalized

eigenvalue problem (B77) with the setting S = C, Q = E, (see (&), (EJ)).
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The matrix function ¢(u) of Lemma Blis given by
A - _ —1 ~_ ~
o(n) =pBATV2 (WI— f(A)7) " AVPBT — (u+1)C,
Assume that —1 <y < 0. Then it follows from () that ¢(u) > 0 if

wATV2 (1 — p(A)y) A s L 4o
71

or, equivalently, if
pn A< (u+1) (ul = f(A7).
This means in terms of the eigenvalues @ of A:

(4.10) pya<(u+1) (p—f@™).

Since o(A) C [aq,aq], it suffices to fulfill (ZI0) for all @ € [ay, az]. It is easy to
see that (ELI0) is satisfied for all @ € [aq, ao], if and only if it is satisfied for the
extreme value o; and as:

pyiar < (p+1) (p =1+ ),

and

pyaz < (p+1)(p—az+1),
which is equivalent to ¢ < py; and g < pg;, where pg; is the negative root of the
quadratic equation

pyror=(p+1) (p—14a1)

and p5; is the negative root of the quadratic equation

pyrog = (p+1)(p—oaz+1).

One easily verifies that —1 < pj; <0 and —1 < py; <O0.

Therefore, we have p(min(uyy, t5;)) > 0, which, by Lemma BI] implies the
bound A > min(puq;, pg;) for the eigenvalues of [B7) and the bound v = —\ <
max(pa, ps) for the eigenvalues of N7 with ps = —py; and py = —pui;.

Observe that ¢, Q > A. Then, for u > q,, one obtains completely analogously
to above that ¢(u) < 0 if g > max(ugy, p}5), where u, is the positive root of the
quadratic equation

pyzar=(p+1)(p—1+m)
and uérQ is the positive root of the quadratic equation
py2ae = (p+1) (p— oz +1).

Therefore, we have A < max(qa, (135, uE) for the eigenvalues of B1) and v = =\ >
min(—gqq, p1, p3) for the eigenvalues of Ny with p; = —ud, and p3 = —puf,.
The statements 2 and 3 easily follow from 1. O

Remark 4.4. This theorem contains the special case a3 < 1, az = 1, 11 < 1 and
~v2 = 1, discussed in [4]. For this case we have

pr1=0, pa=1-—m, p3=—-V1l-a

and

max(qa, —p1, —P3, P2, P4) = P4,
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which gives the estimate

1—m)a 1—mv1)2a2
Ml < L=20) 1+\/( et gy,
2 4
or in terms of the notations oy =1 —9, 717 =1 — 7 used in [4]:
(1-6) . [P-0F
2 + 4

IMillp < X +3.

This agrees with the results in [4].

4.3. The general case with A-independent norm. The norms introduced so
far for analyzing the convergence depend on the preconditioner A. 1If the precon-
ditioner is allowed to change during the iteration, these norms change, too. A
convergence analysis based on these changing norms is very complicated if not im-
possible. In this situation it is more advisable to use a norm which is independent
of A. (The case of variable preconditioners for A also includes the case of using
an inner iteration for solving an equation of the form Au = b, such as a conjugate
gradient method. In Lemma 9 in [2] it is shown how to represent such an inner
iteration by a variable preconditioner.)

Therefore we are now looking for estimates in a norm ||.||p, given by the scalar

product
<<Z> ’ (D >D = ag (Au,v) + (Cp, q),

with some scalar factor ay > 0. So, in the terminology of Section 3, we prescribe
the scaling matrix D by
A
p— (A 0
0o C
up to the factor ag > 0.
Then, according to the discussion in Section 3, £ must satisfy the inequalities

_ A-1AA-T 0
1 > (&%)} ~
£z ( 0 01)

and

If we set, as before,
_(E, 0
(0 z)
with E, = C and E, = Al/Qf(A)A1/2, these inequalities reduce to
o 1 o
a f(AYA<T and — f(A)(A+A1-21)<1I.
o
For this it suffices to choose f such that

1 1
f(z) max (aox, — (x—l— - - 2)) <1 forall z € [a1,az].
(7)) X
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This condition is satisfied for the function f, given by
(4.11) f@)t=a
with

as — T T — oy

q2 )
Qg — O Qg —

1 1

G = maX<0400417—<041+——2)>7
(%)) a1

( 1 ( , ))

g = max|apag, — |(ag+— —2 .
(%)) (%)

@1 >1—0a; and g2 >az—1.

Observe that

Then a simple consequence of Lemma [3:1] is

Theorem 4.5. Let A, A be symmetric, positive definite n X n-matrices, B a m xn
matriz, C a symmetric, positive definite m x m matriz, satisfying (L0) and [@E1).
Then we have with the notations of Section 2 and 3:

1. O’(./\71) C [min(—EjA,ﬁl,ﬁg),max(ﬁg,ﬁ4)] with

ga = max(ql, QQ),

- 1—qy — Mo 1 — g9 — Ya02]?

o= g2 — Y202 \/[ G2 — Y200] T g,
2 4

- 1—q@—ma 1—qo—mas)?

5y = q2 — 712 +\/[ q2 — 02| T g,
2 4

- 1—q — Mo 1—q —y01)?

5y = g1 — 72 _\/[ a1 — y20u] taq,
2 4

- 1—qg —Ma 1—q —yia1)?

o = Q12 Y101 +\/[ Q14’Yl 1] fa.

2. ||M1HD < maX(aAa _ﬁh _pAévZ)'Qa 54)
3. If aa(24+72) < 4 and 4(1—a1)?az < a1(2—a1%2)(2—aae), then [[Mi|lp < 1
for values of ag with

( 2(1 —a1)?  2(ag —1)2 ) 2 — a7y
max , _—.
a1(2 —a172)” a2(2 — asye)

Proof. The proof follows along the lines of the proof of the last theorem. The only
difference is the definition of the function f(z) and the quadratic equations.

The upper bound v < max(pa, p4) for the eigenvalues of N with py = —i5; and
pa = —[i7; is given by the negative root ij; of the quadratic equation

pyionr = (p+1)(p—aq)
and the negative root ji5; of the quadratic equation
pyiae = (p+1) (1 —q).

The lower bound v > min(—ga, p1, p3) for the eigenvalues of N with p; = —Ji4;
and p3 = —i}, is given by the positive root fif, of the quadratic equation

pyzor = (p+1)(p—q),

the positive root fig, of the quadratic equation

pyz e = (u+1) (1 —qa),
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and the constant g, which ensures §a Q > A. O

Remark 4.6. In [4] the special case

(4.12) ar=1—-0, as=1494, m=1—7v, =1
was studied. It could be shown in a very short and elegant way that || Mi]|p < 1 if
1—
(4.13) 5<§j%
for the scaling factor
0
=15

From the theorem given here a convergence rate estimate of the form |[Mi|p < 1
already follows if

1
4.14 o< <
for scaling factors ag with

202 1-6
—1—52 < oap < 72(1_’_5).

Observe that Condition ([{I4) is weaker than Condition (ZI3).

So, in this paper, convergence could be shown in an fl—independent norm under
Condition (£I4), which is weaker than Condition ([I3) used in [4]. Furthermore,
observe that Condition (@I4)) coincides with the convergence condition 3 in Theo-
rem Tl under the assumptions (@I2)). This is remarkable, because the norm was
allowed to depend on A in Theorem EZIl while now an A-independent norm was
required, which is more restrictive.

5. CONVERGENCE RESULTS FOR SYMMETRIC PRECONDITIONERS

The analysis for iteration methods with symmetric preconditioners corresponds
to the setting
A—A 0
P=1 - . A
» ©Q ( 0 C— BA_lBT>
Again we start by discussing the

5.1. Special case: A < A and C > BA~'BT. In this case we use the scaling

A (A—A)~1 0
oo (A-A4 R T . ).
0 C(—BA B 0 GJ—BA Hﬂ)

leading to the norm ||.||p, given by the scalar product
u v 5 A -
s ((5) (1) =t A+ (€ - BATBp0)

The generalized eigenvalue problem (B3)) leads to a generalized eigenvalue problem
of the form (B7) with

(5.2) A:—L Q=A-A, S=C-BA'BT.

v
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For the preconditioners the following spectral inequalities are assumed. There is
a constant ag € R with as > 1, such that

(5.3) A<A<ayA,
and there is a constant 3, € R with 8; < 1, such that
(5.4) pC<BA'BT <C.

Then a simple consequence of Lemma 311 is

Theorem 5.1. Let A, A be symmetric, positive definite n X n-matrices, B a m xn
matriz, C a symmetric, positive definite m X m matriz, satisfying (53) and (B.4).
Then we have:
1. The iteration matriv Mo of the iteration method with symmetric precondi-
tioner is symmetric with respect to the scalar product (B.1I).
2. o(M3) C[1 —ag,p2] C (—o0,1) with

p2 = Gl a2)2(1 —5) + \/(2 — a2)24(1 — B + (a2 = 1)(1 = ).

3. If as < 2, then p(./\/lz) = HMIHD < 1.

4. I@gllC is symmetric and positive definite with respect to the scalar product
GI) and o(K5 1K) C [1— p2, as] € (0,00).

Proof. With the notation of Section 3 we have: My = N5, where N, is symmetric.
This shows the symmetry of M; in the corresponding scalar product (4.1]).

We consider the eigenvalue problem (B.7) with the settings (5.2).

The matrix function ¢(u) of Lemma [3:1] has the form

~ ~ ~ -1 ~ ~
o(u) = uB [HA_A(A_A)*A} BT + uBA'BT — (u+1)C.
Assume that p < —1. Then it follows from (@4]) that p(p) < 0 if

w+1

AT
B

R R R -1 W
@ [MA —A(A - A)*lA] YAt <
or, equivalently,
pBLA> (p+1—pp)(pA—A(A-A)A).
This means for the transformed matrix A = A=1/24A-1/2;

pol> (p+1—pp)(ul —(A=1)7H.
For > —1/(1 — /1), this inequality is satisfied if and only if

pwh = (p+1—pp) (u— . >

042—1

The negative p5; root of the quadratic equation

p == )] (- )

(65) -1
is given by
1 (2-a)(-p) (2 — a2)?(1 — B1)?
== R [CE + (0 = 1)(1 - /)
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and lies in the interval (—1/(1 — 1), —1). Therefore, ¢(us;) < 0. Then, by Lemma
B, it follows that A < uy; < —1 for negative eigenvalues A and v = —1/A < pg
with pe = —1/p5; for the eigenvalues v of N.

For estimating positive eigenvalues A from below by some value p we need the

condition
p(A—A) <A
or, equivalently,
p(A-1I) <1,
which is satisfied if and only if
1
p= ag—1°

So, A > 1/(az — 1) for positive eigenvalues, and, consequently, v = —1/A > 1 — az
for the eigenvalues v of N5.

Statement 3 easily follows from 2, and 4 is an immediate consequence of 1 and
2. O

The second special case can be analyzed completely analogously:

5.2. Special case: A > A and C' < BA~'BT. In this case we use the norm ||. p,
given by the scalar product

(5.5) < (Z) : (Z) > = (A — A)u,v) + (BA'BT - C)p,q).
For the preconditioners the following spectral inequalities are assumed. There is
a constant oy € R with oy < 1, such that
(5.6) mA<A<A,
and there is a constant 2 € R with 85 > 1, such that
(5.7) C <BA'BT < j,C.
Then a simple consequence of Lemma 311 is

Theorem 5.2. Let A, A be symmetric, positive definite n X n-matrices, B a m xXn
matriz, C a symmetric, positive definite m x m matriz, satisfying (6.8) and (B1).
Then we have:
1. The iteration matrix Mo of the iteration method with symmetric precondi-

tioner is symmetric with respect to the scalar product (G.H).
2. 0(Ms) C [-p1,1 — 1] C (=00, 1) with

2 — —1 2 — a1)2(Bs — 1)

( 041)2(52 ) + \/( 061)4(62 ) + (1 _ 041)(52 _ 1)

3. If B2 <14 1/(3 = 2a1), then p(M2) = [Maz|lp < 1.

4. IC2_11C is symmetric and positive definite with respect to the scalar product
ER) and o(K3 1K) C [a1, 1+ p1] € (0, 00).

p1 =

Proof. The proof, which is completely analogous to the proof of the previous theo-
rem, is omitted. O
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5.3. The general case. For the preconditioner A the following spectral inequal-
ities are assumed: There are constants aq,as € R with 0 < a3 < 1 < as, such
that

(5'8) aq A <A< A.
Additionally, it is assumed that oy < as. As before, we introduce
go = max(l — oy, a0 — 1).

For the preconditioner ' we assume that there are constants 81,32 € R with
0 < (1 <1< fs, such that
(5.9) B C<BA'BT <p,C.
Additionally, we assume that at least one of the inequalities 8; < 1 or 3, C <
BA~'BT and at least one of the inequalities 1 < 5 or BA™!BT < (3, C hold

strictly.
According to the discussion in Section 3 we are looking for a scaling matrix

E, 0
g_(O Ep>’

|51/QQ7D81/2| < I,

such that

or, in details
B/ A-AE <1 and |E/*C~BA'BNE/ <1.

Roughly speaking, the larger £ is with respect to the ordering < of matrices, intro-
duced in Section 3, the smaller are the eigenvalues in (B3]). In this sense E, and
E, should be as large as possible.

For F, we set

(5.10) Bu— LAt

o
It is easy to see that E, satisfies the required estimate.
For E, we set

(5.11) E,=C"12gC)C71/2,

where C' = C~1/2BA~1C~1/2 and g: (0,00) — (0, 00| is an arbitrary function.
Then the condition on E, reads: All eigenvalues A of the generalized eigenvalue
problem

(C—BA'BY)p=)\E,"p
or, equivalently,
(I-Cp=xg(C)7"
have to satisfy the condition: |A] < 1.

From (5.9) we know o(C) C [f1, #2]. The eigenvalues A result from the eigenval-
ues ¢ of C' by the formula

A= (1- ().
The condition |A] <1 is certainly satisfied if
|z —1)g(z) <1 for all x € [B1, Ba].
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This condition holds for the affine function

.12 gl = (1= )T+ (B S = faa
with
ﬁ0:ﬁ1+ﬁ2—2 B:ﬁl+62_26162.
Bo— 1 B2 — P

Observe that

|z —1lg(xz) =1 for z = 3,

for ¢ = 1,2, except for the case 3; = 1. So, g is as large as possible at least at the
boundary points of the interval which contains the spectrum of C.
The resulting matrix D is given by

D o A 0
"\ 0 ABC+pBBA BT

with associated scalar product

(()-()) = o fhu = (3 moma=57) ).

With these settings the generalized eigenvalue problem (B.3) leads to a general-
ized eigenvalue problem of the form 7)) with

1 ~ A A ~
(5.13) )\:—;, Q=qu A, S=p3C+pBA BT,

Then a simple consequence of Lemma 311 is

Theorem 5.3. Let A, A be symmetric, positive definite n X n-matrices, B a m xn
matriz, C a symmetric, positive definite m x m matriz, satisfying (Z8) and ().
Then we have with the notations of Sections 2 and 3:

1. 0(N2) C [~qa, max(p1, p2)] with

da = max(l—aq,ay—1),
o o~ 0= qa)2(1 ~8) \/(1 - qa)24(1 ZB L= 80,
p2 = 1+ qa)z(ﬁ2 mE N \/(1 . qa)ix% == qa(f2 = 1).

2. ||M2||D < maX(QavplaPQ)'
3. IfCVQ < 2 and ﬂg <1+ 1/(]— + 2Qa); then HMQHD <1

Proof. Consider the eigenvalue problem (B.7) with the settings (5.13)).
The matrix function ¢(u) of Lemma [B] has the form

o(p) = (%/qa - uﬁo> BAT'BT — (uf+1)C

It is clear that ¢(p) < 0 if and only if

<
( _1/qa—uﬁo> C—(uB+1)I<0.
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From (£9) we know o(C') C [51,02]. So it suffices to have

<ﬁ—ﬂﬂo> Bi—(uB+1)<0

and
(u—iﬁi/qa_”ﬁ‘o Bo— (ufB+1) <0.
For p < 0 this leads to
NﬁlZ[l-f—M(l—ﬁl)](M—ia) and Mﬁ?z[l“‘ﬂ(ﬁQ—l)](H—%).

This means p > max(uy, iy ), where pj is the negative root of the quadratic
equation

mzuwa—m](u—i)

(03

given by

+ q(y(l - ﬁ1)7

py 2
and p5 is the negative root of the quadratic equation

wo= (=) (- ).

L__(l—qa)(l—ﬁl)_\/(1—qa)2(1—61)2
4

given by

py 2

So, from Lemma B] we obtain the upper bound A\ < max(uj,uy ) for negative
eigenvalues \.

Then, for eigenvalues v of N2, the upper bound v < max(p1, p2) with p; =
—1/u7 and pa = —1/pu, follows.

From @ = ¢, A we obtain the lower bound A > 1 /qa for positive eigenvalues A,
which gives the lower bound v > —q, for the eigenvalues of A>.

The statements 2 and 3 follow directly from 1. |

1 (1"’%)(52—1)_\/(14-%)2(52_1)2

- 4 +Q(x(52 - 1)'

Remark 5.4. In [2] the special case
041:].—06, ()42:1+()é, ﬂlzl_ﬂv 62:1"’_6
was studied. In this case Theorem gives the bound

s (a’ - +2a)ﬂ * \/(1 +Z)262 + oﬂ) ,

from which convergence follows for o < 1 and 8 < 1/(1 + 2a).
Compare this to the estimate (in a different norm)

IMal < mox (25 ).

given in [2], from which convergence only follows under the more restrictive condi-
tions @ < 1 and 8 < 1/3.
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Our estimate can also be written in the form

o if a >
Mol < o
2|lp < 232
(Ho‘)ﬁﬂ/(Haw vaf ifa< 2L
2 4 11—
It is easy to see that
(14 a)B \/(1+a)2/32 26 . 20
5 + 1 +a5<—1_6 if a<—1_ﬁ,

from which we obtain the weaker estimate
23
||M2H’D S max (CY, m) s

comparable with the estimate in [2].
A second special case, namely

a1:1—a7 a2:]—+a7 61:1_6; ﬂQZ]‘?

was discussed in [2]. Here Theorem [(.3] gives the bound
1-— 1— )232
Moo < max <a, 0oy [T=oPs +aﬂ) |

This estimate can also be written in the form

o ifaz%,
IMzllo < (1 _a)8 \/(1—a)2ﬂ2 . 23
5+ 1 Toh ta<ig
Since
(1-a)3 \/(1—a)2ﬂ2 26, 26
5 1 T ey

we obtain the weaker estimate

Malp < max (0, 222 ).

comparable with the estimate in [2].
An example in [2] shows the sharpness of the bounds in Theorem 53]

5.4. The general case with C’-independent norm. The norms introduced so
far for analyzing the convergence depend on the preconditioner C'. If the precon-
ditioner for BA='BT is allowed to change during the iteration, it is advisable to
use a norm which is independent of C. (This includes the case of using an inner
iteration for solving an equation of the form BA-1BTp = ¢, such as a conjugate
gradient method. We again refer to Lemma 9 in [2].)

Therefore we are now looking for estimates in a norm ||.||p, given by the scalar

product
((2)-(2)), =t + 0 (B2 B0
D
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with some scalar factor Gy > 0. So, in the terminology of Section 3, we prescribe
the scaling matrix D by

q(y[l 0
D = ~
( 0 Bo BAlBT>

up to the scalar factor Jy.
Here we choose

£— qa/i R 07 R
0 C71/2g(c)cfl/2

with
—1 _ fBo—x x—
(44 Ay
and
51 = max (6061’61 (5 +i—2>) ;
Sp = max (5052, % (52 + é - 2)) :
and obtain

Theorem 5.5. Let A, A be symmetric, positive definite n X n-matrices, B a m xn
matriz, C a symmetric, positive definite m x m matriz, satisfying (E8) and (ET).
Then we have with the notations of Sections 2 and 3:

1. 0(N2) C [~qa, max(py, p2)] with

doa = max(l—oa,ar—1),

~ S§1 — 1-— s$1— qa(l —

o= 1 Qaé 51 +\/ 1 q(y 51)] T qust,
- S92+ qa(B2—1) S2 4 qa(B2 — 1)J?

5 = 2 q éﬂ2 +\/ 2+4q )] + guso.

2. ||M2HD S max(qomﬁlaﬁQ)-
3. Ifag <2 and B2 <1+ 1/(1+2q,) and

(1= 51)*B2(1+ ga)? < Bi[l + ga(1 = BO)I[1 = ga(B2 — 1)],

then ||[Ma|lp < 1 for values of By with

s (L=t 00) (oot 0d) gy ottt )
Bi[l 4 qa(1 = B1)] B2l = qa(B2 — 1)] 0 Bo(1+qa)

Proof. The proof follows along the lines of the proof of Theorem EEH and, therefore,
is omitted. |

Remark 5.6. In [2] the special case

ap=1—a, a=1l4+a pfH=1-0 po=14+p
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was studied. In this case Theorem gives the bound [[Mz|p < max(qa, p1, p2)

with
o = 0«
~ 1 —af s1 — af3)?
o= 22 +\/(14/3)+a31,
- s+ s9 + af3)?
N e

It turns out that there is a parameter Sy with max(qa, p1,p2) = « if and only if
a>26/(1-7).
Consider the more interesting case o < 23/(1 — ). For parameters Gy €

[3/(1+ ), 8/(1 — B)] we have:

1 3
s$1 = %1—5 and sz = Fo(1+ 5).
It is easy to see that
-~ ~ 23
p1 < p2 for 50=m
and
26

-~ 20
P2<P1<m for 5ofm~

From this discussion we can conclude that
23
||M2H’D S max (CY, m) s

if we choose the parameter 3y = 23/(1 — ). Then convergence follows if & < 1 and
3 < 1/3. This corresponds (up to the norm) to the estimates in [2].

A sharper estimate is obtained if Sy € [8/(1+ 53),8/(1 — 3)] is chosen such that
p1 = p2. The existence of such a parameter follows from the discussion above (the
expression py — p1 changes the sign from By = 26/(1+ ) to By = 26/(1 - 3) .
Then, according to Theorem B.H, the convergence conditions read

a<l and F*(1+p)(1+a)? < (1-p8)(1-a?5?).

Sufficient for these conditions are o < 1 and § < 1/3. For small « the condition on
[ becomes less restrictive. So, e.g., for the limiting case & = 0,  must be smaller
than the positive root of the cubic equation 2* + 22 + = = 1, or, approximately,
0 < 0.54.

6. NUMERICAL EXPERIMENTS

We consider the P»-PF, finite element approximation of the Stokes problem

—Au+Vp=f in Q
Vu=0 in
u=g on 99,

/pdsz
Q
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TABLE 1. Spectral constants

level | af a9 el 33 oo 3

4 10578 1.000 | 0.218 0.975| 0.258 0.999
0.568 1.000 | 0.199 0.978 | 0.238 1.001
0.563 1.000 | 0.187 0.979 | 0.225 1.002
0.561 1.000 | 0.179 0.979 | 0.216 1.002
0.561 1.000 | 0.175 0.979 | 0.210 1.002

0 N o Ot

in a bounded domain Q C R2. Here, u denotes the velocity and p the pressure of
a fluid; g has to satisfy the compatibility condition

/ g ds = 0.
a0

In particular, we consider the classical driven cavity problem on the unit square,
where a unit tangential velocity is prescribed at the top of the square (and 0 else-
where) and f = 0.

The square is triangulated using a uniform mesh. The level 1 mesh consists of
two triangles by connecting the lower left with the upper right corner of the square.
The finest mesh considered is the level 8 mesh, obtained by successive uniform
refinement, which consists of 32768 triangles. This corresponds to the following
numbers of unknowns: n = 130050 and m = 32767 in the notation of Section 1.

As an a priori preconditioner Ay for A we chose the classical V-cycle multi-
grid method with one forward Gauss-Seidel pre-smoothing step and one backward
Gauss-Seidel post-smoothing step. As an a priori preconditioner Cy for the Schur
complement BA~'B” we chose the identity premultiplied by the element area.

By the Lanczos method the following spectral inequalities were determined nu-
merically:

oz(l) Ao <AL 04(2) Ao
and
BYCo < BA;'BT <35C, and +)Cy < BA'BT <~9Cy

with af, a3, A7, B3, 77 and 74 given in Table 1.
From these estimates the preconditioner A is defined by

A=0.9a?A.
This guarantees that
A <A< as A

with a2 = a3/(0.9 a9).

The cg-accelerated inexact Uzawa algorithm was performed with the precondi-
tioners A and Cj.

For the cg-accelerated iteration method with symmetric preconditioner an ad-

ditional scaling is required for the Schur-complement preconditioner: C is defined
by

B3

T =1.1
¢ 0.9a%

Co.
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TABLE 2. cg-accelerated iteration methods

Unknowns Inexact Uzawa | Symm. precond.
level n m N P pth | IV P Dth
4 450 127 32 0.56 0.59 [ 33 0.56 0.63

1922 51132 0.56 0.61]|34 0.57 0.65
7938 2047 | 33 0.57 0.62 |34 0.57 0.66
32258 8191 |34 0.58 0.63|35 0.59 0.67
130050 32767 | 34 0.58 0.63 | 35 0.59 0.67

0 N O ot

This guarantees that
/1 C<BA'BT <C

with By = 60/(1.1 ).

The cg-method applied to the matrix K~1K with the scalar product {.,.)p was
used, where K, K and D were chosen according to Subsections 4.1 and 5.1, with
initial guesses u = 0 and p = 0 and stopping rule

ex = ||K Vdi|lp < e||K Ydo|lp = ceo

with ¢ = 1078, Here dj denotes the defect of the k-th iterate with respect to
original equation ().

This corresponds to the classical cg-method applied to the matrix A = DKIK
with the Euclidean scalar product and the preconditioner A =D. The norm in the
stopping rule is the AA~! A-norm.

It is easy to see that the evaluation of A and C is not necessary for performing
the cg-method. Only the action of A=1 and C! to a known vector is required.

Table 2 shows the results of the numerical experiments. For each mesh from level
4 to level 8 it contains the numbers n and m of unknowns, the iteration numbers NV
and the averaged convergence factor p = (ep/eo)'/* in comparison with (an upper
bound of) the theoretical convergence factor p;, = [2¢F/(14¢2*)]*/* in the A-norm,
where ¢ = (v/k —1)/(y/k+1) (see, e.g., Hackbusch [8]). Here & is the upper bound
of the condition number of K1k in the D-norm, given in Theorems Bl and E11
respectively.

The numerical tests show a good agreement between the actual and the the-
oretical convergence rates, a consequence of the sharpness of the estimates. The
convergence rates for the iteration method with symmetric preconditioner seem to
indicate, as expected, the superiority of the cg-accelerated version given here to
the tested method in [2], where a cg-acceleration was used only for the inner iter-
ation of the p-equation. The iteration numbers for the inexact Uzawa algorithm
and the iteration method with symmetric preconditioner are approximately the
same. However, the computational costs for the iteration method with symmetric
preconditioner is about twice as high as for the inexact Uzawa method.

Of course, all these comparisons must be considered with some caution. We are
comparing with respect to different norms. Nevertheless, they seem to confirm the
theoretical results.

Concluding remarks. It has been shown in this paper that several interesting
classes of iteration methods for saddle point problems can be analyzed by the fol-
lowing general strategy: Transform the iteration matrix to a symmetric matrix,
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perform an appropriate scaling and estimate the eigenvalues by Lemma BIl There
is no problem in using this technique under assumptions different from the assump-
tions considered here. For example, one could analyze inexact Uzawa algorithms
on the basis of spectral inequalities of the form (&) involving the inexact Schur
complement or iteration methods with symmetric preconditioners on the basis of
spectral inequalities of the form (@) involving the exact Schur complement. It is
just a matter of patience and time and it requires only the solution of quadratic
equations.

It might be also interesting that new cases have been identified, for which it
can be shown that the spectrum of the iteration matrix is real. This widens the
possibilities of accelerated methods.
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