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Analysis of Joint Angle-Frequency
Estimation Using ESPRIT

Aweke N. Lemma, Alle-Jan van der Veen, Senior Member, IEEE, and Ed F. Deprettere, Fellow, IEEE

Abstract—High-resolution parameter estimation techniques
have recently been applied to jointly estimate multiple signal
parameters. In this work, we consider the problem of determining
the directions and center frequencies of a number of narrowband
sources in a band of interest. We present a joint angle-frequency
estimation method, based on the multidimensional ESPRIT
algorithm. A perturbation error analysis gives bounds on the
parameter estimates and provides optimal values for the temporal
and spatial smoothing parameters. The analysis is shown to be
consistent with simulation results.

Index Terms— Joint diagonalization, joint parameter estimation,
multidimensional ESPRIT, multiresolution ESPRIT, shift-invari-
ance.

1. INTRODUCTION

N MANY practical signal processing problems, it is desired

to estimate from measurements a set of parameters upon
which the received signals depend. Optimal techniques based
on maximum likelihood are often applicable but might be com-
putationally prohibitive. Algebraic techniques based on a batch
of data have an edge in terms of computational complexity.
Such techniques make specific use of certain algebraic struc-
tures present in the data matrix.

A prime example of an algebraic technique is the ESPRIT al-
gorithm [1]. Since its formal derivation in 1985, ESPRIT has
been used for direction-of-arrival (DOA) estimation, harmonic
analysis, frequency estimation, delay estimation, and combina-
tions thereof. In essence, the algorithm makes use of the shift
invariance structure present in the array response vector a(f),
where # = e/#, and y is a phase shift to be estimated. In nar-
rowband DOA estimation, the phase shift is due to the difference
in arrival times of the wavefront at the elements of an antenna
array. For a uniform linear array (ULA), it is well known that
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a(f) = [1 6 6% -7 and p = 2wAsin(a), where A is
the distance between the elements (in wavelengths), and « is
the angle of arrival measured with respect to the normal of the
array axis. A similar situation occurs in frequency estimation
where we have y = —27 fT. Here, T is the sampling period,
and f is the frequency to be estimated.

When ESPRIT is used to estimate multiple signal parameters,
such as angle and frequency, one may solve the problem in one
of the following two ways. In the first approach, the individual
signal parameters are estimated independently, and only then
(using some matching algorithm) are the parameters that belong
to the same signal grouped together. Apart from the computa-
tional overhead, this also leads to a numerically less robust set
of problems as it does not exploit the relation between the indi-
vidual estimation problems.

A second method is to combine the individual estimation
problems into a single joint parameter estimation problem. In
our context, joint parameter estimation is discussed in a number
of papers, including joint azimuth and elevation angle estima-
tion [2], joint frequency and 2-D angle estimation [3], [4], and
joint angle and delay estimation [5]. Basically, these methods
rely on the fact that each parameter is estimated from a cer-
tain eigenvalue problem, where all eigenvalue problems share
the same eigenvectors (which are related to the beamforming
vectors). This allows the posing of the problem as a joint diag-
onalization problem of a collection of data matrices. The prime
advantage of joint estimation is that the individual parameters
are paired for free and show a better robustness to signal and
parameter disturbances.

In the literature, a number of ESPRIT-based joint angle and
frequency estimation methods have been proposed. In partic-
ular, Zoltowski et al. [3] discuss this problem in the context of
radar applications. Because of ambitious goals, however, their
solutions are very much directed by engineering considerations,
which incur a certain sacrifice in elegance and clarity. Haardt
et al. [4] discuss the problem in the context of mobile com-
munications for space division multiple access (SDMA) ap-
plications. Their method is based on Unitary-ESPRIT, which
involves a certain Cayley transformation of the data to real-
valued matrices. This provides a computationally efficient so-
lution scheme but might lead to numerical inaccuracies, partic-
ularly when the eigenvalues are close to 7. A similar but sim-
pler algorithm called joint angle-frequency estimation (JAFE)
has been proposed by us in [6].

The objective of the paper is to give a comprehensive error
analysis of the JAFE algorithm. The algorithm is a function of
certain stacking (or smoothing) parameters, and the error anal-
ysis provides us with the optimal choices for these parameters.
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A. Outline

We begin our discussion by describing the data model and
the parameter estimation problem. In Section II, we extend the
ESPRIT algorithm to JAFE. Section III looks into different data
extension and processing techniques that influence the robust-
ness and performance of the algorithm. Following this, in Sec-
tions IV-VII, we present a performance analysis of the JAFE
algorithm. Finally, after deriving Cramér—Rao lower bounds on
the parameter estimation errors (Section VIII), we present simu-
lation results that illustrate the various aspects of this work (Sec-
tion IX).

B. Notation

Throughout, row and column vectors are denoted by lower-
case bold-faced letters and matrices with uppercase bold-faced
letters. For any positive integer p, I}, denotes a p x p identity ma-
trix. We suppress the index when this does not lead to confusion.
Superscripts (-)¥ and (-)# denote transposition and Hermitian
transposition, respectively. Complex conjugation by itself is de-
noted by conj(-). E{-} denotes mathematical expectation.

A vector constructed from a sequence of entries, such as ¢ =

[¢o ¢1 --- én], or a sequence of function values, such as
¢ = [¢(0) #(1) --- ¢(N)]¥, may be written as
o= [{ébi zN=o] , or ¢= H¢(77/)}27=0]

respectively. Similarly, a diagonal matrix ¢ with the above di-
agonal entries may be expressed as

$ = diag{¢;})L, or @ =diag{¢(n)}  ,,

respectively. For two matrices A € C™ "™ and B € CP ¢, the
Kroneker product A @ B € C™P> "7 is defined as

allle alygB al,nB

0,2le (lgygB ag’nB
A® B =

G, 1B A, ZB G, nB

Unless stated otherwise, in the paper,
operator.

-|l is a Frobenius norm

II. JOINT ANGLE AND FREQUENCY ESTIMATION

Suppose that we have an antenna array, observe a frequency
band of interest, and want to separate and identify the directions
and carrier frequencies of all sources that are present. For fre-
quency estimation to be meaningful, we assume that the sources
are sufficiently narrowband, typically with different carrier fre-
quencies, but the spectra might be partly overlapping. The ob-
jective is to estimate the parameters and to construct a beam-
former to separate the sources based on differences in angles
or carrier frequencies. We will assume that the sample rates are
much higher than the data rates of each source and that multi-
path is negligible.

A. Model

Suppose that there are d sources of interest, with complex
baseband representations s;(t), for7 = 1, ..., d. Let the band
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of interest have a center frequency f., and suppose that the zth
source has a carrier frequency of f. + f;. After demodulation to
IF, the signal due to the ith source is e727Fits,(t), and the signal
received at the kth antenna k = 1, ..., M is

(1) = Z ar(0:)e? ™ ;s () + wy(t)
=1
where 6; is the parameterization of the DOA of the sth signal,
with respect to a common phase reference, ay(#) is the antenna
response of the kth antenna to a signal from direction 8, b; € R
is the amplitude of the ith signal, and wy(t) is noise. It is natural
to stack the antenna outputs into a single vector ().

Further suppose that the narrowband signals have a band-
width of less than 1/7" so that they can be sampled with a period
T to satisfy the Nyquist rate. We normalize to 7" = 1. Let us
say that the bandwidth of the band to be scanned is an integer
number P times larger: After demodulation to IF, we have to
sample at a rate P [obviously we require —(P/2) < f; < P/2
to prevent aliasing]. The data sample at the receiver is

2
«(3) =3 o (%5 ) (3) 40 ()
where a(f;) is the array response vector of the ith source, and
w(n/P) € CM-1 is the noise vector collecting the samples of

the noise terms at the output of each antenna element. In matrix
form, this can be written as

w(p)=aBens(p)ru(z) O
where ® = diag{¢;}L,, ¢; = 7/ DV B = diag{b;}L_,
is a signal gain matrix, A is an M x d matrix collecting the d
steering vectors, and the vector s(t) is a stack of the d signals,
where each signal has a unit amplitude. In the remainder of the
paper, unless it is necessary to write it explicitly, the diagonal
matrix B in the data model is absorbed by s(t), in which case,
the amplitude of the ¢th signal is equal to b; instead of 1. Assume
that we have collected NV samples of the array output £(¢) at a
rate P into the M x N data matrix X, i.e.,

x=aluo as(B) o evs(Y50)]

+Wec" N (2
where W € CM-N is a matrix collecting N samples of the
M x 1 array noise vector.

B. Temporal Smoothing

In this section, we consider a data stacking technique (re-
ferred to as temporal smoothing) that adds structure to the data
model for the implementation of the JAFE algorithm. Apart
from this, temporal smoothing introduces an interesting feature.
That is, the data matrix in (2) is rank deficient when two or more
signals have the same DOA. This is because the array steering
vectors corresponding to signals with the same DOAs are iden-
tical, and therefore, the rank of the data matrix will be less than
d, where d is the number of signals. It will be shown in this sec-
tion that, under a certain condition, temporal smoothing restores
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the rank of the data matrix. An m-factor temporally smoothed
data matrix is constructed by stacking r temporally shifted ver-
sions of the original data matrix. This results in the following
mM x N —m + 1 matrix [viz. 2)]:

A s0) @5 () @ (K]

W (3)

where W, represents the noise term constructed from W in a
similar way as X,,, is obtained from X . Assume that the signals
are narrow band, i.e.,

Wms(tto)mns(ts ™t
S ~ s P ~ ~ S P .

In this case, all the block rows in the right-hand term of ((3) are
approximately equal, which means that X ,,, has the factoriza-
tion

A
A® 1
X & [3(0) ®s (F) } +W,,
AP
= AnF,+ W, € CM NomAd (4)

where A,,, throughout the sequel, which is referred to as the
extended array steering matrix, is given by

r A
AP
A, = _ e cmid (5)
AP™ 1
and i
N— N-m d, N—m+1
Fs=|s0) --- &V~ ™g P e C? (6)

is a matrix collecting N — m + 1 samples of the d sources.
Theorem II.1: Consider an M element antenna array im-
pinged by d < M narrowband far-field signals. Assume that all
the signals have distinct (different) center frequencies. Suppose
that the signals are divided into r groups, such that the signals
from each group have the same DOA. Let p;, forz =1, ..., r,
represent the number of sources in the ith group. Then, the
m-factor temporally smoothed data matrix X, of (4) is full
rank d if and only if 7 > max; p;.
Proof: See Appendix A [ |
The above theorem shows that with m-factor temporally
smoothed data, the ESPRIT algorithm can resolve up to m
signals having the same DOA. Apart from rank restoration,
it enriches the structure of the data matrix, resulting in some
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interesting properties. In Section II-C, these properties are
exploited for joint angle and frequency estimation. For now,
it suffices to note that temporal smoothing preserves the shift
invariance structure needed for the DOA estimation. That is,
the extended array steering matrix A,, has the required shift
invariance structure, and the DOAs are estimated in the usual
way.

C. Estimation Algorithm

At this point, we have obtained a model with much the same
structure as in the classical ESPRIT algorithm but with A re-
placed by A,,. The estimation of the parameters and the con-
struction of the beamformer can now follow the same strategy
as well. First, note that the rank of X is only d since this is
the number of rows of F';. We compute the SVD of X, i.e.,
X =:U,;X,V,, where U, has d columns, spanning the column
space of X . Thus, for some nonsingular d X d matrix T°

U, = A, T

We begin the estimation of the parameters by defining two types
of selection matrices: a pair to select submatrices for estimating
& and a pair for estimating @ = diag{6;}¢_,

{Jx(@ =1 01 @Iy o
JY(p) =101 L] @I

{ 0y =1 @ [Ip-1 04 @®)
JUO):=1T,, @[01 Tar_1].

To estimate ®, we take submatrices consisting of the first and
the last M (m — 1) rows of U, respectively, i.e.,

Us o =J()Us, Uy =J(¢)Us

whereas to estimate ®, we stack, for each of the m blocks, its
first and last M — 1 rows, respectively

Uso = J5OW., Uy, s=JY0)U..

These data matrices have the structures

Uy 4=AT" Uy o=A"T" .
U, s=A®T" U

g0 =A"0T"
where A’ and A” are both submatrices of A,,,. If dimensions are
such that these are low-rank factorizations, then

Ey:=U! U, = T®T™

Ey:=U! U,y =TOT™". (10)
It is seen that the data matrices Fy and Ey are jointly diago-
nalizable by the same matrix T'. There are several algorithms
to compute this joint diagonalization, e.g., by means of Q7 it-
eration [7], [8] or Jacobi iterations [2]. For this to work, it is
necessary that each submatrix in (9) has at least d rows. After
T has been found, we also have estimates of {(6;, ¢;)} for each
of the d sources. This provides us with angle and frequency es-
timates:
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Fig. 1. Spatial smoothing.

III. FACTORS AFFECTING THE PERFORMANCE
OF THE JAFE ALGORITHM

The data matrix given in (3) is the basic JAFE data model.
In this section, we consider some additional data manipulation
techniques and processing stages that have some influence on
the performance of the algorithm.

A. Spatial Smoothing

As discussed above, temporal smoothing enables us to
estimate the underlying parameters correctly even if the DOAs
of more than one signal are the same. Employing a similar tech-
nique in the spatial domain, coherent signals can be separated.
This is called spatial smoothing [9]-[11]. In spatial smoothing,
an array of M sensors is subdivided into /. subarrays. The
number of elements in a subarray depends on the way the
division is made. For instance, in ULA, allowing a maximum
overlap! as in Fig. 1, the number of elements per subarray is
M, =M-L+1.

Forl =1, ..., L, let the M; x M matrix J; be a selection
matrix that selects part of the M x N data matrix X that corre-
spond to the [th subarray. Then, a spatially smoothed M, x LN
data matrix X 7, is constructed as

X, =[N X I.X JpX] e cMm LM (11)

Using the structure of X in (2), we can re-express (11) as
F,

XL:[JlA JLA} +WL

F
where Wy, is a noise term that has also been shuffled in a similar
way as X 1. Let A" contain the rows of A that correspond to the

first subarray; then, from the shift-invariance property, we have
the following relation for k = 1, ..., I:

J.A=J, A = A/@F L.
Using these properties, X 7, can be written in a compact form as

X, =A[F,OF, --- O" 'F,| + W,

= AF; + W e CMu LN, (12)

Theorem III.1: Consider an M element antenna array im-
pinged by d narrowband far-field signals. Assume that all the
signals have distinct (different) DOAs. Suppose that the signals

INote that a maximum overlap of subarrays is obtained by shifting a selected
window over a single antenna as in Fig. 1
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are divided into 7 groups, such that the signals from each group
have the same center frequencies. Let, forz =1, ..., r, ¢; rep-
resent the number of sources in the sth group. Then, the L-factor
spatially smoothed data matrix X ;,, with My, > d, (4) is full
rank d if and only if I, > max; ¢;.

Proof: Consider the L-factor spatially smoothed data ma-
trix of (12). As we have assumed that all the sources have dif-
ferent DOAs, the rank of A’ is d. Thus, since F';, has only d
rows, it is sufficient to show that these are linearly independent.
The proof is similar to that given for Theorem II.1. First, note
that F'¥ has the same structure as A,,, with ® playing the role
of ®. Thus, with the same argument, it follows that F'y, is full
rank if

L > maxgq;. ]
2

B. Forward-Backward Averaging

Another way of extending the data matrix is termed as for-
ward-backward averaging [12]-[15]. It uses the fact that the
eigenvalues (6;, ¢;) lie on a unit circle and that the structure
of A is centro-symmetric.2 A forward-backward averaged data
matrix X s is constructed from the data X given in (2) as

Xp=[X conj(IIX)] € CM:2N (13)

where 11 is an anti-diagonal exchange matrix that reverses the
ordering of the rows of X. It can be shown [5], [18] that if the
centro-symmetric property is satisfied, the forward-backward
averaged data X ;, has the required shift-invariant structure. We
can, therefore, apply ESPRIT to solve for the underlying param-
eters. Note that with this data extension, the number of available
temporal samples per antenna element has essentially doubled
from N to 2N, which gives a significant improvement in accu-
racy. It also provides some protection against loss of rank in the
case of coherent sources, i.e., even if L. = 1 (see above), we can
tolerate coherent signals with multiplicity 2.

C. Spatio-Temporally Smoothed and Forward—-Backward
Averaged Data Model

In this section, we derive a generalized data model that in-
corporates the above three data extension procedures. We start
with the temporally smoothed data X, given in (3). Let M, be
the number of antenna elements in the subarrays of the spatially
smoothed data, and let, for [ = 1, ..., L, the selection matrix
J; € RmMr,mM gelect part of the data matrix X,,, that corre-
sponds to the [th subarray. Then, an (s, L) factor spatio-tem-
porally smoothed data matrix X, 7, is constructed as

X =1 X0 Ji X, ] e Mo LIN=m+1) (14

Using the structure of X, from (3), this can be factored as
F,
X =[J1Anm - J1Ap] +W. L
F
2An antenna array is said to be centro-symmetric if the element locations of

the array are symmetric with respect to the centroid and the complex radiation
characteristics of paired elements are the same (viz. [16]-[18]).
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where W, 1 is a noise term that has also been shuffled in a
similar way as X, 1. Let A}, = J14,, € C™Mr4 Then,
from the shift invariance structure of A,,, € C™*: 4 it follows
thatfork =1, ...,

Ji Ay, = J1A,0F ! = A @ !
Thus, X, 1, can be written in a compact form as

X, 1 :AIm[F'S OF,
::A;nFL +W. .

G)L_lFs } + Wm,7 L
5)

Finally, performing forward-backward averaging on the above
(spatio-temporally smoothed) data, we get the m My, x 2L(N —
m + 1) data matrix

Xm.,L,fb = [Xm.,L Conj(HXm.,L)] (16)

where II is an exchange matrix that reverses the ordering of the
rows of X,,, 1. All of the above data models contain the shift
invariance properties needed by the JAFE algorithm (viz. [5] and
[18]). Thus, the angle-frequency pairs may be estimated in the
usual way (by considering shift invariance pairs).

D. Identifiability

The extended data X, 1, s, of (16) is the generalized data
model we want to work with. It incorporates three processes:
1) temporal smoothing;
2) spatial smoothing
3) forward-backward averaging.
To derive identifiability conditions we assume that initially, a
total of N samples per antenna element are present. Thus, after
temporal smoothing, spatial smoothing, and forward-backward
averaging, the extended data matrix X, 7, s, has the dimen-
sions My, X 2L(N —m+1). Let U be a full rank My, X d
matrix that spans the column space of X, 1, #5.
Condition 1: To correctly estimate U, X, 1, s, must have
at least d rows and d columns.
Once U, is determined, the next step in JAFE is to construct
submatrices with the required shift invariance properties using
selection matrices. To this end, let the four selection matrices
J. (@), Jy($), J:(#), and J,(f) be such that

{Uw = Jo(9)Us {Ur,e = J.(0)U,
Uy o= Jy(¢)Us Uyo= Jy(H)US

form shift invariant pairs.

a7

Condition 2: To estimate the DOAs and frequencies prop-
erly, these matrices must have at least d rows.
The actual number of rows in these matrices depend on the way
the selection matrices are defined. For a ULA for instance, with
the subarrays chosen as shown in Fig. 1, the selection matrices
are given by

{ J:r(e) = Im. &® [I]V[f,—l 01]

Jy(0) =1, @01 Tpr, 1]

{Jz(gb)zlm@[lf\/[r—l 01] (18)
Jy() =1 @[01 Trrp 1]
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Putting these into (17) and noting that M;, = M — L + 1, it
follows that U, 4 and U,  are both (m — 1)(M — L + 1) x
d matrices, whereas U ¢ and U, ¢ are both m(M — L) x d
matrices. Thus, for ULA, combining conditions 1 and 2, we get
the following identifiability criteria:

a) d<m(M— L)
b) d<(m—-1)(M-L+1)

¢) d<2L(N —m+1). (19)

Given the number of sensors M and the number of snapshots
N, we want to find the pair (m, L) that maximizes the number
of signals that can be identified. In analogy to a similar problem
considered in [5], we obtain as the solution to this maximization
problem:

ifN > M+

dmax = M(N + 1)(2 — V2)?

Sl 8l

me = (N +1)(2 — v2) (20)
Lo=MH2-1)

if N <M -
dmax = N(M‘l‘ l)(2 - \/5)2
me=N(2—-+v2)+1 2D

Lo = (M +1)(v/2 - 1).

The first set of equations corresponds to a region where con-
ditions a) and c) are satisfied with equality and the second set
corresponds to a region where conditions b) and c) are satisfied
with equality. The actual maxima are slightly smaller because
m and L can take integer values only.

For identifiability in addition to the above conditions, the
submatrices Uy, Uyg, Uye, and U, in (9) must also be full
rank d. If the impinging wavefronts have distinct frequencies
and DOAs, the Vandermonde structures of the matrices ensures
that this is the case. Under conditions where there are multiple
DOAs or multiple center frequencies, the matrices may still be
full ranked if, in addition to (20) and (21), the following are also

satisfied (viz. [5]):
m>p
{ N2>3p

and

where p and ¢ are the multiplicity of the DOAs and center fre-
quencies, respectively. These inequalities are derived by consid-
ering the results of Theorems II.1 and III.1.

E. Whitening as the JAFE Processing Stage

The spatio-temporal smoothing procedure introduces corre-
lation between the noise terms in the different rows of the data
matrix. In many cases, this correlation causes degradation as it
tends to reduce the degree of averaging that could have been
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Y‘ spatio- =
temporal . . ,
smoothing | - A . mL

N —

Fig. 2.  Whitening the spatio-temporally smoothed data.

obtained had the noise been white. In this context, the JAFE al-
gorithm can be preceded with a whitening filter, as shown in
Fig. 2. Consider the noise part of spatio-temporally smoothed
data matrix given in (14). Let the singular value decomposition
of the noise covariance matrix B, = W, LWZ’ 1, be given by

R, =U,X2U".
Then, the whitened data matrix is derived as (viz. [19])

L =UnS U X 1. (22)
Thus, in Fig. 2, the transformation matrix Z is equal to
U,S,;'U) . Letthe SVD of X, | be given by

lm,L — U/E/V/H

and let U, be the d dominant columns of U corresponding to
the d largest singular values; then, the JAFE algorithm is imple-
mented in the usual way by considering shift invariance proper-
ties of U, = U, - 'UY U’ In Section IX, we present simula-
tion results comparing the performances of the JAFE algorithm
implemented with and without whitening.

F. Multiresolution ESPRIT Algorithm

Recall that the data sampling rate used in constructing the
data matrix of (1) is P times the Nyquist rate of the baseband
signals. Since P can be quite large, it would be very expensive
to construct a full data matrix of all samples. In fact, it is suf-
ficient to subsample: Collect 2 subsequent samples at a rate P
followed by . samples at a rate P/k, where k is an integer
greater than one. This leads to the so-called multiresolution ES-
PRIT (MR-ESPRIT) [6], [20], [21] based JAFE algorithm. In
the MR-based JAFE algorithm, multiple spatio-temporal sam-
pling rates are used to improve the parameter estimation accu-
racy without raising the estimation complexity. In the above ex-
ample, for instance, if the size of the data matrix is preserved,
the MR approach provides a k-times accuracy improvement.
On the other hand, if we perform downsampling on the original
number of samples (effectively reducing the number of samples
by the factor k), we obtain a significant reduction in complexity
for the same estimation accuracy. In the simulation results of
Section IX, we give quantitative analysis of this effect. See the
above papers for further understanding.

IV. PERFORMANCE ANALYSIS

As described in Section II-C, the JAFE algorithm involves
three main steps, namely

1) singular value decomposition (SVD) of the data matrix;
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2) diagonalization of a set of eigenvalue decomposition
(EVD) problems;
3) transformation of the eigenvalues into signal parameters.

The first step, which is equivalent to finding the EVD of the
data covariance matrix, is well studied in the literature [22]-[26]
for the case of white Gaussian noise contaminated data model.
In our case, however, since some data stacking techniques have
been employed, the noise is no longer white. Thus, in this sec-
tion, we will first derive the eigenvalue estimation error for the
JAFE data model and show how this can be applied to derive
errors on shift invariance parameters. In Section V, we make
use of the results of this section to derive more specific error
expressions for the parameterized DOA and frequency estima-
tions. Similar analyses, in the context of white Gaussian noise,
have been presented in [27] and [28]. The results obtained here
could be seen as the generalization of these results.

When we assume that prewhitening has been applied to the
data before the application of the JAFE algorithm, as discussed
in Section III-E, the analysis reduces to the forms similar to
those described in [27] and [28]. However, the results in [27] are
derived considering a ULA only. Their final result does not give
explicit relations between the parameter estimation errors and
the noise. In [28], the results of [27] are extended to more gen-
eral array geometries, and the analysis there is fairly complete.
However, the results are derived for DOA estimation only, and
they consider a data model without any extension or stacking.
Here, we give derivations for both angle and frequency estima-
tions, and we also show how the different data extension proce-
dures affect the estimation performances.

A. Eigenvectors of the Data Covariance Matrix

The following theorem, whose proof is given in Appendix-B,
gives the eigenvectors estimation errors for the JAFE data model
given in (15).

Theorem [V.1: Consider an M-element antenna array
impinged by d far-field narrowband signals. Let the
(m, L) factor spatio-temporally smoothed data ma-
trix X,, 1 € CmMrxL(N=m) pe ag given in (14),
R, 1 = (1/N)X,, . X2 | be the finite sample data covari-
ance matrix, and U € CmM"'mM" and ¥ € CmMi, mMr pe
such that the eigenvalue decomposition of R,, 1, = E{R,, 1}
is given by

R, =UX?U".

Let U, be the first d columns of U. In Section II-C, it has been
shown that for some invertible matrix 7’

U,=A,T" (23)
Now, let u; be the jth eigenvector of R,, 1, where j < d.
Moreover, let Au; represent a noise-caused perturbation on u;,
0?7 = &2 + o2 be the kth eigenvalue of R,,,, 1, where & 7 is the
kth noise free eigenvalue, and let o2 is the noise contribution.
Let ® = diag{¢;}%_,, and let ® = diag{#;}?_, be the parame-
terizations of the center frequencies and DOAs of the d signals.
Moreover, let
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7% be a Toeplitz matrix with all the elements equal to zero,
except for those unity valued entries on the xth parallel to
the main diagonal;

*m, = min(m, N —m)and L, := min(My,, I)

«Q:=T71, g and t, be the xth row and column of the
matrices ¢ and T, respectlvely (Note that g’t, = 0, for
T # qandqrty =1forxz =y.)

L My Lo H rzh My, +r

. T(:z: Y, v, w) = he . er_L u, 2T
Uyq,, ¢h®7’tw;

* Q(T,‘7 Yy, v, U))H = ;ano—'mo Zfi—L uHZ P 7T'u'y

He-h@"t,;

(RO D DD Dol Ll st ™

'U.HZ_h ]\/{f _T'u'w-

Assuming that Rm 1, has distinct eigenvalues, the covariance of
the eigenvector estimation error E{Awu;Au)’} is given by

E{Au,Aul},, 1
2

o (T'Il
LN -m+1)
mMy, mM;y, Q(J7 L v, U)) + 7/(.]7 L v, U))O'2 H
X 2 7 2 e
=1 il (o5 — Oj)(gr” B Uk)
_7‘741 57‘11
(v, w, j, )77
> 7 4
_I_ZZ 0'—0' a_gz)ujuk. 24)
o

Lemma IV.1: For the whitened spatio-temporally smoothed
data matrix, the covariance of the eigenvector estimation error
reduces to E{Au,Aul} = 0 for w # v, and

E{Au,Aull},, |

1
 L(N—m+1)
d 2 2 =22 mMr, a
9095 — 995 H, 2 2 Ui
X Z 2 g W% 0,0, 2 22
J;q (UU - U]) j=d+1 (UU - Uj)
[
(25)
for w = wv.
Proof: See Appendix C. [ |

B. Shift Invariance Parameters

Let X, 1 € CmMr, LIN=m) and U, = A,, T~ € CMr.d
be as defined in Theorem IV.1. In Section II-B it has been shown
that the angle and frequency estimation is attained by consid-
ering the dual shift invariance structure present in U. In this
section, we take a close look at the behavior of this computa-
tion. To this end, as before, define two selection matrices J
and J, such that the two full column ranked matrices U, and
U, defined as

(26)
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are such that the d x d matrix E = ULU y has the eigenvalue

decomposition

oy

A= =QET 27)
Ad

i q;
= E[t ty] (28)

Lad
where @ = T_l, and T is as in (23). In the above model, coin-

ciding eigenvalues are allowed, as long as the eigenvectors (the
corresponding columns of T') are linearly independent. In fact,
we require that the eigenvectors be sufficiently distinct® such
that after small perturbation they remain linearly independent.
This assumption is needed because T~ " appears in the deriva-
tions, and thus, we want T to be invertible. From (28), it follows
that

\; = ¢ Et; (29)
where ¢; and ¢; are the left and right eigenvectors of F, re-
spectively, i.e., ¢/ E = X\;q! and Et; = \;t;. Moreover, for

i,7=1,2,...,d, g, and ¢; satisfy
1, ifi=j
H ; .
g t; = . (30)
! { 0, otherwise.

Let A);, Ag;, At; and AFE represent noise caused pertur-
bations on \;, ¢;, t; and E, respectively. We assume that the
eigenvectors are sufficiently separated and remain distinct after
these small variations. Thus, under noisy situations, (29) may
be rewritten as
Xi+ AN = (qf + AqT)(E + AE)(t; + At;).

Taking only the linear terms in the above equation, and after
some rearrangement of the terms, we obtain

AN; = ql AEt; + Aq Et; + q/ EAY;
=qP AEt; + Aq? Mt + \ig? At

=g AEt; + \i(Aqft; + ¢ AL). (31)

Since Q = T *, the noise terms Ag; and At; are not indepen-
dent. Their relation is derived by noting that (30) is valid under
noisy conditions as well, i.e.,
1, ifi=jy
'+ 2l + 80 = {

0, otherwise.

Taking the first-order terms only, this simplifies to

Tt 4 g Aty + Aql't; ~1
gl At; + Agl't; 0.
3Note that the eigensubspaces belonging to such a multiple eigenvalue do

not have unique eigenvectors. Thus, an orthogonal basis of eigenvectors in that
subspace can be chosen.
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This means that the second term in (31) is approximately zero,
and the first-order approximations of the errors on the eigen-
values are given by (viz. [27])
AN =~ q AEL;. (32)
Let AU, represent the noise perturbation on U, and similarly
for AU, and U,; then, an expression for AE is derived by
noting that
E+AE= (U, +AU,)' (U, + AU,). (33)
If the perturbation is small enough, the first term in the above
equation can be approximated (up to first order) as

(U, + AU ~ (I -ULAU,)UL.

Putting this into (33) and taking the linear terms only, we get the
following approximation for AE

AE ~ Ul (AU, — AU.E).

Using this relation, and noting that Ft; = \;t;, AU, = J, AU,
and AU, = J, AU, the expression for A}; in (32) becomes
AN ~ qUT (T, — N\iJ)AU ;.

Note that U, and the selection matrices have dimensions
that are functions of the spatio-temporal smoothing fac-
tors m and L. In the following, these dependencies are
made explicit using indexed references. Thus, putting
() = ¢'UI (1, — \iJ.), the error A); may then be
written as A\; ~ rTHm 1. (Ai)AU st; and its mean square value as

= E{|AN*}
L( ,)E{Ath1t7HAU£I}’I'm7L()\1)

O, L( )

~Th

Let w; and Au; be such that Uy = [u; --- ug] and AU, =

[Aw; --- Augl. With these definitions, o, 7,(A;) is given as
d d
0-7”;[/()\ ) rn. L ZZ u‘]tﬂf{iAug TmyL(Ai)

where £;; is the jth entry of the column vector ¢; defined earlier.
Noting that £;; is noise independent, the above can be rewritten
as

d d

om, (M) =71 (A
G=1k=1

(34)

Note that a similar term to 7, 7,(\) has been derived in [28].
Later, we will make use of some interesting properties of this
term derived in [28] to get simplified expressions for oy, 1(A;).

One further simplification of (34) is conveniently obtained for
a whitened data matrix. In the remainder of this section, we will
assume that a whitening has been applied to the data matrix prior
to the application of the algorithm. In this case, the eigenvector
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estimation error E{Au;Aul’} is as given in (25). Let ;1 be
defined as

C _ (T;Z-O'i — O'j(Tk
NG R
and then, putting (25) into (34), it follows that
O'm L()\)
til?
Z t | LN —m+1)
d mMy, w ’ll,H
k
D Galwal) +(000) 3
e k=d+1 *J n
k75
X Tm, [1(/\7) (35)

Let the left eigenvectors of the data covariance matrix be parti-
tioned into U ; and U ,, such that U ¢ spans the signal subspace,
and U, spans the noise subspace. Let the (punctured) diagonal
matrix I';, with a zero at the jjth position, be defined as

. j—1
diag {¢; & 7,1

. d
diag {ij k}k:_;‘+1

Then, we can rewrite (35) in a simplified way as

2
(T"LL()") § ‘fj’b| m+ 1)
H o} H
U F U (0'2. j_ 2)2UnUn Tm,L(/\i)~
J n

(36)

Note that in the above discussions, we have made no assumption
on the array geometry The geometry information is contained
inr  (\i) = q?UT(J, — \iJ ), which is referred to as the
array geometry parameter. Let A, = J, A, A, = J A, and wH
be the 7th row of AT ; then, noting that U, = A, T, where T'is
as given in (27), the array geometry parameter may be expressed
as

rﬁ) L(A)

=g/ TAL(J, — \iJ.)

=w!(J, — \iJ.). (37)

A further simplification of (36) is obtained by noting A, =
A, A and the following fact (viz. [28]):

(U =1l (A)AT™!
~qITAl(J, — \J.)AT™!
=q/'TAl (A, — NA)T™
—qITAT (A A - \A,)T™
=q"TAT A, (A — \D)T!
=¢IT(A -\ T =[0--.0].
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From this, it follows that the first term in (36) vanishes, and with
the parameter 7;; defined as

2
J

I
R G

= (38)
i F

we get the following expression for o, 1.(As):

op /M H H
Um,L()\z) ~ mrmL()\l)UnUn Tm,L()\l)- (39)

Let ppm, 1,(A;) be defined as

Pm, L()\i) = "",17{17 L()\i)r'm, L()\L) (40)
Then, noting that 2 | (\)U U =rH [ (A\)I-UUT) =

rH 1 (\), (39) simplifies to

1 o2
m )\i N ———— m )\i . 41
Tm, L(Ai) TN —m+ D m P, L(Ai) (41)
Theorem IV.2: Suppose that an M-element antenna

array that is split into L subarrays each with My ele-
ments, is impinged by d < M narrowband signals. Let
X ¢ M, LIN=m) be an (m, L)-factor spatio-temporally
smoothed data matrix collected at the output of the array,
o2 be the power of the noise, and U, € C™Mr? be the d
dominant eigenvectors of the data covariance matrix. Now,
let U, and U, be two submatrices of U, such that, for some
nonsingular d x d matrix 71" and a d X d nonsingular diagonal
matrix A, UI_,Uy = T7'AT. Let A; be the ith entry of A and
om, (A;) be the variance of the estimation error on A;. Then,
the dependence of o, 1,(\;) on the array geometry and the
spatio-temporal smoothing factors is completely described by
the factor

Glm, L) = —— 5 ()

L(N —m

Proof: For the condition stated in the theorem, it has al-
ready been shown that oy, ,(\;) is given by (41). Thus, for the
proof, it is sufficient to show that »; defined in (38) is indepen-
dent of the array geometry and the factors m and L. To this end,
let the M x d matrix A, be the extended array steering matrix
associated with a data matrix with a temporal smoothing factor
of m, U, be a unitary matrix that spans the column space of
the extended data matrix, and 32, be a diagonal matrix that con-
tains the d largest singular values of the extended data matrix.
Then, there exists a nonsingular d X d matrix 7" such that the
data covariance matrix R, = (1/L(N —m+1))X X" may be
expressed as

Us2U" =R, = A, R A" 4 521
=U,TR,T"UY + 021

where R, is the signal covariance matrix. Solving for R ', we
obtain

R'=TH(x2?-s2D7'T
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and thus, with #;; equal to the jith entry of T'

4 1
—1
=Y Pt
j=1 J n

where o; is the jjth entry of the diagonal matrix X,. Note that
the signal covariance matrix (the left-hand expression) is inde-
pendent of the array geometry. This means that the right-hand
summation and, therefore, 7); is also independent of the array
geometry and of m. In a similar way, one can show that 7; is
also independent of the spatial smoothing factor /.. Note that
for good SNR, o; > o, forall j < d, in which case, 7; ~
1/{R;*};; and, hence, is independent of m and L. ]

This result is useful when we consider the effects of 7 and L
on the estimation errors because the dependency of oy, 1.(\;)
on these parameters is completely described by the less com-
plex factor py,, .(A;). To emphasize the fact that the geometry
information is fully described by p.,, 1,();), in the sequel, it will
be referred to as the geometric factor. Moreover, since 7j; is de-
pendent purely on the signal covariance matrix and on the SNR,
it is referred to as the signal factor, and the ratio SNR = 7; /o2
is termed as the effective SNR.

V. PARAMETERIZED DOA AND FREQUENCY ESTIMATION

In the foregoing discussions, we have made no reference to
the parameter to be estimated. The analysis up to now, there-
fore, applies for both the parameterized DOA and frequency es-
timations alike. The distinction comes in the way the selection
matrices are defined. In the following, we derive more specific
results by separately considering the parameterized DOA and
the parameterized frequency estimations.

A. Parameterized DOA Estimation

In line with the discussions in Section IV-B, the parameter-
ized DOA estimation error o, r,(6;) is obtained from (41) by
replacing A; with 6, and p..,, 1,(A:) with p,, 1, (6:):

1 ol

] Pm, L(ai)-

LIN-m+1) n “2)

Om, 1.(0;) =
Here, 8; is the ith parameterized DOA defined in Section II-A,
and pp,, 1.(6;) is the corresponding array factor constructed
using the selection matrices J,(¢#) and J,(6). In this section,
we present the analysis where* m = 2 and L = 1, in which
case, the column span of the data matrix is given by

A
A= ral
AP

Here, A represents the array steering matrix. For a ULA and
(m, L) = (2, 1), the selection matrices J,(#) and J,,(#) select
the first and, respectively, the last M — 1 rows from each of the
two block entries of A,,,. Thus

(43)

1 0

} ® Y(6;)

4Note that for JAFE, the minimum possible value of 1 is 2, and that of L is 1.
Behaviors corresponding to larger m and L values are considered in Section I'V.
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where

(44)

—0; 1

Let A, denote the first M — 1 rows of A and A,, , be defined
as

A,
Am:{ ]
’ AP

It follows that W, = (1/y/2)[Al®~1AT] is a left inverse of

A, o, and if we let wil = [w; 1+ w; ar—1] represent the
ith row of A, then the ith row of W, is given by w!, =

(1/vV2)[wf ¢7' wH). Thus, using (37) and (40), it follows
that

p2,1(0:) = 5 <|’wi71|2 + |wi, a1 |

M-1
+ Z |wi, k-1 — F)iwi,kz) . (45
k=2

For a single source, wy, = (1/(M — 1))f;", and thus,
p2.1(61) = 1/(M — 1)%. Moreover, SNR; = m /o2 = SNR;.
Cdmbining these and using (42), we get the following approxi-
mation for the estimation error:

1 1
M —1)2(N — 1) SNRy '

(7231(01) ~ ( (46)

If we have started by setting m = 1, we get the expression

2 1
M — 1)>N SNR;

0'271(91) ~ ( (47)
which agrees with those described in [27] and [28] for a single
source scenario. It is seen that the DOA estimation error is pro-
portional to the inverse of the square of the number of antennas.
This means that the algorithm, for large M, fails to achieve the
Cramér—Rao Lower Bound (CRB)5 (i.e., it is inefficient). How-
ever, in Section VI, it will be shown that by choosing an ap-
propriate value for L, the DOA estimation error can be made to
decay in proportion to M 3.

B. Parameterized Frequency Estimation

For the frequency estimation, with reference to the discus-
sions in Section IV-B, the parameterized frequency estimation
error ., 1.(¢;) is obtained from (41) by replacing A; with ¢;
and the geometric factor p,,, £.(A;) With prm, 1.(¢:):

1 o2

_T'L Pm, L(gbi)

T, (i) = L(N—m+1) n;

(48)

where p,,. 1,(¢;) is defined using the selection matrices J,(¢)
and J,(¢). For a ULA, these selection matrices are given in
(7). In the following, we give a performance analysis for the

5In CRB, the angle estimation error is proportional to A —%
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case m = 2 and L = 1. The effects of other (m, L) values
is considered in Section VL. For (m, L) = (2, 1), the column
span of the data matrix is given by (43). For the parameterized
frequency estimation, the selection matrix J . (¢) selects the first
M rows of A,,, (whichis A) and J,(¢) its last M rows. Thus

Jy(9) = dide(¢) = [—¢il 1]

Let w! be the ith row of A'; then, using (37), it follows that
i (#:) = [—piw! wf] and hence

p2,1(s) :Tg1(¢i)'l'2,1(¢i) = 2|w;|?

and
20wi|” oy
02,1(:) = N_1u
For a single source, |w1|> = 1/M, and SNR; = mjo? =

SNR7; thus

2 1
M(N —1) SNR;

02,1(1) =

It is seen that the estimation error, for m = 2, decays only in
linear proportion with /NV. This is, of course, an extremely poor
result. However, it is important to note that for m = 2, the effec-
tive number of temporal samples used in actual phase computa-
tion is 2. This means that by choosing larger m values, the per-
formance can be improved significantly. In fact, in the following
section, it will be shown that by choosing an appropriate value
for m, the frequency estimation error can be made to decay in
proportion to N =3,

VI. EFFECTS OF DATA EXTENSIONS

The performance analysis outlined in the above section con-
siders the data model of (14), with a spatial smoothing factor
L =1 and a temporal smoothing factor m = 2. In this section,
we give analysis of how the data extension procedures affect
the estimation performances. Moreover, we derive the optimum
values of L and m (I,, m,) that minimize the angle, frequency,
and joint estimation errors.

Consider an antenna array with an arbitrary geometry. Let,
foran (n, L) spatio-temporally smoothed data matrix, the pairs
(J=(9), Jy(¢)) and (J(8), J,(#)) be the selection matrices
that produce the shift invariance pairs for the parameterized fre-
quency and DOA estimations, respectively; then

{ Jz(¢) = [I'm—l 01] X I]\/[f, (49)
Jy(¢) =01 Im—a] @ I,

J:r(a) = Im. & le(H)
{Jr(e) =1, @ J1,4(0). °0)

where Ji () and J, ,(¢) are the selection matrices for the
case (m, L) = (1, 1) and are array geometry dependent. For a
ULA, they are given by

Ji o (0) =[Irr—1 04]
J1,y(0) =101 In—s].
6Note that in contrast to J ,r((i) and J y((i), the structures of the selection

matrices J..(¢) and J,(¢) are independent of array geometry, and thus, this
result applies to an arbitrary array geometry.
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Now, let U, be a unitary matrix that spans the column space
of the extended data matrix; then, for some invertible matrix 7,
the matrices Ay := Jg,_,(gb)UsT_1 and Ay := JI(H)UST_1
given by

A(L) A(L)
A(L)® A(L)®
Ay = and Ap =
A(L);IV"_2 A'(L).<I>m_1

respectively, where A(L) is the array steering matrix corre-
sponding to the L-factor spatially smoothed data matrix, and
A'(L) is a submatrix of A(L), whose row dimension depends
on how the spatlal smoothing is performed.

Let 'w¢ and wg be the ith rows of W, = A and Wy = A
respectively, and let the bi-diagonal matrix T(gb ) be defined as

—-¢; 1

—¢; 1

Y (i) = (51

—¢; 1

Then, using the selection matrices defined in (49) and (50), it
can be shown that

i L (0:) =w [T @ X(6;)]
i () =wi [X(¢:) @ Ing,).

Note that although Y (6;) is array geometry-dependent, Y (¢;)
is independent of geometry. It is seen that for ULA, these ma-
trices have the same structure [compare (51) with (44)]. Now,

(52)

let W(L) = A"(L) and W' (L) = A’T(L); then, it is seen that
the two matrices
1
W,. = — [W(L) <I>_1W(L) <I>2_""W(L)]
m —
and
1
W:ﬂ =— [W’(L) <I>_1W'(L) <I>1‘mW’(L)]
m

are left inverses of Ay and Ay, respectively, i.e.,
WmA¢ =171 and W/mAg =

It is well known, however, that the Moore—Penrose inverse (the
pseudo-inverse) gives unique left inverses of these matrices with
minimum (Frobenius) norms. Thus, with W, = AZ) and Wy =

A}

w(L)|?
W/) 2 < W'm 2 _ ||
Wl < W = VI
and
7 2
el <|w, P = W LRI
m

If the underlying sources are sufficiently separated, Wy ~ W,
and W4 ~ W’ , and the above inequalities are tight. When the
sources are close to each other, on the other hand, while the orig-
inal array steering matrix (the steering matrix with m = 1) is
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near singular, the extended steering matrix may be well condi-
tioned. This means that for closely separated sources, the above
inequalities may become loose, and the given approximations
might be too pessimistic. As a rule of thumb, in the case of a
ULA for instance, we say two sources with DOAs a4 and oo
are sufficiently separated if

|sin g — sinag| > A
where A is antenna spacing measured in fractions of signal
wavelength. Note that when this condition is satisfied, the peaks
of the FFT of the columns of the array steering matrix A are at
least 27 /M rad apart, which is equal to the BW of the M -point
FFT bins. Thus, this states that if the peaks of the FFT of A
are separated at least by an amount equal to the BW of the bins
of the M -point FFT, then the sources are said to be sufficiently
separated. Considering the fact that the FFT matrix is a unitary
matrix, this is a justifiable assumption. In the following, we will
assume that the sources under consideration are sufficiently sep-
arated and that the above inequalities are tight. Under this con-
dition, we may write

wll xS [wl(L) 67 w() e 6wl ()]
wll & WD) T (D) e gl (D)

where w (L) and w) (L) are the ith rows of W(L) and
W'(L), and "’d) and "”e are the ith rows of W, and Wy,
respectively. Putting these into (37) and using (40), it follows
that

P2, L(ai) - ||’w:H(L)T(91)HZ
p2, (i) = 2||wi (L)||?

and
2
pm, L(0:) = o p2, (6;)
1
Pm, r(¢7) ~ m P2, r((]51) (53)

The expressions for the parameterized angle and frequency esti-
mation errors are obtained by replacing these into (42) and (48),
respectively. Thus, with

2
Go.(m) = m(N —m Ir 1) (54)
Gom) = TN —m 1 1)
and
1
Go, (L) = 7 p2, 1.(6;)
1 (55)
(L) = — .
Gy, (L) 7 P2 (i)
it follows that
2 a,
E‘my L{‘A91| } ~ 7—7 Ggi(’IrL)Ggi(L)
2
o
Em, 1{|A¢:*} ~ 7—7 Gy, (m)Goy, (L). (56)
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The above relations show that the estimation errors are separable
functions in 7n and L. This means that the optimum values of the
spatio-temporal smoothing factors (m,, I,) are independent of
each other. In the following, we will compute these values, con-
sidering each separately.

A. Optimum Temporal Smoothing Factor

From (56), it is seen that the optimum values of m for the
parameterized DOA and frequency estimations are obtained
by minimizing Gy(m) and G,(m), respectively.” Denoting
by m(#) and m,($) the optimum temporal smoothing fac-
tors for the parameterized DOA and frequency estimations,
respectively, we have

N
me(0) = EX for §, and
2N +1

3 7

mo(P) = for ¢.

The above value of m,(¢) agrees with a similar result reported
in [29] for the harmonic retrieval problem. The corresponding

variances of the parameterized DOA and frequency estimation
are then

o2 4
Erm,, 1{|A0] }NﬁFGG(L)
o2 7
B, 1{|A¢]} —nﬁaﬁ@)-

For JAFE, it makes more sense to look for an optimum m that
minimizes the joint estimation error. To this end, we define a
joint estimation error as the geometric mean of the variances of
the angle and frequency estimation errors:

)2 /B, L1802} B, 1 {18912)

which is equivalent to the arithmetic mean on the logarithmic
scale. This definition has twofold advantages: First, it alleviates
the scaling problems associated with the arithmetic mean, and
second, it preserves the separability of the error function in the
variables m and L. Minimizing E,, 7.(¢, ¢) with respect to m
and after some elaboration (approximation), we obtain

3N 42
Mo ~ ?

It is seen that m,, for the joint estimation is approximately equal
to the average of its values obtained considering the angle and
frequency estimations separately.

B. Optimum Spatial Smoothing Factor

Referring to (56), it follows that minimizing the estimation
errors with respect to L is equivalent to minimizing G (L) and
G4(L). To this end, first, we need to derive explicit expressions

7To simplify notations, in the remainder of this section, we omit the signal
number index ¢, For instance, we write # instead of 6;.
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for these functions. Let My, and M be the number of rows in
A(L) and A’ (L), respectively; then, for sufficiently independent
sources, the following approximations are valid:

1

L) ~ —
Go(1) LM,

1
W and qu ( L) ~
L

For a single source, these relations are exact. For more sources,
however, the above approximation is valid only if the steering
vectors are sufficiently independent. This is always (asymptoti-
cally) satisfied for large M, and M values.

From their definitions, it is clear that the values of M7y, and
M depend on the way the spatial smoothing is performed. For
a ULA, for instance, if we assume a maximum overlap of sub-
arrays as described in Section III-A, My, = M — L + 1, and
M} = M — L. Putting these into the above expressions and
minimizing G (L) and G4 (L) with respect to L, we obtain

M
3 for 6, and
L =
° M+1
+ for ¢.

The corresponding variances of the parameterized DOA and fre-
quency estimation are then

2 ¢
2 N(T'n. 27
VR A }~—m(;9(m)
fag ~ 25— Gy(m)
m Lol M 1 ) m).

For JAFE, defining a joint estimation error as in (57), we obtain

L, ~
;

As in the case of m,, this value of L, is approximately equal
to the average of the optimum values obtained considering the
angle and frequency estimations separately.

C. Forward-Backward Averaging

Forward-backward averaging [5], [18] is equivalent to dou-
bling the number of temporal samples, with the rest of the data
parameters remaining unchanged. Thus, for both # and ¢, this
data extension provides a factor-of-2 improvement in the esti-
mation accuracies. The important aspect of forward-backward
averaging is that the resulting data matrix can be transformed
into a real matrix of the same size [16]. This provides a substan-
tial reduction in complexity [18] while improving the accuracy.

VII. ERRORS IN COMPUTING THE ACTUAL PARAMETERS

The final step in the JAFE algorithm is to transform the pa-
rameterized DOAs and the parameterized frequencies into their
actual values in radians and hertz, respectively. In this section,
we consider how these transformations affect the error behav-
iors.
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A. Errors in Computing the DOAs

The relation between the parameterized and the physical
DOAs is defined by the array geometry. In the case of the ULA,
for instance, this relation is given by

= asin arg
o= R

Assuming the real and imaginary parts of ¢ are affected by sta-
tistically independent equal variance noises, the mean square
errors on the angle estimates can be computed as (first-order
approximations) (viz. [27], [30]-[33])

Tm, (@) = E{Ad?}y 1 = 2 7. 0] (58)

(2rAcosa)?’

The final expressions for o, r.(«) are obtained by replacing
om, (6) with the expressions from (42).

B. Errors in Computing the Frequencies

As recalled from Section II-A, the actual signal frequency is
computed from the parameterized frequency ¢ using the trans-
formation

P
2T

f=

arg o.
The first-order approximation of the perturbation A f on f is

(0 \_ P

and thus, the variance of the frequency estimation error is

2
)

T2 4n? ©3)

Om, 1.(f)
The final expression for o, r(f) is obtained by replacing
0m, 1.(¢) with the expression from (48).

VIII. CRAMER-RAO LOWER BOUND

Putting a lower bound for any estimator proves to be ex-
tremely useful. It provides a benchmark against which we can
compare the performance of any unbiased estimator. Moreover,
it tells us the impossibility of finding an unbiased estimator
whose variance is less than the bound. One such bound is the
CRB [34]. In this section, we derive the CRB for the JAFE al-
gorithm.

Let us assume that an M X 1 deterministic signal vector
s(k; p) with unknown parameter vector

p=[p p2 Iq ]
is observed in additive noise
s1(k; p)
z(k) = s(k; p) +n(k) = w2k ) +n(k) e cM (60)

sar (ks )
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where 7(k) is an M X 1 noise vector. Here, the dependence of
the signal s(k) on p is made explicit by writing s(k; ). Assume
that n(k) is a white Gaussian noise (WGN) with variance o>
and that we have collected N time samples of the signal (k).
Then, the log likelihood function of the signal (defined as the
logarithm of the probability density function) is given by

MN

L(z; p) = 5 In(270?)
2
oz (k) — sk )] o (k) — s(h; w)]. (61)
k=1

Let the gradient of the signal vector s(k; ) with respect to p be
denoted by Dy (u), i.e.,

[ 08((97;;114)

Os(k; p)

Dy (p) = Diis

ds(k; ) }
Olig

then the so-called Fisher information matrix is given by

N
I(p) = % Re (Z Df(u)%(u)) :
k=1

The CRB for estimating the ¢th parameter y; is obtained from
the inverse of the Fisher information matrix (viz. [34]) as

(62)

CRB(y;) = [I" ' (w)]i-

A. CRB for the JAFE Data Model

Consider a simplified version of the JAFE data model, in
which the modulating signals are set to have BW = 0

(k) = A(0)B¢" +n(k) =: s(k; ) +n(k)  (63)

where we have the following.

s A0) = [a(f1) a(62) a(fs)] € CM? and a(f) is
the array response vector for a signal with a parameterized
DOA of 6.

e @ = [ ---04)7 is a vector containing the parameterized
DOA of the d signals.

« " =[oF ok ¢F1", where ¢; is the parameter-
ized frequency of the sth signal.

» B = diag{$;}_, is a diagonal gain matrix, where 3; €
IR* is the amplitude of the ith signal as received by the
antenna array.

» n(k) is an M x 1 white Gaussian noise vector.

Let 8 = [B1 -+ B4)* be a vector containing the channel gains;
then, the conditioning parameters that affect the signal likeli-
hood function are collected into the 3d x 1 vector pu:

p=[0" ¢" BT
Define
Oa

29, (61)

d* = diag{p"}.

Ja

Dy = a4
6 904

(6a)
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Evaluating the derivative of s(k; p) with respect to each param-
eter, we get the following:

os(k; ’
% = DyB®* =: D,(0),
Os(k; w) _ k—1 _.
99 =kAB® =: Dy(¢),
Os(k; B) _ ,ar .
Let I (u) be defined as
Di(6)" ] [ Dr(0)" 1"
1
I(n) = aRe Dy(¢)" | | Di(9)" (64)
Di(B)" | LDu(B)"
Then, the Fisher information matrix is
N A PTQY
1
Iw) =) Ii(w)=—5Re|P T R¥ (65)
=t Q R A

where N is the number of time samples, and
I\T
A= Z &~ *BD" D,B®"
k=1

N
r= Z K2l BAT AB®F !

A= & AT ApF

M=

x>
Il
—

k® *BDY AB®* !

h
M=

>
Il
N

& *BD] A®*

O
I

2
-

k®' T BA" A®".

=
I
i

IX. SIMULATION EXAMPLES

In this simulation example, we consider a four-element ULA
with baseline separation of A = 1/2. We assume that two far
field, equal power signals s; and sy are impinging on the an-
tenna array. The DOA and center frequency of s; are a; = 10°
and f; = 2 MHz, and those of so are s = 55° and fo = 5
MHz, respectively. The source signals are narrowband (25 kHz)
amplitude-modulated signals. The data is sampled at a rate of
20 MHz, and the processing is done over N = 32 time samples.
All simulation results are based on 100 Monte Carlo runs. The
behaviors are summarized in Figs. 5-8. In Fig. 6 and 8, while
keeping the rest of the parameters fixed at their original values,
the DOA and center frequency of s, are varied to generate be-
haviors as functions of angular and frequency separations, re-
spectively.
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—— With whitening
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Fig. 3. Effect of whitening on the frequency estimation error.
10° . .
——  With whitening
- — - - Without whitening
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o
I
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~2 N . .
10 0 5 10 15 20 25 30
SNR (dB)

Fig. 4. Effect of whitening on the DOA estimation error.
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Fig. 5. Parameterized DOA and frequency estimation errors as functions of
temporal smoothing factor m at SNR = 30 dB and L = 2. It is seen that the
theoretical behaviors perfectly agree with the simulation results.

First, results comparing the performances of the JAFE algo-
rithm implemented with and without a pre-whitening filter (viz.
Section III-E) are shown in Figs. 3 and 4 (For clarity, only be-
haviors corresponding to the first source are shown. Similar sit-
uations are observed for the second source as well.). In the sim-
ulation, the temporal and spatial smoothing factors are chosen
to be m = 3 and L = 2, respectively. From the results, one sees
that the whitening has very minor effect on the DOA estimation
error. On the other hand, an appreciable performance improve-
ment is observed in the frequency estimation, particularly at the
low SNR region.

Fig. 5 shows how temporal smoothing affects the parameter
estimation errors. From the plots, it is seen that the DOA es-
timation error is minimum for rn = N/2 and that the fre-
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Parameterized DOA

——  Simulation
— —  Theoretical
* —Xx CRB

-3

10 0 10 20 30 40 50 60
Angular separation (Degrees)
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10 v v v T r
——  Simulation
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0 * —x_ CRB

10 CRB

¥ =X K= M= N — Mo X K W e =X K K —
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Angular separation (Degrees)

(b)

Fig. 6. Behavior of (a) the parameterized DOA and (b) the parameterized
frequency estimation errors as functions of angular separation. Note the
improvement obtained via temporal smoothing, particularly at small angular
separations. (SNR = 20 dB).

quency estimation error is minimum for . = 2N/3, as pre-
dicted in Section VI. Itis seen that when8 m /N — 2/N, the fre-
quency/DOA estimation errors increase sharply and that for the
algorithm to attain the CRB, m should be close to its optimum
value. Choosing large m, however, increases the computational
complexity. This means that one has to find a compromise be-
tween complexity and accuracy. In Fig. 6, it is shown that, apart
from improving the estimation accuracy, temporal smoothing
also provides robustness against rank loss when there exist mul-
tiple signals with the same DOA. This is in agreement with the
identifiability conditions discussed in Section III-D.

The effect of spatial smoothing on the estimation errors is
summarized in Fig. 7. The simulation was run using a ULA with
M = 16 elements, N = 16, m = m, — 10, and SNR = 20
dB. The DOAs and the center frequencies of the two sources
under consideration are the same as before. As predicted in Sec-
tion VI, the parameterized DOA and frequency estimation errors
are minimum for . = M/3 and . = (M + 1)/2, respectively.
Moreover, in Fig. 8 it is seen that, apart from performance im-
provement, spatial smoothing achieves rank restoration when
several signals have the same center frequencies. In Fig. 8(a),
a seemingly unexpected behavior is seen. That is, for large fre-
quency separation, the DOA estimation error increased when L

8Note that the minimum possible value for rn is 2.
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Fig. 7. Parameterized DOA and frequency estimation errors as functions of
spatial smoothing factor L at SNR = 20 dB and m = 2. It is seen that the
theoretical behaviors perfectly agree with the simulation results.

-1 Parameterized DOA
10 v T
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Fig. 8. Behavior of (a) the parameterized DOA and (b) the parameterized
frequency estimation errors as functions of frequency separation. Note the
superior performance of the spatially smoothed data approach at small
frequency separations. (SNR = 20 dB.)

was changed from 1 to 2. This should not be surprising because
for M = 4 and I, = 2, the ratio (M — 1)2/L(M — L)% > 1 (cf.
Section IV), and thus, £ > F, where Iy and £ are estima-
tion errors corresponding to I, = 1 and L = 2, respectively.
As stated above, the JAFE algorithm approaches the CRB
only when m and L are close to their optimum values. This
is, in most cases, computationally prohibitive. To alleviate this
problem, we can use the MR-ESPRIT algorithm described in
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Simulation
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Fig. 9. MR-ESPRIT-based JAFE improves the performance of the frequency
estimation in the small m region. (SNR = 30 dB).

Section III-F in the JAFE context. With this approach, it is pos-
sible to improve the estimation accuracy significantly in the
small m and L regions without raising the computational com-
plexity. For instance, the effect of MR temporal sampling on the
frequency estimation is summarized in Fig. 9,° where results ob-
tained via the MR-ESPRIT, with a resolution gain factor of 2 are
compared against those of the direct estimation method. The su-
periority of the MR-based approach is obvious, particularly at
small m values.

Let & represent the resolution gain factor; then, in [6], [20],
and [21], it has been shown that the MR-ESPRIT gives a factor
k improvement in accuracy assuming the size of the data matrix
is preserved. If the size of the data matrix is reduced as is the
case here, on the other hand, the gained accuracy will be less
than k. More precisely, if we let €(m) and &,,,.(m) represent
the variances of the direct and the multiresolution approaches at
a temporal smoothing factor of m, respectively, the above two
effects can be combined to obtain the relation

Ns/k—m

Ny, —m e(km)

Emr(m) =k m < NgJk—d
where Nj is the original number of samples. For Ng/k > m,

this simplifies to
Emr (M) & e(km).

If N, is comparable to m, on the other hand, the MR-ESPRIT
never achieves the best performance obtainable with the direct
estimation approach. This is clearly seen in the plots of Fig. 9.

X. CONCLUSIONS

In this paper, we have presented an analysis of the ESPRIT-
based JAFE algorithm. Using a simple perturbation model, we
were able to derive analytical expressions for the estimation
errors and for the optimum values of the spatial and temporal
smoothing factors.

We have discussed two sets of optimum values for the spa-
tial and temporal smoothing factors: the first set maximizing the
number of identifiable sources and the second set minimizing
the joint parameter estimation error. It has been seen that these

9With an MR spatial sampling, a similar behavior is exhibited in DOA esti-
mation.
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optimum values are different, and thus, one cannot satisfy si-
multaneous optimality in both identifiability and accuracy.

Moreover, it has been shown that the JAFE algorithm
achieves the CRB only when the spatio-temporal smoothing
factors are close to their optimum values. However, choosing
the smoothing factors close to their optimum values is com-
putationally too expensive. We have shown that in this case,
the multiresolution concept can elegantly be used in the JAFE
context to solve this problem with an acceptable complexity.

Finally, it should be noted that the performance analysis pre-
sented here is independent of the joint diagonalization tech-
nique that may have been used in solving the joint matrix pencil
problem described in Section II. The analysis assumes that an
optimum joint diagonalization of the matrix pencil problem has
been achieved. The actual performance is therefore dependent
on the quality of the joint diagonalization procedure employed.
Although there are several accounts in the literature on this
problem, it is an open research topic to find a reliable optimal
solution. One way to evaluate the quality of a joint diagonaliza-
tion method is to compare it against the expected performance
derived in this work.

APPENDIX
PROOFS OF THEOREMS

A. Proof of Theorem II.1

Since all the sources are assumed to have distinct frequencies,
F; in (4) has a full row rank. Thus, for the proof, it is sufficient
to show that A,,, is full column ranked matrix. To this end, for
1 = 1,..., 7, let 6; represent the DOA of the signals from
the sth group, and for j = 1, ..., p;, let ¢; ; be the center
frequency of the jth signal from the ¢th group. Moreover, let
A; and ®; be defined as

1 1 e 1

0; 0; . 0;

A = c CMxPi
;=

M-1 M-—1 M-—1
6! 6] !

and ®; = diag{¢; ;j}"_,, then the extended steering matrix

j=1
A,,, can be expressed as
A A, . A,
AP, Ay P, AP,
A, =
A @7 A8 A, @mt

To prove the theorem, it is sufficient to show that for a given
d-vector

A,z =0z =0.

Let « be partitioned into r sub-vectors 1, ...z, with dimen-
sions such that

Az + Aszo + - + Ay

APz + ArPrzo + -+ AP, 2,

Az = = 0. (66)

Alq)rln—lzl + -+ Arq);ﬂ'_l.’l,'r
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If A,, is full column rank, the above will be satisfied if and
only if zy = 0,z = 0,...,x, = 0. For a p-vector v =
[v1, ..., vp], let the function S(v) be given by

S(v) = Z v;

p

k=1

and let Ay be defined as
1 1 . 1
6, 0, e 6,

Ay =

0*1”*1 93471 gM—1
Since the #; are different and that we have assumed M > d > r,
from the Vandermonde structure, it follows that Ay has a full
column rank of 7. Now, using the above definitions, (66) can
equivalently be expressed as

S(.’L’l) 'S(q)lzl)
S(.’L‘Q) S(@QIQ)
6 — Ay -
S(x,.) LS(®,x,)
rS®T (z1)
(@5 xy)
LS®m1(x,)

Because Ay is a full rank matrix, it follows that A,,, is also full
rank if and only if there does not exists an x; # 0 such that

S(xz;) =S(®ix;) == S(®" " 'x;) =0

i=1,...,7 (67)
Let
1 1 1
di1 Pi2 bi, p;
Ay, = .
orTt st e et

then the conditions in (67) can be combined into the single ex-
pression

Ay,z; =0, t=1---,7. (68)

Thus, A, is full rank if and only if there does not exists an
x; 7% 0 that satisfies (68), or, in other words, A,,, is full rank
if and only if Ay, is a full rank matrix. Observe that Ay, has
a Vandermonde structure. Since all the ¢; ; are assumed to be
distinct, it will have full rank provided that m > p;. From this,
it follows that the data matrix X, is full rank if and only if, for
1 =1,...,r, all the Ay, are all full rank matrices, which is
satisfied if

m > maxp;.
1

This concludes the proof.
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B. Proof of Theorem IV-1

Consider the Gaussian, circulant noise-contaminated data
model X, 7, givenin (14). Let Y,,, ;, = X, 1, — W, 1, be
the noise-free data

1

Ry =—— X, 1 X2
L(N —m)  L%m, L
1
R, =———Y, 1YY
W LN —m) s ™ m L
1 H
Ryw = —— W WH
L(N —m) L m, L

In the following, we use a perturbation analysis to derive the co-
variance of the errors on the eigenvectors of R,,.. In the deriva-
tion, we will make the assumption that the noise-free data ¥, ;,
is deterministic, and hence, E{R,,} = R, ,. Now, let R,. =
E{R..} and

V=R, — R,,.

V is a perturbation on R.... From its definition, it is seen that
V is Hermitian and £{V} = 0. Let R,, = UX2U" be the
EVD of R,.,., u, be the vth column of U (the vth eigenvector
of R;.), and Aw, represent the perturbation on u,, due to V. In
[35], it has been sown that for the above model, the first-order
approximation of Aw,,, v < d (d is the number of signals in the
channel) is given by

mMy, _H
u Vu,
Auy = 3 BV
y 2 _ 3 Uj
~ 0,0
iFw
From this, it follows that
E{Au,Aull} ngi‘n nf:n E {ulVu,uy Vu; | H
YRRy, ¢ = ; N[ 2 2y UjU; -
D R s [ R
jAv  AFW

(69)
Putting V = R, — R, into the above and noting that for
T # v, 'u.f R,,u, = 0, the above can be rewritten as

mMr mMr. p {'u,HRm'u.U'u,HR”'u,i}
. H 7 w H
E {A'u,vA'u,“, = ; ; (02 = 0]2-)(0120 - u;ju; .
jAv iFw
(70)
Let xj, be the kth column of X, 1 ; then, we have
1 L(N—m+1)
H
Bee = TN T D) kz=1 T -

Thus, putting this in place of R, in (70), the numerator term is
expressed as
1

E HRTT v HRTT i = ot aNg
{'u,] wa ol 'u.} L2(N —m+1)2

u

L(N—m+1)

>

k,n=1

Hoo o H, H_ . H
E {'u.]- TLT), Uply, TnT, ui} . (7D

It is well known that for nonzero mean Gaussian random vari-
ables z1, 22, 23 and 24

E{21222324} = E{lez}E{2324} + E{leg}E{Zzz4}
'E{le4}E{2223} - 2E{21}E{ZZ}E{25}E{Z4}
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Using this property and noting F{x;} = y,, we get

Z FE {ukazlljuvugznzfui}
k,n
- Z E {ufwkxﬁm}b{uga:nwfuz}
k,n

+ Z E {u;’xku;’xn} E {x,?'u.ua:gui}
k,n

+ Z F {uJszxnui} F {ufznzkuu}
k,n

-2y wyyunly,y,u. (72)

k,n
The first term may be written as ui' E {}, zrzy } wyull E
{32, zuzl'} ui. However, B{}_, zix{'} = L(N —m + 1)
R,.... Thus, the first term in (72) can be written more compactly
as L2(N —m+ l)zufﬁmuvugﬁmui. Since j # vand i # w,
this term reduces to zero.

Consider the second term. Let w;, be the kth noise vector
(which is assumed to be Gaussian and circulant) such that z; =
Y, + wy. Putting this into the second term, and noting that all
the odd number moments in the noise are zero and, for all &, n,
E{w,wl} = 0, we obtain

H H H H
E K {'u,]- TrU,, xn} K {xk Uy T, 'u.i}
k,n

=" wyyuuly,y,u. (73)
k,n
Rearranging the terms, the above can be compactly written as
L*(N —m + 1)2ufl_2yyuvufﬁyyui. (74)

For j # v or ¢ # w, this vanishes. Note that the fourth term in
(72) also reduces to (74). Thus, it also vanishes. This means that
the only remaining term in (72) is the third one; hence

i H. H . H_ _H
E E {'u,j TLRT) Uy, T T, 'u,i}
k,n

= Z K {u?a:ka:nui} I {ugxna:kuv} .
k,n
Putting z;, = y;, + w;, in the above, we get 16 terms. Of these,
all the odd order moments in the noise are zero, and since we
have assumed circulant noise, ¥ {wjwl} = 0 forall n, k. After
eliminating all these terms, we obtain

Z F {u?a:kznui} F {ufznzkuu}
k,n

_ § H H H H
- ’U.7 Yl Uiy, Y Yy Uy
k,n

H, . H H H
+ g u' Yy, wib {uwwnwk 'u,v}
k,n

§ : . H H H H
+ E {'U.] wrw, u7} Uy YnYi Uo
k,n

" H H "
+ Z K {'u.]- wiW,, ui} K {'u.w wyW), 'u.v} .

k,n

(75)

1281

Note that the first term is equal to (74), which is identical
to zero. Thus, we are left with the last three terms only.
Consider the second term (henceforth denoted by £2). Let
A,, € C™Mr 4 be the extended array steering matrix, the
d-vector p be the complex amplitudes of the d signals, and
B := diag{p}. The spatio-temporally smoothed noise free-data
matrix Y, 1 € CmMzr, LIN=m+1) can then be expressed as

Yo 1= AnB[F, OF, OL-1F,] =: A,,S.

Forp, g € [0, L]and g, h € [0, N —m], let k and n be written
as

k=p(N—m+1)+F
n=qg(N-m+1)+n
In addition, let ®" := diag {¢?}%_,, and @™ := diag {7 }<_,.
Then, the kth and nth columns of Y, 7, which are denoted by
y;, and y,,, are given by

Sk :Am‘qz‘kl@pp
$n = A, ®" @lp.
Let D = pp™; then, we have
2= >  uf4,e"erDe e 1Al
k', p,n', q

E{ulwawiu,} . (76)

From the spatio-temporal smoothing process, we see that the
factor

is a function of k — n only. More precisely, let Z" be a Toeplitz
matrix with all the elements equal to zero, except for those unity-
valued entries on the hth parallel to the diagonal, and let o2 be
the variance of the noise. Let L, = min(L, M) and m, =
min(m, N — m + 1); then

E {ugwn'wkHuu}
UZZ(L"!_”‘I)M"JFQ’_Q), |k —n'| < m,
= &lp—ql < L, (T7)
0, otherwise.
Making change of variables and, for r € [—L,, L,] and h =

€ [—m,, m,], settingn’ = k" — h and ¢ = p — r, (76) can be
expressed as

t2 = Ui Z u]HAmq)k’Qqu)h—k’@r—P
k' p,r, h

HZh]\/[r,-l—ru

-Ag'u.,;'u,“, »- (78)

Rearranging the terms, we obtain
2= 1|02 Z ufZTM"Jrhuvqum
r,h

Y (<1>k’ @PD<1>—"”®—P) "0 Ay,

k', p
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Note that
Y @¥erDeFe " = L(N —m+ 1)R.,

k' p

where R,, € C%“ is the signal covariance matrix. Thus, we
have
2= (L(N —m+1)o?)

X E u"I‘-{th\/Ir +Tu11qumRss¢h®TAgui-

Since U and A,, span the same column space, there exists an
invertible matrix T € C% % such that U = A,,,T"!. Let Q =
T~ then, noting that Rss = QE2QH, for x < d, it follows
that

—2 H
u'a:Am.Rss =0 .49,
ATHn'u,m =1,
where 7, is the xth noise-free eigenvalue, and qf and ¢, are the

th row and column of Q" and T, respectively. Putting these
in to above, we get

t2=LIN—m+ 17502y ull 2" u,q 3"0"1,

r h

In a similar way, for the third term in (69) (denoted by £3), we
get

t3=L(N —m+1)7> (TZZ’U.HZ My ®~"@ ",
r h

and the fourth term becomes

t4 = 0,4 Z Z uHZhI\/[r—l—r

kK rh

;{Z_hﬂ/[r,—ruy

Since Z"M" 17 is independent of k, this reduces to

E 'U,HZhiMr +’r‘u 'U,HZ hM;y, 77‘
r,h

td=L(N —m+1)o

Combining all the three terms, we obtain

FE {'ll,fRzluvugR:rzuz}
LN —m+1)

r=—L, h=—m,

: (UEZTM“JrhuT,qf <I>h®Tt7:)

—92 2
0w Hry—rMp— —hgy—r
T (gt ere )
+ LN —-m+1) ('u,] i,
+ oh (uHZTMI,+hu uI_—]zf'r‘I\/Ir,fhu')
LN —-m+1) '™ v ’

(79)
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Putting this into (69) and noting that ¢2 is nonzero only for
1, J < d, (24) follows. This concludes the proof.

C. Proof of Lemma 1V.1

For white noise, Z"" 7" in (79) is nonzero only for r = 0

and A = 0. In this case, Z = I, and (79) reduces to

K {umeuvuijmui }

2 2

_I_ n

LN —m+1) 80)

(uguq,ufu,;) .

Note that for ¢, 7 > d, the first term is zero; for 7 # 7, 'u.fu,; =
q]Hti =0, and for v # w, ulu, = q'’t, = 0. Putting (80) into
(69), we thus obtain

F {u;’Rmuvungui} =0

for w # vori # j, and

1
E {u} Repuyuf Ryppui} = ——————
() Roawony, Roatis} = Ty
d mMy, _9o 9 4
0’ +0'm0'n-|—0' 0wontoy,
D DI o B
j=1 w Vi j=d+1 u 7

JFv

for w = v and i = j. Since 02 = 7 2 + 02, we may write

=2 2 2 2 4 _ 2 2 =22
00, +0,,0,+0, =0,0;—0,0;
=2 2 4 _ 2 2
Y Un+gn = O0uOn-

Placing these into (81), we obtain (25). This concludes the proof.
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