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Abstract

In this paper we analyze the performance of the hp—Finite Element Method for a
cylindrical shell problem. Our theoretical investigations show that the hp approximation
converges exponentially, provided that boundary layers stemming from the edge effect
are resolved. The numerical results illustrate the mesh independence of the exponential
convergence of the hp—FEM.
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1 Introduction

The largest class of problems that are numerically solved in industrial FE analyses in the U.S.
are linear, static problems for solids, and among these, again a major part is taken by thin
structures, such as beams, plates and shells [3]. Owing to the singular perturbation character
of these problems, it was found early [8] that conventional FEM do not converge satisfactorily
due to locking effects. A large body of literature has been devoted to this phenomenon and
to possible remedies. In the case of plate bending, there are by now methodologies (such as
the “MITC” reduced shear elements of Bathe and Dvorkin [8]) which allow to resolve plate

bending problems satisfactorily, even at small values of the plate thickness .

In the case of shells, the locking phenomena are much more complex and to date there is
no mathematically validated approach for the complete removal of shear and/ or membrane
locking that works equally well in bending or membrane dominated cases. Worse, there is

evidence that this cannot be overcome [6].

In special situations, of course, there are ways to alleviate/ reduce membrane locking by
methodologies similar to those that are successful in the plate bending case [2], [10] and which
are based on modifications of the variational principle (mixed methods; “reduced integration”,
etc). These remarks refer to the h-version FEM where convergence is achieved by letting the

meshwidth h tend to zero to achieve convergence.

In the last decade, the p- and hp-versions of the FEM have emerged [1]. Here convergence
is achieved by increasing the polynomial degree rather than by mesh-refinement. It has been
shown in a series of papers by J. Pitkdranta and co-workers ([10], [11] and the references there)
that h-FEM based on the standard displacement variational principle and high polynomial
degree appear to be either free of or substantially less susceptible to membrane locking, even

without special changes of the variational principle.

At present, the development of a commercial hp-shell implementation for general surfaces
and also for laminated shells is under way in the code STRESSCHECK at ESRD Res. Corp.!
and several other major FE-software vendors are including p and hp-capabilities into their

codes.

The purpose of the present paper is to analyse the performance of the hp-FEM for a class
of benchmark problems for a shell model of Naghdi -type, i.e. including shear deformation?

computationally as well as theoretically. Our main theoretical result shows that the Ap-FEM
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*We do not address here the dimension-reduction error; for these issues, we refer to [4] and the references
there.



based on the principle of virtual work in the displacements, increasing polynomial degree and

on boundary layer resolution via anisotropic meshes leads to ezponential rates of convergence,

i.e. the relative FE-error in the shell energy norm ||| - ||| satisfies
~ hp
Y - | -
== < ctPem, (1.1)
{realy

where C, (8 are independent of h, p and the thickness ¢, and where t*, —1 < 8 < 0 is a
locking factor. The estimate (1.1) is not robust, i.e. the convergence rate depends on ¢, but
due to the exponential term e~ we expect that for increasing p the ¢-seunsitivity is practically
negligible; this is indeed the case in the practical range of ¢ and p, as we show in numerical
experiments: relative energy errors below 1% are easily achievable, even for ¢ as small as 1073.
We demonstrate this in detail for the cylindrical shell benchmark problems of [11]; although
here the geometry is relatively simple, these problems exhibit a wide range of behaviours, from
membrane to bending dominated. The explicitly available solution of the benchmark problems
allows a complete analysis of the hp-FEM, resulting in (1.1). We also show in numerical
experiments the relative insensitivity of hp-FEM with regard to the mesh design: comparable
numerical results are obtained for both, triangular and quadrilateral elements, for aligned or

general meshes.

This leads us to the conjecture that the exponential rate (1.1) can be achieved for general
shells as well; in fact, our computer-implementation can handle such cases easily; the proof of
(1.1) in complete generality requires new results on the asymptotics of shells that are not yet

available, however.

The outline of the paper is as follows: Section 2 presents the shell problem, the shell model
and the hp-FEM. The regularity and the asymptotics of the exact solution of the shell model
are discussed in detail. Section 3 is devoted to the proof of the error estimate (1.1). Section
4 gives a description and numerical results of our hp-FEM for general shells, while Section 5

contains conclusions and perspectives for further research.

2 The hp-FEM and the problem of membrane locking

In this section we will introduce the 3-D shell model and explain how the dimensionally reduced
2-D model is deduced. We then address the regularity of the solution of the 2-D shell model
in detail and present the hp-FE discretization.



2.1 The three-dimensional shell model

In the cylindrical coordinate system (z, a, z) the shell occupies the region:

t
O = {(x,a,z) ER’: (z,a) Ew, |2] < 5},

where w = (—1,1) x (0,27] is the parametrization domain of the midsurface. The shell is
assumed to be loaded on its outer surface by a normal pressure distribution f = fqcoska,
which is constant with respect to the axial variable z, such that the oscillating factor & is a
bounded integer (for all numerical computations k = 2).

The strain tensor corresponding to a displacement field V3P is defined as e(V3P) = {eij }?,jzlv

which in the 3-D model of linearized, homogeneous and isotropic elasticity takes the form:

ein = 0V, ez = X (0.V2+V3),
er2 = 3 (x0.Vi+0:Vh), ess = 3(0:Va+x(0uVs—VW2)),
ei3 = 3(0:Vi+0,V3), es3 = 0,V3.

In the above notation the components V; refer to the local orthonormal basis that corresponds

to the curvilinear coordinate system, and x = 1/(1 + z). We introduce the bilinear form

3
AP WP v3P) = D7 [ b e(UP)ore(VAP) + Y e (U )ey (VPP) fx da dadz,

@ ij=1

where A and p are Lamé-constants depending on the Young modulus £ > 0 and the Poisson
ratio v, and D is a scaling factor:
E E E
v D

ATy M

T 1t 12(1 —12)°

According to this three-dimensional model, the total energy to be minimized takes the form
fSD(Q?)D) — %ASD(QSD,Q?’D) . Q?’D(QSD),

where

QP (UPP) = D—l/

wf(a) - Us (:Jc,oz, %) : (1 + %) dz do.

The dimensionally reduced shell models to be considered are derived by constraining the com-
ponents of the displacement field, expressed in terms of the curvilinear coordinates (z, a, ), to
be quadratic polynomials with respect to z for each (z,a) € w, and by asymptotic expansion

and simplification of the resulting energy functional, as shown in [9], Section 3.



2.2 The dimensionally reduced shell model

The shell model is given by the dimensionally reduced shell energy functional

2
Fr(U) = %/w [V(ﬁn + Bo2)? + (1 —v) Z ﬁfj} dz do

3,j=1
3 2
t o g [V(f‘&u + k)’ + (1 —v) 'Zl m?j] dx da (2.1)
1,)=
1—
+ —Vt/(p% + p3) dz do — / W f dx da,
4 w w
over the space of admissible displacements
U = {U=UV,W0,0) c [Hl(w)]5, satisfying the kinematical constraints at © = £1 and
the orthogonality condition: / U-Rdzxda =0, for any R € R},
w

where R = {U € [Hl(w)]5 : Ar(U,U) = 0} is the set of rigid body motions.
Here we denoted by 3;; the membrane strains, r;; the bending strains, p; the transverse shear
strains, 1 < 4,7 < 2, and w = (—1,1) x (0,27] is the parametrization domain of the middle

surface of the shell:

pu = 0.U, Bio = 1(0uU+0,V), fo2 = 0V +W,
K1l = 050, K12 = % (8049 + 0, ® — 3:1:V) ) Koo = 0,9,
pp = —O04+09,.W, po = —®—-0,W—-V.

We assume for our shell model the following homogeneous boundary conditions:

Case 1: clamped-clamped, (U (£1,«) = 0),

Case 2: free-free, (no kinematical constraints),

Case 3: simple sliding support at the ends of the cylinder, (W (£1,a) = 0).

Let us denote by ||| - ||| the energy norm of the shell defined as |||U||| = Ar(U,U)Y?, where
Ar(U,U)/2 represents the quadratic part of the energy functional (2.1). Then for every ¢ > 0

and every load f such that / fWdzda =0V R € R, there exists a unique minimizer U € U
of Fr(U). ?

2.3 Regularity of the solution of the shell model

2.3.1 Separation of variables

Because of the cylindrical geometry of the domain and of the load we may assume for the

displacement field U the following tensor-product Ansatz:

U(z,a) = u(z) @ v(a), (2.2)



where

((II) = (uv v, w,0, ¢)(*’I;)7

v = v(a) = (coska,sin ka, cos ka, cos ka, sin ka).

u:

IS

The displacement field u(z) = (u,v,w,#,$)(x) minimizes the dimensionally reduced energy

functional

Fr(u) = 2/ v(Bi1 + B2)* + (1 —v) Z ﬂm]

1,j=1

2
2 2 2.3
+ 24 [ (K11 + K22)" + (1 = v) ]Zlmy'] dz (2.3)
1—v

+ Tt/ (p1+p2)dm—f0/ wdz,

where the bending and membrane strain-tensor 8, x and the shear vector p are defined in

terms of the one-dimensional unknown u(x) as follows:

fu = o, Bz = 2(—ku-+), Ba2 = kv+w,
K11 = 0’, K12 = %(—kﬁ + ¢I — U’), K922 = kgf), (2.4)
p1 = —0+u, p2 = —¢—kw—wv.

By || - |le = a(u,u)? we denote the energy norm corresponding to the reduced 1-D model,

a(u,u)/2 being the total deformation energy with respect to the displacement field u.

The minimizer of the reduced energy functional (2.3) solves the following two point boundary

value problem

0 =

fo =

0 =

and satisfies in

u"—i—y(kvl—i-w)—i-l—( k2u+ku)
2
2

1 t
—uku—kzv—kw—i—T( ku' +0") — (1 —v) (=k0 +¢" —0")

24
1—v
L kw ),
t(l/u'—i-kv—i—w)—1_Tyt(—9'+w"—k¢—k2w—ku), (2.5)
t? 1
ﬁ<0"—l—uk¢+ 5 = (k%0 + k' — & ))+T( 0+ '),
2

ﬁ<—yk9’ k2¢+T(k9'+¢” )) I;V(qb—l—kw—i—v),

each of the three cases the corresponding boundary conditions at = € {—1,1}:

Case 1 (clamped edges):



Case 2 (free edges):

u'(z) +v(kv+w)(z) = 0,

2
(~hutv)(@) = 15 (~k0 + ¢ — o)) = 0,
—0(z) +w'(z) = 0,
0'(z) +vkp(z) = 0,
—kO(x) + ¢'(z) —v'(z) = 0,

Case 3 (sliding support):

u'(z) +v(kv+w)(z) = 0,

2
(—hu+0)(@) = (k0 +¢ —o)) = 0,
w(z) = 0,
0 (z) +vkep(z) = 0,
—kb(z)+ ¢ (z) =o' (z) = 0.

2.3.2 Decomposition into smooth components and edge effects
The solution of the dimensionally reduced shell model uw admits the following decomposition
uw=u +u+uy,

where u* is the smooth part, u’ the t-length scale boundary layer part and Qf/i the v/t-length
scale boundary layer part.

This means that for the Naghdi, or R-model (2.1) of the cylindrical shell, the displacement
field displays a short ¢-length boundary layer due to the shear deformation (analogous to the
layer in the Reissner-Mindlin plate model), and a longer v/#-length boundary layer, related to
the so-called “simple edge effect”. This property will ultimately decide the choice of the hp-FE
spaces, since we want to resolve these layers.

At this point we can be more precise about these components, namely

8
gs — Qo‘i‘zaid@)\m,
=5
u, = agc’e” + ajpc'eM”,

4
b _ A NT
Q\/Z = E a;ce .
=1



Here
0 fo 1 3=V 9.9 ) 1 o, 24 (2, 1-—v
= 2210, - 2?2 +12), ——=— [t —k
4 3 [0’ k(l—k2)2<1—y teh T\t R ’

0,

is a particular solution of the Euler-Lagrange equations (2.5), A;(t) are the eigenvalues and ¢’ (t)
the corresponding eigenvectors constituting a fundamental system of (2.5). The coefficients a;

are in each case determined by the boundary conditions.

Lemma 2.1 Let k = 2. Then the roots of the characteristic polynomial which correspond to

(2.5) admit expansions in Puiseux series with respect to the thickness variable t:

A1 = (1+i)43(1—y2)t1/2—1-%(43(1_,/2))3(%_’_%) 1/2

1 8
- 1-22) (=2 — 2 5/
+ A y)< S+ — ) B2 06,
A = A, A3 = A, A= =g,
. 3 1, 3 \3/4
Xs = (1+z){‘/mt1/2—§(z—1) <m> 32 4+ 0(t°/?),
X = X5, A7 = X5, As = =X,

2
Ao = 2\/§t1+$t+0(t3),
Ao = —Ag.

For the proof of this lemma we refer to Appendix.
Because we assume homogeneous boundary conditions we get symmetry of the solution with
respect to the axial variable z, and therefore the components of the displacement field v can

be more compactly written as
u® = u’+2Re (a5g5(-)(e/\5x ¥ 6_/\51:)) ,
ug = agc®(+)eM (6)\9:1} - e*)\ga}) 7

Hf/{ — 9Re (algl(')(e)\lx F 67)\137)) :

where the — corresponds to the components 4 and 6, (odd functions with respect to z), and

+ corresponds to v, w and ¢, (even functions of x). Let us now define the coefficients

M(t) = asc’(),



[ [ JCasel] Case2] Case3

u 3 3/2 1
v 2 1/2 0
K | w 4 5/2 2
0 1 ~1/2 -1
¢ 0 —3/2 )
w || —1/2 || —3/2 || —3/2
v 0 -1 -1
L |w -1 —2 —2
o | —3/2 | —5/2 | —5/2
ol -1 2 2
u || —5/2 2 —7/2
vl -3 —5/2 —4
M | w -3 —5/2 —4
0 || —5/2 —2 —7/2
I —5/2 4

Table 1: Exponent 6 in the asymptotics of K (t), L(t), M(t)=0(t?)

In Table 1 we present the asymptotic behaviour of these coefficients O(t%), i.e. the order § of
their expansions as Puiseux series with respect to ¢, for each of the benchmark problems and

for each component of the displacement field for the dimensionally reduced shell model.

Remark 2.2 At this point we should remark that the regularity of the eigenvalues \; =
Ai(t; v, k), i = 1,..10, with respect to ¢, (which means their order as Puiseux expansions in ¢ ),
does not depend on the Poisson ratio v € [0,1/2] and on the parameter k, which we assume
to be a bounded integer.

This can be easily deduced from the fact that the entries of the matrix which corresponds to
the two-point boundary value problem (2.5), as rational functions of ¢, have coefficients which
are bounded and bounded away from 0 with respect to v € [0,1/2] and k. The same argument
is available for the eigenvectors ¢! and the coefficients a;, which depend also on ¢, v, and k,

but do not depend on the coordinate x.



2.3.3 Classification of Deformation states

The deformation energy €(wo;U) = Ag(wo; U, U) = tAn(wo; U,U) + t3Ay(wo; U, U) corre-
sponding to a subdomain wy C w consists of the membrane energy &, (wo; U) = t A, (wo; U, U)
and of the bending energy &, (wp; U) = 3 Ap(wo; U, U), where

2
Al 00) = 3 [ [+ B+ (L= 9) Y ] dede
wo 1,j=1
1-v

/ (pT + p3) da da,
wo
1 2
Ap(wo; U, U) = ﬂ/ [V(Hn +hg)’ + (1—v) ) ’%zj] dz do
«wo i,j=1
A displacement field U is called membrane dominated in wy C w, and the corresponding
asymptotic deformation is referred to as membrane state, if its membrane energy over wy

dominates asymptotically, i.e.
E(wo; U)/E(wo; U) — 0 as t — 0.

Then U is called bending dominated in wy, and the asymptotic deformation state is referred
to as inextensional state, if the bending part of the energy over wy dominates asymptotically,
ie. if

Em(wo;U)/E(wo; U) — 0 as t — 0.
If wy = w, we call the shell bending or membrane dominated.
When neither the membrane nor the bending part of the energy dominates asymptotically
then we refer the corresponding states as to intermediate states. Based on the explicit form
(2.2) of the solution, it can be shown [11] that asymptotically, i.e., as ¢ — 0, the deformation
states are globally
Case 1: membrane dominated,
Case 2: bending dominated,
Case 3: intermediate states.
The global characterization is, however, crude in a sense, since the solution may locally, i.e.
over wy C w behave differently. As an example, let us consider Case 1, which is most interesting
in applications, and the boundary-layer region wy = (1—rp//12(1 — v2)V/t,1) x (0, 27), with
a constant, p = (p+1)/2. In this case the deformation field U is globally membrane dominated,
the boundary-layer component U® is globally bending dominated, while the smooth component

U? is bending dominated in the O(v/t)-layer, even though it is globally membrane dominated.
Indeed, let ¢ := kp/+/12(1 — v/2). The assertion that the smooth component U’ is in the

layer region wy bending dominated is equivalent to ||u*|, (—evil) ™ £3/2)|u? ||1 1—cvi 1), Where



by [-]l, (1—cvi1) Ve denote the dimensionally reduced energy norm corresponding to (1—cv/%, 1).
Now by the definitions of the energy norm || - || and the membrane, bending and shear strain

tensors 4%, k* and p® of u® we get the following estimate:

2 2
[l 1 eviyy < CH? (Z 1851l0,1—eviny + 2 ||Pf||0,(1—c\/i,1))
ij—1 im1

2
+ C3? (Z ||ng||0,(1_cﬂ71)> .
i,j=1

Our assertion follows, if we show that

IN

t1/2||/65j||0,(1_cﬂ,1) Ct3/2||ﬂs||1,(1—c\/i,1)a Vi,j =12,
20080 1—eviny S CPPIw Nl eyt Vi=12.

Let us first verify this for the membrane strain tensor components ;. Indeed, we have that

t1/2||ﬂf1||0,(1_c\/i,1) = t1/2|us|1,(1—cﬂ,1)
= 12|2Re (M()As(t) (X0 4 e~ (00))

0,(1—cV/t,1)
< ORI < OPP W o evis

since the H'-norm of »* in the layer region is of order —3¢'/4, and ||e*s (V) £ =As(1)() Il (I—evi1) =
O(t'/*) in the case with +, and O(t*/*) in the case with —. Analogously,

t'211%,

0,(1-evil) — 2] = ku® + v Mlo,(1—evz)
_ t1/2‘ 2Re ((—le (t) + X5(t) Mo(t)) (e/\5(t)(')_

- e (t)(.)) ) HO,(lfc\/i,l)
Cpl/24-5/243/4

IN

< PPty (1 evi)

To get the desired estimate for the membrane strain tensor component (33, let us first notice
that

Boe = kv®+w’®= kv + w°
+ 2Re (kM (1) + My(1)) (X200 ¢ X00)),

10



and kv® + w® = O(¢!). Further, making use of the homogeneous Euler-Lagrange equations

corresponding to (2.5), we get that

1—
ko® +w® — (k® +w®) = _VUS,+—V(_HSI+U)SI,)
t° st 2( 458 0 l—v s/ s s
= kg | k0T =R~ ) + (k6" 4+ ¢°" —v°")
Hence
k0 + w0 lly 1 _eviyy S EIE 00y ey IR = 00) + w0 = w0l i
< Ol ot

For the shear strain tensor components p?, i = 1,2, we proceed exactly as before:

t1/2||:0i||0,(1—0\/z,1) = t1/2|| — 05 +wt I||0,(17cﬁ71)
2 || 1—
— t1/21 E<05”+Vk¢51+ ZV(—k205+k¢SI—kUSI))
-V 0,(1—cv/2,1)
< CHPRRE52 3/ 4 =2 2304 512304
< t3/2||gs||1,(1—c\/f71)a
2 03ll0,1—evry = 12N = ¢ = kw® = 0®llg ey

< 2 =0 —kw® =0l 1 _ovin
2] = (¢ = ¢°) = hw® —w®) = (0" =0l
< Ot/
1 —
+ CEPP| = vk6 =K (¢" = ¢°) + ——(=k0" + 6" = 0" "lo v
< Ct3/2||ﬂs||1,(1—c\/i,1)'

2.4 hp-Finite Element Method. Main result.

In each of the three benchmark problems we will prove the existence of a FE approximation
th of the exact solution of our minimization problem, with respect to a particular grid of
the parametrization domain w, such that the relative error in the energy norm ||| - ||| decays
expounentially with respect to the polynomial degree p.

The hp-FE spaces U™ C U consist of all kinematically admissible displacements U € U which

are tensor product polynomials of degree at most 2p in (z,«) on each element of a special

11



2n

-1 0 1
<= <=
kopt k.pt
<= <——F

klﬁtuz klﬁtuz

Figure 1: The triangulation 7 of the domain w.

triangulation 7 of the domain w shown in Figure 1. The FE-solution minimizes the energy
functional over the hp-FE space U"":

th = arg{ min Fr(V)},
veuhr

and the relative error satisfies
Il - &™)
Jieal]
where C, 1 > 0 are positive constants independent of the thickness ¢ of the shell, —1 < 8 <0

is a locking factor, and p denotes the polynomial degree of the discrete approximation?.

< Otﬂefﬂp7

Theorem 2.3 There hold the following convergence estimates :

~ hp
W Ct 3/, in the first case, and (2.7)

< Ctlemm, in the last two cases. (2.8)

Corollary 2.4 Let T; be the mesh obtained from the mesh T in Figure 1 by bisecting the
elements along a diagonal into two triangles, and let V' be the space of continuous, piecewise
polynomials of degree p on T1, subject to the kinematical constraints. Then the FEM based on

VP satisfies the same error estimates as in Theorem 2.3, with 1 replaced with 1/2.

3We assume here the absence of quadrature errors; this is realistic, since in the case of cylindrical shells all
curvature terms are constant, i.e. all integrands in the bilinear form are polynomial.

12



Proof. Since V' 5 yhe with p’ = 2p, the corollary follows. 0

Remark 2.5 In our convergence analysis below, we prove in fact more detailed error estimates
for each of the solution components u*, gf, g’\’ﬁ; they indicate that even in the (membrane
dominated) Case 1 we encounter membrane locking due to the boundary layer le/f (which
unlike the overall problem is bending dominated). In each case, the v/#-layer is dominant and
causes the membrane locking. It is therefore essential in practice to resolve this length scale.
In contrast, the ¢-layer u? caused by the shear deformation does not contribute to the energy

convergence; it does, however, influence pointwise stresses near Ow.

3 Proof of Theorem 2.3

3.1 Definition of the hp-Interpolant U"

Because of the product structure of the exact solution U(z, o) = u(z) ® v(a), we will look for

an approximative solution with separated variables
UM (z,0) = u"(z) @ (),  (z,0) € (=1,1) x (0,27). (3.1)

In what follows v? will be a piecewise polynomial of degree p on a uniform mesh on [0, 27],
interpolating v = (cos ka, sin ka, cos ka, cos ka, sin k), an entire function of «, on each interval

in the mapped Chebyshev points. We have that
||Q - QPHI,[O,ZW} < Cnoeinopa Vo >0,p=1,2,3,..

where the constants C,;, 7o > 0 do not depend on the polynomial degree p, the thickness
variable ¢, or on the parameter k, as long as k remains bounded as in our hypothesis.

Then we still need to construct v?; we will obtain it in the form

b,h b,h.
ghp — gs’hp"i‘ﬂt p-{-u\/ipv
where
u = u®+2Re (M(t)(s1 T 51)),
w = K(t) (v F O), (3-2)
bhp v
W = 2Re (L(t)(vy; F0,9) -

To define the hp-Interpolant we still have to explain the choice of sq, §1, v, 0, v Vi Uy We

start with the approximations s; and §; of the smooth part.

13



As we have seen, the expansions in t of \; = \;(¢), ¢ = 5, ..,8 consist only of rational, positive
powers of the thickness parameter ¢ € [0, %] in a bounded, closed interval. This means that the
domains of analyticity of the exponential functions e* ()% ¢=4s()7 analytic with respect to the
axial variable x, do not depend on ¢ € [0,%9] and v € [0,1/2]. Therefore we can approximate
them uniformly with respect to ¢ € [0, tg] with polynomials of degree p, which interpolate them

in the Chebyshev points, such that the absolute error in the H'-norm is

[ers () — s1( My, < Ce™™P,
e 00 — 3, ()l 10y < Ce™P,

for some positive constants C, 1, > 0, which do not depend on ¢ € [0, %y] and the Poisson ratio
ve|0,1/2].
The t-length scale boundary layer component has the form

u = K(t) (ef)\g(t)(lfm) - eng(t)(km))

and we split

Ag(t) =

B i),

where the principal part

Xo(t) = @t + O(#?)

is analytic with respect to ¢ € [0,#]. Then we have the following decomposition

“ho(t)(1%
e M OUED) — gy gy,

into a boundary-layer and a smooth part, respectively, given by

Ao(t)(1£a)

= e(_‘/ﬁ/t)(liw), Uoy =€~ .

Ur+
We define now the hp-interpolants in analogous fashion, i.e.

R 7 I ~ o hp D
’Ut «.— u1+'u2+, 'Ut .— 'U/l_"U/2_,

where uffi are hp-interpolants of the boundary-layer functions uy+ = e(~V2/0(1%2) with re-
spect to a three-element mesh
Kpt Kpt
To= {—1,—1—}——,1——,1}.
° Viz' V12
The two small elements at the ends of the length interval (—1,1) are of order O(pt), since p =
p + 1/2. The robust exponential rate of convergence for these boundary-layer approximations

is given in [14]. For the convenience of the reader we will restate this result here:

14



Lemma 3.1 Let uy.(z) = exp(—A(z+1)/¢), z € (=1,1) withe >0, A=a+1ib, a®> +b*> = 1.

Let (T, p) be such that for some k independent of p, € satisfying 0 < kg < k < 4/e,

Sy

Sy

{p, 1}, T = {—-1,—1+kpe, 1} if kpe < 2,
{p}a T = {_1a1} Zf kpe > 2.

Then there exists uy € {u € C°(—=1,1) : uly; € Pyj)(I;), Ij € T}, satisfying

and the error estimate

Here, the constants are independent of p and € but depend on ko and q < 1 is given by

up(£1) = uy (£1)

[ure —upllo < Ogl/zqﬁa~
[ure —uplt < CE_I/Qq”.

[ e/2pe if kpe>2
7= max{ke/4,e Y otherwise

with 6 > (Inp)/2p arbitrary.

(3.3)

(3.4)

With the same arguments that we used to approximate the smooth components eFAs()T et

us take ub, as the interpolants of the components us1. Then we have that for some positive

constants C' and n; > 0:

|us — ubylly (—11) < Ce™™MP,

Now, with our special choice of the mesh and of the FE interpolants uffi,

for some C, 12 > 0.

Ctl/zefmp,

IN

h
w1+ — uliHo,(—l,l)
Ct*1/2e*"2p,

IN

hp
lure — uy 1,(—1,1)

Analogously, let us next define v vi and 0 ;. We separate as before the expansion with respect

to t of the first eigenvalue A (t) in its singular and principal parts

(1+4)y/3(1—v2) 12+ Xo(t),

2(i—1) [, S\ (V3N L
S (=) (57+5)
I Y AV <_£2 1 _E) 3/2 5/2
1. 3(1 —v?) 321/ —1—481/ 32 7 + O(t°#),

15



and notice that the coefficient of the singular part has its real part bounded and bounded away

from O:

Re [(1 +i) /301 — VZ)} >0,

uniformly with respect to v € [0,1/2]. Then the boundary-layer function is correspondingly
splitted in

a1+
e MOUED) — gy,

where now

: Ups = e MoBD(1E),

Uy = e (1F) V31—t /2 (14a)

Then, as before, Lemma 3.1 implies the use of a three-element mesh, such that the two small
elements at the ends of the interval (—1,1) are now of length O(pv/1),

B N N
T“{‘l"” v A ml}

and of hp-interpolants uffi of u14 with respect to this mesh, such that

hp 1/4_—n.
luie —wifllo-11) < Ct /e -m2p,

hp —-1/4 _—
iy —uih |y gy < CtTHteTmp,

for some positive constants C, 1 > 0, which do not depend on v € [0,1/2], t € (0,%p] and the

polynomial degree p. Then take v 5 : = uffﬁ -u’2’+, U= u}f’i -ub | with u’lﬁ specified before,

and ub | as interpolants of ugy in the mapped Chebychev points on each element of 7 , such

that the absolute error in the H'-norm is bounded by :

Jugr — w1 (—1,1) < Ce ™MP.

3.2 Energy norm error estimates

The relative error in the shell energy norm can be estimated in terms of the relative error of

the smooth and boundary-layer components of the displacement field as follows:

o TN oA e TR 1 i 5)
|11OA]— ezl neel
where the amplitudes A;, Ay are given by
1z N2l 1/
Ay = ~1, Ay= ~ /4 (3.6)
U] i)



in Cases 1, 2, and

1/4
Ay ~tY Ay ~ 1, (3.7)
in Case 3. With our definitions,
QS _ Qs Quw, Qs,hp _ Hs,hp ® ij
Ut = veu, ubhr = ybhr @ P,
b b b bhp b,hp b,hp
u —Qt‘i‘uﬂa u”"P = U +Qt’

b,k

where u*", u,""? and u”" are defined in (3.2).

NG

Lemma 3.2 For all ng > 0 there exist positive constants C, Cy,, such that the absolute errors

in the energy norm ||| - ||| of the smooth and boundary-layer parts can be estimated as follows

L—1,ne P+ lu® — Qs’hpnl,(fl,l)

e -t < ot'/? [CWOHQS —ut"?

+ Cpollw’ |1, =1,1e7 ™

b b,h b b,h - b b,h
N = US| < G Gl — Pl g™ + b = aP

e*WOp i

+ CWOHQb

1,(—1,1)

Proof. Let us observe that the definitions of the hp-FEM interpolants and simple triangle
inequalities imply that

> = U™l < CHPI° — UM = CHP )y’ © v — 1™ © 0Pl

< ct'f? [HMS —u®"P ||y o Pl o,2m + Il e — Qp||1,(0,27r)]
< ot/? [HMS — u®" L—1,nlle = 2P|l 0,2m)
+ v’ - Ms’hp||1,(—1,1)||Q||1,(0,27r) + ||MS||1,(—1,1)||Q - Qp||1,(0,27r)] )

and in exactly the same way we find

o’ — o) < 2 [lu = u|ly o lle = 0Pl o 2m)

+ |lub —uP

1,(71,1)”2 1,(0,27) T ||Eb||1,(71,1)||2—Qp||1,(0,27r)]-

The proof of the lemma follows now easily because of the estimates

lv — Qp||1,(0,27r) < Cppe ™

17



and

2/l 0,27 < C-

d
Moreover, we notice that up to some constants which are independent of £, but depend on the

parameter k£ the following equivalences hold:
b b
NZP ~ Mlwllle, TP~ [l lle- (3.8)
Therefore the hp-approximation problem is reduced to a one-dimensional one.

Lemma 3.3 There ezist constants C and 1 > 0 independent of t € (0,t0], v € [0, %] and the
polynomial degree p, such that ||u® —QS’hPHL(_Ll) < C||M(t)|le"™P. Here we denote by || M(t)]|
the 12-norm in R® of the vector-valued coefficient M(t).

Proof. Indeed, taking into account the definitions of ||u®|| and ||u*"?||

ut = u® 4 2Re (M(1)(00 5 72O0) - u? = u? 4 2Re(M (1) (51 F 1),
we find that
lu’ =l < 2N (1500 =81t + 1700 =51t )
< ClM(@)[le™™P,

with constants C and 7 independent of ¢ € (0,t],v € [0, 3] and the polynomial degree p.

Lemma 3.4 There exist constants C and 3 > 0, independent of t € (0,1y], v € [0, %] and the
polynomaial degree p, such that

I =Pl 1,0y < © (K@Y + L@ ) e,

Proof. Let us first recall that
W=ty = K(t) (MO0 O] 4
2Re (L(t) (e M O0=) 5 ¢~ 100+)))

Bhe M "M = K (8) (0 F ) + 2Re (L(t) (v, F05) ) -

[S
I

18



This implies the following estimate for the absolute error of the boundary-layer component in
the H'-norm

A

b bh b bh b b,h
w” — a1y <0 Ny — g™ lh—an) + ||H\/z - M\/gp||1,(—1,1)

< K@) (200 — o)

‘1,(1,1))
1:(_171)) ’

(3.9)

1,(—
+ 2] (00 - o

1,( ~ v

To complete the proof we need the following

Lemma 3.5 For 57 = 0,1 and some positive constants C and [ > 0, independent of t €
(0,to], v € [0,1/2] and the polynomial degree p, the following estimates hold:

le= 2o ®=) _ vellj—1,) < Ct'/>=Ie=0p,
||e—/\9(t)(1+-) _ 7;t||j,(_171) < (]751/2—3'6—5107
e~ ®O0=) _ vlli-iy < Ctl/4=i/2e=Fp
||€*>\1(t)(1+') — bl < Ctt/4=i/2¢=Pp.
These estimates and (3.9) conclude now the proof of Lemma 3.4. 0

Proof of Lemma 3.5. We will prove only the last two estimates, the others can be deduced

analogously. Recall that we splitted:

ME) = 149301 —v2) 2+ X (1),
- _o2i-1) /, 2)3<y 3) 1/
Rolt) = —1+y2< 30-17) (5+5) ¢
I Y VPR <_£2 1 _§> 3/2 5/2
+ 112 3(1 —v?) 321/ +48V 32 2=+ O(t77),

which means that

e MO+e) _ o~ (1+0) 3/3(1-v2)t= /2 (14a) = Ao () (1+x)

Let us now define

Ul = 6_(1+Z) Wt_l/2(1+x)7

uy = e o)

19



and observe that Re ((1 +i)v/3(1 — 1/2)) > 0 is bounded and bounded away from 0 uniformly
with respect to v € [0,1/2].
Then, Lemma 3.1 implies that there exist uffp (£1) = u1(£1), piecewise polynomials of degree

p on the mesh

{—1 L fVE v 1}
such that
0,(-1,1) S Ctt/te P,

lur = ug”
and
h _1/4 —n.
lur —uy?ly 10y < Ct L/Ae=nep,

for some constants C' and 7, > 0 independent of ¢ € (0,%], p and v € [0,1/2]. Here again
p=@+1)/2

As explained in the previous section, the smooth component us can be approximated by a
piecewise polynomial with respect to z, ub € P,([—1,1]), interpolating uys at the end points,
ub(£1) = ug(%1), such that the absolute error in the H'-norm has an exponential rate of
convergence

|uz — uhlly,(—1,1) < Ce™™P,

for some positive constants C' and 7, independent of ¢ € (0,%y], p and v € [0,1/2]. This implies
immediately that

_ h h
le= M OFD) Pl 11y = Jluaug — wPubllo -1
h h
< lur =P llo, =1 luzlloo + 1wt llo,—1,1) luz — uhlloo
< Ot mr 4 Oott/temme
< Ct1/467ﬂp,

with £ := min{n;, 72} > 0 and C a positive constant.

In order to deduce these estimates, let us first notice that

1 1/2 1 o
uillo—1,1) = (/ |u1(x)|2dx> — [/ 2B (1) g

[1 - 6_4Wt—1/2‘| 1/2
[ 2/3(1 — v2)t-1/2 J

1/2

< Ct/4,

and because of the triangle inequality it follows easily that

h h
i o=ty < Nl —uy®llo,=1,1) + lluaflo—1,1)
< CtYte P 4 o/t < oA,

20



In order to get an estimate for the absolute error of the H'-seminorm we proceed analogously:

_ h h
le MO+ _ uy Pl 1,(-1,1) = 10z (u1u2) — 890(“1%3)”0,(71,1)
= |[due + urte — u}fpug — u}fpﬁg 0,(~1,1)
.. h
<l — @y llo, =10 lualloo + e llo,—1,1y lue — uhlloo
h . h . .
+ lur = wy®llo =1,y 1l + lluy” llo,(—1,1) 12 — @50
< C (t_1/4e_772p 7 Aemmp gL/ emmpgl/2 4 gt/ 46—"11’)
< Ot Ve Pp,
Here we used that
. h . . h .
o, —1,1) < Ml = ay®llo,—1,1) 4 e llo,—1,1)
< (Ve 2
< ot
islloo = || = Ao(t)uzlle < Ct/2,

and that the derivative of u; with respect to z is

a1 = —(1+14){/3(1 — v2)t /20,

In what follows we will treat separately each of the benchmark problems:
Case 1 : both ends of the cylindrical shell are clamped (membrane dominated)
Case 2 : free ends (bending dominated)

Case 3 : simple sliding support (intermediate state).

3.2.1 Case 1: clamped-clamped

Theorem 3.6 If both ends of the cylindrical shell are clamped, then the following estimates
for the relative error in the energy norm of the displacement field, smooth and boundary-layer

components respectively hold:

[z — U s -
e =Y Ct np 3.10
Ml c 10

U — Ushe||| -

M= == 1 & e 3.11
e < T -
b rrbhp

M < Ctlemw, (3.12)
TE&N
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Remark 3.7 We notice that for this first benchmark problem we get the exponential rate

of convergence (3.10) and the ’locking factor’ #=3/4

, which is caused by the boundary-layer
components. For the smooth component locking does not occur, according to (3.11). We see
from (3.12), however, that the boundary-layer components cause membrane locking, even in

membrane-dominated situations.

Proof. Let us first prove the estimates for the smooth and boundary-layer components, which
together with (3.5) will imply immediately the estimate for the relative error of the displace-
ment field U.

Recall that we have already deduced in Lemma 3.2 the following bounds for the absolute errors
in the 2-D energy norms in terms of the absolute errors in the H'-norms of the 1-D reduced

components:

L(—1,ne ™+ luf Ms’hp||1,(71,1)

IU° =] < Ot Cppllw’ — u>"?

+ Oy ||MS||1,(1,1)GWOP} ;

Iub —uby| < ct'/? _Cﬁo lu® — Mb’hp||1,(—1,1)€_n°p + Jlu’ - Mb’hp||1,(—1,1)
+ Cno||ub||1,(—1,1)€_n°p]7
and notice that the equivalences of the 2-D and 1-D reduced energy norms imply also that
Nl ~ llw’lle,  HUM ~ fl]le-

Moreover, as proved in [11], the smooth component of the displacement field is in this case

membrane-dominated, which implies that

lw’lle > Ct/2 )’

1,(—-1,1)-

Taking into account that

lw -1,y = le’llo—1,1)

HQO +2Re (M(t) (eks(t)(') F e*As(t)(')) H

?

07(_1a1)

[ lo,(=1,1) = Ct3,

and
CHP < M) <ot

22



we find that
w1, (=1,1) = Ct™?,

since

1/2
o005 0oy = [ [ (B0 5 05 3)

-1

1 " 1/2
_ 2X5(t)x
N [/_1 2 (0 5 1) dx} (3.13)

2N (1) _ o—225(1) 1/2

= 2 2
Dat)

> Ct'/?,

which is a consequence of the asymptotic behaviour of the eigenvalue \5(t) = O(v/t) and of
the simple observation that (e — e ?)/x = 2+ x2/3 + O(2*). Therefore, Lemma 3.3 and the
upper bound of the coefficient ||M (¢)|| < Ct~? imply now that

|l — Uy o] IIM(t)||€”’””€_no,gJr M (t)|le P 12°]1,(=1,1) —nop
Jiteagil - o wle lus|le " wle
S Cno (6—77119 + 6—77019)
< Cpe” min{m ,no}p,

which proves the second estimate of the theorem, with n = 7, since we can choose 79 > 7.
Let us now prove the error estimate for the boundary-layer component, and recall for this the

form of the reduced energy norm

2 3 L 2 1 2 2 d
w2 = 5 [ [ e+ (1 =0) 3 3]s

i,j=1
ot 2 2 2 l—v ! 2 2
+ o [ e e+ =) 3 e+ 2t [ (o + g
N 5,j=1 N

with 3;;, k;j and p; defined in (2.4). Keeping from the energy norm only the term which involves
the H'-seminorm of the first component of the displacement field u® = (u®, v w®, 6%, ¢°), we

get the following lower bound:
lublle > CtY2ulbly (q 0y > CtHA (3.14)
This can be deduced with appropriate estimates for the L?-norms of the boundary-layers

ct'/?, (3.15)

|e720®0=) 4 et .
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respectively

He—Al(t)(l—') + e—*l(ﬂ(“f')H > C, (3.16)

0,(—1,1) —

and from the lower bounds of the first components of the coefficients K (t), and L (t):
|Ki(t)] > Ct8,  |Li(t)] > ™2,

Indeed, let us prove only (3.15); then (3.16) can be deduced analogously:

] 1/2
Hef)\g(t)(lfj 4 e Mo®(1+) _ /1 (672)\9(t)(17m) + e~ 2o()(142) +2€72)\9(t)) dw]
0,(~1,1) /1
-l 1/2
_ s / (e 200-2) 4 =200 dx}
L /-1 12
i 1— 64)\9(t) 9\
= |2 ———— 270
_ g Do)
> Ctl/2
Consequently, we get that
|Ub|1,(—1,1) = ||Ub’||0,(—1,1)

= H)\g(t)Kl(t) (@_/\9(t)(1—')+6—A9(t)(1+-))
+2Re [)\1(t)Ll(t)((e*)\l(t)(lfj n efAl(t)(1+.))]
[ Da(0)] 11 (1)] [0 4 =01+
=2 ()] [La(8)] e 007 4 =M@+

0,(—1,1)

v

0,(~1,1)
)

‘0,(71,1) ‘

Estimating separately the boundary-layer components which correspond to the ¢ and v/t length

scales,

—Ao(t)(1—) 4 o—Aa(t)(1+)
o] [Ka(0)] |00 4 eme @O

and

“A (1) A1 (t)(1+-)
D@L ()] e +e 0-11)

we see that the v/t scale boundary-layer component dominates asymptotically. This leads us

to the following estimates:

\Y

[a[® 251/2|Ub|1,(71,1) > ot Y4,

w1y < C <||K(t)||H€—/\9(t)(1—.) 1 e Re()(1+)

N

1,(—1,1)
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+ L)l D0 g MO0+
C (t*1t1/2 + t*3/2t*1/2t1/4)

< oA,

1,(1,1)>

IN

Here we made use of the fact that in this case the coefficients K (t), L(¢) have the following
bounds : ||K(t)|| < C, | L(t)|| < Ct3/2, as shown in Table 1.
Now it follows from the preceding estimates, Lemma 3.4 and Lemma 3.2 that the relative error

of the boundary-layer component U?

b_ . bh
(A [T c st = Py
[teadi] B . "Obh lu®le .
lw” — w1 —1,0) [y F T p—
ol
K@)t L(t)||t~
< o [%n U LN gy
IE @2+ L@t g, [ Ty —
+ P e + Cy 7”@” ’
#=1/2 4 4=3/24-1/4 4172 4 4=3/24-1/4
1/2 —Bp ,—m0P —Bp
< Ct |:O770 1)1 e e P 174 e :|
C t —nop
+ 770-15——1/46
< Cptle” min{g,no}p
which concludes the proof of Theorem 3.6, with n = (3, since we can choose 79 > f. 0

3.2.2 Case 2: free-free

In this case we get similar estimates for the displacement field of the shell, smooth part and the
boundary-layer component using the corresponding estimates for norms of the z-independent
coefficients K (t), L(¢) and M (t). We summarize them in the following

Theorem 3.8
;U —u"||

thl —np 317

Tl © 10

o —ushe||| o

= —= 1 Ct np 3].8
&l © 1%
b b,h

[ i R (3.19)
o
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Proof. As before, let us prove only the last two estimates, the relative error in the energy
norm of U can then be deduced from these inequalities together with (3.5) and (3.6). With
the absolute error estimates deduced in Lemma 3.2 we have that
ue —u>"|||
Jieagl]

|u® — Ms’hp||1,(—1,1)

1/2 -
ctl/ Cho e~ 1P

[l le

lu® — w5 P11,y Nl 1,1) o

+
[7g[E

+C
[l le "

Then from Lemma 3.3 we know already that the absolute error in the H'-norm of the smooth

component u® can be estimated by

lu® — w1 (1,0 < CIM(D)]le™™P < CtPe P,

Furthermore, the smooth component u® is in this case bending dominated [11], i.e. [|u®[le ~
t3/2||gs||17(_1,1), which implies that ||u®]|. > Ct~3/2, since

'l 1) 2 Il gy = 2 M@ |00 00 > o
The last estimate is a consequence of the following bounds
Ci? o< M@ < ot
C141/2 < ||6>\5(t)(') :FefAs(t)(') (-1 < C.
Therefore
Il - gee) o L
U= < ot 2| 0, |M ()] e " Pe ™
el " lw?le
I lully—1,)
HIM (@) e 4 g Bl e
lw?le e

< Cpot™ 1,— min{no,m }P7

and this proves the second estimate of the theorem, with n = 7, since we can choose 79 > 7).
For the last inequality we proceed again analogously as in the proof of Theorem 3.6 and take

into account the corresponding bounds of the coefficients:
1K@ <Ct 2, L) < Ct >, (3.20)

Next, as shown in Lemma 3.2

b b,h b_ bk
[T — T[] oi'?|c lu” — u™"P L(-1,1) —nop
[Ttandll B " 1zl
||Mb - Mb’thl, —1,1 ||Mb||1, -1,1) _
i - LD Cho (=L1) ,—mop ,
[7gP l]le
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which can be further approximated with appropriate upper, respectively lower bounds for
lu® — ub"P[ly 1,1y and [|u®]]e.
Indeed, as it follows from Lemma 3.4 and (3.20)
Hﬂb _Hb’thl,(—l,l) < C(t—l/Zt—3/2 +t_5/2t_1/4)6_’8p
< Ct_11/4e_5p,

while

V

= Ot (@)K () (700 4 em2o(00+))

+ 2Re [Al(t)Ll(t) (ef)‘l(t)(lf') + e*)‘l(t)(H'))]

[ Ct1/2|ub|17(_1 1

0,(—1,1)
—Xo(t)(1—) L o—Aa(t)(1+)
> [Po@ K@) e 2O e @O
B “A(t)(1—) A (B)(1+)
2\ (0] 121 ()] e +e oo

Estimating separately the boundary layer components which correspond to the t and v/t length

scales,

Ct 132412 = ¢,

Y

o ()] | K1 (1) Hefkg(t)(lf') 4 e Mo(M+)

0,(—1,1)

(AL ()] L1 (2)] He**l(t)“*') + e MM0+) Ct 12312414 = ¢~ T/4,

Y

0:(_171)

since |K(t)(1)] > Ct*/? and |L(t)(1)] > Ct 3/2. We see that the v/f-scale boundary-layer

component dominates asymptotically, which implies :

lullle > Ct2ub|y 1) > Ct T2 = Ct 0, (3.21)
—Ao(t)(1-) —Ao(8)(1+)
Pl < O(IKOJe00) £ o
—Au(t)(1—) —A1(t)(1+)
+ 1)l |e e Lo
< C (t’?’/Zt’ltl/Z +t’5/2t’1/2t1/4)
< ot~ (3.22)
This implies therefore that
|||Qb_gb,hp||| 12 —11/4 p.—mop (—11/4 8 $—11/4 o
W < Ct/e|Cy, eyra + eyl + Cnome
< Cppt~le” min{f,mo}p
which concludes the proof of the last estimate with = 3, since we can take 79 > . 0
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3.2.3 Case 3: simple sliding support at the ends

Theorem 3.9

U — U"e||| 1
HneE =Yl Ct np 3.23
il © 2
U —ush||| 1 -
e =v=ill Ct np 3.24
PR o2
b b,h
[Ng” = T Ct te (3.25)
TG& - ’

where the constants C and n > 0 do not depend on t € (0,ty], v € [0,1/2] and the polynomial
degree p.

Proof. Let us split again the relative error of the displacement field U in the sum of the relative
errors of its smooth, respectively boundary-layer parts:

lu - u"||| <A Ilue —us"|| Ilu’ —u*™|]|
> Ag S b b )
Ul [1Teadl] Hiteadl]

where now the amplitudes
Ay ~tY* and Ay~ 1.

In view of Lemma 3.2 and Lemma 3.3 the absolute error of the smooth component can be

estimated as follows:

e —ust| < ot'/? [Cnollus — ||y o+ lu® = ut P

+Coplle e ™|

IN

Ct'/? [Cno [M(E)[|le e + [[M(2)[[e™ + Cyo ||’

—nop
1,1(—1,1)€ wr

so we get that
|||Qs _ sthpm < Cﬂotl/z (e—mpt—4 + HQSHI,(—I,I)G_WOP) 7

since the coefficient M () is in this case | M (t)| < Ct~%.
The smooth component of the displacement field is in this case membrane-dominated, which
means that

TN~ e = CE 21,11y,

where the last norm is

b1 (1) = Huo +2Re (M(t) (e&’(t)(') ¥ e_’\“”(t)('))) H1,(_1,1)'
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Further, |lu’llo,_11) ~ ¢ %, and the lower bound for the coefficient M (t), M(t) > Ct7/?
implies that:

As(0)() = o= As()() =7/2|| s (D) = g=2As(O)()
[me (a0 (200 OO)) |, )z 0T 00 w00
> Ot

since [|e*()0) 67}‘5('5)(')”0,(_171) > Ct'/2, as proved in (3.13). This means that

14’0, (—1,1) = Ct 2, (3.26)
and because the L?-norm dominates asymptotically, also

4|1, (—1,1) = Ct 7. (3.27)
Indeed,

s — As(M)() = = As(B)()
Wiy = [2Re (M) (s@EO0FeNOO) |

Ct_7/2t1/2t1/2 — Ot_5/2.

Y

Now follows the error estimate (3.24)

IlU® — U]

C. ¢~ Lo~ min{ni,no}p
T 0

with 1 = 7y, since we can assume without loss of generality that 7y > 7.

For the estimate (3.25) we proceed analogously, using this time Lemma 3.4 and the correspond-
ing upper and lower bounds for the coefficients K (t) and L(t), respectively.

As before,

IIU° =™ < CH2 U’ = U™,

< Cctf? [CnoHMb - Mb’hp||1,(71,1)€7n0p + |lu’ — ub’hp||1,(71,1)
+ CnoHMb 1,(1,1)€n0p]
and
lu” —u?l 1y < C(IK@IE Y2 + L@ 4] e

< C 2 V24752 e B = o /e PP,
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1~y < c<||K(t)||He—A9<t><1—->ie-xgm(lﬂ

1,(—1,1)
1:(_171))

b L@ e O0-) £ ho0)

C (t—l/zt—1t1/2 + t_5/2t_1/2t1/4)

< oA

IN

since | K (t)|| < Ct 2 and ||L(t)|| < Ct~%/2 for this shell model. On the other hand, |||U°||| ~

U lle = u”]1,(—1,1), and the last seminorm can be further estimated from below as tollows:
blle > CH/2|ub d thel i be furth i d f bel foll
b b
|u |1,(—1,1) = |lu I||0,(—1,1)

_ H)\g () K1 (t) (efkg(t)(lf') + €*>\9(t)(1+'))

+ 2Re (ML () (e MO0 + MO0 |

0,(71,1)
> [ Pot) [Ka(0)] e 00 g e
— 2|A1(t) | L1(B)] He_/\l(t)(l_') + e~ O0F) HO (—1,1) ‘

Now, taking into account that |Ky(t)| > Ct, and |Ly(t)| > Ct%/2, we get that

Ao ()] |K1(2)] He—/\g(t)(l—-) + e MO+ > ot 1Y? = o2,

0:(_171) o

“A(t)(1—) 4 =A@ (1+)
M@ La()] e MO0 4 OO -

and therefore
ul]1 10y > Ot

Concluding,

b b,h —11/4 ~11/4 —11/4
11E” — Ui < O, t/? Y —Bpe—nop 4 'Y e PP 4 (" e~ "op
|||Qb||| — "o t1/2¢4—7/4 t1/24-7/4

< Oyt~ le” min{f3,70}p

which is the last error estimate of the theorem, with n = 8 < nq.
The last two estimates together with (3.5) imply now the first estimate. =

4 Numerical Results

In this section we present numerical results for the solution of the cylindrical shell problem

and confirm our theoretical results by the application of triangular and quadrilateral hp fi-
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nite elements. In our computations we apply structured as well as unstructured meshes and
confirm by these experiments the robustness of the hp FE technique for both triangular and

quadrilateral elements.

We restrict our numerical examples to the bending dominated case 2, that is we assume
free ends as boundary conditions, i.e. no kinematical constraints at the ends of the cylinder.
This is the case which is strongly susceptible to membrane locking. The Poisson ratio v is set
to v = 1/3 and the load that is applied to the cylinder is given by f(z,a) = cos2a. This load
is uniform in axial direction and equilibrated in angular direction, since there are rigid body
modes present, which have to be eliminated. This is done by fixing the solution at three points
by U(£1,0) = W(£1,0) = ©(£1,0) = 0 and V(1,7/4) = ®(1,7/4) = 0. An exact solution
for this cylindrical shell problem was obtained in Section 2.3.1. We point out that this system
is ill conditioned (esp. for small ¢) but that it can be solved by using a program like MAPLE,
which can compute with arbitrary high precision. The so obtained exact solution is the basis

for our numerical convergence study.

We point out that in our numerical implementation [5] we do not exploit the symmetries of
this model problem to reduce the computational domain. The whole cylinder is mapped into
a planar rectangle, which is our computational domain. This rectangle is meshed as shown in
Figure 1. The finite element mesh incorporates the y/#- and t-scale boundary layer elements for
both triangular and quadrilateral elements. Figures 2 and 3 show the structured/unstructured
triangular and quadrilateral FE meshes that we use for the shell thickness ¢ = 0.01. The
numerical solution for the rotation © is also displayed in these Figures. The various boundary
layers are clearly visible and well resolved by the chosen boundary layer elements. In the
examples that correspond to Figures 2 and 3 the polynomial approximation order is p = 6.
The FE mesh consists of 48 quadrilaterals or of 96 triangles. The triangles are simply obtained
by dividing the quadrilaterals along a diagonal. The polynomial approximation order can vary

between 2 and 9.

We emphasize that the cylinder has constant curvature coefficients and that we therefore
can compute the stiffness matrix exactly by using a Gauss quadrature rule, which is exact for
twice the polynomial degree of the shape functions. The integration error for the load vector

is kept negligible by using a Gauss quadrature rule of order 19.

In the following we present convergence rate plots for the energy for thicknesses t = 0.1,
t = 0.01 and ¢t = 0.001. The thickness of the boundary layer elements is adjusted correspond-
ingly to the shell thickness ¢, compare also Figure 1. Figure 4 shows the convergence rates
for the relative error in the energy for a structured triangular and a structured quadrilateral

mesh. We clearly see that the hp FEM delivers reliable numerical results and that the relative
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Figure 2: Rotation © on triangular meshes.

Figure 3: Rotation © on quadrilateral meshes.
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Figure 4: Energy convergence.

energy error is below 1075 for p = 6. In particular, we note that quadrilateral as well as tri-
angular finite elements give similar results, although the quadrilaterals perform slightly better
than the triangles. It is evident that the hp approximation converges exponentially, which is
consistent with our theoretical investigations. For very small thickness and high polynomial
approximation order (p > 6), however, we run into conditioning problems. This observation is
consistent with other numerical experiments that had been performed independently by using
the commercial code STRESSCHECK.

The choice of the structured FE mesh is very specific for the cylindrical shell because the
mesh is parallel and symmetric to the axis of the cylinder. For thickness ¢ = 0.01 we also use
unstructured meshes, compare Figures 2 and 3. The energy convergence rates for both the
structured and unstructured meshes are shown in Figure 5 for ¢ = 0.01. It is evident that the hp
approximation converges exponentially also on an unstructured mesh, which clearly indicates
the robustness of the method with respect to mesh allignment. Obviously, the structured
meshes perform better than the unstructured ones but there is no significant deterioration of
the performance for the unstructured meshes. For the case of the structured quadrilateral
mesh conditioning problems prevent the relative energy error from decaying further for p > 6.
For p > 6 the error slightly increases due to the numerical roundoff errors that result from the
ill conditioning of the problem. The conditioning problem also influences the numerical results

on the other meshes at ¢t = 1073.

Now we focus on the quality of our numerical solution in the context of membrane locking.
In detail, we want to study how the quality of the numerical approximation deteriorates with

decreasing shell thickness ¢. Therefore, we define the locking factor for the energy, which is
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Figure 5: Energy convergence on structured and unstructured meshes for £ = 0.01.

the ratio of the relative error in energy for thickness ¢ and for thickness t = 1, i.e.

_ FR(@0) — Fa@i0)] | 1Fr@ 1) — Frlls 1)
Fr(Us1)] Fr 1)

(4.1)

This ratio can be computed for various approximation orders p and is tabulated in Table 2 for
structured triangular meshes and in Table 3 for structured quadrilateral meshes. The locking
factors are large for fine meshes and ¢ << 1 which is a result of the fact that the hp FEM
with high polynomial approximation order solves the shell problem for ¢ = 1 extremely well.
Basically all significant digits of the energy F. R(th; 1) are correct, which gives a very small
number in the denominator of (4.1) and results in a large locking factor. This also indicates
that the convergence of the FEM for ¢ << 1 is much slower than for ¢ = 1. The convergence
rates for small ¢t do have a defect when compared to the convergence rates for t = 1. This
is expressed by the locking factors but we emphasize that the exponential convergence of the
method still dominates, although significant locking factors are present. These locking factors
are much larger for other quantities of engineering interest, such as stresses and strains, as we

have seen from our numerical experiments.

5 Conclusions

In this paper, we have analyzed theoretically and numerically the hp-FEM for a Naghdi-type
model of a cylindrical shell with various boundary conditions. It was found that with proper
mesh design the boundary layers (resp. edge effects) could be resolved by inserting a single layer
of anisotropic p-elements along the edge for each length-scale in the solution. The relative error

in the energy was found to converge in all cases, from membrane dominated solutions to fully

34



t=0.1 | t=0.01 | t=0.001
5.69 9.52 9.47
11.64 | 12023 | 143.24
16.90 | 351.75 | 710.61
121.57 | 500.70 | 1.99 10°
3.53 10° | 1.31 10° | 2.38 10?
1.26 10° | 2.41 10* | 7.91 10°
1.50 10° | 4.49 10* | 9.88 107

OO U | W N T

Table 2: Energy Locking Table. Triangular Structured Mesh.

p | t=0.1] t=0.01 | t=0.001
21 1.22 1.22 1.22
31 1.22 1.23 1.23
41 1.22 1.20 1.38
51 1.22 1.33 14.52
6| 1.22 0.11 | 434.41
7| 267 534.80 | 1.27 10°
8 | 84.27 | 6.38 10° | 8.43 108

Table 3: Energy Locking Table. Quadrilateral Structured Mesh.

bending dominated solutions, exponentially in terms of the degrees of freedom, however, with
a locking factor O(t%) with —1 < B < 0. It was found that the exponential convergence rate
compensates for possible adverse impact of the locking factor so that various case-dependent
devices (as, e.g., reduced integration) aiming at a reduction of membrane locking are not

required.

We have seen that the shell boundary layers can be resolved in the Ap-approach by inserting
for each length scale one layer of long elements of width O(pyayt) near the edge where ¢ is the
length scale of the layer to be resolved. For the Naghdi-type shells under consideration here,
2 length scales, O(t) and O(v/t), were present. For other geometric situations, also O(v/t) and
O(+/t) are present [12, 15]. These layers can be resolved using the same strategy.

In this work, only the case of a cylindrical shell was analyzed. The hp-FE discretization
presented, however, is completely general and applies to any shell-geometry, e.g. on hyperbolic
or elliptic shells, provided exact parameter representations of the shell mid-surface are available.
Our implementation also has a complete hp capability, i.e. the polynomial approximation order
cannot only vary from element to element but can also vary within each element. So called

hanging nodes can also be handled by this particular implementation for the shell problem,
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which is based on a flexible hp code described in [5]. A similar convergence analysis could be
performed for general shells with smooth midsurfaces once sufficiently refined asymptotics of
the exact solutions of the shell models are available. Present rapid progress [4] raises the hope

that this may be so in the near future.

Some issues that will be addressed in forthcoming work are: in practice, additional hp-
surface approximation must be performed whose impact on the solution accuracy is not known;
this holds likewise for the order of numerical integration for the different parts of the stiffness
matrix. Finally, there is of course the issue of the modeling error between the exact solutions
of the shell model and of three-dimensional elasticity. While there are now asymptotic a-priori
estimates of the error between three-dimensional and two-dimensional linearly elastic models
(see [4], and the references there), much work needs to be done on the computable a-posteriori
estimation of the shell modeling error. Any such estimate requires, however, an accurate
numerical solution of the shell model itself (see [13] for an analysis of the plate case). Here,
the hp-FEM seems to be an attractive alternative to other, more classical approaches, or to

approaches tailored specifically to bending dominated shells.

A Appendix

Theorem A.1 The roots of the characteristic polynomial

P(\;t,v) 3t (=6t — 2650 — 265 — 3617 — 78t4) A8

+ (2421 — 361207 + 72620 + 1600 + 72t4 0 + 684t% 4 1610 + 504¢1)\°
4+ (—2880t% — 24¢5 — 28812y — 120ty — 1416t* — 8t5v + 160245 — 432 + 4320%)\!
+  (5184#% + 2160t*) N2 — 1728t* — 5184¢>

can be expanded in Puiseux series with respect to t € (0,tp], for a sufficiently small ty > 0, such
that the principal parts are analytic as functions of t, (for A\i(t), i = 9,10), or as a function of
Vt, (for Xi(t), i =1,...,8 respectively).

Proof. Let us start by rewriting the characteristic polynomial in the following form:
P\t v) = 30 4 £2a ()N + £26(0)A° 4 c(t) A + t2d(1) A% + t2e(t),
where a(t), b(t), c(t), d(t) and e(t) are polynomials with respect to ¢, such that
a(0) #0, b(0)#0, ¢0)#0, d(0)#0, e(0)#DO0.
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We substitute then
N =z and = = y/t*

so that the characteristic equation becomes:
3y° + a(t)t?y* + b(t)t%® + c(t)tPy? + d(t)t'y + e(t)t'® = 0.

We already expect that two of the roots, \g(t) and A1p(t), are Laurent series with respect to
t, and their singular parts are of the form « - 1/¢, for some constant «, so we further make the
substitution z = z/t2.
This implies y = t?z, and the characteristic equation becomes
3(t22)° 4+ a(t)t?(t22)* + b(1)15(t22)% 4 c()tB(t%2) + d(t)t" (t22) +e(t)t!® = 0,
& 3t102° 4 a(t)t102* + b(1)t1223 + c(t)t'22? + d(t)t'5z + e(t)t!® = 0.

Dividing by ¢'° we get
Q(z;t) =32 + a(t)2* +b()t?2% + c(t)t?22 + d(t)t°z + e()t® = 0.
Now, obviously Q(z;t) is an analytic function in both variables, and
Q(20) = 32° +a(0)2* = 2*(32 + a(0)).
If we take zp = —a(0)/3 # 0, then

Qe 0) =0, F2(20:0) £0,

which allow us to apply the Implicit Function Theorem (analytic version), to get that 3z(-) =
z(t) € A((—e,¢€)), for some € > 0 sufficiently small, such that

Q(z(t);t) =0, Yt € (—¢,¢), 2(0) =29 =12 > 0.

This implies z(t) > 0, Vt € (—¢, ), for sufficiently small ¢ > 0, and an immediate consequence
of this is that also \/z(t) € A((—¢,€)). Then

and this proves our claim for these eigenvalues.
For the other eigenvalues we proceed further analogously. We already expect that the singular
part of the first four, \;(¢), i = 1,..,4, is of the form -1/, for some constant 3, so we
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substitute again in the characteristic equation x = z/t. This means that y = t*z = t3z. In

this way the equation becomes:
3(£32)° 4+ t2a(t) (132)* + b()15(£32)3 + c()tB(£32) + d(t)t" (£32) + e(t)t'® = 0,
so if we divide both sides by t'* we get
Q1(z;t) = 3t2° + a(t)2* + b(t)t2> + c(t)2® + d(t) Pz + e(t)t* = 0.

We notice again that Q1(z;t) is an analytic function in both variables, and

. =a z4 C zZZC 22 a—O)Z2
Q1(2;0) = a(0)z* + ¢(0)2” = ¢(0) (”0(0) )

has zg; = i1/¢(0)/a(0) and —zp; as simple roots (¢(0) = —432(1 — v?) < 0 for v € [0,1/2]):

Q1(201;0) = 0, Q1(—201;0) = 0,
N (201;0) # 0, L (—z150) # 0.

Next, the Implicit Function Theorem implies that 321 = 21(t) € A((—¢,¢)), € eventually

smaller, such that

Qualtst) = 0, QEBY = o, Vie (—ee),
z1(0) = zo1, Im(z(t)) > 0, Vite(—ee).
Then the first four eigenvalues are:
M(t) = —=(1+ i)y Tmz1(0) — 1 Re(z1 (0)
Ao (t) = A (t),
As(t) = —Au(?),
Mt = ~Xi (),

with the choice of the principal branch of the square root function with complex arguments,
ie. z=/|z|exp(iargz/2), arg z € (—m, ).

It remains to analyze now the eigenvalues \;(¢), i = 5,..8, which we expect to be of the
form v/t- f(t), with f(¢) an analytic function in a small neighbourhood of 0. Then, take z = tz,

which implies y = t*2 = t°2, and substitute this in the characteristic equation to get
3(t°2)° 4+ a(t)t*(t92)* + b(1)15(£22)3 + c()tB(t72)2 + d(t)t" (t72) + e(t)t'® = 0.
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Dividing both sides of the preceding equation by ¢'® it follows:
Qo(z;t) == 3t72° + a(t)t* 2 + b(t)t3 2% + c(t)2* + d(t)tz + e(t) = 0.

It is easy to see now that QQ2(z;t) is an analytic function in z and ¢, and the equation Q2(z;0) =
c(0)z? + e(0) has two simple, complex conjugated roots zg2 = iy/e(0)/c(0), —202, (e(0) =
—5184 < 0):

@2(202;0) = Q2(—202;0) =0,

%(%2; 0), %(202; 0) # 0.

Then, eventually taking € > 0 smaller, we find that 322(t) € A((—¢,¢€)), such that

Q2(22(t);t) = Q2(Z2(t);t) = 0, Vi€ (—¢,¢),

22(0) =z,

and because of the continuity of the implicit solution we can also assume that

Im(zy(t)) > 0, Ve (—¢,¢).

Then the remaining eigenvalues are

t

As(t) =5 (1+ i)y/Im(zs(t)) — i Re(z(t)),

As(t) = As(t),

A7(t) = —Xs(t),

Xs(t) = —As(t),
with the same choice of the square root in the complex context /z = +/|z| exp(i arg z/2),
arg z € (—m,m), so the theorem is completely proved. n
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