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This work is committed to establishing the assumptions essential for at least one and unique solution of a switched coupled system
of impulsive fractional differential equations having derivative of Hadamard type. Using Krasnoselskii’s fixed point theorem, the
existence, as well as uniqueness results, is obtained. Along with this, different kinds of Hyers-Ulam stability are discussed. For

supporting the theory, example is provided.

1. Introduction

Fractional calculus is the field of mathematical analysis that
deals with the investigation and applications of integrals
and derivatives of arbitrary order. Fractional differential
equations (FDEs) have played a significant role in many
engineering and scientific disciplines, e.g., as the mathe-
matical modeling of systems and processes in the fields of
physics, chemistry, aerodynamics, electrodynamics of com-
plex medium, polymer rheology, capacitor theory, electrical
circuits, electron analytical chemistry, biology, control theory,
and fitting of experimental data [1-3]. FDEs also serve as
an excellent tool for the description of hereditary properties
of various materials and processes [4]. The theory of FDEs,
involving different kinds of boundary conditions, has been
a field of interest in pure and applied sciences. Nonlocal
conditions are used to describe certain features of applied
mathematics and physics such as blood flow problems,
chemical engineering, thermoelasticity, underground water
flow, and population dynamics [5-16].

In the classical text [17], it has been mentioned that
Hadamard in 1892 [18] suggested a concept of fractional
integro-differentiation in terms of the fractional power of
the type (x(d/dx))? in contrast to its Riemann-Liouville

counterpart of the form (d/dx)?. The kind of derivative intro-
duced by Hadamard contains the logarithmic function of the
arbitrary exponent in the kernel of the integral appearing in
its definition. Hadamard construction is invariant in relation
to dilation and is well suited to the problems containing half-
axes. Coupled systems of FDEs have also been investigated
by many authors. Such systems appear naturally in many
real-world situations. Some recent results on the topic can be
found in a series of papers [19-40].

Another aspect of FDEs which has very recently got
attention of the researchers is concerning the Ulam-type
stability analysis of the aforesaid equations. The mentioned
stability was first pointed out by Ulam [41] in 1940, which
was further explained by Hyers [42], over Banach space.
Later on, many researchers have done valuable work on the
same task and interesting results were formed for linear
and nonlinear integral and differential equations; for details
see [43, 44]. This stability analysis is very useful in many
applications, such as numerical analysis and optimization,
where finding the exact solution is quite difficult. For detailed
study of Ulam-type stability with different approaches, we
recommend papers [44-52].

Existence and uniqueness of Cauchy problems for
fractional differential equations involving the Hadamard
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derivatives have been discussed by Kilbas et al. [53]. Using
the contraction principle, existence and uniqueness of the
solution of sequential fractional differential equations with
Hadamard derivative have been explored by Klimek [54].
Recently, Wang et al. [55] discussed the existence, blowing-up
solutions, and Ulam-Hyers stability of fractional differential
equations with Hadamard derivative by using some classical
methods. Further, Ahmad and Ntouyas [20] and Ma et al. [56]
studied two-dimensional fractional differential systems with
Hadamard derivative. Wang et al. [57] studied the fractional
impulsive Cauchy problem of the form

aDLu®) - f(tLu®) =0,

a€(0,1), te (Le]l—{tty..ort,ts

Mu(t) = uSa"u(t)) - S u () = po (1)
pi€R, i=12,...,m,

1-a +
aS (1) =uy uy € R,

where ;; D}, denotes left-sided Hadamard fractional deriva-

tive of order a with the lower limit 1 and ;! % denotes left-

sided Hadamard fractional integral of order 1 — a. In [58],
Wang et al. studied the existence and Hyers—Ulam stability of
switched coupled problem:

‘Dpt) - fO)pt)=0(t,p(t),q(t)),
te 7, t#t,
‘D) -gt)qt) =¥ (L, p(t),q (1),
te 7, t#1t,
)
Ap O]y, = L (Pe)
AG ()], = T (q)»
p (t)|t:0 +¢ (P) = Po»
q®)],_ + ¢ (q) = 90

where “® denotes the Caputo derivative of order g, § € (0, 1].

Motivated by the work in [58], we consider the follow-
ing switched coupled impulsive FDEs involving Hadamard
derivatives:

H%‘XP (t) - f(t>P(t) :Q(f)) = 0)

te g, t#t, i=12,...,m,

N

aDq® -g(tp®).q1) =0,
te g, t#t, j=12...,n
Ap(t) =L (p(t)),
Ap'(t) =T (p (1)),

i=1,2,...,m,
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j=12...n
uln2p (2) +vIn2p' (2) = ¢ (p),
up (1) +vp' (T) = ¢ (p),
#ln2q(2) +vIn2q' (2) = ¢ (q),
uq (T) +vq' (T) = ¢ (q),

3)

where 1 < a,f < 2, f,g : F xR — R, and ¢, :
C(F, R) — R are continuous functions defined as

6(p)=3hp ().

o (p)= Yo (n).

. (4)
j=1
b
¢(q) =Y pa(n)
j=1
Comin Cjomy € (0,1) fori=1,2,...,a, j = 1,2,...,band
Ap(t)=p(t])-p(t),
Ap' () =p' (t])-p' (1),
(5)

Aq(t;) =4q(t]) -a(t;),
Aq () =4 (t]) -4 (1)

The notations p(t;), q(t;.) are right limits and p(t;), g(t})

are left limits; I, T,-, Ij, TJ
functions; ;D% ;P are the Hadamard derivative operators
of order o and f3, respectively. For some other recent results
on Hadamard fractional differential equations, we refer the
reader to [59-65].

For system (3), we discuss necessary and sufficient
conditions for the existence and uniqueness of a pos-
itive solution by using the Krasnoselskii’s fixed point
and Banach contraction theorems. Further, we investigate
various kinds of Hyers-Ulam, generalized Hyers-Ulam,
Hyers-Ulam-Rassias, and generalized Hyers—Ulam-Rassias
stabilities.

This paper is organized as follows. Section 2 contains
basic definitions, auxiliary lemmas, and theorems regarding
problem (3). Existence, uniqueness, and at least one solution
of the problem (3) are presented in Section 3. Section 4

: R — R are continuous
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contains Hyers-Ulam types stability results and Section 5
contains an example, which shows the applicability of our
main results.

2. Preliminaries

In this fragment, we are introducing some fundamental
descriptions and lemmas, which are used throughout the
paper.

Let the norms be ||pll = max{|p(t)|, t € £}, llqll =
max{lg(t)|, t € f}in PE(F,R,), which is Banach space
under these norms, and hence their product is also Banach
space with norm [|(p, @)l = llpll + Il

Let &, and &, denote spaces of the piecewise continuous
functions defined as

& = PC o (S R)={p: 7 — Z.p(t),

p(t;) and p/ (t) ,p/ (t;) exist fori= 1,2,...,m},

& = P50 (7 R,) ={a: T — Zoq(£]), ©
q(t;) and q' (£7).q' (£;) exist for j=1,2,...,n},
with norms
lpls, = sup{|p® nt)™?|, t € 7}, o

lalls, = sup {ja &) in)*F|, ¢ e 7},

respectively. Their product & = &, x &, is also a Banach space

with norm [[(p, @)llz = lIplls, + lqlls,-
We recall the following definitions from [57].

Definition 1. The Hadamard fractional derivative of order o €
la—1,a),a € Z" of function p(t) is defined by

(1D%p) ®)

- (al_ ~ <t% ) Lt <ln£ )MH p(s) %, ®)

1<t<T,

where I'(+) is the Gamma function.

Definition 2. The Hadamard fractional integral of order « €
R of function p(t) is defined by

~a R A ds
(u3p) () = T@ L <ln;> p(s) > ©)

1<t<T,

where I'(+) is the well-known Gamma function.

Lemma 3 (see [66]). Let o > 0 and p be any functions; then
the homogenous differential equation along with Hadamard
fractional order ;D p(t) = 0 has solution

P =b )" +b,(Int)*? + b, (Int)* > +---
(10)
+b,(In)*™,

and the following formula holds:

a3 5D () = p(t) + b, (Int)* " + b, (Int)*?
(11)
+b,(Int)*> +---+b,(Int)*7,

whereb; € ®, j=1,2,...,a,anda-1<a<a.

Lemma 4 (see [53]). Let 0 < « < land f : F X R —
R. A function p € €,_4,,[a,b] is a solution of the fractional
differential equation

wDp®)=f(tLp®),

HSI_aP(1+) =Po Po€XR

if and only if p satisfies the following fractional integral
equation:

te(1,T],
(12)

= Lo qppt
pt) =1 @ (Int)

+ ﬁ Jt <ln £>a—1 f(sp(s) %

1

(13)

Theorem 5 (Altman [67]). Let & # 0 be a convex and closed
subset of Banach space &. Consider two operators F, G such
that

(i) F(p,q) + G(p,q) € S, where (p,q) € S.
(ii) F is contractive operator.
(iii) G is completely continuous operator.

Then the operator system F(p,q) + G(p,q) = (p,q) € € hasa
solution (p,q) € S.

Definition 6 (see [45]). The switched coupled impulsive FDE
(3) is said to be Hyers-Ulam stable if there exist Kyp =
max{K,, Kg} > 0 such that, for ¢ = max{g,, 0z} > 0and
for every solution (p, q) € & of the inequality

| 4D p )~ f(t.p(1),q(1)| < 0w tEF

[Ap(t) - L(p ()| < e i=12....,m,

AP (8) ~Ti(p (1)) € 0w =120,
|u®fqt)-g(tp®),q)|<0p tes, i

[2a(t;)-1;(a(t)| < ep i=12.0m,

a7 (1)) - T (a(t)| s ep j=12.0m,
there exists a unique solution (p,§) € & with
I(p.q) = (P @)|ls < Kupor te.. (15)

Definition 7 (see [45]). The switched coupled impulsive FDE
(3) is said to be generalized Hyers-Ulam stable if there
exist ® € G(X", R") with ®(0) = 0 such that, for any
approximate solution (p, q) € & ofinequality (14), there exists
a unique solution (p, ) € & of (3) satisfying

I(p.a) = (2P| < @(0), te.g. (16)



Denote ¥, g = max{
max{K\ya,K\Pﬁ} > 0.

¥y, Wt € €(F, R) and Ky g, =

Definition 8 (see [45]). The switched coupled impulsive FDE
(3) is said to be Hyers-Ulam-Rassias stable with respect to
¥, p if there exists a constant Ky, such that, for some ¢ > 0

and for any approximate solution (p,q) € & of the inequality
k@ PO - f (6P 1), qO)] < Yu (V) @ 1€,
17)
|Dfq)-g(t.p®),q®)| <Y (t)gp e,

there exists a unique solution (p, ) € & with

I(p:q) = (P @)l < Ky, ¥oper te€F.  (18)

Definition 9 (see [45]). The switched coupled impulsive FDE
(3) is said to be generalized Hyers-Ulam-Rassias stable with
respect to ¥, 5 if there exists a constant Ky, v, such that, for

any approximate solution (p,q) € & of inequality (17), there
exists a unique solution (p,g) € & of (3) satisfying
I(p:a) = (P @)]ls < Ky, w, Yo O, teF. (19

Remark 10. We say that (p,q) € & is a solution of the system
of inequalities (14) if there exist functions Y., Y, € C(F,R)
depending upon p, g, respectively, such that

(D) Y10 < 00 1Y, (0)] < g £ € F5

(I

HDp (M) = f(tp1),q®) + Y (1),
Ap(t;) = L (p(t:)) + Yy,
Ap' (6) =T (p (1)) + Yy,
#®qt) = g(tp1),q®) +Y, ().
Aq(t;) = 1;(a(t)) + Yy,

M (5) =T, (a(t) +,,

3. Existence Results

(20)

In this fragment, we present our main results.
Theorem 11. The solution (p,q) € & of coupled system
DIp (1) = f(1),

te g, t#t, i=12,...,m,

aDPqt) =g,

te g, t#t, j=12...,n
Ap(t) =L (p(t)),
Ap' (1) =T (p (),
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j=L2,...,n
uln2p (2) +vIn2p' (2) = ¢ (p),
up (D) +vp' (1) = ¢ (p),
uln2q(2) + vln2q' 2)=¢(q),
uq (T) +vq (T) = ¢ (q),
(21)
is given by the integral equations
p®)
a-2 ras
- 52 (Pép) 2O w24 (p) ity 0
E(nt)*? o t) (5 (., 1\ ds
2w, () 0T
k .
+) (Int)*? oty () I (p (1))
i=1
k . s
+Y (nt)*? O (p (1))
i=1
E(Int)* 2 o (1) £ \*2 ds
Zl T(a—1) J (ln§> fO5
p(nt)*2 Q@ (T, T\*! ds
T Ol L <1n?) A
v(Int)*? Q@) (T, T\*? ds
T or@-n L (m3) sO5
I AR A ds
e L <ln;> JOR
k=12,...,m,
q(t)

(1 t)ﬁ_z 5(0 —
_(n (Z((f)ﬁ +(Intf?¢(q) s, (8)

k (1nt)ﬁ ? ﬁmﬂ () R
]Z; L 1 <11'1 N ) (S) ?

J

k »
+ 3 (nt)*? pats ) 1;(a(t;))
j=1

k i ~
+ 3 (Int)? g 0T (q(t;))
j=1
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E (Int)*? gof} (1) th ( ENE? s 1 [t/ t\F' ds
+y - P57 ln—]) g(s) = +—J (ln—) g@s)—, k=12,...,n,
o TE-1) g s L(B) Ju \ s s
(22)
pnnf? (0@ (T T\ ds
O )
ﬁQr (ﬁ) e S S
v(Int)? Q0 (T, T\F?  ds
T ar( J (n_> 9
B B-1) g S where
3 v(x—2) —~ v(x—1)
LQ=(nT) [mTP‘ + 22 (1- am) (1an4 ; T)] 40,
— In2# +v(ax—-2)/2
Q@) =1-
(1) logztlnzﬂw(a— /2’
. (In2)"* (- Q@) AnT)*? (u+log, 7" V/In2))
) =
« 1 (1) Q28 + v (a - 1) /2) ’ (23)
o (In2)*™“ (“Qlogt' (tf‘_l/t“_z) ~(InT)*? Q@) (logt‘ (tf‘_l/T“_z) +v(a—1)(ax-2) (logTe - logt'e) /T))
t) = : ' : ,
a2 ( ) (XQ
() < Qln (t/t,) - 8 (nT)* <ln (T/t,)" + logy (T /6272)" T))
o5 (1) = .
e
Proof. Consider Now for t € (¢,t,], applying §* on (24), we have
uDp ) =f(t), tef, t+t,. (24)
p(t) =b, (Int)* " +b, (Int)*>
For t € [2,t,], applying §“ on (24), we get
, N 1 !t t\*1 ds (28)
pt)=¢(nt)* +¢ (Int)" + T@ L <ln;> f() o
1 t t a—1 dS (25)
" I'(x) L <ln;> f© s This implies
This implies
! b] (OC - 1) a2 bz (OC - 2) a-3
— — t) = ——=(Int + ———(Int
PGl ("‘t D (a2 2022 ("‘t 2 (1n 13 p==—n 7 (D) o
1 t 2 d (26) —r Jt <lnt>m_2 f(s) ds
£\*" s —— - —
Z = IMNa-1 s s
+F(oc—1) L <lns) f(s) S ( ) )t
Applying the initial condition, we obtain ¢; = (¢(p)(In 2)* %~ Using initial impulses
o(In2¢ + v((a — 2)/2)))/In2"¥ @D/ Therefore (25)
becomes -« a-1
—y_ ¢(p)(n2)"" (Int,) a2
p(t) pt)= o@D @ ((ln t)
1 2-« a1 o “ —
:¢(p)(n2) (Int) ~(Int,) 1In2* +v (@ —-2)/2) 1 (30)
In 21n2!‘+1/((oc—1)/2) In 21n2!‘+v((o¢—1)/2) T (“)

2"y (@-2)/2) @7
In 21n2"+v((o¢—1)/2)

L) 0

+6 ((m £)*% —(Int)

{0

and p(t}) = b(Int,)* " + by (Int,)* 2.



Using impulsive conditions, we get

¢ (p)(In2)"™"

In 22 +9((a=1)/2)

In2# + v ((a = 2) /2)
In 21n2"+v((o¢—1)/2)

I (p(t))
“Ii(p(t)))

b =

—(@-2)(Int,)"™

+1, (Int,)”
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t, (log, t)* " In (t/1,)
I'(x-1)

‘Ltl(”‘%) f“?*ﬁ

[ s

1

-« 32
_(@-2)(nt,)’ [[(2) 0 )
NC) 2 s s Similarly for t € (t;, T), we get
2oy a—
tlr(in tl)l) J 1 <lnt—1> 2f(s) ds. (31)
a-— s s a
- oo S@og)
by=¢+(@-1)(Int,)" "I, (p(t,)) P In2#+v(a-1)/2) ©
—t,(Int,) T, (p(t,)) <1_1 og, }n§:+v$a ?;g;)
n2#+v((a—
(Int,)*™ (4 t\*! ds
In— — k o 1
+I‘((x—1) J; (n5> f(S) s +Z(logt ) logt “21 (p(t))
i=1
t,(Int)"™ (h/ 6\ ds
S () fe ‘
['(a-1) L ( s ) s N Zti (logtit)“_z lntifi (p(1))
Substituting the values of by, b, in (28), we have =1 '
o— k lo ) log (Ot l/tot 2)
_9(p) (og)™ g loss) o, )
PO = (@1 TeD Zl I ()
In2* +v((a—2)/2) _,- ds
'(1_1°g2t1n2w+y((a—1)/z)> J o s
57! ,
+ (log, t)" log, 151, (p (1)) L3l (10&r gx 1) (¢/t:)
i=1 -
+ 1 (logtlt)a_ hIZTl (p(t)) t; _l, f( 9 é 1
tiy S I (e)
(logtlt)a_z 1Ogt1 (t‘i‘_l/t“_z) a-1
" T () J ln £(9) %.
By L ds
'L (hl?l) f) s This implies
- @l k (- 1) (- 2) (loge — 1 log, t)*
PI (f) _ (/5 (P) ((X 1) (logzt) + Z (‘X ) (‘X ) ( 08, Ogtie) ( Ogtit) Ii (P (ti)) +o

In 21n21‘+v(((x—1)/2)

i=1

((X -2 —log,t*

t

T ((In2¥ +v((=2)/2)) / (In2* + v ((a = 1) /2)))) (In £)*>

t; (logt (t“"l /tf‘_z)) (logtit)‘X

t

k(—1)(ax-2) (logte - logtie) (logtit)oc_2
)+ ; T ()

ool k 1, (log, (17 /t%2)) (log, £)*
[ ) e lon ) o)

i=1

Lt <ln%>a_2f ©) % * F(ocl— D

i-1

tr'(ax—1)
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t a=2 d
J () et
(34)
Utilizing up(T) + vp'(T) = ¢(p), we obtain
1 (1og. 2" a-D) & (10 )" <ln (T/t)" + log, (T /572)” T)
¢ (p) B ¢ (p) (log,T) (logTZ +log,e ) ZT 8, i 8r i
e L (n2% +v(ax—1)/2) P Q
k log, T log, (t*7/T°%)" +v(a—1)(a-2)(loge— log, e) /T
—ZL(P(fl))( i ) ( t( ) 3 ( T ,) )
i=1 o
k (logt; ) (logt ( 27T 2) +v(a—1)(a-2) (logTe - logtie) /T) 4 t\*! ds (35)
B ; QT (o) L <ln?) F&~
a=2 _ _\V/T
k t; (logt_T) <ln (T/t;) +log, (T“ e 2) ) t N ds T a-1
- i b ds__ ¢ r ds
; LI (e—1) Jti, (ln s) F ) s O (@) L (ln s ) f©) s
v T T\*? ds
—mjtk <ln;> f(S))?, k:1,2,...,m
Substituting the value of ¢, in (33), we achieve p(t) of (22). In v (Int)*? L)
the same way, we can obtain g(t) of (22). O B O (a—1)
Corollary 12. In view of Theorem 11, our coupled system (3) T T\*? ds
has the following solution: x Lk (ln;> f(sp(s),q()) S
o 80 a0 00
oty < 10 aQ()fp(P) e
a—2 T T\* 1 1
U0t o, (09 (p) J (03) F6r0.a0 S g
k
a2 i ' ' AR A d
# 2 (0™ oy O L (p (1)) () rereaen
k=1,2,...,m,

k . ~
+) In)*? s ()T (p (1)

i=1

5 (Int)*? o) (t)

+ T

i=1
. Lt (m%)m F(sp(5).9()) ?

E(Int)*? o (t)
" ; T(a—1)

T () e

tig

0. Df? 50 9(q)
qit) = 50

k »
+ 3 (nt)*? paty 1) 1;(a(t;))

j=1

k o
+ 3 (nt)? gt 0T (a(t;))

j=1

+(Int)*? gt (t) 6 (q)

(Int)P? ﬁ,gﬂ t)

LTI (B)

j=1



. Ltjl <ln < )ﬁ 1 g(s,p(s),q(s)) %

k (In0)f? gt (1)
j=1 T (ﬁ - 1)

. Ltjl <ln - )ﬁ ’ g(s,p(s),q(s)) %

i-

+

v(Int) 2 ,Q(t)
pQL(B-1)

) stri g

G0
sQT ()

"(IY ds 1
'th <1n;> 9(5,p(5),q(5))?+ m

J () sterisi0

(36)

To convert the considered problem into a fixed point
problem, we define the operators F : & — & by F = (F, F,)
and G : & — &by G = (G;,G,) such that

(Int)*? Q@) ¢ (p)
Q

=F(p®) =

[04

+(nH)*? o, (t) ¢ (p)

k .
+) (Int)*? oty () I (p (1)

(37a)
i=1
k . _
£y )™ O (p (1)),
i=1
k=1,2,...,m,
(Int)F2 ;0 ()
FoF,(q(0) = n ﬁQ ?(q)
B
+(Inty? 5o, (¢ (q)
(37b)

k .
+ 3 (nt)*? gets (1) 1;(q(t;))

i1

k
+Y 2T (q(t)), k=12...n

j=1

Mathematical Problems in Engineering

k ( t)oc -2 ,Qfl (t)
D

1(p®),q1) = (@)

i=1

. J:l <ln%>a_l f(sp(s),q(s)) %

E(Int)*? Lo (t)
" ; T(a-1)

X Lti <ln%)a_2 f(sp(s),q(s)) %

i-1

_#a80 (n™ JT (1) (38)
122

LOT (o) s

v, Q(t) (Int)*2

d
< (509,90 - Ol (a—1)

J: (ln€>a_2f(s p(5),q(5) & ? + %

. J: <ln§)a_l f(sp(s),q(s) %

k=1,2,...,m,
k(1 t)ﬁ 2 szﬂ (t)
G=6,(p),q) =) ————"— .

J=1

. fjl <ln ; )ﬁ 1 g(s,p(s),q(s)) %

. E (Inty* pot] (t)
j=1 T (ﬁ - 1)

X Ltjl <ln )ﬁ ’ (s,p(s),q(s))%

j-

Q1) (In P2 J~T <1 T>ﬁ—1 (38b)
- T a7 n
ﬁQr (ﬁ) bk

N

ds  vQ () (nt)f?
*9(0p(9,40) 7 - —arE Ty

"TY ds 1
'th (hl;) 9(5,p(5)’q(5))?+ m

[ o600

respectively.
The following assumptions will be helpful for our results.
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H) f,g: FXRXxR — R are continuous; for all
(p,q),(p,q) € & and t € 7, there exist £, £, > 0
such that

|f (p®).q®)) - f(t.p®),G®)]
<Zi|(p-Pa-9)|

lg(t.p().q®) - g(t.p®),7)|
<Z,|(p-pa-79)|.

(39)

(H,) I, Ti,I i TJ : R —> R are continuous and there exist

Ly 3}, 3% > 0 such that for any (p,q), (p,q) €
&g

|1 (p (t:)) - L (P (t))| < Z:1|p - Bl
I (p (1)) =T (B (1)] < Zz|p - Bl
k=1,2,...,m,
~ , ~ (40)
15 (a(t)) - 1;(a ()] < Z1la-al,
(a(t;))-T;(@(t)| < #tla-al.
k=1,2,...,n
(H;) g, : R — R are continuous, and there exist
! ! ! !
Ly L gy Ly L gy Mgy Moy My, My, > 0, for any
(p>9), (p>q) € & such that
|6 (p) - ¢ ()| < Zy|p -l
lp () -9 (P) < Z,[p- Pl
[¢(@) - ¢ @] < Z4la-al,

lo (@) -9 @) <Z,la-4dl.

(41)
o (p)| < /%¢»
lp (p)| < 4,
|6 ()] < /%»
o (q)] <

Hy) f,g: FXRBRXR — R are continuous; for all
(p,q) € Eandt € 7, there exist My, My >0 such
that

|f (b p (1), q®)| < ¢ {|p| +al}»
lg (t.p(®).q®)] < 4, {|p| +]q]}-

(42)

(H) I, T, I;, Tj 1 R — R are continuous and there exist
Ny ey, Ny M, Ny My, N5y M- > 0 such that for
any (p,q) € &,

L (p (E)| < At |p| + 1,
|T:(p (6:)| < 7 |p| + 7,

k=12,....,m,
. . (43)
15 (a (t;))| < 1 lal + 2,
I (a(t;))] < #7lal + a5,
k=12,...,n
Theorem 13. Under the hypothesis (H,) — (H;), and
1
Af + Ag < = (44)
(3) has unique solution.
Proof. Define an operator ® = (®,,P,) : & — &, ie,

D(p,q)(t) = (P,(p,q), D, (p,q))(t), where

@(p)(nt)*?* Q)
Q

+¢(p)

@, (p,q) () =

o

k .
(In)*? ooty (1) + ) (Int)* ™ Lty (1) I (p (1))

i=1
k . P
+) (Ine)*? (s ()T (p (1)
i=1

5 (Int)*? o (t)
Z

= I'(a)

: Lti <1n%>a_l £ (s p(),q(9)) ?

i-1

1, Q@) (Int)*2
0T ()

13

k

SNty

1

1

fsp©a6)E

Q@) (Int)*2
XS5 p(,q(9) = - DD

LT (a—1)
"I ds 1
.th (hl;) f(S,p(S),q(S))?+m
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t a—-1 _ 2
[ (03)" rer@ao T #0000
S ) SO (B)
9(q) Int)? ;O N p
d)z (P’q) ) = l;Q +¢(OI) . J;k (h‘l;) g(s,p(s),q(s)) ?S
(Int)P? oo, (¢t k B2 i ‘ B2
e L Y
j=1 r(ﬁ_ 1) tj—l S

k .
+ Z; (n 0 st} () 1;(q(t;)) Q@) (nt)f?
= Y -
j xg(sp(s).q0) = - 2

+ Z (Int)P /3»9@ "1 (q (tj)) R ' |
=1
] ’ ' L (ln?> 9(s:p(9).q() —+ r(B)
i L0 )
j=1 ' (B) . L (lng) g(sp(s),q(s)) %
tj i : (45)
' J (1“ s ) 9(5p(5),q() f

In view of Theorem 13, we have

zxﬁ(t) . i . i =
% ladty O+ ) | oty O]+ Y |14 (t)|] lp -l
o i=1 i=1

(@, (p.q) - @, (53) Int)**| < &

5t 0] (6t ))° ]+ B0 O (¢/6))° 2] - 1] O (T76))° | B 0)
+< (46)
| QT (e + 1)

Yy | @] (n (6/620)) o = I (In (T/8)" | Q(t)| B
l(p-Pa-q)-

l Q|I‘(¢x)

Taking sup, we achieve

L0ttt « e

191 (p.q) - . (2.2, < £ | |

m || ool (10 (t,0/t,n-1)" 191+ (0 6)* % (In (¢/2,,))° [ 2 Q] = || (In (T/,,))" | 8|
" | Q[T+ 1)

m | s (In (£, /t,,-1))" 22| = 91 (In (T/2,)"" | QH ~
+ p-l
| QlI‘(oc)

(47)

m | oo (0 (t/101))" | Q] + A0 (In (t/8,))" | 2] = ] (0 (7/1,0))" | 9]

v [ Q[T @+ 1)

o] (n (2,78, )0 = 1 (In (T/2,)7 | O )
e | |Q|r|(a) E H”‘1“7"SgAfll(P’Q)—(P,ﬁ)ll’
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where A ¢ = max{A , A,}, such that
A H ~|| B 2 [CYCYE P B ICYCT i e
| QlF(oc)
mll dzll (In (£ /t,-1))" 191+ (0 ) (In (¢/8,))" | O = o] (0 (7/8,))" [ ] Lol s m] et
| Q[T@+1) Ml a2l T s .
N m | o, | (0 (£,,/t,,-1))" | 2 + A0 ) (In (¢/8,))" | Q] = || (0 (T/2,))° | Q)
2 | Q[T (a+1)
|| | (In (t,/t1)) | = W (0 (T/2,)) | Q"
| QT (@)
Similarly where A g = max{A;, A4},
|®, (p.q) - @, (P, q)“gz <ZAg|(pa) - (B, (49)
P B-1 B B-1 P
N P BRIl 1 (GG o S T GG i P
|69 |s2/T(B)
n“ g (I (8,/1,))F | Q| + An )P (n (¢/£,))7 | 5 - u] (n (T/8,))" | 59 el ]+ ] o]
|s2fr(B+1) e o

A, = n | pots| (in (t,/t,.)

| 59| + > (in (¢/2,)) | 52| - |l (n (T/1,))°

|2

|ﬁQ'F(/3+1)

N A CICTS I lvl(ln(T/f V7 s0

| 2T (8

From (47) and (49), we have
lo(p.a) - @ (73

<Z(Ap+A,)|(pg) -

(51)
(7|,

Therefore, (3) has a unique solution.

Here we use the Krasnoselskii’s fixed point theorem to
show that the operator F + G has at least one fixed point.
Therefore, we choose a closed ball

& ={(p.a) & (P <r [p] <2 and a]

where & = max{3¢,3;, Sf(p, 5/”;, Zn 3}, .Sf%, &7}, which r (52)
implies that the operator @ is contraction due to (44). < E} c@,
O  where
o (s AP ) A P R P R %llw\iﬁﬂzlimll il tnfetsl])

L= (mlast] ] gt m st ] gots]) -

M (C, +cﬁ)
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Theorem 14. If the assumptions (H,) — (Hs) are true and
o) = SUp ik «;’, then (3) has at least one solution.

Proof. For any (p,q) € &,, we have
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+ n(/%} + N "‘1”) “ ﬁ'dZ“

e+ aplal)| gt

(57)
||[F (p.q) + G (p, q)”g Also, we have
<5 (), + IF (@l + 161 (p:9)|
IR Pl + 152 (e, + 16, (e, 0 6, (p.9) (1) (1)
162 ()l 0] 1 1 e d
< a2 i lnE ’ s, p(s),q(s) as
From (37a) and (37b), we get ; I'(a) J't,fl< ) |f( P(s)-4 )| s
E L @) (5 e
Q + In-*
IFop(8) (n 1) < 7”’(”'” '(‘2‘| ©) 2T@ 1) Jr ()
‘ d
16 (D)t ) <|f (s ©.a) <
S| W[ 80 (7 Ty ds
I EACTACE) Tt b (27) Ver©a@lT
Koo ]2
+ ; | o3 (t)| |Ii (p (tz))| (55) TOr@-D
k=1,2,...,m, T/ T\*? d
o) " <J, (03) Gr@.a@
0t (58)
< T My | ()] In 2% ¢t/ el d
0] e NG T ICRIOE
+m (M + N |pl) |y ()] ol
m _ ety (n (6/4))" [ a3 ()]
o (g + i p]) o 0. D e
Taking sup, ;, we get k M ¢ (In(t;/t,,))" | oc‘dé (f)'
/N e ol =
F, (P)“g1 < (p" H + My | o || Ay (In (T /1)) |(xQ(t)'
0 NI (o)
(56) « o+ 1)
+m (M + N ||pl) | o] a-1| =
Wy (In (/1) | L ()|
+m(ﬂf+‘/VT"p“)“ad3" - |“er(“) |(P>q)|
2—a 24
Similarly, we can obtain 4o ? @ _flil)(t/tk)) (p.9)|
M “55" k=1,2,...,m
F. <7 + M| gt
I” (Q)||g2 ' ﬁQ| ¢ " g 1" Taking sup, 7, we obtain
(ln t)Z—a (ln (t/tm))‘X | aQ| +m (1n (tm/tm—l))a “ a‘Q[ZH | (xQ| - |AM| (ln (T/tm))‘x " (xﬁ"
"Gl (p’q)”gl S‘%f |aQ|F(‘X+1)
(59)

00 o)) ol [0 = P (n (7/2,)) " |0

| Q| T (o)

I(p.q)| < C,||(p.q)|
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where
C = (ln t)Z—oc (ln (t/t‘m))‘X | ocQ| +m (1n (tm/tm—l))a “ a‘Q[ZH | (xQ| - |AM| (ln (T/tm))‘x " (xﬁn
« | QT (e +1)
o1 a—1 = (60)
L (0 (t/t ) | 5] | ] = I (0 (T72,,))°7 | 5|
|“Q| I'(x) '
Also where
16, (p.@) Ollg, < -2,Cg (P> )] (61)
o P (n(6/1,)) ] 50] + n(in 6/,2))° | ] | 0] - I U (712,))" | 0
F | s0|T(B+1) o
, (talt-)” | 5] | 2] = 1 (n (T/8,)) | 401
|52 T (B)
Substituting all inequalities from (59) to (61) in (54), we get . n$% " ﬁg@ "> ||q ~ Z]'“ L ( ': agp s @
— — o B
Faeotpan, (. L2
’ B N PO R Y] Hlastil+ [ gt | +ml astall + 0] gt o,
il + | g+ m ] bl + ] gt +m ity +n] ﬁﬂsu) I(p-5.a-3)
(63)
+m s +n| ﬁ%II) + (] st <Z€|(p-pa-a).
h
+n||l;&72“+m||a&i3||+n“ﬁ&i3“)r+ﬂ(Ca whete B B
Ce)ren S i S T IR (Y
2 |50 (65)

where 2 = max{ Ml g, My, My, My M1, My, M, M, M g,
My} and N = max{N}, N}, N, N7} Hence, F(p,q) +
G(p,q) € &,.

Next, forany t € 7, (p,q), (p,q) € &

IF(2.0) - F (5D, <7 (p) - Fi (P)g,

%]
|2

B @-F @l < ( 2, el

e actl + m | ot ||) Ip- 7l

e
(i
e

+ Zy | poti| + 1] s

11| gty | + m || s + n| gty
Therefore, [ is contraction mapping.
Now, we are proving the continuity and compactness of G

and, for this reason, construct a sequence T; = (p,,q,) in &,
such that (p,,q,) — (p,q) for s — oo in &,. Thus, we have

”G (ps’ qs) -G (p’ Q)"g < ”Gl (ps’ qs) - Gl (P’ q)”%l
+ "GZ (ps’ qs) - GZ (p’ Q)"fgz
ey

| QT (e + 1)

1 (10 (T/t,,)"" |3
[Q| T ()
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_ m " zdeH (ln (tm/tmfl))“
T(a+1)

_ m " a‘Q[3 || (ln (tm/tm—l))(x_1
T'(x)

(Int)>* (In (t/t,,))"
T(ax+1)

)M&—n%—@ﬂ

3<Mmmeﬂ
g | ﬁQ| T(B+1)
P (7)) 40
| 6| T (B)
] gt (0 (tat0))
r(B+1)
n gt (n (2t 0)
r(p)

(In0** (in (t/t,))°
r(B+1)

)MR—%%-@W

(66)
This implies |G(p,,q,) — G(p,9le — 0asn — oo;
therefore G is continuous.

Next, we show that G is uniformly bounded on &,. From
(59) and (61), we have

16 (P.q) Olls <61 (p.a) O], + 16 (@) D],
(67)
< (M C+ M, C)r.

Thus, G is uniformly bounded on &,.
For equi-continuity, take 7,,7, € £ with 7, < 7, and for
any (p,q) € &, C &, where &, is clearly bounded, we have

(&1 (p.0) () =G, (p.q) (1)) (tn )]

< My 'ﬁ(rl) - ﬁ(rz)|

_(Iul (In(T/t,))"

IQIT (@ + 1)

7 (n (T/1,,))"" >

QT (a)

_ Yot |‘Qi,2C (1) - ‘Qilzc (Tz)| (In (te/te-r))”
IF'(x+1)

_m;wﬂm—dﬂmummmqw*}

I' ()

1(p.q)|
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[ (2" s s

_ J':Z <ln‘[—sz)oc_1 f(sp(s),q(s) %

(68)

This implies that |G, (p,q)(7;) — Gl(p,q)(rz)||g1 — 0
as 7, — T,. In the same way, we have ||G,(p,q)(t;) —
G,(p, q)(Tz)llg2 — 0as 1, — T1,. Hence |G(p,q)(1,) —
G(p, (1)l — 0as 1, — 1,. Therefore, G is relatively
compact on &,. By Arzeld-Ascoli theorem, G is compact and
hence completely continuous operator, so (3) has at least one
solution. O

4. Ulam Stability Analysis

In this portion, we analyze different kinds of stability like
Hyers-Ulam, generalized Hyers-Ulam, Hyers-Ulam-Ras-
sias, and generalized Hyers-Ulam-Rassias stability of the
proposed system.

Theorem 15. If assumptions (H,) — (H;) and inequality (44)
are satisfied and

— LA, 0, (69)
() - 2A)) (In )2 - ZA,)

then the unique solution of the coupled system (3) is
Hyers-Ulam stable and consequently generalized Hyers-Ulam
stable.

Proof. Let(p,q) € &beanapproximate solution of inequality
(14) and let (p,g) € & be the unique solution of the coupled
system given by

uDpW)=f(tp1®),q(1),
te g, t#t, i=12,...,m,

uDat) =g (Lp®,3(),
te g, t#t, j=12,...,n
Ap(t;) =L (p(t)),
AP (5) =T, (p(t)),

i=12,...,m,
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puln2p (2) + vanﬁ' 2)=¢(p),
up (1) +vp' (T) = ¢ (p),
#ln2g(2)+vIn29 (2) = ¢ (q),

ug (T) +3 (T) = ¢ (q).-

By Remark 10 we have
uDp M) =f(tLp®),.q1)+ Y, O,

te g, t#t, i=12,...,m,

Ap(t) =L (p(t)) + Yy,
Ap'(t) =L (p(t)) +Yy,

uDPqt) = g(tpt),q(®)+Y, ),
te g, t#t, j=12,...,

Aq(t;) =1I;(q(t))) +Y,,

i=12...,
Therefore, the solution of problem (71) is

(nt)*? Q@) ¢(p)

p) = a

o

k
+> (In)*? 5 @) (L(p (1) +Y)

in1
k

+Y oty 2 oot () (I (p (1)) + Y,
in1

_ E(Int)*? o (t
+(1nt)a2a*971(t)¢( +;(n)r((x) (t)

t a1
' L,l (hl%) (f (s,p(5),q(s)) + Y, (s)) %

E(Int)*? Lo (t)
" ; T(a—1)

i-1

_v(Inp)*? O)
L (a—-1)

T a2
. L <ln€> (f(50(9).9(5) + Y, (9) %

=

t; N2
.L (m%) (f(s,p(s),q(s))+Yf(s))%

(70)

q(t) =

15

G ielU)

O (@)

T a1
| (02) (F6p©.a0) + 1) 2

1

+ —_—
I'(x)

t a—1
() p©a@) +r0) &

k=1,2,...,m,
(Int)? ;01 ¢ (q)
ﬁQ

k . ~
+ Y (Y2 pat] (1) (Ij (a(t;)) +ng)

j=1

k .
+ Y Ity gt (1) (Ij (a(t))) +ng)

j=1

k (Int)?2 o] (1)
(002 g, (1) q)+z 2 (ﬁ

tj B-1
.L l<lns> (Q(S,P(s),q(s))+yg(s))%

. E (Int)*? gof} (1)
j=1 r (ﬁ - 1)

t; £\ P2
[ (6 o

v(Int)*? ;0(1)
gL (B-1)

T p-2
. L <ln€> (9(50(),9(5)) +Y, () %

a0
$OT (B)

NGO

I (p)

—1

(g (s p(s),q()) +Y, (s)) %

t p-1
. L 1n§> (9(s0(),9()) +Y, () %
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We consider

|8®)| e (p) - (p)

s a—2
[(p ()= p(1) In)*?| < o

+ 3 |t O (P () - T (P ()]

+ Z ' o) (t)| L (p (1) = L (P (8))] + | at; (B)]

@ -p@)+ 3 =20

5 '
t; ti a—-1
J (1)
_ R ds
Af (52 ),99) = f(s P36 —
oty (1) £\*
z —1)J (n?>
_ R ds
Af (6P $,49) = f (5,30 —
M0 (T, T\
T T@-1) L <ln?>
Nf (5 p(9,90) - f(p(),3()|
i | @) (T, Ty
" T.QT (@ Lk <ln?>
Af (s p(9),96)) - f (52 (), 3())| +

NG

k

(ln >«
T'(@)

1 (62 9a6) - £ (556,36 2

k ) k )
# 2 Jats O] + 2 [ast> O] |
i=1 i=1

GOk

. o3 ()| [t t; a2 d
SO () o

|V|'aﬁ(t)' T, a2 5
“Tartaon ), (m5) el
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O a-1 2-a
L [ D) s
INCIRTE
(73)
As in Theorem 13, we get
lp = Blle, < ZA1 )™ p - b,
+ LA, () lg - qllg, (74)

+[Ay +m| oy + m|| 5] 00
la-al, < %Ay’ F | p- Bl
+ LA, 0ty P lq-ql, (75)

+[Aa e n] g+ 3] o
From (74) and (75) we have

ZA,

lp - pll, - W

lg - dlls,
s em|ady| +ml o]
1-ZA, (Int)*™

LA,
(Int)F2 - 2A,

(76)

la-all, - lp Pl

_Aarn| gt +n] o]
T 1-ZA,(Int)*F

>

respectively. Let &, = (A, + m| ,|l + m| <;])/(1 -
gAI(lnt)z_“) and ?ﬁ = (A4 + | ﬁedz“ + 7 ﬁd3”)/(1 -
ZA4(In t)z_ﬁ ). Then the last two inequalities can be written
in matrix form as

_ ZA, R
(nty2—2A, | [lp-Pls, ]
R — 1 la - alls,
(Int)?2 - ZA,
[?aga]
< ,
o (77)
_ 77
[Ilp ~ Plle, ]
la—dls,
1 ZA,
< F ((ln t)a72 - fZAl) F ?aga
- ZLA 4 1 4 0 >
572 - ﬂ ﬁ
(n6)*? - 2AL) F F
where
ZPALA
F=1- >0. (78)

(n)*? = ZA,) ((In)F? - 2A;)
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From system (77) we have

_ G 04 LN, 9508
- < + S
g PA,E 79)
PN Y ala
la-al,, < —2* 17a8

Froo(nof 2 - 2a5) F
which implies that

lp=Bls, +lla-ale,

cYuta  Gpl,  TDTpg
TOF Froo ()2 -2A)F  (80)
3A4?“Q(X

’ () - 2A5) F

If max{g,, gg} = ¢ and G,/ F +Z5/ F +LN,%/((Int)** -
LN F+LN G )(Int)f? - LA F= G, p> then
I(p.q) = (D¢ < Zape- (81)
This shows that system (3) is Hyers-Ulam stable. Also, if
I(p.a) = (.)]s < Fup® o) (82)

with ®(0) = 0, then the solution of system (3) is generalized
Hyers—Ulam stable. O

For the upcoming result, we suppose the following:

(Hg) There exist two nondecreasing functions w,, wg €
(7, %) such that

uSw, (t) < Z,w, (1),
1S wg (1) < Zgw5 (1) (83)

where ZM,ZI; > 0.

Theorem 16. If assumptions (H,) — (H;) and (Hq) and

inequality (44) are satisfied and

=1- LA, >0, (84)
()" - 2A,) (In )2 - ZA5)

then the unique solution of the coupled system (3) is Hy-
ers-Ulam-Rassias stable and consequently generalized Hy-
ers-Ulam-Rassias stable.

Proof. By using Definitions 9 and 8, we can gain our result to
perform the same steps as in Theorem 15. O

5. Example

To testify our results established in the previous section, we
provide an adequate problem.

17
Example 1. Consider
2 .
D (6) = > +sin (|p (t)]) + cos (|q (t)|),
50
5
t € j, t # Ea
32 - 14@]+ cos ([p (1)) 7
10
In2p(2) -In2p' 2) = Y p (),
i=1
10
In29(2) - In2q ) = Yhq(n;).
=1
2<n¢ <3, b >0
, 10
ple)—p (e) = ZK’;’P (), (85)

i=1
, 10
q@ -4 @ =Ypan),
j=1
2<;1j,(§j<3pj>0,

lp(5/2)|
75+ |p(5/2)|

22 (3)=1(r(3))
lp (5/2)]

8 (5)=1(r(3) - B+1pG/)
)

lq(7/3)]
75+|q(7/3)’

(7N 7 (7/3)
Aq <§> =1 <q(§> - 25I3 |q(7/|3)|'
In system (85), we see that « = = 3/2 and ¢(p) =
Y Bl o(p) = Y8 il p@)l @) = T2, Bjlan)l,
and ¢(q) 2}21 pjlq(nj)l, where Zilfl h; < 1/25 and

Y10 g < 1/75.
Fort e 7 =(2,e],and (p,q), (p,q) € &, we gain

lf (p®).q®) - fF(EP®),5®)]
1 -
< 5 l(pa) - (),
86)
lg(t.p().q®) - g(tp(®),3(1)]

1 ~
< — - )
From this we get L= 1/50 and Ly = 1/75. Also,

H(p®)-1(p®)| < % I(p =PI

7(p®)-T(@)| < = (- B
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6(r®) -6 (GO) < 52 (- P

lo(p ) -9 (p®)| < % I(p-p).
(87)

From this we get that Z; = 3} =1/75, %5 = 3% = 1/25,
Ly =1/25,2, = 1/75, 2;5 = 1/25, g; = 1/75,and m =
n = 1. Finding A, = 0.51282, A, = 0.18059, A; = 0.12899,
and A = 0.46122, it is clear that A ; = 0.51282and A, =
0.46122. By the help of Theorem 13, the following inequality
is true

1
Af+Ag<§’ (88)

and hence (85) has a unique solution. Also,
FPALA,
(In)*? - ZA,) ((Int)? - 2A;) (89)

=~ 0.02280 > 0,

and hence by Theorem15 the coupled system (85) is
Hyers—Ulam stable and thus generalized Hyers—Ulam stable.
Similarly, we can verify the condition of Theorems 16 and 14.

6. Conclusion

In this manuscript, we used the Arzeld-Ascoli theorem,
Banach contraction principle, and Krasnoselskii’s fixed point
theorem to achieve the necessary criteria for the existence
and uniqueness of the solution of considered switched cou-
pled impulsive fractional differential systems given in (3).
Similarly, under particular assumptions and conditions, we
have established the Hyers—Ulam stability results of different
kinds for the solution of the considered problem in (3). From
the obtained results, we conclude that such a method is very
powerful, effectual, and suitable for the solution of nonlinear
fractional differential equations.
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