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Abstract In this article, we construct the diquark–diquark–
antiquark type interpolating currents, and we study the
masses and pole residues of the J P = 3

2
−

and 5
2
+

hidden
charm pentaquark states in detail with the QCD sum rules
by calculating the contributions of the vacuum condensates
up to dimension-10 in the operator product expansion. In

the calculations, we use the formula μ =
√
M2

Pc
− (2Mc)2

to determine the energy scales of the QCD spectral densi-
ties. The present predictions favor assigning Pc(4380) and
Pc(4450) to be the 3

2
−

and 5
2
+

pentaquark states, respectively.

1 Introduction

In 1964, Gell-Mann suggested that multiquark states beyond
the minimal quark contents qq̄ and qqq maybe exist [1]; a
quantitative model for the tetraquark states with the quark
contents qqq̄q̄ was developed by Jaffe using the MIT bag
model in 1976 [2]. Later, the five-quark baryons with the
quark contents qqqqq̄ were developed [3], while the name
pentaquark was introduced by Lipkin [4]. QCD allows the
existence of multiquark states and hybrid states which con-
tain not only quarks but also gluonic degrees of freedom.
We can construct the tetraquark states and pentaquark states
according to the diquark–antidiquark model and diquark–
diquark–antiquark model, respectively [5–7]. In the light
quark sector, the nature of the scalar mesons below 1 GeV is
under controversy [8], although those light tetraquark states
are not ruled out in the Nc limit [9]. In the heavy quark sector,
several X ,Y , and Z mesons are observed, such as Zc(3900)±,
Zc(4020/4025)±, Z(4430)±, the net charge indicates that
their constituents are cc̄ud̄ or cc̄dū; for a recent review of
both the experimental and the theoretical aspects, one may
consult Ref. [10]. Some X , Y , and Z mesons are assigned
tentatively to be tetraquark states, irrespective of the diquark–
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antidiquark type or the meson–meson type. The two heavy
quarks play an important role in stabilizing the multiquark
systems, just as in the case of the (μ−e+)(μ+e−) molecule
in QED [11]. The spatial separation between the diquark and
antidiquark in the tetraquark states [11,12] (or meson and
meson in the molecular states [13–15]) may lead to small
decay widths. We can study the decay patterns by performing
the Fierz re-arrangements non-relativistically in the Pauli-
spinor space [12–15] or relativistically in the Dirac-spinor
space [16–19].

Recently, the LHCb collaboration observed two exotic
structures (Pc(4380) and Pc(4450)) in the J/ψp mass spec-
trum in the �0

b → J/ψK− p decays, which are referred to
as charmonium-pentaquark states now [20]. Pc(4380) has a
mass of 4380±8±29 MeV and a width of 205±18±86 MeV,
while Pc(4450) has a mass of 4449.8±1.7±2.5 MeV and a
width of 39±5±19 MeV. The preferred spin–parity assign-
ments of Pc(4380) and Pc(4450) are J P = 3

2
−

and 5
2
+

,
respectively. The significance of each of the two resonances
is more than 9 σ [20]. The Pc(4380) and Pc(4450) have
attracted much attention of theoretical physicists, and several
attempted assignments are suggested, such as �c D̄∗, �∗

c D̄
∗,

χc1 p molecular pentaquark states [21–25] (or not the molec-
ular pentaquark states [26]), the diquark–diquark–antiquark
type pentaquark states [27–29], the diquark–triquark type
pentaquark states [30], re-scattering effects [31–33], etc. We
can test their resonant nature by using photoproduction off a
proton target [34–36].

The quarks have color SU (3) symmetry, we can con-
struct the pentaquark states according to the routine quark →
diquark → pentaquark,

(3 ⊗ 3) ⊗ (3 ⊗ 3) ⊗ 3 = (3 ⊕ 6) ⊗ (3 ⊕ 6) ⊗ 3

= 3 ⊗ 3 ⊗ 3 ⊕ · · · = 1 ⊕ · · · , (1)

or we construct the molecular pentaquark states according
to the routine quark → meson and baryon → molecular
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pentaquark state,

(3 ⊗ 3) ⊗ (3 ⊗ 3 ⊗ 3) = (1 ⊕ 8) ⊗ (1 ⊕ · · · )
= (1 ⊗ 1) ⊕ · · · = 1 ⊕ · · · , (2)

where the 1, 3 (3), 6, and 8 denote the color singlet, triplet
(antitriplet), sextet, and octet, respectively. In the diquark
model, the pentaquark states consist of two diquarks and
an antiquark, which are colored constituents; it is easy to
form compact bound states due to the strong attractions at
long distance. In the meson–baryon model, the molecular
pentaquark states consist of a colorless meson and a col-
orless baryon, and attractions induced by exchanges of the
intermediate mesons (Yukawa-like potentials) are needed to
form loose bound states. In this article, we take the Pc(4380)

and Pc(4450) as the diquark–diquark–antiquark type pen-
taquark states, construct the interpolating currents consist of
five quarks according to Eq. (1), and study their masses and
pole residues with the QCD sum rules.

In previous work, we described the hidden charm (or bot-
tom) four-quark systems qq̄ ′QQ̄ by a double-well potential
[16–19,37–39]. In the four-quark system qq̄ ′QQ̄, the Q-
quark serves as a static well potential and combines with
the light quark q to form a heavy diquark Di

qQ in a color
antitriplet [16–19],

q + Q → Di
qQ, (3)

or it combines with the light antiquark q̄ ′ to form a heavy
meson in a color singlet (meson-like state in a color octet)
[37–39],

q̄ ′ + Q → q̄ ′Q (q̄ ′λaQ), (4)

the Q̄-quark serves as another static well potential and com-
bines with the light antiquark q̄ ′ to form a heavy antidiquark
Di

q̄ ′ Q̄ in a color triplet [16–19],

q̄ ′ + Q̄ → Di
q̄ ′ Q̄, (5)

or it combines with the light quark q to form a heavy meson
in a color singlet (meson-like state in a color octet) [37–39],

q + Q̄ → Q̄q (Q̄λaq), (6)

where i is the color index and λa is a Gell-Mann matrix. Then

Di
qQ + Di

q̄ ′ Q̄ → compact tetraquark states,

q̄ ′Q + Q̄q → loose molecular states,

q̄ ′λaQ + Q̄λaq → molecule-like states, (7)

the two heavy quarks Q and Q̄ stabilize the four-quark
systems qq̄ ′QQ̄, just as in the case of the (μ−e+)(μ+e−)

molecule in QED [11].
The hidden charm (or bottom) five-quark systems qq1q2Q

Q̄ can also be described by a double-well potential by using

the replacement

q1 + q2 + Q̄ → D j
q1q2 (q̄ ′) + Q̄k → T i

q1q2 (q̄ ′)Q̄, (8)

just like the four-quark systems qq̄ ′QQ̄ [16–19,37,38],
where T i

q1q2 Q̄
denotes the heavy triquark in a color triplet, the

q̄ ′ in the bracket denotes that D j
q1q2 is in a color antitriplet,

just like the q̄ ′ j . In the heavy quark limit, the Q-quark (Q̄-
quark) can be taken as a static well potential, the diquark
D j

q1q2 and quark q lie in the two wells, respectively.
The QCD sum rules have been applied extensively to

study the hidden charm (bottom) tetraquark states [40–45],
however, the energy-scale dependence of the QCD spectral
densities is not studied. In previous work, we studied the
acceptable energy scales of the QCD spectral densities for
the hidden charm (bottom) tetraquark states and molecular
(and molecule-like) states in the QCD sum rules in detail
for the first time [16–19,37–39,46–48], and suggested the
formula

μ =
√
M2

X/Y/Z − (2MQ)2 (9)

to determine the energy scales based on the analysis in Eqs.
(3), (4), (5), (6), and (7), where X , Y , and Z denote the four-
quark systems, and theMQ denotes the effective heavy quark
masses [16–19,37–39]. The energy-scale formula works well
for all the tetraquark states, molecular states, and molecule-
like states.

In the non-relativistic quark model, the heavy quarks
have finite masses, which quantitatively affect the spin–spin
interactions between the quarks within one diquark or in
two different diquarks [12]. In the QCD sum rules, the net
effects of the different dynamics are embodied in the effec-
tive massesMc andMb, respectively; for example, Zc(3900)

and Zb(10610) can be tentatively assigned to be the J PC =
1+− tetraquark states with the symbolic quark structures
[cu]S=0[c̄d̄]S=1−[cu]S=1[c̄d̄]S=0√

2
and [bu]S=0[b̄d̄]S=1−[bu]S=1[b̄d̄]S=0√

2
,

respectively, where the subscript S denotes the spin. The opti-
mal energy scales of their QCD spectral densities are quite
different, μZc(3900) = 1.5 GeV and μZb(10610) = 2.7 GeV
[16–19,46], although they are cousins. Meanwhile, in the
heavy quark limit mQ → ∞, we naively expect that the two
energy scales μZc(3900) and μZb(10610) coincide. In this work,
we extend the energy-scale formula to study the diquark–
diquark–antiquark type pentaquark states, and we try to
assign Pc(4380) and Pc(4450) to be the 3

2
−

and 5
2
+

pen-
taquark states, respectively.

The article is arranged as follows: we derive the QCD
sum rules for the masses and pole residues of Pc(4380) and
Pc(4450) in Sect. 2; in Sect. 3, we present the numerical
results and discussions; Sect. 4 is reserved for our conclu-
sions.
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2 QCD sum rules for Pc(4380) and Pc(4450)

In the following, we write down the two-point correlation
functions �μν(p) and �μναβ(p) in the QCD sum rules,

�μν(p) = i
∫

d4xeip·x 〈0|T {Jμ(x) J̄ν(0)}|0〉, (10)

�μναβ(p) = i
∫

d4xeip·x 〈0|T {Jμν(x) J̄αβ(0)}|0〉, (11)

where

Jμ(x) = εilaεi jkεlmnuTj (x)Cγ5dk(x) u
T
m(x)

×Cγμcn(x)Cc̄Ta (x), (12)

Jμν(x) = 1√
2
εilaεi jkεlmnuTj (x)Cγ5dk(x)

×
[
uTm(x)Cγμcn(x) γνCc̄Ta (x) + uTm(x)

× Cγνcn(x) γμCc̄Ta (x)
]
, (13)

i , j , k, . . . are color indices, and C is the charge conjugation
matrix. The diquarks qTj C�q ′

k have five structures in Dirac-
spinor space, where C� = Cγ5, C , Cγμγ5, Cγμ, and Cσμν

for the scalar, pseudoscalar, vector, axial-vector, and ten-
sor diquarks, respectively. The structures Cγμ and Cσμν are
symmetric, while the structures Cγ5, C , and Cγμγ5 are anti-
symmetric. The scattering amplitude for one-gluon exchange
is proportional to
(

λa

2

)

ki

(
λa

2

)

l j
= −1

3
(δ jkδil − δikδ jl)

+1

6
(δ jkδil + δikδ jl), (14)

where i, j and k, l are the color indices of the two quarks
in the incoming and outgoing channels, respectively. The
negative sign in front of the antisymmetric antitriplet indi-
cates that the interaction is attractive, while the positive sign
in front of the symmetric sextet indicates the interaction is
repulsive. The attractive interactions of one-gluon exchange
favor the formation of the diquarks in a color antitriplet 3c,
flavor antitriplet 3 f , and spin singlet 1s [49,50], while the
favored configurations are the scalar (Cγ5) and axial-vector
(Cγμ) diquark states [51–53]. The calculations based on the
QCD sum rules indicate that the heavy-light scalar and axial-
vector diquark states have almost degenerate masses [51,52],
while the masses of the light axial-vector diquark states lie
(150–200) MeV above that of the light scalar diquark states
[53], if they have the same quark constituents. In this arti-
cle, we choose the light scalar diquark and heavy axial-
vector diquark as basic constituents, and construct the scalar
diquark–axial-vector diquark–antiquark type currents Jμ(x)

and Jμν with the spin–parity 3
2
−

and 5
2
+

, respectively, to
interpolate the pentaquark states Pc(4380) and Pc(4450),
respectively; see Eqs. (3) and (8).

In fact, we can also construct the axial-vector diquark–
scalar diquark–antiquark type current ημ(x) and the axial-
vector diquark–axial-vector diquark–antiquark type current
ημν(x),

ημ(x) = εilaεi jkεlmn

√
3

[
uTj (x)Cγμuk(x)d

T
m (x)Cγ5cn(x)

+2uTj (x)Cγμdk(x)u
T
m(x)Cγ5cn(x)

]
Cc̄Ta (x),

ημν(x) = εilaεi jkεlmn

√
6

[
uTj (x)Cγμuk(x)d

T
m (x)Cγνcn(x)

+2uTj (x)Cγμdk(x)u
T
m(x)Cγνcn(x)

]
γ5Cc̄Ta (x)

+ (μ ↔ ν) , (15)

to study the spin–parity 3
2
−

and 5
2
+

pentaquark states, respec-
tively. As the masses of the light axial-vector diquark states
lie (150–200) MeV above that of the corresponding light
scalar diquark states [53]. The currents ημ(x) and ημν(x)
are supposed to couple to the pentaquark states with larger
masses compared to the currents Jμ(x) and Jμν(x), respec-
tively.

The �0
b can be well interpolated by the current J (x) =

εi jkuTi (x)Cγ5d j (x)bk(x) [54], the u and d quarks in the �0
b

form a scalar diquark [ud] in color antitriplet, the decays
�0

b → J/ψpK− take place through the mechanism,

�0
b([ud]b) → [ud]cc̄s → [ud]cc̄uūs

→ P+
c ([ud][uc]c̄)K−(ūs) → J/ψpK−,

(16)

at the quark level. In the decays P+
c ([ud][uc]c̄) → J/ψp,

the scalar diquark [ud] survives in the decays, the decays are
greatly facilitated. On the other hand, if there exists a light
axial-vector diquark [ud], which has to dissolve to form a
scalar diquark [ud], the decays are not facilitated.

The currents Jμ(0) and Jμν(0) couple potentially to 1
2
+

,
3
2
−
, and 1

2
+

, 3
2
−

, 5
2
+

hidden charm pentaquark states P+
1
2

,

P−
3
2

, and P+
1
2

, P−
3
2

, P+
5
2

, respectively,

〈
0|Jμ(0)|P+

1
2

(p)

〉
= f +

1
2
pμU

+(p, s),

〈
0|Jμ(0)|P−

3
2

(p)

〉
= λ−

3
2
U−

μ (p, s), (17)

〈
0|Jμν(0)|P+

1
2

(p)

〉
= g+

1
2
pμ pνU

+(p, s),

〈
0|Jμν(0)|P−

3
2

(p)

〉
= f −

3
2

[
pμU

−
ν (p, s) + pνU

−
μ (p, s)

]
,

〈
0|Jμν(0)|P+

5
2

(p)

〉
= λ+

5
2
U+

μν(p, s), (18)

the spinors U±(p, s) satisfy the Dirac equations ( � p −
M±)U±(p) = 0, while the spinors U±

μ (p, s) and U±
μν(p, s)

123
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satisfy the Rarita–Schwinger equations ( �p−M±)U±
μ (p) = 0

and ( �p− M±)U±
μν(p) = 0, and the relations γ μU±

μ (p, s) =
0, pμU±

μ (p, s) = 0, γ μU±
μν(p, s) = 0, pμU±

μν(p, s) = 0,
andU±

μν(p, s) = U±
νμ(p, s), respectively. On the other hand,

the currents Jμ(0) and Jμν(0) also couple potentially to the
1
2
−

, 3
2
+
, and 1

2
−

, 3
2
+

, 5
2
−

hidden charm pentaquark states
P−

1
2

, P+
3
2

, P−
1
2

, P+
3
2

, and P−
5
2

, respectively,

〈
0|Jμ(0)|P−

1
2

(p)

〉
= f −

1
2
pμiγ5U

−(p, s),

〈
0|Jμ(0)|P+

3
2

(p)

〉
= λ+

3
2
iγ5U

+
μ (p, s), (19)

〈
0|Jμν(0)|P−

1
2

(p)

〉
= g−

1
2
pμ pν iγ5U

−(p, s),

〈
0|Jμν(0)|P+

3
2

(p)

〉
= f +

3
2
iγ5

[
pμU

+
ν (p, s) + pνU

+
μ (p, s)

]
,

〈
0|Jμν(0)|P−

5
2

(p)

〉
= λ−

5
2
iγ5U

−
μν(p, s), (20)

the spinors U−
μ (p, s) and U+

μ (p, s) (U−
μν(p, s) and

U+
μν(p, s)) have analogous properties, and the pole residues

obey λ±
3
2 / 5

2
�= 0, f ±

1
2 / 3

2
�= 0, and g±

1
2

�= 0.

We insert a complete set of intermediate pentaquark states
with the same quantum numbers as the current operators
Jμ(x), iγ5 Jμ(x), Jμν(x), and iγ5 Jμν(x) into the correlation
functions �μν(p) and �μναβ(p) to obtain the hadronic rep-
resentation [55,56]. After isolating the pole terms of the low-
est states of the hidden charm pentaquark states, we obtain
the following results:

�μν(p) = λ−
3
2

2 � p + M−
M2− − p2

(
− gμν + γμγν

3
+ 2pμ pν

3p2

− pμγν − pνγμ

3
√
p2

)

+λ+
3
2

2 � p − M+
M2+ − p2

(
− gμν + γμγν

3
+ 2pμ pν

3p2

− pμγν − pνγμ

3
√
p2

)

+ f +
1
2

2 � p + M+
M2+ − p2

pμ pν + f −
1
2

2 � p − M−
M2− − p2

pμ pν + · · · ,

(21)

�μναβ(p) = λ+
5
2

2 � p + M+
M2+ − p2

[
g̃μα g̃νβ + g̃μβ g̃να

2
− g̃μν g̃αβ

5

− 1

10

(
γμγα + γμ pα − γα pμ√

p2
− pμ pα

p2

)
g̃νβ

− 1

10

(
γνγα + γν pα − γα pν√

p2
− pν pα

p2

)
g̃μβ + · · ·

]

+ λ−
5
2

2 � p − M−
M2− − p2

[
g̃μα g̃νβ + g̃μβ g̃να

2
− g̃μν g̃αβ

5

− 1

10

(
γμγα + γμ pα − γα pμ√

p2
− pμ pα

p2

)
g̃νβ

− 1

10

(
γνγα + γν pα − γα pν√

p2
− pν pα

p2

)
g̃μβ + · · ·

]

+ f −
3
2

2 � p + M−
M2− − p2

[
pμ pα

(
− gνβ + γνγβ

3

+2pν pβ

3p2 − pνγβ − pβγν

3
√
p2

)
+ · · ·

]

+ f +
3
2

2 � p − M+
M2+ − p2

[
pμ pα

(
− gνβ + γνγβ

3

+2pν pβ

3p2 − pνγβ − pβγν

3
√
p2

)
+ · · ·

]

+g+
1
2

2 � p + M+
M2+ − p2

pμ pν pα pβ

+g−
1
2

2 � p − M−
M2− − p2

pμ pν pα pβ + · · · , (22)

where g̃μν = gμν− pμ pν

p2 , the M± are the masses of the lowest

pentaquark states with the parity ±, respectively, and λ±
3
2 / 5

2
,

f ±
1
2 / 3

2
, and g±

1
2

are the corresponding pole residues. In the

calculations, we have used the following summations [57]:
∑
s

UμUν = (� p + M±)

×
(
−gμν + γμγν

3
+ 2pμ pν

3p2 − pμγν − pνγμ

3
√
p2

)
,

(23)

∑
s

UμνUαβ = (� p + M±)

{
g̃μα g̃νβ + g̃μβ g̃να

2
− g̃μν g̃αβ

5

− 1

10

(
γμγα + γμ pα − γα pμ√

p2
− pμ pα

p2

)
g̃νβ

− 1

10

(
γνγα + γν pα − γα pν√

p2
− pν pα

p2

)
g̃μβ

− 1

10

(
γμγβ + γμ pβ − γβ pμ√

p2
− pμ pβ

p2

)
g̃να

− 1

10

(
γνγβ + γν pβ − γβ pν√

p2
− pν pβ

p2

)
g̃μα

}
,

(24)

and p2 = M2± on the mass-shell.
We can rewrite the correlation functions �μν(p) and

�μναβ(p) into the following form according to Lorentz
covariance:

�μν(p) = � 3
2
(p2)

(−gμν

) + �1
3
2
(p2) γμγν

+�2
3
2
(p2)

(
pμγν − pνγμ

) + � 1
2 , 3

2
(p2) pμ pν,

(25)
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�μναβ(p) = � 5
2
(p2)

gμαgνβ + gμβgνα

2
+ �1

5
2
(p2) gμνgαβ

+�2
5
2
(p2)

(
gμν pα pβ + gαβ pμ pν

)

+�3
5
2
(p2)

(
gμαγνγβ + gμβγνγα

+gναγμγβ + gνβγμγα

)

+�4
5
2
(p2)

[
gνβ

(
γμ pα − γα pμ

)

+gνα

(
γμ pβ − γβ pμ

)

+gμβ (γν pα − γα pν) + gμα

(
γν pβ − γβ pν

)]

+�1
3
2 , 5

2
(p2)

(
gμα pν pβ + gμβ pν pα

+gνα pμ pβ + gνβ pμ pα

)

+�2
3
2 , 5

2
(p2)

(
γμγα pν pβ

+γμγβ pν pα + γνγα pμ pβ + γνγβ pμ pα

)

+�3
3
2 , 5

2
(p2)

[(
γμ pα − γα pμ

)
pν pβ

+ (
γμ pβ − γβ pμ

)
pν pα + (γν pα − γα pν) pμ pβ

+ (
γν pβ − γβ pν

)
pμ pα

]

+� 1
2 , 3

2 , 5
2
(p2) pμ pν pα pβ, (26)

the subscripts 1
2 , 3

2 , and 5
2 in the components � 3

2
(p2),

�1
3
2
(p2), �2

3
2
(p2), � 1

2 , 3
2
(p2), � 5

2
(p2), �1

5
2
(p2), �2

5
2
(p2),

�3
5
2
(p2), �4

5
2
(p2), �1

3
2 , 5

2
(p2), �2

3
2 , 5

2
(p2), �3

3
2 , 5

2
(p2), and

� 1
2 , 3

2 , 5
2
(p2) denote the spins of the pentaquark states, which

means that the pentaquark states with J = 1
2 , 3

2 , and 5
2

have contributions. The components � 1
2 , 3

2
(p2), �1

3
2 , 5

2
(p2),

�2
3
2 , 5

2
(p2), �3

3
2 , 5

2
(p2), and � 1

2 , 3
2 , 5

2
(p2) receive contribu-

tions from more than one pentaquark state, so they can be
neglected. We can rewrite γμγν = gμν − iσμν ; then the com-
ponents �1

3
2
(p2), �2

3
2
(p2), �3

5
2
(p2), and �4

5
2
(p2) are asso-

ciated with tensor structures which are antisymmetric in the
Lorentz indices μ, ν, α or β. In the calculations, we observe
that such antisymmetric properties lead to smaller intervals
of dimensions of the vacuum condensates, and therefore
worse QCD sum rules, so the components �1

3
2
(p2), �2

3
2
(p2),

�3
5
2
(p2), and �4

5
2
(p2) can also be neglected. If we take the

replacement Jμν(x) → Ĵμν(x) = Jμν(x) − 1
4gμν Jαα(x) to

subtract the contributions of the J = 1
2 pentaquark states,

a lot of terms ∝ gμν , gαβ disappear at the QCD side, and
this results in smaller intervals of the dimensions of the vac-
uum condensates, so the components �1

5
2
(p2) and �2

5
2
(p2)

are not the optimal choices to study the J = 5
2 pentaquark

states. Now only the components � 3
2
(p2) and � 5

2
(p2) are

left. The present conclusion is tentative, we can obtain a defi-
nite conclusion by obtaining the QCD sum rules based on the
components �1

3
2
(p2), �2

3
2
(p2), �1

5
2
(p2), �2

5
2
(p2), �3

5
2
(p2),

and �4
5
2
(p2). In this article, we choose the tensor structures

gμν and gμαgνβ + gμβgνα for analysis, thus we separate the

contributions of the 3
2
±

and 5
2
±

pentaquark states unambigu-
ously, and tentatively assign Pc(4380) and Pc(4450) to be
the 3

2
−

and 5
2
+

pentaquark states, respectively.
The current Jμ(x) has non-vanishing couplings with the

scattering states pJ/ψ , �+
c D̄

∗0, pχc1 etc. In the following,
we illustrate how to take into account the contributions of the
intermediate baryon–meson loops to the correlation function
�μν(p),

�μν(p)

= 1

� p − M̂− − �−
pJ/ψ (p) − �−

�+
c D̄∗0 (p) − �−

pχc1 (p) + · · · λ−
3
2

2
gμν

+ iγ5
1

� p − M̂+ − �+
pJ/ψ (p) − �+

�+
c D̄∗0 (p) − �+

pχc1 (p) + · · ·
× iγ5 λ+

3
2

2
gμν + · · · , (27)

where λ±
3
2

and M̂± are bare quantities to absorb the diver-

gences in the self-energies�±
pJ/ψ(p),�±

�+
c D̄∗0(p),�

±
pχc1

(p),

etc. The renormalized self-energies contribute a finite imag-
inary part to modify the dispersion relation,

�μν(p) = � p + M−
p2 − M2− + i

√
p2�−(p2)

λ−
3
2

2
gμν

+ � p − M+
p2 − M2+ + i

√
p2�+(p2)

λ+
3
2

2
gμν · · · . (28)

If we assign the Pc(4380) to be the J P = 3
2
−

pentaquark
state, the width obeys �−(p2 = M2−) = �Pc(4380) =
205 ± 18 ± 86 MeV, which is much smaller than the width
of Zc(4200), �Zc(4200) = 370+70

−70
+70
−132 MeV. In Ref. [39], we

observe that the finite width (even as large as 400 MeV) effect
can be absorbed into the pole residue λZc(4200) safely, the
intermediate meson loops cannot affect the mass MZc(4200)

significantly, so the zero width approximation in the hadronic
spectral density works. The contributions of the intermediate
baryon–meson loops to the correlation function �μναβ(p)
can be studied analogously, furthermore, the width �Pc(4450)

is much smaller than the width �Pc(4380). In this article, we
take the zero width approximation, which will not impair the
predictive ability significantly.

Now we obtain the spectral densities at the phenomeno-
logical side through the dispersion relation,

Im� 3
2
(s)

π
= � p

[
λ−

3
2

2
δ
(
s − M2−

)
+ λ+

3
2

2
δ
(
s − M2+

)]

+
[
M−λ−

3
2

2
δ
(
s−M2−

)
−M+λ+

3
2

2
δ
(
s−M2+

)]
,

= � p ρ1
3
2 ,H

(s) + ρ0
3
2 ,H

(s), (29)

Im� 5
2
(s)

π
= � p

[
λ+

5
2

2
δ
(
s − M2+

)
+ λ−

5
2

2
δ
(
s − M2−

)]
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+
[
M+λ+

5
2

2
δ
(
s − M2+

)
− M−λ−

5
2

2
δ
(
s − M2−

)]
,

= � p ρ1
5
2 ,H

(s) + ρ0
5
2 ,H

(s), (30)

where the subscript H denotes the hadron side, then we intro-

duce the weight function exp
(
− s

T 2

)
to obtain the QCD sum

rules at the phenomenological side (or the hadron side),
∫ s0

4m2
c

ds
[√

sρ1
3
2 ,H

(s) + ρ0
3
2 ,H

(s)
]

exp
(
− s

T 2

)

= 2M−λ−
3
2

2
exp

(
−M2−

T 2

)
, (31)

∫ s0

4m2
c

ds
[√

sρ1
3
2 ,H

(s) − ρ0
3
2 ,H

(s)
]

exp
(
− s

T 2

)

= 2M+λ+
3
2

2
exp

(
−M2+

T 2

)
, (32)

∫ s0

4m2
c

ds

[√
sρ1

5
2 ,H

(s) + ρ0
5
2 ,H

(s)

]
exp

(
− s

T 2

)

= 2M+λ+
5
2

2
exp

(
−M2+

T 2

)
, (33)

∫ s0

4m2
c

ds

[√
sρ1

5
2 ,H

(s) − ρ0
5
2 ,H

(s)

]
exp

(
− s

T 2

)

= 2M−λ−
5
2

2
exp

(
−M2−

T 2

)
, (34)

where the s0 are the continuum threshold parameters and the
T 2 are the Borel parameters. We separate the contributions of
the negative parity pentaquark states from that of the positive
parity pentaquark states unambiguously.

In the following, we briefly outline the operator prod-
uct expansion for the correlation functions �μν(p) and
�μναβ(p) in perturbative QCD. We contract the u, d, and
c quark fields in the correlation functions �μν(p) and
�μναβ(p) with the Wick theorem, and obtain the results:

�μν(p) = i εilaεi jkεlmnεi
′l ′a′

εi
′ j ′k′

εl
′m′n′

∫
d4xeip·x

×
{

Tr
[
γ5Dkk′(x)γ5CU

T
j j ′(x)C

]

×Tr
[
γμCnn′(x)γνCU

T
mm′(x)C

]
CCT

a′a(−x)C

−Tr
[
γ5Dkk′(x)γ5CU

T
mj ′(x)Cγμ

× Cnn′(x)γνCU
T
jm′(x)C

]
CCT

a′a(−x)C
}

, (35)

�μναβ(p) = i

2
εilaεi jkεlmnεi

′l ′a′
εi

′ j ′k′
εl

′m′n′
∫

d4xeip·x

×
{
Tr

[
γ5Dkk′ (x)γ5CU

T
j j ′ (x)C

]

×Tr
[
γμCnn′ (x)γαCU

T
mm′ (x)C

]
γνCCT

a′a(−x)Cγβ

+Tr
[
γ5Dkk′ (x)γ5CU

T
j j ′ (x)C

]

×Tr
[
γνCnn′ (x)γαCU

T
mm′ (x)C

]
γμCCT

a′a(−x)Cγβ

+Tr
[
γ5Dkk′ (x)γ5CU

T
j j ′ (x)C

]

×Tr
[
γμCnn′ (x)γβCU

T
mm′ (x)C

]
γνCCT

a′a(−x)Cγα

+Tr
[
γ5Dkk′ (x)γ5CU

T
j j ′ (x)C

]

×Tr
[
γνCnn′ (x)γβCU

T
mm′ (x)C

]
γμCCT

a′a(−x)Cγα

−Tr
[
γ5Dkk′ (x)γ5CU

T
mj ′ (x)CγμCnn′ (x)γαCU

T
jm′ (x)C

]

×γνCCT
a′a(−x)Cγβ

−Tr
[
γ5Dkk′ (x)γ5CU

T
mj ′ (x)CγνCnn′ (x)γαCU

T
jm′ (x)C

]

×γμCCT
a′a(−x)Cγβ

−Tr
[
γ5Dkk′ (x)γ5CU

T
mj ′ (x)CγμCnn′ (x)γβCU

T
jm′ (x)C

]

×γνCCT
a′a(−x)Cγα

−Tr
[
γ5Dkk′ (x)γ5CU

T
mj ′ (x)CγνCnn′ (x)γβCU

T
jm′ (x)C

]

×γμCCT
a′a(−x)Cγα

}
, (36)

where Ui j (x), Di j (x), and Ci j (x) are the full u, d, and c
quark propagators, respectively (Si j (x) = Ui j (x), Di j (x)),

Si j (x) = iδi j � x
2π2x4 − δi j 〈q̄q〉

12
− δi j x2〈q̄gsσGq〉

192

− igsGa
αβ t

a
i j (� xσαβ + σαβ � x)
32π2x2

−1

8
〈q̄ jσ

μνqi 〉σμν + · · · , (37)

Ci j (x) = i

(2π)4

∫
d4ke−ik·x

×
{

δi j

� k − mc
− gsGn

αβ t
n
i j

4

σαβ(� k + mc) + (� k + mc)σ
αβ

(k2 − m2
c)

2

− g2
s (t

a tb)i j Ga
αβG

b
μν( f

αβμν + f αμβν + f αμνβ)

4(k2−m2
c)

5
+ · · ·

}
,

f αβμν = (� k + mc)γ
α(� k + mc)γ

β(� k + mc)

× γ μ(� k + mc)γ
ν(� k + mc) , (38)

and tn = λn

2 and λn is for the Gell-Mann matrices [56],
then we compute the integrals both in the coordinate and
momentum spaces to obtain the correlation functions�μν(p)
and �μναβ(p), and therefore the QCD spectral densities
ρ1

3
2 / 5

2 ,QCD
(s) and ρ0

3
2 / 5

2 ,QCD
(s) through the dispersion rela-

tion. In Eq. (37), we retain the term 〈q̄ jσμνqi 〉, which comes
from the Fierz re-arrangement of 〈qi q̄ j 〉 to absorb the gluons
emitted from both the heavy quark lines and the light quark
lines to form 〈q̄ j gsGa

αβ t
a
mnσμνqi 〉 so as to extract the mixed

condensate 〈q̄gsσGq〉.
Once the analytical QCD spectral densities ρ1

3
2 / 5

2 ,QCD
(s)

and ρ0
3
2 / 5

2 ,QCD
(s) are obtained, we can take the quark–hadron

duality below the continuum thresholds s0 and introduce the
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weight function exp
(
− s

T 2

)
to obtain the following QCD

sum rules:

2M−λ−
3
2

2
exp

(
−M2−

T 2

)

=
∫ s0

4m2
c

ds
[√

sρ1
3
2 ,QCD

(s) + ρ0
3
2 ,QCD

(s)
]

exp
(
− s

T 2

)
,

(39)

2M+λ+
3
2

2
exp

(
−M2+

T 2

)

=
∫ s0

4m2
c

ds
[√

sρ1
3
2 ,QCD

(s) − ρ0
3
2 ,QCD

(s)
]

exp
(
− s

T 2

)
,

(40)

2M+λ+
5
2

2
exp

(
−M2+

T 2

)

=
∫ s0

4m2
c

ds

[√
sρ1

5
2 ,QCD

(s) − ρ0
5
2 ,QCD

(s)

]
exp

(
− s

T 2

)
,

(41)

2M−λ−
5
2

2
exp

(
−M2−

T 2

)

=
∫ s0

4m2
c

ds

[√
sρ1

5
2 ,QCD

(s) + ρ0
5
2 ,QCD

(s)

]
exp

(
− s

T 2

)
,

(42)

where

ρ1
3
2 ,QCD

(s) = ρ1
QCD(s),

ρ1
5
2 ,QCD

(s) = 2ρ1
QCD(s), (43)

ρ0
3
2 ,QCD

(s) = mcρ̃
0
QCD(s) ,

ρ0
5
2 ,QCD

(s) = 2mcρ̃
0
QCD(s), (44)

ρ1
QCD(s) = ρ1

0(s) + ρ1
3(s) + ρ1

4(s) + ρ1
5(s) + ρ1

6(s)

+ρ1
8(s) + ρ1

9(s) + ρ1
10(s),

ρ̃0
QCD(s) = ρ̃0

0 (s) + ρ̃0
3 (s) + ρ̃0

4 (s) + ρ̃0
5 (s) + ρ̃0

6 (s)

+ρ̃0
8 (s) + ρ̃0

9 (s) + ρ̃0
10(s), (45)

the explicit expressions of the QCD spectral densities ρ1
i (s)

and ρ̃0
i (s) with i = 0, 3, 4, 5, 6, 8, 9, 10 are shown in the

appendix.
From Eqs. (39), (40), (41), (42), (43), and (44), we can

see that if we set λ+
5
2

= √
2λ+

3
2

and λ−
5
2

= √
2λ−

3
2

, the four

QCD sum rules in Eqs. (39), (40), (41), and (42) are reduced
to two QCD sum rules, the negative parity pentaquark states
have degenerate masses, and the positive parity pentaquark
states also have degenerate masses. The LHCb collaboration
observe that the best fit leads to the spin–parity assignment

( 3
2
−
, 5

2
+
) for the (Pc(4380), Pc(4450)), but other assign-

ments, such as ( 3
2
+
, 5

2
−
) and ( 5

2
+
, 3

2
−
), are also accept-

able [20]. Meanwhile, Eqs. (39), (40), (41), (42), (43), and
(44) indicate that the pentaquark states with the spin–parity
( 3

2
−
, 5

2
+
) and ( 5

2
−
, 3

2
+
) have degenerate masses, which con-

tradicts with the assignments ( 3
2
+
, 5

2
−
) and ( 5

2
+
, 3

2
−
).

In this article, we carry out the operator product expan-
sion to the vacuum condensates up to dimension-10, and we
assume vacuum saturation for the higher dimension vacuum
condensates; see Eqs. (35, 36), (37), and (38). We take the
truncations n ≤ 10 and k ≤ 1 in a consistent way, the
operators of the orders O(αk

s ) with k > 1 are discarded.
The condensates 〈g3

s GGG〉, 〈αsGG
π

〉2, and 〈αsGG
π

〉〈s̄gsσGs〉
have the dimensions 6, 8, and 9, respectively, but they are the
vacuum expectations of the operators of the order O(α

3/2
s ),

O(α2
s ), O(α

3/2
s ), respectively. Furthermore, the numerical

values of the condensates 〈q̄q〉〈αs
π
GG〉 and 〈q̄q〉2〈αs

π
GG〉

are very small and accompanied by large denominators, and
they are neglected safely.

We differentiate Eqs. (39), (40), (41), and (42) with respect
to 1

T 2 , then eliminate the pole residues λ±
3
2 ( 5

2 )
and obtain the

QCD sum rules for the masses of the pentaquark states,

M2− =
∫ s0

4m2
c

ds s
[√

sρ1
QCD(s) + mcρ̃

0
QCD(s)

]
exp

(
− s

T 2

)

∫ s0
4m2

c
ds

[√
sρ1

QCD(s) + mcρ̃
0
QCD(s)

]
exp

(
− s

T 2

) ,

(46)

M2+ =
∫ s0

4m2
c

ds s
[√

sρ1
QCD(s) − mcρ̃

0
QCD(s)

]
exp

(
− s

T 2

)

∫ s0
4m2

c
ds

[√
sρ1

QCD(s) − mcρ̃
0
QCD(s)

]
exp

(
− s

T 2

) ,

(47)

where the M− (M+) are the masses of the J P = 3
2
−
, 5

2
−

( 3
2
+
, 5

2
+

) pentaquark states. Once the masses M± are
obtained, we can take them as input parameters and obtain the
pole residues from the QCD sum rules in Eqs. (39), (40), (41),
and (42), and the relations λ+

5
2

= √
2λ+

3
2

and λ−
5
2

= √
2λ−

3
2

hold.

3 Numerical results and discussions

We take the vacuum condensates to be the standard val-
ues 〈q̄q〉 = −(0.24 ± 0.01 GeV)3, 〈q̄gsσGq〉 = m2

0〈q̄q〉,
m2

0 = (0.8 ± 0.1) GeV2, 〈αsGG
π

〉 = (0.33 GeV)4 at the
energy scale μ = 1 GeV [55,56]. The quark condensates
and mixed quark condensates evolve with the renormal-

ization group equation, 〈q̄q〉(μ) = 〈q̄q〉(Q)
[

αs (Q)
αs (μ)

] 4
9

and

〈q̄gsσGq〉(μ) = 〈q̄gsσGq〉(Q)
[

αs (Q)
αs (μ)

] 2
27

. In the article, we

take the MS mass mc(mc) = (1.275 ± 0.025) GeV from the
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Particle Data Group [58], and take into account the energy-
scale dependence of the MS mass from the renormalization
group equation,

mc(μ) = mc(mc)

[
αs(μ)

αs(mc)

] 12
25

,

αs(μ) = 1

b0t

[
1− b1

b2
0

log t

t
+ b2

1(log2 t−log t−1)+b0b2

b4
0t

2

]
,

(48)

where t = log μ2

�2 , b0 = 33−2n f
12π

, b1 = 153−19n f

24π2 , b2 =
2857− 5033

9 n f + 325
27 n2

f

128π3 , � = 213 MeV, 296 MeV and 339 MeV
for the flavors n f = 5, 4, and 3, respectively [58].

In Refs. [16–19,37–39,46–48], we studied the accept-
able energy scales of the QCD spectral densities for the
hidden charm (bottom) tetraquark states and molecular
(and molecule-like) states in the QCD sum rules in detail
for the first time, and we suggested the formula μ =√
M2

X/Y/Z − (2MQ)2 to determine the energy scales, where

X , Y , and Z denote the four-quark systems, and MQ denotes
the effective heavy quark masses. The effective mass Mc =
1.8 GeV is the optimal value for the diquark–antidiquark type
tetraquark states [16–19,46–48].

In this article, we use the diquark–diquark–antiquark
model to construct the currents to interpolate the hidden
charm pentaquark states, but there also exists a c̄c quark pair.
The hidden charm (or bottom) five-quark systems qq1q2QQ̄
could be described by a double-well potential, just like the
four-quark systems qq ′QQ̄; see Eqs. (3), (4), (5, 6), (7), and
(8) and the related discussions in the introduction. The heavy
five-quark states are also characterized by the effective heavy

quark masses MQ and the virtuality V =
√
M2

Pc
− (2MQ)2.

The QCD sum rules have three typical energy scales μ2, T 2,
V 2, we can also take the energy scale, μ2 = V 2 = O(T 2)

[16–19,47,48]. In this article, we can take the analogous for-
mula,

μ =
√
M2

Pc
− (2Mc)2, (49)

with the value Mc = 1.8 GeV to determine the energy scales
of the QCD spectral densities [16–19,47,48], and obtain the
values μ = 2.5 GeV and μ = 2.6 GeV for the hidden charm
pentaquark states Pc(4380) and Pc(4450), respectively. The
energy-scale formula can be rewritten as

M2
Pc = (2Mc)

2 + μ2 . (50)

In this article, we choose the Borel parameters T 2 and the
continuum threshold parameters s0 to satisfy the following
criteria:

1. pole dominance at the phenomenological side;
2. convergence of the operator product expansion;

3. appearance of the Borel platforms;
4. satisfying the energy-scale formula.

In the QCD sum rules for the multiquark states, it is diffi-
cult to satisfy the criteria 1 and 2. In previous work [16–
19,46], we observed that the pole contributions can be
taken as large as (50–70) % in the QCD sum rules for the
diquark–antidiquark type tetraquark statesqq ′QQ̄ (X, Y, Z ),
if the QCD spectral densities obey the energy-scale formula

μ =
√
M2

X/Y/Z − (2MQ)2. The operator product expansion

converges more slowly in the QCD sum rules for the pen-
taquark states qq1q2QQ̄ compared to that for the tetraquark
states qq̄ ′QQ̄, so, in this article, we choose smaller pole
contributions, about (50 ± 10) %. For the tetraquark states
qq̄ ′QQ̄ [16–19,46], the Borel platforms appear as the min-
imum values, and the platforms are very flat, but the Borel
windows are small, T 2

max − T 2
min = 0.4 GeV2, where max

and min denote the maximum and minimum values, respec-
tively. For the three-quark baryons qq ′Q, qQQ′, QQ′Q′′
[54,59–63], the Borel platforms do not appear as the mini-
mum values, the predicted masses increase slowly with the
increase of the Borel parameter, and we determine the Borel
windows by the criteria 1 and 2; the platforms are not very
flat. In this article, we also choose small Borel windows
T 2

max−T 2
min = 0.4 GeV2, just like in the case of the tetraquark

states, and we obtain the platforms by requiring the uncer-
tainties δMPc

MPc
induced by the Borel parameters to be about

1 %.
Now we search for the optimal Borel parameters T 2 and

continuum threshold parameters s0 according to the four
criteria. The resulting Borel parameters, continuum thresh-
old parameters, energy scales, and pole contributions are
shown explicitly in Table 1. Furthermore, the contributions
of the vacuum condensates of dimension 10 are less than
5 %, the operator product expansion is convergent. So the
four criteria of the QCD sum rules are satisfied; we expect
to obtain reasonable predictions. From Table 1, we can see
that the values

√
s0 = M

Pc(
3
2

−
, 5

2
+

)
+ (0.6–0.8) GeV ( or

s
Pc(

3
2

−
)

0 = (26 ± 1) GeV2, s
Pc(

5
2

+
)

0 = (27 ± 1) GeV2 ) can
lead to satisfactory results.

In Fig. 1, we plot the predicted masses with variation of
the threshold parameters s0, where we assign Pc(4380) and
Pc(4450) to be the 3

2
−

and 5
2
+

pentaquark states, respectively.
From the figure, we can see that the predicted masses increase
slowly with (or are not sensitive to) the threshold parameters
s0 for central values of the other parameters.

In Refs. [54,59–63], we study the J P = 1
2
±

and 3
2
±

heavy,
doubly heavy and triply heavy baryon states systematically
with the QCD sum rules by subtracting the contributions from
the corresponding J P = 1

2
∓

and 3
2
∓

heavy, doubly heavy and
triply heavy baryon states. The continuum threshold param-
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Table 1 The Borel parameters, continuum threshold parameters, energy scales, pole contributions, masses, and pole residues of the pentaquark
states

T 2(GeV2)
√
s0(GeV) μ(GeV) Pole (%) MPc (GeV) λPc (GeV6)

Pc(
3
2

−
) 3.3–3.7 5.10 ± 0.10 2.5 (40–61) 4.38 ± 0.13 (1.55 ± 0.28) × 10−3

Pc(
5
2

+
) 3.1–3.5 5.15 ± 0.10 2.6 (40–63) 4.44 ± 0.14 (0.84 ± 0.17) × 10−3

Fig. 1 The masses of the pentaquark states with variations of the
threshold parameters s0

eters
√
s0 = Mgr + (0.6–0.8) GeV work well, where the

subscript gr denotes the ground states. In the present case,
the hidden charm pentaquark states carry a baryon number
of one, i.e. they are doubly heavy baryons. So the thresh-
old parameters

√
s0 = M

Pc(
3
2

−
, 5

2
+

)
+ (0.6–0.8) GeV make

sense. One may worry that there exist some contaminations
from the higher resonances. The upper bounds of the factors

exp
(
− s0

T 2

)
are about 0.0007 and 0.0004 in the QCD sum

rules for Pc(4380) and Pc(4450), respectively, if we take the
largest values of the continuum threshold parameters; so the
contaminations are greatly suppressed and can be neglected
safely.

We take into account all uncertainties of the input param-
eters, and obtain the values of the masses and pole residues
of the 3

2
−

and 5
2
+

hidden charm pentaquark states, which are
shown in Figs. 2, 3 and Table 1. The QCD sum rules in Eqs.
(39), (40), (41), (42), (46), and (47) indicate that the pen-
taquark states with the spin–parity ( 3

2
−
, 5

2
+
) and ( 5

2
−
, 3

2
+
)

have degenerate masses, and λ+
5
2

= √
2λ+

3
2

and λ−
5
2

= √
2λ−

3
2

.

Naively, we expect that additionally one unit spin or P-wave
can lead to larger masses, so M 5

2
+ > M 3

2
− , while the relation

M 3
2

+ > M 5
2

− needs detailed and refined analysis to obtain

the answer “yes” or “no”. It is sensible to assign Pc(4380) and
Pc(4450) to be the 3

2
−

and 5
2
+

pentaquark states, respectively.

However, the assignment ( 5
2
−
, 3

2
+
) of (Pc(4380), Pc(4450))

is not excluded.

From Table 1, we can see that the present predictions
MPc(4380) = 4.38 ± 0.13 GeV and MPc(4450) = 4.44 ±
0.14 GeV are in good agreement with the experimental data
of the LHCb collaboration, MPc(4380) = 4380±8±29 MeV
and MPc(4450) = 4449.8 ± 1.7 ± 2.5 MeV [20]. The present
predictions support assigning Pc(4380) and Pc(4450) to be
the 3

2
−

and 5
2
+

hidden charm pentaquark states, respectively,
which are consistent with the assignments that Pc(4380) and
Pc(4450) are diquark–diquark–antiquark type pentaquark
states [27–29] or the diquark–triquark type pentaquark states
[30].

In this article, we take the energy-scale formula μ =√
M2

Pc
− (2Mc)2 to determine the energy scales of the QCD

spectral densities. The pole contributions are about (40–
60) %, and the contributions of the vacuum condensates of
dimension 10 are less than 5 %, the two criteria (pole domi-
nance at the phenomenological side and convergence of the
operator product expansion) of the conventional QCD sum
rules can be satisfied, so we expect to make reasonable predic-
tions. In subsequent work, we shall extend the present work
to study the 1

2
±

and 3
2
±

hidden charm pentaquark states in
a systematic way [64–66], where the energy-scale formula

μ =
√
M2

Pc
− (2Mc)2 serves as an additional constraint on

the predicted masses. The typical energy scales, which char-
acterize the five-quark systems q1q2q3cc̄ and serve as the
optimal energy scales of the QCD spectral densities, are
not independent of the masses of the five-quark systems
q1q2q3cc̄. All the predictions can be confronted to the exper-
imental data in the future.

The diquark–diquark–antiquark type current with special
quantum numbers couples potentially to special pentaquark
states according to the tensor analysis in Eqs. (21), (22), (25),
and (26). The current can be re-arranged both in the color
and Dirac-spinor spaces, and they can be changed to a cur-
rent as a special superposition of the color singlet baryon–
meson type currents. The baryon–meson type currents cou-
ple potentially to the baryon–meson pairs. The diquark–
diquark–antiquark type pentaquark state can be taken as
a special superposition of a series of baryon–meson pairs,
and this embodies the net effects. The decays to its compo-
nents (baryon–meson pairs) are Okubo–Zweig–Iizuka super-
allowed, but the re-arrangements in the color-space are non-
trivial [67].
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Fig. 2 The masses of the pentaquark states with variations of the Borel parameters T 2

Fig. 3 The pole residues of the pentaquark states with variations of the Borel parameters T 2

In the following, we perform a Fierz re-arrangement to
the currents Jμ and Jμν both in the color and Dirac-spinor
spaces to obtain the results,

Jμ = 1

4
Sc c̄γμu + 1

4
Su c̄γμc − 1

4
Sγ5c c̄γμγ5u

−1

4
Sγ5u c̄γμγ5c− i

4
Sγμγ5c c̄iγ5u− i

4
Sγμγ5u c̄iγ5c

−1

4
Sγμc c̄u − 1

4
Sγμu c̄c − i

4
Sσλμc c̄γ

λu

− i

4
Sσλμu c̄γ

λc + i

4
Sσλμγ5c c̄γ

λγ5u

+ i

4
Sσλμγ5u c̄γ

λγ5c + 1

8
Sσλτ γμc c̄σ

λτu

+1

8
Sσλτ γμu c̄σ

λτ c, (51)

Ĵμν = 1

2
√

2
S

(
gνλγμ + gμλγν

)
c c̄γ λu

+ 1

2
√

2
S

(
gνλγμ + gμλγν

)
u c̄γ λc

− 1

2
√

2
S

(
gνλγμ + gμλγν

)
γ5c c̄γ

λγ5u

− 1

2
√

2
S

(
gνλγμ + gμλγν

)
γ5u c̄γ

λγ5c

+ 1

8
√

2
S

(
γμσλτ γν + γνσλτ γμ

)
c c̄σλτu

+ 1

8
√

2
S

(
γμσλτ γν + γνσλτ γμ

)
u c̄σλτ c, (52)

where we take the replacement Jμν → Ĵμν ,

Jμν → Ĵμν,

= 1√
2
εilaεi jkεlmnuTj Cγ5dk

×
[
uTmCγμcn γνCc̄Ta + uTmCγνcn γμCc̄Ta

−1

2
gμνu

T
mCγλcn γ λCc̄Ta

]
, (53)

to subtract the contribution of the spin- 1
2 pentaquark state,

and we use the notations S�c = εi jkuTi Cγ5d j�ck and
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S�u = εi jkuTi Cγ5d j�uk for simplicity; here � denotes the
Dirac matrices.

The components S(x)�c(x)c̄(x)�′u(x) and S(x)�u(x)
c̄(x)�′c(x) couple potentially to the baryon–meson pairs.
The relevant thresholds are MJ/ψp = 4.035 GeV, Mηc p =
3.922 GeV, MηcN (1440) = 4.414 GeV, Mχc0 p = 4.353 GeV,
M�+

c D̄0 = 4.151 GeV, M�+
c D̄∗0 = 4.293 GeV, Mhc p =

4.463 GeV, Mχc1 p = 4.449 GeV, and M�+
c (2595)D̄0 =

4.457 GeV [58]. After taking into account the current–hadron
duality, we obtain the Okubo–Zweig–Iizuka super-allowed
decays,

Pc(4380) → pJ/ψ, �+
c D̄

∗0, pηc, �+
c D̄

0, pχc0, (54)

Pc(4450) → pJ/ψ, �+
c D̄

∗0, pηc, �+
c D̄

0, N (1440)ηc.

(55)

We can search for Pc(4380) and Pc(4450) in the �+
c D̄

∗0,
pηc, �+

c D̄
0, pχc0, and N (1440)ηc mass distributions in the

future, which may shed light on the nature of those pen-
taquark states.

4 Conclusion

In this article, we construct the diquark–diquark–antiquark
type interpolating currents, and we study the masses and pole
residues of the 3

2
−

and 5
2
+

hidden charm pentaquark states
in detail with the QCD sum rules by calculating the contribu-
tions of the vacuum condensates up to dimension-10 in the
operator product expansion. In calculations, we use the for-

mula μ =
√
M2

Pc
− (2Mc)2 to determine the energy scales

of the QCD spectral densities. The present predictions favor
assigning Pc(4380) and Pc(4450) to be the 3

2
−

and 5
2
+

pen-
taquark states, respectively. The pole residues can be taken
as basic input parameters to study relevant processes of the
pentaquark states with the three-point QCD sum rules.
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Appendix

For the QCD spectral densities ρ1
i (s) and ρ̃0

i (s) with i =
0, 3, 4, 5, 6, 8, 9, 10 of the pentaquark states, we have

ρ1
0(s) = 1

491520π8

∫
dydz yz(1 − y − z)4

(
s − m2

c

)4

×
(

7s − 2m2
c

)
,

ρ̃0
0 (s) = 1

983040π8

∫
dydz (y + z)(1 − y − z)4

(
s−m2

c

)4

×
(

6s − m2
c

)
, (56)

ρ1
3(s) = −mc〈q̄q〉

3072π6

∫
dydz (y+z)(1−y−z)2

(
s − m2

c

)3
,

ρ̃0
3 (s) = −mc〈q̄q〉

1536π6

∫
dydz (1 − y − z)2

(
s − m2

c

)3
, (57)

ρ1
4(s) = − m2

c

73728π6

〈
αsGG

π

〉 ∫
dydz

(
z

y2 + y

z2

)

×(1 − y − z)4
(
s − m2

c

) (
2s − m2

c

)

− 19

7077888π6

〈
αsGG

π

〉 ∫
dydz (y + z) (1−y−z)3

×
(
s − m2

c

)2 (
7s − 4m2

c

)

+ 13

393216π6

〈
αsGG

π

〉 ∫
dydz yz(1 − y − z)2

×
(
s − m2

c

)2 (
5s − 2m2

c

)
,

ρ̃0
4 (s) = − m2

c

294912π6 〈αsGG

π
〉
∫

dydz

(
1

y2 + 1

z2 + y

z3 + z

y3

)

×(1 − y − z)4
(
s − m2

c

) (
3s − m2

c

)

+ 1

294912π6

〈
αsGG

π

〉 ∫
dydz

(
y

z2 + z

y2

)

×(1 − y − z)4
(
s − m2

c

)2 (
4s − m2

c

)

− 19

1179648π6

〈
αsGG

π

〉 ∫
dydz (1 − y − z)3

×
(
s − m2

c

)2 (
2s − m2

c

)

+ 13

786432π6

〈
αsGG

π

〉 ∫
dydz (y + z)(1 − y − z)2

×
(
s − m2

c

)2 (
4s − m2

c

)
, (58)

ρ1
5(s) = mc〈q̄gsσGq〉

2048π6

∫
dydz (y+z)(1−y−z)

(
s − m2

c

)2

+mc〈q̄gsσGq〉
65536π6

∫
dydz

×
(
y

z
+ z

y

)
(1 − y − z)2

(
s − m2

c

)2

−mc〈q̄gsσGq〉
98304π6

∫
dydz

(
y

z
+ z

y

)
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×(1 − y − z)3
(
s − m2

c

)2

+3mc〈q̄gsσGq〉
32768π6

∫
dydz (y + z)

×(1 − y − z)
(
s − m2

c

)2
,

ρ̃0
5 (s) = mc〈q̄gsσGq〉

1024π6

∫
dydz (1 − y − z)

(
s − m2

c

)2

+mc〈q̄gsσGq〉
65536π6

∫
dydz

(
1

y
+ 1

z

)

×(1 − y − z)2
(
s − m2

c

)2

−mc〈q̄gsσGq〉
98304π6

∫
dydz

(
1

y
+ 1

z

)

(1 − y − z)3
(
s − m2

c

)2

+3mc〈q̄gsσGq〉
16384π6

∫
dydz (1 − y − z)

(
s − m2

c

)2
,

(59)

ρ1
6(s) = 〈q̄q〉2

96π4

∫
dydz yz(1−y−z)

(
s − m2

c

) (
2s − m2

c

)
,

ρ̃0
6 (s) = 〈q̄q〉2

384π4

∫
dydz (y + z)(1 − y − z)

(
s − m2

c

)

×
(

3s − m2
c

)
, (60)

ρ1
8(s) = −35〈q̄q〉〈q̄gsσGq〉

6144π4

∫
dydz yz

(
3s − 2m2

c

)

−〈q̄q〉〈q̄gsσGq〉
12288π4

×
∫

dydz (y + z)(1 − y − z)
(

5s − 4m2
c

)
,

ρ̃0
8 (s) = −35〈q̄q〉〈q̄gsσGq〉

12288π4

∫
dydz (y + z)

(
2s − m2

c

)

−〈q̄q〉〈q̄gsσGq〉
6144π4

∫
dydz

×(1 − y − z)
(

4s − 3m2
c

)
, (61)

ρ1
9(s) = −mc〈q̄q〉3

144π2

∫ y f

yi
dy,

ρ̃0
9 (s) = −mc〈q̄q〉3

72π2

∫ y f

yi
dy , (62)

ρ1
10(s) = 19〈q̄gsσGq〉2

24576π4

∫ y f

yi
dy y(1 − y)

×
[
2 + m̃2

c δ
(
s − m̃2

c

)]

+17〈q̄gsσGq〉2

442368π4

∫
dydz (y + z)

×
[
4 + m2

c δ
(
s − m2

c

)]
,

ρ̃0
10(s) = 19〈q̄gsσGq〉2

49152π4

∫ y f

yi
dy

[
1 + m̃2

c δ
(
s − m̃2

c

)]

+17〈q̄gsσGq〉2

221184π4

∫
dydz

[
3 + m2

c δ
(
s − m2

c

)]
,

(63)

where
∫

dydz = ∫ y f
yi

dy
∫ 1−y
zi

dz, y f = 1+√
1−4m2

c/s
2 , yi =

1−√
1−4m2

c/s
2 , zi = ym2

c
ys−m2

c
, m2

c = (y+z)m2
c

yz , m̃2
c = m2

c
y(1−y) ,

∫ y f
yi

dy → ∫ 1
0 dy,

∫ 1−y
zi

dz → ∫ 1−y
0 dz when the δ functions

δ
(
s − m2

c

)
and δ

(
s − m̃2

c

)
appear.
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