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A¡,ÏALYSIS 0F RIüJRSI\¿Ë, ST0üi{STIC AI"G0RtTT{,,rs f

lennart Ljung
Depanürcnt of Autornatic Contnol

Lund ïnstitute of ?echnology
S-220 07 Lurrd, $rr¿eden

Abstract

Recur"sive algonithms, whene r.andom obsenvations enter^ are studied in a fain-
ly general frrarræwot'k. An ínpontant featr¡ne is that the obsenvations rnay de-
penci on pneviotts rrout¡:utÊ't of the algonithm. The considered class of algo-
nithms containsr e 9, stochastic apprrrxirnation algonít¡rrns, necur.sive identi-
fication algonithns arid algonithr"ns fon adaptíve cont:rol of linear. systerns.

ft is shcrnn how a deterrn:í-nistic diffe::entíal equation can be associated with
the algor"íthn. Problems like convergence with pnobabiliry one, possíb1e con-
vengence points and asymptotic behavior¡:- of the algor.ithm can all be studied
in terrns of ttris differential equation. ïheorems stating the precise relation-
ships betr¡een the díffe¡.ential equation and the algonithm arne given as well as
exanples of applications of the nesults to pnoblems in identifícation and ad,ap*
tive contnol.

A rnajon pa::t of this wotlk has been supporrted by the Swedish Boarl fon lech-
nical Ðevelopnent unden cont:ract No. 7g3546.
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1. ÏATTRODLICTTON

Recr.¡r"sive algorithms, whene stoclrastic observations enter are eorrnon in many
fields. Tn the control and estimation litenatr-ne such algorithms are rridely
discussedr e g in connection with adaptive contnol, (adaptive) filte¡ing and
on-line identificatíon. Tire convergence analysis of the algorithns ís not sel*
dcm diffict-rlt. As a rule, special teehniques for analysis are used for eacþr
t¡pe of application and often the convergence pr.operties have to 'be studied
only by sjmulation

Ïn this papen a genenal apprnach to the enalysis of the asSrnptotic behaviou:r
of recursive algorithms is ciescribed. In effect, the convengenee analysis is
reduced tcl stability analysis of a deternrinistico orriina:¡¡ differentiat equa-
tion. This technique ís believed to be a fainly genenal toÕl arrd to have a
wide applicability. Applications to various pnoblens have been published Ín
[1]r 1"21, [3J, [aJ and scrnre thecry Ì^ras presented in [SJ.

The objective of the present papen is to give a comprehensive presentation of
forunl results and useful techniques fon the conver.gence analysis, as wel1 as
to Íllustr"ate urith sevenal exanples how the tedrniques can be applied.

fn Section 2 a genenal recunsive algonitfun is descríbed and d.iscussed. A heu-
nistic trealrnent of the conveïlgence problern is given in Section B and this
leads to the basic ideas of the present apprnach, Seetion 4 contains a dÍs*
cussion of the conditions whích ar"e ùrposed on,the algoníthm jn order to pnove
the fornal results. These theorems a::e gíven in Sectíons S and 6. The thecrems
suggest ccr-tain tecfrniques fon the converagence analysis, årrd these aspects ane
treated in section 7. several. exanples of horo¡ the theoreng rnåy be used, sone
of then revíewing prevíous applications are given in section B.

2. TT{H ArßORITTü'Ï

A genenal rectusive algonithm can be r,,nritten

x(t) = x(t-t) + v(t)Q[t;x{t-t)rw(t)i {1)

where x(') is a sequence of n-d:i:nensional coltrtn vectors, whieh are the objects
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of our i¡tenest. !'le shall refen to x(. ) as ttthe gslj{ngFåÍ, and they couldo
e g, be the current estimates of sone wrl<not^¡n pararreter vestor. They could,
hcmeven, also be pananetens that deterrnine a feedbaek .1aw of an adaptive con-
trolleno etc, andwe shall be precise about the cùraracter. ofx(.) only in the
exanples below. The sequenee y (. ) is thnoLlghoub the papen assu¡',ed to be å se-
quence of positive scalans. The m-di¡rensional vecton t{t) is ar¡ obsenvation
obtained at tj.me to and these are the objeets that cause x(t-1 ) to be updated
to talc.e new inforEnation into account. (The notion Itobsenvatíon'r does nÕt håve
"to be taken literally. The va:riable p may very well be the result of certain
treatnent of actual rtËasureilents.) The observations are in genenal functions
of the previous estinates x(.) and of a sequence of r^andom vecto:rs e(.). This
rneåns that the obsenvatíon is a random variable, vrhích nray be affected by pne-
rrious estj¡iates. This ís the case, e g, fon adaptive systems, wlren the Ínput
signal is detenn:Ì¡ed on tÌ¡e basís of pnevious estimates. If the expenÍnrent de*
signenhas scxne test sigral athis disposal, this rfl¿ybe included ín e(.).

The function Q(. i'r. ) from RxRn*Rm into Rn is a deterqninistic function wíth
5oÍÊ regular-ity conditions to be specified belor^r" lhis funeti.on, togethen w.ith
the choice of the scålår trgain' sequence y(. ) dete::nr-ine entírely the aLgonÍthm.

ï'rle shall not work wíth corryletely genenal dependence of rp(t) on x(.); sonæ re-
sults fon thÍs case ar€ gírren in [6 J, but the foilowing struct.u:re for the ge-
neration of t.o(. ) i¿ill be used:

ç(t) = A(x(t*1))u(t-t) + n(x(t-r))e(t) (a)

Her.e A(') and B(. ) are mlm and mln.matnix funetions.

Req+r"k: rt is per.haps n¡¡re natunar ta thirrk of an obsenvatíon õ(t) as the (lower*
dimensional) output of a dynaruical systern Uke (Z), õ(t) = C(x(t-t))u{t). How-
everl, this case is natr.lrrally srrbsumed in the pnesent one, since Ç(t) nray ente:l
in Q only as the combination õ(t).

The assunption (2) seems to be appnopniate fon nrany applícations. The sãnìe re-
sults at¡ those belcn^¡ can be obtaj¡red also fon non linear dyr.amics.

9(t) = e(t;ç(t-t ) rx(t-1 ),e(t))

and tåe proofs fon this cðse âre grrren in t?1.

(3)



lhraughout this papen ít is asst¡ned that the estinìåtes are desiïEd to conver^ge
to sonn tr¡rr1¡¿tì on'roptinnltrvalue(s). Since Q{trx(t*t),o(t)J is a random va:ri-
ableu with, in genenalr non zere variance, convergenc.e cån take place only if
the noise is nejected by paying less and less affention to the noisy cbsenva*
tionsriebyletting

y(t)-*0 as t-¡* (4)

Ïn ft."acking pr^oblems, wherr a tÍrn*-va:lring pararneter is to be tnaCced çsing al*
gonithm (1), tlr-is conciition is not feasible. Then v(t) usually tends to son€
sIr811t non zet'o value, the size of which depend^s on what is lrrror"n about the
va:riability of the tracked pananeter.s and about the noise cha:¡acteristj.cs. thís
case is not tr'¡eated here, but it is reasonable to assure that analysis under
the condition (4) al-so wíll have some relevance fon the case of tnaclcing sicwly
varying panametens.

Suppose we have a linear', stochastíc, discrete tire system, govenned by a li-
near output feedbacl< law, wlr-ich at time t is deter¡nined by x(t-1). Then tlie be-
havioun of this ovenall system can be described by (2), with tp(t) consistìng cf
lagged inputs and outputs. Thenefore tire algonitrrms (l), (z) ca¡rbe undeï'staÕd
as arche$pical fon adaptive control of a linear'$yst€m. Indeed this set*up ís
useful fon analysís of certain adaptive cont¡ollensr ås will be examptifÍed bre-
lcn^ru but tlre basic algorithrn (Ì), (2) coversalso sever-al otfter: cases of ínte-
nest.

3. HzuKTSMC AI\IAIYSTS

Ïhe algorithm (1), (2) ,:i-s fainly corplex to analyse, being a time-vaniantn
çtochrastic) non linear" diffe::mce equation. Notice also that the conrection
x(t) - x(t*t) depenrls in gene::al via rp(t) jnplícitty an alt old x(s). Thers-
foreo uÛuile (1) centainly is recu::sive f"rorn the usenrs point of view, it ís
not so fon analysis purposes"

Ïn this sectír:n we shall illustr.ate heu::istically how a åifferent:'-al equation
can be associated hrith (1), and hcu¡ ít seems reasonable that asSmptotic pïrôper*
ties of (1) nay be studied j¡r tern'¡s of this differential equation. The fonmal
analysis and results fÕllow in the next two sections.
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Consider

x(t) " x(t-1) + y(t)Qþ<t-t),ro(t)) (5)

wLrene fon eímplicity we let Q be tùne independent. As r.enarked befone, dt)
depends on all pnevioræ esti¡TuÈes:

(6)

Non^rr if (2) is exponentíally stable, then tl¡e finst terrns in (6) will be ve-
ry smalL and, fon sone M,

t lt 'l

a(t) n, ¡ | il A[x(i-11) ln (xci-1))e{ j )j*i-l,t[i=i+t ' ') \

Moreoven, it follc¡^¡s fnom (5) and (4) that the differ€nce x(t) - x(t-1) be-

co¡res srn-ller as t incneases. Thenefore, fon sufficiently lar"ge t, we have

x(k) n¡ x(t); t > k >" t-?M, Hs¡ce

ç(t) ' 
,i., fr=ï-. 

A (x(i-1 rt]a Fc:-1))e(i )

k
e(k) ^'. Ï to(x{t))lþjs(x(t)Je(j) ru

j =k-M

fon t à k >, t-M, Furthennone,

(7)

(8)Q [x(k-1),tp(k)) o¿ Q x(t),õ[k;x(t)) l
)

= f(x(t)) +w(k)

where

f(x) " E Q(xrõ(t;xl]

and hence w(k) is a na¡rdom vaniable with zeno mean,

,.1

Using (8), we can apprrrxirnatively evaluate
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t+s
x(t+s) =x(t)+ | y(k)Q [x(k-1 ) ,,,p(t) J *

k=t+1

t+Ê t+s

t+s
n¡x(t) + f[x(t)J I v(k) (s)

t+1

where the Last step shouid fol.lon^¡ sínce the last terrn ís a uerÐ nean r-anclom
variable whic*r is dom:íneted by the second term" Hxpression (g) suggests t?rat
the sequence of estinates nìoue or less foll-cn^¡s the dåffet:ence equetion

xD(r+*t¡ = oD(r) + arf (*D<r>) (1t)

where ar corlresponds *" 
*T: 

v(k), ït is useful to ínterpret (1t) as a way of
solving the differentialt*1 uqu"tion (Âr smalllu

* J,t) = r[xDr.lJ (11]

v¡here the (fíctitioræi time r relates to the oniginal tiìïe t ín {S} by

v(k) (12)

lrle theFefone have some r€âson to believe that the sequence of estimates x(, ]
as¡rnptotically shourd follcn,r the fnajestonies *Ð(.) of (11).

a* x(t) + f {x(t)}u=å, y(k) + 
r=lot 

y(k)w(k) n*

[!'le could also have nelated (g) to the dåffeïenee equatåon

*D(t)' *D(.-1) + v(t)r[*Dct-il)

t
T

k=1
tt

(,n3)

but the åifferential equation is easien to handle since it i"s tj¡ie-invariåt-tt.]

Ït ncn^r seeIItE reasonable that asymptcrtíc pr<rper:bies of fi>, (Z) n]åy be stuclied
in ternrs of the differential equatíon (11). This her¡:istic dåscussion i-s per-
haps not very convincing, but along a sinilar pathn though with fan nror.e tecùr*
nical- labow, forrnal results tc 1'his effect ean be proven, t}tese are given be-
lon¡.
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4. ASSI}wTTONS ON TT{Ë ATGORTTIN,I

In orden to prcve the forrnal resultsr ce::tain regulanity conditíons on the
functions Qr A and B and on the dniving [noise" terrn'e, have to be intri:duced.
Some of these are fainly tecl-¡nical, but it is believed that nane is very r.e-
str"ictive. Sever"al sets of assu'nptions åre possibler and we shall give a few.
Ï:r particular:, there is a possibiii.ty to treat the sequence e(.) eithen in a
stochastic on in a deternLinisti.c fralewor.k.

We shal,l start by giving a forrnal definítíon of ô used in the previous sectian.
Let

nU = {x I etx} has all eígenvalues strictly inside the unit cínclei

Then for^each x€ Ðgr there exÍsts a I : À(x), such that

Tal<e i € D* and define the nandom va¡riabres õetri) ancl ,.,(tri) "ny

õct,i) = a(i)õ(t*1,;) + e(i)e(t); .õeooi) = û (15)

v(t,î) " À(x)v(t-1,i) + leti)l lett)l; v(û,i) = 0 (16)

lêt DR be an oÞenr cor¡nected subset of Dr. The regulårity conditions r^¡i.li be
assuTled to be valid in D*. I'{owo the fír'st set of assurptions is tJ:e following:

lec.rk I

l\.1

4"2

/t.3

4,4

^q

< c r(x)kl r(x) < 1 {14}

e(') is ê. Ëequenee of independent nandom va::iables",(not necessanilv sta-
tion.ar5r o:r with zeno r¡eans ) .

le(t) | < C with pxabability one (w.p"1) all r.
Tf¿e function Q(trxrÇ) j-s continuousty differ:entiable w.r.t x and q fon
* € h. The denivatives ar.e, for^ fixed x and ç, boi:nded iri t.
The matnix fr¿nctions A(. ) and Ê(. ) are Lipsch:itz contjnuous fo DR.

}i* Ë Q[toi,õtt,i)) exists for i e o* and is denoted uy f(,:<). îhe e]cpec*t-¡o tation is oven e(; ) .

m

4.6 i
1

v(t) = *.
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tl¡ I

A.B

4.9

f y(t:P < ëô for sorne p"
I

y(") ís a decï€åËing sequence.

lim sup[1/v(t) - 1/\(t*1)] . *
t-+-

co

T
L
1

lhese con*itions will be neferred to as trassumptions Att. 4"1 intrcduces the
stochastic strtictr¡re into the set-up. trlhíle 4.2 cer.Lainl"y is m:st xeasonable
fon all practícat pur?oses, it Í"s soniewhat unattractÍve fn:m a theoretical
point of view, sínce ít excLudes e g the conrncn gaussian rnodels fon noise.
Felow (assunptions B) are given conditions which allow more genenal noåse.
conditions 4.3 and 4,.4 are reasonable i:egula:rity p::oper-tíes, and A"s is tl:e
basic assurption that makes it possible to associate (1), (2) r^¡ith a dj.fferen-
tial equation. Conditi'on 4.6 nakes it possible for the al.gonithm (1) to npve
the estimate to the desined líait, reganfless of the inítíal value, ancl it is
thus obviously necessarS¡. A,7 gives a condition on hCIr fast y(t) nust 'tend to
zerö, This ís considenabl5r less restristive thæn the r:suallv given condition

v2(t) < cc (17)

tonditions 4.8 and.A.9 are nutivated by teclu'rical an-guments in the prcofs,
but they have so fan not appean:ed to be restnÍctíve. For. exarple, it is easy
to see that the sequence v(t) = C t*ü satj.sfåes 4.6 - A"g for û < o s 1.

Ïf we would lfüe to atleviate .4..2, funther ::egular.ity ccnd-ltions on Q are r"e*
quired" Thi* gives us outi second set af *-ssi.u:rptåons. [ffirp) cìenotes a p-
neigir,bour"hood of i, i e B(î,p) " {xl li-xi < p}.1

ll" 1 e(") ås a sequenöe of indep"'enclent r.andom v¿r,iæbi"es inot ¡recersanily nta*
tionary on wåt*:. aero ¡neans ) .

Efe(t)lp exi.-*ts and is boun<led in t for. each p > i,
The f'¿nction Q('c,x:Ç) is Lip*chite continuous in x end ç; lQttr**:rå1) *
* Q(t'xzr{s?}l < Kr(xrçrprv}{fxr-xrl + i"r'1=r2ii for x_í € 6(x,p) fo:: coï}e

p : p(x) > 0 whene x € D¡ri tr1 € ß(wrv), v: û.

It<,1(xrto,rprvl) * Kt¿x3Ç?r¡rrv?)| s Kr(x,ç:ÞeveÌ,?)iitp1:,02i * iut*rzl! fon
toi € fi(eOrw) a:'¡d'.r, € B(vrw)

Ë"

8.3

8.4



8.5

8.6

8.7

8.8

8.9

8.1CI

8.11

B.

A(") and B(,) a::e Lípsch-itz continuous ín Þo"

}i* E Q[t,Iriltrl)) exists for x € D* and is dencted Uy f(i), The ex-
t-+æ pectation is oven e(. ).

For x € Ðpr the nandorn var"iai:les Q {t,xr[{trx)), Kt ("rü"rx) rp(x} rv(trx)i,
and K, [*rõttrx)rp(x)rv(trx)rv(trx)) trave bounded p-ncnents for all p > 1.

Here õ('¡x) and vt.rx) are the r:andomvariables defineiby (15) and (16).
oo

Iv(t)=*
1

I v(t¡P < * for scxne p.
1

y{') is a decneasång sequence.

lårn sup[l/y(t) - 1/y(t-1)] * *
t-¡*

Condítions B.4r 8.3 and 8.7 admittedly lock somewhat complex, but they are as

a r:ule easy to checl< i.n a given situatiæl, especíally sínce Q(trxrtp) is a sÍmple

function of x and t$ ín mcst applications. The conditions 8.3 ar:d 8.4 essenti"ally
requir"e that Q(trxrg) is twice continuousiy diffenentieble and 8,7 im'plies that
Q and åts der.ivatives rrust not íncnease too napidly r^rift ç arrd v.

Tn these ti^/o cases the algonitfm (1)o (2) ís treated dírrec-bly in a stochastic
fnanewor.kr due to assr-rrçtion A.'1 = 8.1. In centain cäses it may not l:e suitable
to treat e(') in (2) as a sequence of r:andom va:rÍables" Natunal.ly the algoritirnr
(1)Þ (2) still na.l<es ser'¡Ëe, even if e(.) is a given, deterrninistic sequence.

Conver-geirce of (1) will then depend, annng othen things, ,rn the prCIperties Õf

thís sequence e(,)" Tn such a cåse üre may wor"k v¡íth the follor,ring asswptions.
l€t \ be defined as in 8.3 and let ç('ri) an¿ v("ri) be given by (15), (16).

Tntroduce the quantitíes z(. ,l) n k(. ,i) and t<,r(" ,l) nV

z(toi) = z(t-1ul) + y(1¡ Q [t,],õtt,il] z(t-1 ,l) 1
f
J

r
I
I
L

z(orl) . û

k(r: ,i) * k(t-1 ,Ï) + v{t: [x, {x,ett,i) ,p {x) ,vtt ,i)J - k(t-1 ,x) ]

(1Ba)

k(orl) = o (lBbi
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kv(t,i) = kv(t-1,i) + vttl[x. F,õr.,x),p{i),v(t,i)Jv(t,l) - :.,ret-r,il]

kr(Orx) = û

Notice that fon the eonunon ehoiee y(t) = 1/tj (sa) Í.:rçlíes tha"l

( 18c)

À
¡:*+z(t,i) a (tii,frr:*,ii¡

c,1

ît)

\J.J

c,4
00

t
i

k=1
etc

The assumptions then are;

The funetion Q(trxre) is L:í.pschitz co¡rtinuolts ån x and ç: lQ(trt,çl) -
- Q(trxyror)l < K.,(x,ç¡ö,v){lxr-xrl + lçt-qzli fon x, € ß(x:p) for sone

O = p(x) > C whene x € DOi Ç1 6 ß(rprv), v ¡ CI.

tlre matnix ft¡nctions A(. ) and B(. ) are Lipschitz continuous in Ð*.

z(tri) as defÍned by ('t8a) conver:p.'es fon ail i € DR. Denote the limit þ
f(;).
k(tr;) and krr('bri), defined by (i8bc) are bowided in t for all i € DR.

ñÊ y(t) = *

C.6 v(t) * 0 as t -r *.

!'lhen these assumptions ðîe used, no stochastic fr"a:rrewor:k has to be introrJuced.
Tlre statements about the behaviou:: of x(') to be given i:elow are tytie as long
as e(') is suctr that C.3 and. C.4 hold.. If a stochastic fnaniewor^k !t í.rçosed and
C.3, C.4 hold with prrrbãbility one, t}:en the stateñents about x(.) will- be tx,r:e
w.p.1. This is, essentially, the appr.oaeh taken in [S] a¡:d [BJ, w]r-ich also con*
tain a detailed study of algoniü:ms ljke (18) (esp. [B]o Ct¡.4). There several
different sets of conditions inçlying cÕnvergence of (19) are given. In fact,
conditions B ímply that C.3 and C.4 hold \,r,p.1. It nray in this context be re*
ma::ked that there is astually a tnade*off between condition.A.T = B.g and con-
ditions 8.2 and 8.7: The la::gest p for: which 8,2 and B.? need to hold is tl¡"åce
tlre p fon whiú 4.7 holds. Ther.efor-e, if y(.) is subject to (1?), then only the
for:nth ncrnents of e, Q and K1 have to be bounded. This ís discussed fu:rther. in
[5] arrd [8], and we shall not punsue it here.

T
1
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5" MAIN TriEoRm4S.

The furrction f(') defined inA.5, 8.6 on C.3 is the basic objeet of interrest.
As tl:e heur:istic discussion in Sectíon 3 indicateci the differential equation

*"o,r)=f¡*Drrl¡ {1S}

$r:i11 be nelevant fon the as5rn'ptotic behavior¡n of the algonÍthrn (1), (2), llhe
exact relationships between (19) and (1), (2) are girren in three theanems" The
fhrst one concenns convergence of (1).

&eqg-l. Consider the algonithm (), Q) subject to assumptíons 1r, B r:' t.
ie'i F i;e a conpact subset of D* such tlnt the trajectories of {19} that etart iî
ñ reme¡r¡ in tåere for t>0. .Assume that
1) thcre is a nandom var,íable C such that

x(t! € ñ and lç(tll . C infinitety often (i.o.) w.p.1 (?t)
?'J the djftbrential equation (19) has an invariant set D* wi-tÏr dona:'-n of

attractitxr DO : ñ. e1J

iÏ¡en x(t) * Dc Lr.p.1 ð.s t + *.

ær{ä. By (20i.l.s îeãnt that there exists Ì^r"p.1 a er.rbsequ*riee tn, possfüly
iieper:ding on üre reaiization u, such that x(tO) € ü æ:d l,o{tOl I . cCar}, k = 1,
2"" 1his cor.'lition, whÍeh hre måy call therrbar.¡niedness conditíon", is ftrï{ller
ciisc"ussed in Seryci.on 6.

An inva:riant set of e differ"ential equation is a set slrch that the t':rajector.íes
i:en^sin in there for, -* < r < *. Ttre donai¡ of aftnaclion of an ånva::i.ant set Ðu
consists of those itir;ts fn:m whích the ü:ajectories cronverge into D" as r ter,ãs
to infini-ty. Tt is obviously an open set. $ee e g tgl, An interesting special
case is when the invaniant set Dc is just a stationary point of (1g) say x*,
wj.th ftx*) = Û. lÏter¡ the theonera provës convergence of x(t) to x*. By x(t) * D"
is n",eant that inf lx(t) - xl -n 0.

x€0.

Ûu:' second theorem conceïtts the set of possible conver"gence points " ït cen be
used to prçve failure of convengence by showing that the tudesånedt, or t!1y,rutt

panameter'value does not belong to th:is set"

Ët
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Ttreo-rem 2. Considen algonithm (1), (2) subject to assunpticrns A on B. Suppose

that x* € Ð* has the propenty that

f{x(t} * ß(x*rp)) t 0 fon all p > 0

Fur4ùen suppose that

Q(trx*rõ(trx*)J has a covarianee matrix bo¡nded frr:n be}:w by a
strictly pasitive definite nrnfiríx,

)-(22> '

(23)

and that

E q [trxuþ(trx)] is cor¡tinuously dÍfferentíable vr":r.t x i.n a neí,gþ*

bou:rhood of x* and the der:ivatives convelrge ur¡ifoïïì}y ín this neígþ-
bourhood as t tends to infinity"

ïhen

f(x*) = 0 {24}

and

H(x*) =
d

QX
f (x) has all eigeirvalues ín the U{P {Re z ç fs}, (25)

x=x*

3ì:e nntrix H(x*) defines, of course, the linear'cliffererfí.at equation obtained
fr{)m (19) þy lineerization al'ound x*. Therefonl this theozem essentíaily statee
th¿t tt¡e algonitfun cal"l conver:ge oni-y to stable sta.tionar5r peiin-ts of the diffe-
rtln¡-*ial equation (19 ).

Tf f(x) = - * V(x), which niigþt be the case if the algorithm is based on crí-
teríon-rninimÍzatíon, tlren V(x) can be &osen as a Lyapunov fi¡rction fon the
differential equaticr¡ (19). since $ vixt.lj ; Þ 

f 
r(xe ri)lt' ì^re see thar rhe

stationary points of (19)o togethen with the ¡;oint {-}, fo::¡n an ínvariant set
with global do¡nai¡ of affinaction. Moneoven, if the st-atíonary points are iso*
tatedr it fCIl-lcrds fi:om Theoren 2 that only stable ones, i e local månirna, a::e
possi^ble cCInvergence points. It also follows fron Theoren 1 that the estimates

t F(A) = 'Tt¿e pnobabílity of the event A.
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canr¡ot oscillate betweeri different minina. CollectÍng all this we obtain ð. co*
noliary to Theorems 1 änd 2.

Co,r¡cl1arv. Suppose that DO = Ril , that f(x) = - * V(x) and that V(x) has
isolated stationary points. Assune that lç(t>l . C i.o. w,p.1. Then w.p,1,,
x(t) tends eithen to a local rninimu¡r of v(x) [i.e. Vn'{x) positive senridefinite}
or to infinity as t tends to infini$.

Finally, outâ third theonem relates the tnajector"ies of the differentíal equa*
tion (19) to the paths of the al-gonithm (1)o (2). The result ís for"nn:Iated as
follo'rs. têt x(t), t = t0'.!., be genenate<l by (1), (2). The values carr be
plotted i^,rith the eample nLmbens t as the al:ecissa, It ås also possibie to ín-
trnduce as before a fictåtious tj¡re r bv

"t y{k) (26)

Fie, 1a.

tet xÐ{trr1o:x(to)J ne the soLutíon of (19) wit}r initi.al value x(to) at ti¡ne
r¡,.,. Plot also this solution ín the same diagnam:

t ,xtt'þ
o

Ò¡ .
1 --r{ ó fê\l**"y'

f¡ f
0

L
L

T
k:1

suppose that the estimates x(t) ar€ plofted agai.nst this tir€ r:

x

3 aI aöt¡

xt

Õ at

Tto

a I

t

3 a
I

1t

t

T

liLtÞ - To illust?ate fheorem 4.
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let r be a set of integens. The pnobability ürat il.r. points x(t), t € rr si-
multaneously ane witluin a cerrtain distance e fnom the tnajectory is estj.¡nated
in tlre follouing theonem.

ïheonem 3. Considen algonithm (1), (2) under assr.unptiorrs A on B. Assune that
f(x) is ccntinuously diffenentiable and that E Q{,";*rõ(trx)J (= f(x)) does not
depend on t. (rc *y here disregand a possible tr.ansient ir õ(trx) and asgurrÊ
that õ('rx) has neactred stationa:rity.) Assune fon sore to that x(to) € Dn c Do
ar¡d lo(tol ¡ t K0, whene Do is ccnpact. Assure that the solution *oÏrr"1oi*ttoi)
to (19) is erponentially stable, and 1et f be a set of integens, such tJrat
infltl-r3 I = ô0 " 0 whene i + Í a¡rd írj € r. Then fon åny r" > 1 thene exist cr¡rr-
stãnts K a¡¡d eO that depend on u, Ðû, K0 and ô0, but nort on to, x(to) on ro(to)
sucl¡ ttrat fon e . .g0o

t{::p lx(t) -*Ð(".;rto,x(to)) l, r} -å*i y(j)n alln> 1 (27)ffr
t>to " e J=to

whene N : sup ii i € f, whictr nny be *.

4emaþ4. fn the proof of Ttreorrem 3 it is assuflied tl¡at tlre exponential stability
of the solution *Ð(rrrt0;x(t0)j is enswed by a quadnatic Lyaprxrov ft¡nstion fon
the (linean and tire-varying) vaniational equation arot¡r¡d th:is solution, cf, e g
[101.

AltJrougþ tJre pnoof of Theorem 3 pr"ovides an estínnte of K finom gíven constantso
s¡e do not intend to use (27) to obtain nnoericà bounds fon the pnobability.
rhe point of the theonem is that a ccrrurestion between the diffenentiaL eqr.raticnr
(19) and the algonithrn (1 ), (2) is eståblished. In pa:rticula:r, we notice that,
due to 4.7 tlrere is an n such tfiat the RHS cif (27) becones a¡.bítrarÍly small
when tO j¡qrea,sesr añd e, D0 and KO are fixed. This rreans that the estilnates
stay close to the corresponding tnajectory with hi-ghen ari¿ higþen pnobability
* t0 j¡¡creases. Anothen way of interpreting (27) is that the gain sequence y(.)
canbe scaled so that x(.) stays arbitrra:rily close to xÐ(.)n wíth an ar-bitnary
hig¡ degee of pnobability.

lhe pnoofs of Theoreus 1, 2 and 3 are long and teclrnical and the space here does
not perrnit to include tl¡ern. ftrlI proofs are given in [7]. ¿n outli¡e of the proof
of Ttreoraem 2 was given also in [1]. The idea of the prroofs of T]reorens 1 and.3
follou¡s the discussion in SeetÍon 3. Howeven, ê consideruble arnount of tec¡nj.ca-
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l:itíes ane requined to justify nigonously the 'tappnrxi:retively equal"-signs.

6. TTTE BCLTNDEDNESS COI{DTTTON

Tn tjris section we sha-ll discuss condition (20). The rneason why it is nequire<i
is twofold. Fir"stly, obviously x(t) nust be Ínside D* (with ç(t) not too 1a:rge
to prevent an Írr¡ediate iunp) for the differential equation to be valid at all,
and also inside ÐO to get trcaugþttt by a tr"ajectory convenging to D". Secondly,
and per"haps lees obviotisly, even if DR = DA = Rn it rnay happen t}rat x(t) tends
to i¡finity. The reason fon divergence is that if Q(trxrtp) inseases napidly
with lxl it may happen that the cor,:¡ection v(t)Q(trxtt-t)rç(t)) always is too
large even though v(t) tends to zero. Another. r€ason is that the va::iance of
the ttnoisett Q(trxrtp) - f(x) nray increase so fast wíth lxl ttrat a ît*andom h¡afk't
effect beco¡res pnedcnrinating close to ínfinity.

Fnom a pnactical point of view, the question of boundedness of the estínrates
nay seem unintenestir¡gr since no ínpl"ementation of (1) will allot^r thåt x(t)
tends to i¡finiW. It r,qill be kept bou:rded eithen by delÍtrenate ¡r^easurçs Õr
due to e g over"flcn¡ i¡ the corputen. Nor¿¡ the rreastueà to keep x(t) in a bound*
ed area ma¡l not be corçletely a:rbÍtnary to obtain convengence.

A featr.re that can be used when D* = ÐA = f , is to íntrçdt¡ce a satr¡^ation in
Q('l'r') so that lQ(t;xrtp)l . K. This is fi¡:ther discussed in [zJ.

Anot.}¡e:r possíbility of preventing x(t) fnom tending to infinity is to pnoject
x(t) into a bornded area if lx(t) | is too large or if x(t) does not belong to
a desíred arear say Dr. In fact, if A(x) is a ]arcn¡n function of x, it is com-
non' and often even necessat¡¡ to test if x(t) € ÐS and p::oject it into D, otåer,-
t¿"ise. V'te then have an algorithn of the follo^ring type:

r
(28)x(t) = [x{t-r ) + v(t)Q (t,xtt-r ),ç(t)) 

]0, ,o,

'f efxrt-1))o(t-l) + B(x(t-1))e(t) if x(t-1) e o,,o(t)={ '
[rrh a given ccnpaet subset of Rm if x(t-1) e D1

a rralue

whene, fon Ð, e D,

(2e)
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rt should be clea:: ttrat D,l r D, cannot be chÍrsen arbitnanily., looee].y speaking,
the tnajector'i-es of (19) that sta¡rt in D, nust not 1eave the area 0.,. othertrise
thene nny be an undesired clusten point on the bor:ndary of D,,,, This nny be fon-
malized as follon^rs.

ïtreonem 4. Consider. the algoniü¡m (28), (29) subject to asswç:tions Ao B on C.
t€t D1 c Ð* be an operì bounded set contai"ning the compact set Dr. Let ñ = Ðr$,
(D., "ninusrr Dr)' Assune that Dz c D¿r with Ðo defi¡ed as in Tt¡eorem 1. Suppose
that there exists a tr¿ioe differentiable function U(x) > 0, defined in a neigþ-
bor¡r.hood of õ with pnopenties

ig u'(x)f(x) < 0 (3û)

( fíff€Ð1

so¡äe value fu DZ if f C Ð1

15.

(31)

,..( 32a)

( 32b)

Itren Theorem :1 holds without assr-unption (20).

The pnoof of Tlreonem 4 is givør in [Z].

Assurrption (30) clea¡rly makes U(.) a L.yapunov fr:nction í.rr ñ, while (31) fopma-
lizes the intrritive notion of tnajectories fr"oìn D2 never¡ ieaving D,,,, !{e rnal¡ re-
mar"k that (30), (31) hordr € g if tlre tnajectonies of (,i9) do not intensect
the boundarly of D,¡ rrot¡twardstt and D, is sufficiently close to D,

7. H0!,1 T0 USE THE î{EOREI'{S

Ihe inh¡í'tive srntent of the theorens of Seetion S is that the algorithm (1), (z)

U(x) >C, fonx€D,'
U(x)<CZ.Q1 fonx€D,

can be etudied and analysed in terrns of the differ"entíal equafíon
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(33)

where

b)

f(x) = t* t Q(t,x,${t,x)) ( 34)

The precisê statellEnts about the relatÍons between (02) and {83) of îheorens
1 - 3 rnay be su¡ru'n¿:rized ín a sornewhat looss: langrrage as follcñdrs.

a) x(t) can conver€e onry to stable stationary points af (83).

Ïf x(') belongs to the domain of attnaction of a stable stationary point
x* of (33) i.o. T^r.p,1o then x(t) conr¡erges !¡.p.1 to x* as t tends to in-
finí-ty.

The tnajector:ies of (38) arlettthe asyr*ptotíc paths,rof the estinn^tes
x(.), genenated by (32).

e)

lhese statements äre fainly atrnactive intrritively, and they suggest ceptain
unified techniques to analyse recursive algoniürns. I¡le shall ill-r¡süate this
below, but let us heïe point out sor¡e aspects

By the result a) the possible convengence points of (32) nny be deter,¡nined and
studied. Ttrat a possible convengence point must be a zer3o of (Ba) ís fair,ly
obvious and it nay be derrived without reference to any differentÍal equation.
Hoittever, the obseFvåtion that ðrnong these statÍonar1¡ points only stable ones
are candidates fon being lim:it points of (32) is a nnst important eomplement
a¡'¡d it is prrùably lçss obvious w"ithout the present .Ínterpnetation in ter:ms of
the differential equation. Perhaps the main use of nesult a) is to pnove fail-
ure of convergence- It may be rerrar"ked that usually ar¡ algonithm is constr"ucted
so that tlre desired lirliit indeed is a stationary point. .Consequently the pos-
sible laclc of con\Ærgence is then due to tÏ¡e r.¡nstable character. of the statio-
na4r point, so i-t is tJ:e cønplenrent (25) that is the key result fon p¡oving di-
vergenc€.

Result b) is the result by which conveîgence can be pnovecl. In nuny cases it
is not easy to fínd a p¡:opeu Lyapu::ov fi:nction to pnove global stability of (33),
and sonetj¡es the nigþt hand side of (33) is quite complex. Fon cerbain algo-
rithms, thougþ, in parrtictrlan those a:rising from c¡,itenia-nrininrization, it is
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possible to do this analytically, añd soñÞ exarples wi1l be given below.

I¡frrile analytic treaürent of (33) may be difficult, it is always possible to
solve it nuner-icalIy when the direrrsion of x is not too lar.ge. In that way
insigþt can be gained into the global stability propenties of the diffenen-
tial equation, tlre stationary poÍnts and thein chanacten. In view of yesult
c) the tr-ajectoníes thuË obtained are also relevant fon the asyrptotic beha-
viour of the algor-ithm. lherefoneo nunerical solution of (33) is a valuable
complererrt to simulation of (32). Due to the tine scaling (26) in tire diffe*
rential equation, this leveals rcre napidly the as5rnptotic properties and the
stationa4r poi:nts of tl¡e algonithm, Sínce the estimates c¡ange mone and npre
slct^ùyr due to (4) r it is not seldo¡n difficult to decide f,¡ryn simulations on-
ly u*retlren the estimates have settled a:round a 1írnit value or are just conver*-
ging slcn^ûy. Tn addition, it might be dífficult to telL fncxn a simulation if a
cerrtain effect is an jr¡l¡enent featr¡re of the algor.ithm on just depencLs on ran-
dorn influenee. Numenical solution of (33) may nesolve such questÍons.

Ïn tl¡e next section we shall apply the nethod to a few exarçIes and illustr:ate
hcç¡ the teclmiques of the itens above nìåy be used.

8. EXAI'{PLËS

1:- Stochastic

Consider the pnoblem of solving

E*Q(xoo) = s (35)

for x' Hene ÌtE*rt denotes the erpectaticn: with nespect to Çr while the vectop
x is considered as a fixed par-ameten. Quantities Q(xrc(t)J, t = 1r zr...e ärï€
available fon any x, where the distnibution of the random vecton ç(.) does not
depend on x. Robbjns-Monro [111 pnoved that under cerrbain assrmptions the scha,n€
( ttthe Robbins-Monno schemerr )

x(t) = x(t-1) + y(t)Q(x(t-1 )rtp(t)) (36)
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gives d sequence of estimåtes ü1at converges to the (a) solution sf (AS) jrr
t]¡e n¡ean square sense. Convergene€ w,p.1 of (.36) iras then l:een studied in se-
venal påpersr ê,8 t12l * t14ju and the theorems oftLrese etudíes do not dif*
fen very mucli eonceptually f:nom Theorem 1. The f'unctíons used in the conven*
gence theonems of e g hZJ or [tS] 

"*^, 
be j¡terpretec as Lyapr_unov fi_:rrctions

for" the differential equation (33) and condition (20) of Theorem I is ensurea
by funther" conditiorrs CIn this function, nathen than b,y the rnore practically
orriented theorem 4o see e g ['12], condí.|:'.on A, or: [18], condåtion B, p. 1g4,
ït can also be rre¡r¡arked that the conúitir:n

r(x*x*)TQ(xrç) < o (37)

f:requently used in Tsypkinfs wor-k, see e g [1s], [16], clea:rly can be r_mde:--

stood as a stability conditíon for" (33) wÍttr V(x) = llx-x*ll' *" the Lyapunov
function. Tsypkints condítion

tr(x-x*)TQ(xoe)(x-x*) s C(i + ll*ll 2) (38)

is then a varíant of the 'rboundedness condition",

The convergence nesults thus obLaíned are, hcweve::n essentially resfi:Ícteci to
the case Q(') being Índependent nandom va:riables [at'l = û] and y(.) *atisfying
(17) whichr is quite nestrictive for eontnol a¡rd estilnetion application* îhese
conditi-ons are ínherently tied to tJre use cf na:'tíngale theory in the proofs arid
carunot easily be d;ispensed with. Oun Theorem 1 when applied tc (38) is t}rus ïrcr"e
genenal in that 9(') rnay be dependent (generattgd as wh:ite noíse thnough a linean
filter) and y(') has only to satisfrv 4.7. This is satisfied e g fon y(t) = C t-ü
0 < s < ',[, r,,ùile (17) adrni"ts only 1/Z o s ç 1" Notice that slcn^ily decneasing
gain sequences måy be of interest in pnactice tc¡ achieve fast- convergence sf the
sequence of estí-nåtes. Ide must, irowe'rer, aúnit that we in rreturrr require nrore
regulanity of Q and of e('). ûn the othen ha::clo non-sinootftness of the invol,¿ed
fr.:nctions is seldom a pnoblem i-:r applícations, and we. believe that orln version
of the convergence theorem is rr¡¡.e widely applícerble,

In addition, Theorems 2 and 3 ar.e inçontant results for conr¡ergence analysis,
and we are not åT\tar€ of siÍdlår. pr-nevÍouc results for: the Robbíns-l4onrc srùeffe,

Ïn nrany applicatiorsít is of intenest to md.nim:ize a.ft¡nercion f:*rT(xrs) = p(x)
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with respect to x. Tf the denivative of J with respect to x can be calculal**ed,
the stationary poin'ts of p(x) can be foi¡rrd as sclutions of

r,o[* r(xu.p) j = o

This is a p,"oblem that ear: be solved usíng the Robbins-Monrc sc¡eme ancj then
flre corollary of Theorerns 1 and Z is quite useful.

rf the cler:'ivative of J cannot be calculated it seems natr"¡nal to replace it wigr
sonie differ€nce approximaticn. This ï^ïãs suggested by Kiefer and t¡/ol-fcn^r-itz llTJ
and thej'r" prncedune has alsc¡ been used fon va¡'íous control and esti¡ration p*rb*
Lems ' Ktæhnen has in severa'l recent papens discussed inter"ectj.ng varia:rts of
this pnocedure, see e g [t43, [ts1. ç* t]reorems a¡tr not dírrectly app)-ica]l*.to
tlte Kiefen*l¡iolfcr^¡itz sc]reme as tl'iey stã.nel, sínce condition Á,.3 (ar.8"3) is natvarid' Tne reason is that the function Q in thís case inerea.çes -Lo infinity wítirt' Fo:: tlre case of adciitíve noise to the funeJion to be minimízed, however", ít
can r"eadily be shs'¡T"l that Ttreonemç 1 - 4 hold ånyway, Details are given in 1,5;and [7].

stochastic apprrrxjmation algonítlr¡ts have been appJ.ied to a brçad variety of
pnrblems in contrtrl theoryo see e g Tslpkin [1S1, [16], Ëu lZtJ, and Sarridås
et al l21J' Ti:e appnoach is lrræ.¡'r astlleaïTring systerns*, årid in this f-r:amelso::k
estÍmation and identificaticn pn:blers, aciaptive contnol, supenvised ancl unsuperþ
vised patter-n recognition etc earr be treated.

An approach that is related to stochastic *nnoo**.tÍon is suggested by Aizernran
et al t13 i. Thein I'Fotential Functíon ¡dethodl' can he applied to va::ious prcblems
in ¡rnc*rirre lear.rr-ing"

llrerefore 'lhe Robbins-Morrro seheme appears in va::ious disguises j¡ many control
and estimation algonithn'Ë r afid cclnsequently the desenibed -fechniques can
be applied to these. A pa'ticura:: exanrple is given belw¡" ,,

Exanrple 2 - An autcrnatic classifier-

A crassifien r"eceives scalar valued signals ç(t) ü¡híeh may be].ong to eithen of
two a pnio::i unkncr,m classes A and B. The classifier. rnust find a classificatían
nuile, í e a numben c(t) cuc$ that q(t) is blassified as A if ç(t) s c(t) and B



otåerwise. The nunber- c(t) can e g be determined as folLcq¡sl

c(t)=[*Ac*l**Bit))/e

¿u.

(40 )

i,¡he'f.e

/tt) =

*A(t-t) n r{ttløtr - fct*1l if dt] is classified a.s A
Ax'(t-1) otherrn¡ise (3E)

*B(t) is defineci analogously. clear'ly, *A(t) is the r¡nan value of the outco¡¡eselassified as A. Tnis scheme is diseussed by Tsypì<in tZZ ¡ sn¿ Bna,¿errnan ltAJ.

r€t q{t) have the distr"ibution shc¡¡n: in Fig. 2 consistíng of two 1':iangrrla.ndisfi:ibutions ' The pn:bability of outcomes Ín the left tr-iangie is À. l,rte å*sumethat {{') is a sequence of independent narrclom var,iables" cLearly, it is desir.-
ab'-le that the classi"fi'cation rule, the nwrï-¡er. c(t), should crnverge to some varuebetween -1 and +1 " ïntnoduce

f"Artl ìx(t)= l^ I

lx"ttl J

qAl*Ar*Brç¡ 
=

cr$**B> * o

(/**B) * o

and QB analogously

Then (3g) can be r,,nitten

x(t) = x(t-1) + y(t)Q(x(t-t),,f{t))

whene

C r*4.*B,er'¡
Q(xoç) = 

[r,.o,*8,ç).J

culu

ç* A.- 1x t¡,0"È
1rrg>T

where "blre varues fon'| c*A**Bl * 6 6 * a å (*Ao*B) + d arc such thai C i* *crcntinuousl-y differentiable funetion of ç-ånd x" Here ô is some snnlï posítive
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clea::ly, the algoníthm (40) togethen with the abse'va-rion equetion

ç(t) = e('t)
\cit/

:'-s a sÌ-rirple case of (32)" Sincç g(.) = e(.) is boimdecl we r-ray use â.ssurirpti.ons;A' Ûbviously 4"1 to 4.5 a:re satisfieeir ûnd let us åssllrk! ü:at v(") is si:dr thatA'6 * A'9 hold' (Hene A'3 holdn ín virlue of our. somewhat artificial npdåfica*tian of QA; but this exanple wíll illustr,ate that a heunistíc use of the prr:sen.t
convergence results l'r:ill reveal irnportant feetunes of the alganitla"n. )

E*Q(xro) = f(x) is r:eadíly conputed as follor,,rs. For a given x the cgr,responding
classífication point is c(x) = (*A**B)/2. St*l is then the nean v.d-ue of thedistnibution left of the point c(x), minus xA. dt"l is found corresponclingly.
The algebr:aic erpnession fon f(x) as a ftr¡ction of x and À is lengthy anci is
o¡ïitted.

hle finst note that by constnuction, the esti-mates are cor:finer_ì 1s the area ñ:3 t *B u *A t -3' Therefore cond.:ition (20) of Tr:eorem I ie trî-vially satisfied"Analylical treatnrent <lf the differential equation * = f(x) is not eð.syr blrt itsfr-ajectories cän easily be deterurined by numer:icai solutir:n anel grey are shor^¡irin Fig' 3 for tr^¡o clioices of À. For the case Ã = ü.s, {Fig" 3a} therc i.s cor:*vincing evidence that the point x* = (-2rZ) is a stâb1e staticnary point withglobal domain of attråction" Tnerefore, fon À : û,s j-t follçq¿s frcn îheonem 1that x(t) -'' x* w'p"1 as t + *, urhich gives å cÕmect classificatj.on nuie cf = 0"
The case À ; Û'99 {Fig' 3b} corresponds to a conrnon situation where errçr€ ':hê.tocclrn Father seldom (1"6>rrtoiitlierç*, ehall be cletectect" In thís casethens are
t¡¡o stdl:le stati.'ary pcínts of the differeirtial equa"LÍono x* = (*2rZ) .1.:r.d xr* *
= (-2'3, -'1"4i' Tliere is obviously a non zerÐ ¡:rcbabílity that x{.ti bel-ongs tsthe damain of aftraction of x** i.o' The:efore Theonem 1 shours tliat fon À = *,gg:
and fc'n ål1y står'ting val-i:e x(0) there is .r ncn aerc pn:bebility ltnat depencs cnx(alJ that x('t) -* ¡ç** 4,5 t + *" his give;s an asymptotic cl-assi-f.'-cati-o¡r rules** = *1.8, that elassifíes 39% clf the¡tco::r.ect values:t¡as outl.ierç" For" this
case sín{ilations of the ci-assífieïì år€ s}ror¿¡,r in Fig" k. ïn fact, t}re s*äuiation
leading to the unclesiFed value c** appeared only after- severaL (2s?) attemptn
and frtm simulations on)-y åt iliight har¡e ]:een tenrptÌ-ng to conclude gener..a)- con*
vËt-gence to c*"



¿¿"

rn this example it j"s cu¡nbensome to find a slritable Lyapunov fi:nction fon
the stabilí1ry pnoblem. However, aË seen in Fig, 3 nume::ical solution of the
OÐFl yields sufficient insigþt into the stab-ility prcperties. such detailed
jnforcnätion cð.n natr:r a1ly be obtained only íf the di¡rensionality of the prob_
lern is srrnll.
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errÕr r¡ethods"

A cülrlÐn way of n'xrdeiling dyrarnic systems is as a vector" dífference equation
(vDË),

y(t) + ArV(t-t ) + ... + Ç(t-n) = Bru(t*1) * . ". + B,.,u{t*n)

where y(t) and u(t) a:.e colunnr veci;o¡s and A1 and B, a;r: mat::ices of åppro_
priate dimensions. fntï.oduce

(tr2)

('+3)

(45 )

I = (41 ".. 4", 81 ,.. *rr)t

û(t) = {*y(t*1)T .." *y(t-n)Tr.r(t-1) ... u{r-o}T¡r

Then {42) can be wr:itten

y(t) = eT,i,(t) {44}

l'le may rerËrk that (44) also covens sever,ål 0ther- interesting estination prob-
lems, not necessanÍry related tÕ $ystem identifi"cation.

Usually the tnue systen cannot be ctescniled exacrtl.y ín the foyrn (44). suppase
that it can be deecribed as

:ry(t) : Ê
0 {,(t) + v(r)

wher-e v(' ) is a distr"¡r'bance that can be ro,ielred as

v(t) ' D(q ')er(t) 
{46}

ilere Ð(q 1) íu a nratt'jx r^rith ::ationai- .fi,rnctÍons of the bac"icrçarcl shift ope*å.*
tor: q*1 as entrries and e1(') is a st¿rtionary sequencë of independent randorn

'ectors wÍth ff¡ite nrments" It ås êssunecl that the denam:inator" pclyno:-lrials
in Ð(z) (z replacing q*li ïrave al.l rcots outsíde the unít 

":"r,*r*, ;;;-:î,js an ex¡:onentiatly stable filter.

Ëven if an exact descnípticn of the system is ínpossíble, a B can be deter,-
¡¡rined that gi-ves a nÕdel (4q.) which desffìbes the recor<led data as wel.l, as



2'1,

possible" often I is detertn:ined by mininrizíng a cnite:-ion based on the eeua*
tÍon enror

ll vCtl - er,¡,(t) ff 
2

(47 )

seve'al algo::ithms based on the idea of soneriow rninimizin g u7) have been sqq-gested in the litenature, see e g [2]+J ar:d also [2sj fon a comprehensive trea.t-
nrent' The pncbably best ]<rrahrr¡ nrethod of this {rpe Í* the least squdres ¿lgo-
ni.thms, see e g [Zr+ J. Then t]¡e sum

llvct> * er,r{t) lf 
2

(48 )

is ¡ninjinizeú' w"Y"t I to obtai¡r the estifiåte 6{lrl} basecl on measurelnÊnt up tütirrc N. Ârr irnpæ,tant ånd well- kncnø,r feature of thís rnethc,<j is that th* sequenceof estj¡rate# crån be obte¡_ined recu::,sj.vely as

s(t) = ç(r-1) + v(tlr(t)[v(t) - Ë(t*11T,¡(t)JT (49a]

K(t) = lt*1etiu{t)lir + y(t} [r¡et)rn*1(t)ø(*] - llJ {qeb}'J

R(t) ' R{t-1} +, y(t)[,r,(t¡,¡,ftlT - n{t*.t)] (49*}

[usuaì"]-y (49c) Ís wnitte¡: in terrns of R-'l(t), r,¡hic]:r rna]ces it of ,'Råccati type,,].
For the nrinimizatíon of {uB) y(t} hae to }:e taken as 1/t. Otiren sequencec yi.)
corresFÛnd'to cniter"ia where old measurefüents åre diseÕuntecf , wi:i.ch cften ås
reL.evarrt Í-n p::actiee.

l"et us åssume that the ínput to the pnscess Ís deteïürinecl e*;

u(t) * Fiq-1)er(ti * H[q-1;€(r*1]]v(t) {sr}

r.¡here l'(q*1) ancl Y{-*1rÊ) ar.e nÌatri.ces wi.tJr national fmcticns of .tire b*claçar<i
shi'ft oÐeï"¿ltÕl:''l*1 *u ent'r'ies" let en(') be a stationarSr Ëequence af r:,an<?on
r"neðtÕTË vd"Lh ff'rríte ã'.ûrn*nts " that a::e mutually Índepenelent e::d also j-ndelg,,errcl*nt
of e* ( " ) - Morefivere H(q-þ Ís a causal openahon that alicx¿s output feedl:ack'fer'm; in the ínput" This feedbaclE Law may depend on the c.n*ent Þåra{i€te}^a es.lå*
matt*" as ås fr::rfher: cliscussed ín Ëxenple S.

Àï

r
tn1



Tt is clear that the nati-crnal filter.s ín (46) ¿urd (50) carr b¡e rel:rresented i-n
a state space fonrr,

zu(t+n,) = Arrzrr{t} + B"er(.t+l); v(t) = (I 0 ".. 0)zo(t} ($1i

zrr(t+1 )' Ar, [eetiiz,rt-t] + zu o Bu**2(t+1 ] + v(t+1 ]

u(t); {T 0...0}2"{t} t52,

where nu(') and zrr{' } ,ine the eorrespondång s"bate veetcns of, apprupyj-ate cii,*
$ieirsiorig. lrie rnay ncn¡ forrn the rîctsenva.tåon vectorr?,

qp(t) * [y(t)T, 4,{tir, zrr{t)T, ",rtt)T]T isg}

which. obeys

ç(t) 'n*ictt*i)Jto("r*r, - *1e;
(r)

(t)
ì
I
I) rqkÌ

where "the natr:íx A*(" ) ís formecl frcm (r+S), (43), {S1}, (5?} ån æn cbvj.cu$ mårr-
ner' Its eigenva"lues are the pales of the filter-s Dfu*1) , F(q-1) *¡.:d af g.:*
closed i-mp sys'herTì Lrl:lÍcÌ"r iç ol:tained for" (r+2) wi-th â Ç*nstårf feedback {brl}
ueing 0(t*1). therc .:r'e also a nr.mben of eígenvalues in the origin, arisång
fram the *hiftång of the vecton û(t). Notåcethat qe(ê) depends an &, cnJ.*/ *ince
the feeabacft ff-l"te:r H(q"-1iê) dces" let us take

x(t) * (e{t}T*orT nrtl}T (ss}

ïheri ec (49) t¿kes .thre fonn

x{t) = x(t*1} * y(t)Q(t;x(t-1)¡ç(t)i (5$)

t^¡i'tlr an obrviotls definition of Q(tixrç) fi:om (49). T}:erefo¡.e the a]-gonitiïr, (4g)
-Íc"gether with (54) is of the genenal fonn (32). rÉt us cireck i.f assunçrtåons B
*f $ectåorr ¿å are satísfied. Concli.tions 8.1 and B.? are setåsfi.eil due to our
essumptians. Ëy straíghtfor**arrl calculations it ís readily shorfir¡-fhat 8.3 ís
na:tisfiect in the open aï€.a n* = {xlR , 0}o {cf'(Sä)} e g with

Kr(x,ç,p,v) = {lËi * o}(r + lçl n ù2/(.i - p¡n'-1 ll2 (5?i



fo' p r p(x) . 11 fR*1 l. Then B.t wíl' be satisfied with

Kr(x,t&,p1vew) = { lgl * p)(lçi * Zw + vl/( - o ln-1 ¡:2 dqr)\

canditåon B'5 is satisfied if the rnatr"ix H(q*1;s) is Lipschitz contj.nuous ir: B.For condítion 8,6 we deftne

õçt,rl = a.^{ö)ü{r*1 ,;) - rJ.,:t]l f; = fer *orr frlrì(P 
te'tt)J r - lu çv¿ "J 

J

$ince *i:') are stationärr¡¡, õctri) wiil app:,oach stationärity eryonentially,
fon all ir such that õ makes the closed loop system stabie" ïheref.'ore the li*rrdtc

r(ã) = um Ë üct,il¡¡tt,i) - 6rõr*,;)Jt rqû-\t-** 'ú \3VäJ

e(ã) = lim H l,f t,i)î,tt,i>r
t+* ( Sghi)

are well defined v+here ittrii an¿ ü(tri) a:re the corresponding pãrts cf õ(tri),a¡rd

t--4
tlm E Q [t;i,õ(t,*)J = f* 

'f(8) 
Ir.+oo 

{cot (e <d¡ _ ñ)j (âr)

sc B'6 js satisfied, Moreoven, from (57) and e'sgl it follcx¿s.that B,T holcls,since all n¡:¡rents of ,ã(tr*) anri v(trx) exÍst. condåtions B.B - 8.11 about the
sequenee y(":! a¡e assumed to be satisfied

Tne conc.lusion ther€forie is that the differ"ential equatíon

å-4

fr o( r) = ft '(,)f [*e ,lJ 
{61a}

#, o, ri * G {oe ,i} * R(t} (61}:}

ca.n be assaciated '"¡íth the algonithm (qgi. Tn the remainÍng par_t cf tt¡ås

an8
exanple, we ehall assurne that the feedl:ack natpix $ da4s n.Õt deperld



¿t *

(í e there is no adaptive feedbaek), that the sntnix F(z) has futl rank a ez aird that e1(' ) axe furr nanrc prÐcesses. (Adaptive feedback is fi:r,'_hen ciis*cussed ín Exanple 5.) This means that thre nntnix Ar(') does not cle¡:end on g,
õetrll 'ç(t)r añd F(trll * y(t), so the vatues ín (s9) are directty defineciin terms of Ínput-ouþut cova::ia¡rces. ïn pðftícul*n* the røtníx G is indepen*dentof&;G(o)=ç.

ïntrroCuce

:: . Ë c(t)v(t)T
(62 )

and ç¡e har¡er using (4S),

f{0) =G:{Sn - 8} + r
{63)

Fien*e, (S1) carr be re,rr¡.iften as

d-1
å uet) * R-r(r)6[{eu+G*1n} - s(r}] (64a)

* otri = G -. R(r)
i64b)

't'lith

ã( ti = fl( r) - (oo+G-1r")

cu ÁLt

we have

)( t1l
rJI *
s-Rg

Sv{ãer},R(r}J = * zfc'd* ãry¡e - R(r)}ä= -ãryrr}{e + R(rtjãrrr {"ân\.

*o tliat v is a Lyepr:norr functiar¿ for equatj.on (64) or" {tj1) th{et ass*îes thatthr: stationa.ry point

+ G'r-å*xS
I,J {66}



has a don,'i¡ of attnactíon equ.el to rr*. Therr¡for"e conåitiori el j ç¡ Theore.nr .,r

ís eatisfied ivith DA = DR.. To checl< conùi-tion i20) v¡e note fj-::st that the as*
surç'lion on full nank ancl finite noments of er( " ) inplies that cï þ G > dï fo::,
scme s " t, c < *. Ther€fore aiso f- r * nrt> < zcr and lç(t> I u zc i.o. w.i¡.j.
''¡lr a.lsa r:':-ie that (r+ga) ca¡r for, lange s(t-I) i:e rnrritten

ü{t} ¡v {r * p*t{t)ìå{t),¡et:TJg{t*1}

v¡h-lch shCIlds tilat 8(t) eån, l'ü.p"'l , no[ tencl Lc] i-nfiníty, i{ence x(t} ¡elongr to
a compa*f subset r:f D* i.c'" w"p'1 and *cndition {zû} is sat-i*fie,j, Thearem 1
i::o'o; j".iÍipl:les tha-t

6(t] - lÌ* w.p.1 ä.s t * o,

Ïrr part-rlcular", î^¡e see that -fhe le¿st squæ,ïres cstinute ís cûr.lsj-sten1 *nl,r; ,i.fr' = 0 u v'rhicl: esseritially is the sanre as requir.i-ng tirat v(. ) is a sequence o,Íl
wtcnr"reiated r]andoln r¡at:íal:Ies, and that the ei¡'¡ent u{t} is unce;:r*l-ated r¡ith
futr:'::e r¡(s), s e t"

0ther ver"í;x:J:s *f equatí-cr! ernr ,iethÕds aïE t'*¡åtecì anarogcurly"

'Jtrese factc anr, of coul:se, weJ.l-kn{:vwr, [Z+3, I"ZS7, ¿rt ieast far" t]re case
v{t} = 1/"i:u }:ul one reason fcx''thjs exampl.e is tjrat the analysj-s exben¿ls 1r,¿o
less trivial p::cbierns.

ta

The'se"fh:ee exempies have all- been far the casè whe.re.å{.} iir {32b} actuaily
does nct 'JeBend on x- The converagenc.e pa:.t in this case can; at Least r¡rrcæ: ,ftr;-
the:: asflffq':t:i.CIns¡ not,seldo¡¡r be lreated i:y rrore converrtional. statåstå*al ¡¡e.i:hcds"
tvfrlen é'(.) c'ces ciepeild on xr cçnr¡entional- approaches l:ecame much. m*re itiffi.cul.i:,
and in fact, also jfl the pnoof of rheorern "i, a najo:: burden Ís to keep corrt*oi-
avez" tlie coupleci etæbiJ"ity quesiions in {3?a} enct (g?b},. l,rle s?rå:-l nc¡t¿ c,:nciude
i+ith irt;'o exaniples r,¡here the j::clugion of x-dependent /t-natric*s is nÊJç1esscîj1y.

Hxauple 4 P.ecunsive ídentification

The only disadva:rtage of tiie least squares algoritlun (4g) is tirat it in gener.a-1.
gåves híased es-Lj:nates, ,ãnd sevenal :recur,sÍve algarÍthms hav* Lreen sup6es{:ec. to
{}v&Tr*cÐÊ thi's prcrbien, see e g, 1243, [?e] * [2s]. þ{ost cf them har¡e.i}:e eomï3il
f*e'L'¿¿re tiral'uhe clis"{:ur'}:ance v(t} ij,l (45} is fuy,tJren mocleliecå. l¡Ie shal,-l. i-n.ti:.Ls
exa'ip:"* ¿ìssume tl:'et the systen {t+2} is ningle jnput*single crr-ltput" rn the ?:€*råï1*.



,)c

*í,.ve gg-neraLiz+:tl .least squeres al_gor.i.thrr,r , IZUS: v(. ) is nr*clel_l-ed a* an ltR pra*cËssi. Tn the t'extencled 
,r_ea.st sqrrå]:es nla.hh,rclr,, [3û3 , l|j] n eee alsc 11 j, v{,) ,*-n¡ira..le3led ,ãs an" jt{l\ p:nces*

v{t) * C(q-1)*{t) = e{t} + c1e{,r*...¡) +.". + crre(t*rr} {,.?}

v'¡here e{"} j.s ð. seqir€nce of inclepencle*nt r"a¡rdom varial:les" Tlhe sa¡ne:is trt.ie f*,¡:,t]:e trrecunsi\¡e 
nuxåmtmi likeiii¡ood meflroclrr, cf [1 ] anci [2sJ. :ih,* point is .tj:at

t^;then tìre c*pana'lretens c¡f (67) a:e i:rcl¡;deci inthe #*v*ctcr,, the,,reE:åciu-*,1fi,,e('r*å) sira¡'iid enter" in the qr(t)-v€ctcr. But x-inee .they a;:* n,:t rneæ,su-r,æl:ie,'flie¡E *re i:epiaced by t}:e estinxited r.eciduai*.;,

c(t), " y(t) * fi(,û*1)?ç,.(t)

l¡;fre:!íe

ûr'(t) * þv("i*l) " . , *r¡(t*n) s{t:*Ii , ", u(i:-.ir) r(t*1 } "., ,r{.t*r:}J}'

CJ.*;ar'ly, ixl.re the ger:e::aticli af a{t} a¡:,ct hence clf rlfi{"fi ciepencls nn {å{t_"î },,,li,yt:.t,*=f*re in eq (ri4), i e ti":e ge*erati.on of the c¡bser.¿at:i-,:r:,,¡¿:ct*:: ç{t} af ïixi*nçJ.* ,rf ,.-
frjl'c"fL rl'þ(t') r'v"rp1ec:i.ng rj'{t) in {5:j)J the rnatr,ix Ét ¡¡iì. 1 ¿rr¿¡1¡î Æ.¡,rË,ñ,ì ,-., or, -n,.
åf the::á is no acl;iprire fee,ri,ac& prcsenr rurro-*ïff:î".,åii-Ïffi:,:':i';il) 

Ê"¡t::n

:iha exfenrleci least sq.udïe* inethoc, e g9 can be fc¡,maj.]-y ces,:::.Íï;ecl i:y (4$) wj.i:l:I¡(t) repl'ac::i"ng 'l(t) a¡id 1Ï¡* dj.fferentíal equa,cíon (61) ís stilj. rel.evsri: f.a.r,;'¡naJy'3is of tl:in rnethocl,, 'see t1l" i'fotíce, hoi.rever., that sínce l\{,2 irt (sL¡} rjE**pnnrls cr¿ S.tl'* i,,¿níables üft;ll *nd î(trl) :in (Sgi indeed clen*nd on ü.riic herr:r:ss elues G" lherefr::e {û3) 'cc¡es nct hal-cl anc'L}¡e convergence procf 6f ilx*rnq}.le 3carurot b* a;:plíed' Tn factn usíng 1]reo::em 2, ít can be sh,:r^n-r that therc exi,ç.t"
r*,yxtems Í;'on a'hi-ch the algnrj.thm dces nc:t conve_g*, [1].

l'¡r ízg"¡ a eÕnnpr"eJtensi'¡e str¡dy Õf sons: recur:sårre j.cientifi*aticn fi¡e-chcris ir: iråd-t:*par"cly b¿med o¡r l}reorem,s 1 , 2 arrcl 3. Tr¡ parfí.cr:la:', it' can i:e *hmnr.¡ ti:et fcr:. ;-r.rect"lr:såvr¿ rnaxj¡tun l.ikeLil:acrd nretiiocl, the *çecteci '¿alLle of tþie 1r:g îilelilioexJ:i:'ut:ction *an 'be 
chöEieri as Lyapunov fiinc.fion fr:r the as*ilcj^ateci <fifilett¡nti*l

equati"cn" l]:e ccnverriåi{*ïlce prcpcnties *,re ttrerefi:ru: acco:r<îing trJ t}ìe *i::r:I.J,,,-¡::rl;ts gt::*Ll 'rs 1jrÕse fc¡r of-f*"låne r¡r,¡xí,m-urr lÍkel.itrcocÌ åcier:i:åficatic,n, ,:f: o.Ì-r* 11Ï"

Ï'r:r i:he csse¡" {fr?i .hhe s.t.¡}rj"ilqf regj.on D* fnn A@( " ) i_s g:î-ven .by



3û

Ðs={Êic{z)=ü"* í*! u1}

$ince this region j-s k:"¡c"*a'! tc the user,: it is usefui, and Õften ner:essar3i .tc
prcject S(t) j¡to \ u*irrg e g the nr.ojecti-o* al.goiri.fhm (Zg>, (tS)" ü

Ëxæ;nle 5 )e TE tons.

/1n reman-ked ín sectian ? the stïìucture (32) can be ,*rdenstaocr as t5pica-.ì- fo,:ad.ç"five côntnli of iinea:: systems. We shal.l in this exarç,J_e discuss an ep¡:lÌ._*aticn tÕ the sel'f*trmj.ng regul.aton, cies*:j-bed in tgzl; "** *l*o t?J and í¿rJ.this r-egulaton ís based on least squûr'es identification, (4s)rancj the ouEpr:tfeeclb¿rcc ler¿ is cle'ferr¿ine'l fncn¡ the cu¿"rent pa'r'anieten estimates " Lisuaiiy thefeedi:ack l"a'"¡ is ¿:hosen to be a mini¡,lum r¡ariance re¡pilator, [¡2], h,ut here i.fcoui<l be a gene::al- j.inea:: regula.to:: as in ( Sil ) , rr¡l:ere penhaps j.n ¡nst cases Íli* zer.o.

ïn tîris cåse 1

rirw*. ¡i*n*,*o,hi,.i;ä?:,: 

"1ïï 
I r:"iH:: ;: :.ïïîr:::''iiä:; îîthe l^eact 'sqîJaï1ås algoråthm, most of r,,¡Ïrat wes saicî in ïxanple 3 stj.ll hclcls.{lp t* etiuaii-on (61) the developrnent w,ec quite general-" llï¡is ciif:f-t.reri.tia1 üqu{r*ti*n ås vajicj al-'34 j-n the case of a.cJaptive feedÌ:aekr. e.-Lthails G a*d T ï:()1,,i fr'1*fi'i¡rctåai-rs of Û' rf r¿{-} i* a $equence of i:rcepeirt'lent::ancìoni,,¡"a::j.¿al.rLes, thei-l

'r = fi anci (ð4r ¿:nd (65) holci" [cas] dr¡es not hr:l,J if r,+ 0 clepencie on s"j i{e*.her*e'fbre stili fíncJ that the pcints eiefined bv

D* ,; {ûif{ü) - ri

f*r:r¡ *;i ånvæ"j-ant set wi"rh glr;l:ar donain rf atr:-.actåan" cl.ea::r"y $n € Þ*, a_rr.ih¡lrei'fÏì¡¡r' ìD^ cor:taï-r¡s mÕÌiÍr ¡:ointe t*epends cn .fhe ch*i.ce t:f iee(*:ack lar* ;std rna*tfrl'L ard*r" 'lh'ere is a fi::rt:'f¡,*r con4:i-:i.catåcn l:efr.xe îl.ie*zem 1 **n i:e æ¡:i;_Liea. .int"h'i* ':*:'se ihe *r'ea D* ås il¡rlcrcxn¡n, :ì" e th* ay'ea af sur:h Ê thet i.nse;"be.J. ín ,:l c,cx-l*ste;rT feedlra¡i_: "i.alr iSû) ruake the c3o*ed i.o,:p,qy$ten stabl* þ,.Ce: i"n {5Qi h.zs'rl1 r*j.Ëlenloelu*s :inçic3e the i]]lít cir:cle) " tlre.ref<.:;,r3 we caril.* S*o.,n.fee "qta¡¡å-Lj.*t3r l:y p::trj'*c'iÍ'rrg til i-nta Du ax ín.Ëxa¡nple 4" Ì{.,*ce concï:l-tj-on (í/rl} r:f lhe*y:em J?r¡¿s tc l--'<l'¡er"j"fiect Lrl¡ cther. cansidel:ations, e g, l:5r sh*wi:i¿-J th¿et îi"¡e c.r¡*y¡*ai1ÍiJ¡stínffi has a cer'r*in stai:iIíty pr*per'[y as ån tgg], Bu.L w]:eri t]:ås rs shi:v.*r,'1he$r*n 1 j:r"r:ves c$n./erageftce r:f &{t} into Ðr, r^r"p..î, L+t r:ç rç,f:e*.t.ihat th:b:}¡,3l-ein f¡:tr the c*se c¡f *.r"bj"irarv fçecibacl< la:^i, birt rJÌr¿i*:,:, th* ass.rrnrp1:i-nn -rlie-t.,-1 , \vl' / J-# ¡¡irrte itoise' lic:' Ël*n*¡'a.l noi.se rr{' } 'the üc}rt"re,.6îç}nce ;:.rurlysis :i$ lí'ã=
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cufnbeïËonË, bu-t j.t ca¡l be perfar.necj in cr:r,taån specier- cascs , T2 3, iq l. þ.Ie r*.*.fer also tc tha:se pãpersi fon mor.e detaíIs how Ttleoreffi 1 , 2 ¿nd 3 ca.¡r l:e uecdin 1fte anailrsi* of self-tunír"rg regul.atone " Nr:me'¿.icar sol-utic;r cf the assccia*ted differentiar- equation has trm:eeì out -fo i:e a var-*able tocr. he:e, ar¡d i-t hash**r r:reci "in [:q3 as r¡e].J_ as i¡l *re r.efer::nces ei:ove"

g. C0t'lC1,U*cT0NS

Recri::sj'\,€ aigonitlrrrm låke (1) have i:een anal-ysed in va:'j-cus ,.Õn?exts" I1owe.¿er,¡t¿e wouj"cl lj_l,re to st:ess again thdt ü¡hen ç j.n ( i ) j*s g*ner,a_ted æs j.n iZ,) , -.t32,*
anaiysi'¿: ir*co:tLes rlÏ'asticaå1.y none difficult. 11re ryjasoïl i.s firat l,i) r:a l0;rge:ri$ :ecursive ån x fçr analysís purposes; the r^¡î:ol-e histc:y rsf x(. i enle;yç ínerach' s"Lep of i'Ï)' l{crc*ver', t}:e c,rqrle.i *tabii.if.,¿ pr"ab-l.erm J:eïøeen (i'} e"i:,ú í?}¿u'e intråcate:' Br-rt'ti:c* l"b-rt'rc"hu*e tii' (2) is n.,n-e,,'bliercss cÕr.ì:rio:?:î-n i,:sÌ:i'ræ-ti*r:arid cor]tnol pn:l:)'el¡^q;; å 'cypåcal ex,arpl* is ådaîrtivír Çü¡îitrÐl ci. 1i-;*¿:- s-t:c*hes-ti"c s¡;staffi" The aurai-ysír of tjr_is cas* js aisÕ ktroî"ñr tr: J:e usu¿e1lv -ve::^,, cji:f,Íj_n.'1+

'l^låth 'the p;tsent apprcach b¡e are ai:i¿* t* gÍ..,re a .{ene..r_al 1:r.ç*"ixrt*:,,1: cl¡, {.15 , tZiunrfen essu!*niitiot"ÌF that Co na"i aË¡pëðt t' J:e ::egtr::*t_ive " lir,* {iix#fltiî;r:l_eí; ;.ncli-cr¡-_fr:"fh¿¿t 'ii:e the.ormm rnay be applíed tc i:afjrer, ,-Siverse p:r,*blerns , an(ipertrapi; ,rh*
t*cil'inåc1i-re a"l'ro may sârvÊ ¿s a basís for, a r,nifïed appr*ac*;. "ic¡ -i.ne e'*J-ysÍ-:; c,1
'*li-4rtivr:r '':rcntrcli'{:rç. Tn adaitå*n, efi rxir*i:si*n i-r oÏ:i:si-necl f.or..fii,* c*nvei:ti.c:r-

lifr-'¡ n)¡1Y ¡enark th':r the ':ina1ysi.* ås testrj-cted tc the ,as1.¡np !:t:rtí*l¡eh,*¡iau,:rì i:clr.-
"'/í-:::!g{:i1*É:, i:**Sibl-e cön-r€:ï}gÉ:n*e ¡nirrts etc clf th,: a}.g*::.:...tÍmt" il1+* rçiaieci aj,f_:,a*;:iti:::r: r*li'i¿:h Ëï:e *sstiçi"a-red i,¡i.ih t:he sa;re diffe¡"ent:Lal. eqi"lal-Ì.*n :-ne.y ,liff*.t:, rr{r.*'! 

:T, r:r:b t'¡ i.n "i:mlr-ls ået r"i: i:eih¿:-v,iour ancl cÕn\rcrËsncs rate .

1;r"Ll::'; rj*scr'ibecl fhecry, wt r'roul.ci like tc slr"e*s t::* j-nt,ri.five c*;-rteini *.f ti:.r-rt.?:ri::'¡*:r¡::$,u'icjthe me'thedroiogy Õf anarysis as oi¡Llined in se.:tj-cn ,.r""rt:is 
ni;iir:uht ij,ÞrJrt¿jrìt to app::u:cíete tJ:e exect fr:rmulatåons cf the thecrer¡e a-r,:j t+ Jc:r,ø"ü¡e ex"act cc¡icl:l-bjans u:ceÏ, r'*rjirh they ar.e vati¿i. But i-l is per.l1aps *..jr-¡;ll_J_v ¡v¿*i';;r:'ding to u*e th'e p::openly eiefåned ¿iåfferentia.'1- equat5-on as å g,cn€:rai Ír:stru*

¡"¡v¿:rt f*:r ana-iys:í-s in a. nure het¡r,istic fashion" Thj-s rra1, b* *x.*m,,:.Lified ^Lr¡ Ths;o.*r'¿¡:il 3 ' l:håil h.*s a faj-r.l-y technic¿ll fo:y¡rula"tj.nn end _{-s prr:î;ablJ, rno::e væ-l'uãbl.cr a:.;a''rncräj" s;ulr¡for"llr 'far- eturi-ving the tc.aiectcs-i.es of'tJ:e diffþr-v-.*,ri¿11 eq.,.r*-i{-o;r,,
fh*'¡i. :in :,j"'rs }iteral ccnteRt.
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