
❘❡✈✐s❡❞ ♠❛♥✉s❝r✐♣t s✉❜♠✐tt❡❞ ✶✻t❤ ❆♣r✐❧✱ ✷✵✶✾ t♦ ❈♦♠❜✉st✐♦♥ ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣②

❆♥❛❧②s✐s ♦❢ s♦♠❡ r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ♠♦❞✐✜❝❛t✐♦♥s t♦
t❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ✭❊❉❈✮

■✈❛r ❙✳ ❊rt❡s✈å❣

❉❡♣❛rt♠❡♥t ♦❢ ❊♥❡r❣② ❛♥❞ Pr♦❝❡ss ❊♥❣✐♥❡❡r✐♥❣
◆❚◆❯ ◆♦r✇❡❣✐❛♥ ❯♥✐✈❡rs✐t② ♦❢ ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣②
◆❖✲✼✹✾✶ ❚r♦♥❞❤❡✐♠✱ ◆♦r✇❛②
■✈❛r✳❙✳❊rt❡s✈❛❣❅♥t♥✉✳♥♦
❖❘❈■❉✿ ✵✵✵✵✲✵✵✵✷✲✹✼✷✶✲✾✶✻✵

❆❜str❛❝t ❚❤❡ ✇✐❞❡s♣r❡❛❞ ✉s❡ ♦❢ t❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ✭❊❉❈✮ ♦❢ ▼❛❣♥✉ss❡♥ ❤❛s ❧❡❞
t♦ ❛ ♥✉♠❜❡r ♦❢ s✉❣❣❡st✐♦♥s t♦ ♠♦❞✐❢② t❤❡ ♠♦❞❡❧✳ ❚❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s ❛r❡ t♦ ❛ ✈❛r②✐♥❣ ❡①t❡♥t
✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ✉♥❞❡r❧②✐♥❣ ✐❞❡❛s ♦❢ ❊❉❈✳ ❚❤✐s ♣❛♣❡r ❛♥❛❧②③❡s ✷✵ s✉❝❤ ❛tt❡♠♣ts✳ ❚❤❡
♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ♦❢ ❊❉❈ ❛r❡ r❡✈✐❡✇❡❞ ❛♥❞ ❡①♣❧❛✐♥❡❞✳ ❖❢t❡♥✱ ✉s❡rs t❡♥❞ t♦ ♥❡❣❧❡❝t t❤❡
❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❢r❛❝t✐♦♥ ♦❢ r❡❛❝t✐♥❣ ✜♥❡ str✉❝t✉r❡s✳ ❚❤✐s ♣❛rt ♦❢ t❤❡ ♠♦❞❡❧ ✐♥❝❧✉❞❡s s♦♠❡
❘❡②♥♦❧❞s ♥✉♠❜❡r ❞❡♣❡♥❞❡♥❝②✱ ✇❤✐❝❤ ✐s ❛❝t✐♥❣ ✇❤❡r❡ s✉❝❤ ❡✛❡❝ts ❤❛✈❡ ❜❡❡♥ r❡q✉❡st❡❞✳ ❚❤❡
♣♦ss✐❜❧② ✉♥✐♥t❡♥❞❡❞✱ ❜✉t ✇✐❞❡❧② ✉s❡❞✱ ❊❉❈ ♠♦❞✐✜❝❛t✐♦♥ ✐♥ t❤❡ ❆♥s②s ❋❧✉❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥
✐s ❞✐s❝✉ss❡❞ ❛♥❞ ❛♥❛❧②③❡❞✳ ■t ✐s s❤♦✇♥ t❤❛t s♦♠❡ ♦❢ t❤❡ ❝❧❛✐♠❡❞ ❞❡❢❡❝ts ♦❢ ❊❉❈ ❛r❡ ❝❛✉s❡❞
❜② t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚✇❡❧✈❡ ♣❛♣❡rs ♣r♦♣♦s✐♥❣ ❝❤❛♥❣❡s ♦❢ t❤❡ ❊❉❈ ❝♦♥st❛♥ts ❛r❡ r❡✈✐❡✇❡❞
❛♥❞ t❤❡ s✉❣❣❡st✐♦♥s ❛♥❛❧②③❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡❛❝t✐♦♥ r❛t❡✱ ✜♥❡✲str✉❝t✉r❡
♠♦❞❡❧ ❛♥❞ ✈✐s❝♦✉s ❡✛❡❝ts✳ ▼♦❞❡❧s ❝♦♠❜✐♥✐♥❣ ❆rr❤❡♥✐✉s ❛♥❞ ❊❉❈ ❛t ❧♦✇ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s
♥✉♠❜❡rs ❛♥❞ ❛ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❢r❛❝t❛❧ t❤❡♦r② ❛r❡ ❝♦♠♠❡♥t❡❞✳

❑❡②✇♦r❞s✿ ❊❉❈✱ t✉r❜✉❧❡♥t ❝♦♠❜✉st✐♦♥✱ t✉r❜✉❧❡♥❝❡✲❝❤❡♠✐str② ✐♥t❡r❛❝t✐♦♥✱ ♠♦❞❡❧ ❝♦♥st❛♥ts✱
❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ❢♦r t✉r❜✉❧❡♥t ❝♦♠❜✉st✐♦♥ ✭❊❉❈✮ ❜② ❇✳❋✳ ▼❛❣♥✉ss❡♥ ✭✶✾✽✶✱✶✾✽✾✮

✇❛s ✐♥✐t✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ♥❡❛r❧② ✹✵ ②❡❛rs ❛❣♦ ❛♥❞ ✐s ✇✐❞❡❧② ✉s❡❞ ✐♥ s❝✐❡♥❝❡ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣✳ ❊❉❈

✇❛s r❡❧❛t❡❞ t♦ t❤❡ ♠✉❝❤ s✐♠♣❧❡r ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ▼♦❞❡❧ ✭❊❉▼✮ ♣r❡s❡♥t❡❞ ❜② ▼❛❣♥✉ss❡♥ ❛♥❞

❍❥❡rt❛❣❡r ✭✶✾✼✻✮✱ ✇❤✐❝❤ ❛❧s♦ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s✐♠♣❧✐❢②✐♥❣ ❊❉❈✳

❚❤❡ ❝♦♥❝❡♣t ❛♣♣❡❛rs t♦ ❜❡ ✐♥❝r❡❛s✐♥❣❧② ♣♦♣✉❧❛r✳ ❚❤❡ ♠❛✐♥ ♣❛♣❡rs ✭▼❛❣♥✉ss❡♥✱ ✶✾✽✾✱ ●r❛♥

❛♥❞ ▼❛❣♥✉ss❡♥✱ ✶✾✾✻✱ ❊rt❡s✈å❣ ❛♥❞ ▼❛❣♥✉ss❡♥✱ ✷✵✵✵✮ ❤❛✈❡ ❛❧❧ ❣♦t ❤❛❧❢ ♦❢ t❤❡✐r ❛❝❝✉♠✉❧❛t❡❞

❝✐t❛t✐♦♥s ❞✉r✐♥❣ t❤❡ ❧❛st ✺✲✻ ②❡❛rs ❛♥❞ ❤❛✈❡ ❜❡❡♥ ♠♦r❡ ❝✐t❡❞ ✐♥ ✷✵✶✽ t❤❛♥ ✐♥ ❛♥② ♣r❡✈✐♦✉s

②❡❛r ✭❜❛s❡❞ ♦♥ s❝♦♣✉s✳❝♦♠ ❞❛t❛ ❛s ♦❢ ❉❡❝❡♠❜❡r ✷✵✶✽✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t s❡❡♠s t❤❛t s❡✈❡r❛❧

✶



✉s❡rs ❝✐t❡ s❡❝♦♥❞❛r② ♦r t❡rt✐❛r② s♦✉r❝❡s ❢♦r t❤❡ ♠♦❞❡❧✐♥❣✱ ❡✐t❤❡r ♣❛♣❡rs ❜② ♦t❤❡r ✉s❡rs ♦r t❤❡

❞♦❝✉♠❡♥t❛t✐♦♥ ♦❢ ❛ ❝♦♠♠❡r❝✐❛❧ ❈❋❉ ❝♦❞❡✳ ▼❛♥② ✉s❡rs ❥✉st s♣❡❝✐❢② ✏st❛♥❞❛r❞ ❊❉❈✑ ✇✐t❤♦✉t

❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥✳

❉✉r✐♥❣ t❤❡ ♣❛st ❞❡❝❛❞❡✱ q✉✐t❡ ❛ ❢❡✇ ❛✉t❤♦rs ❤❛✈❡ s✉❣❣❡st❡❞ ✈❛r✐♦✉s ♠♦❞✐✜❝❛t✐♦♥s t♦ ❊❉❈✳

❚❤❡ ✜rst ♦♥❡ ♠❛② s❡❡♠ t♦ ❜❡ ❘❡❤♠ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ✇❤♦ ♣r♦♣♦s❡❞ t♦ ❝❤❛♥❣❡ t❤❡ ❝♦♥st❛♥ts ✐♥

t❤❡ ♠♦❞❡❧✳ ▼❛♥② ♦❢ t❤❡s❡ ♣r♦♣♦s❛❧s ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ✇✐t❤♦✉t ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ t❤❡

♠♦❞✐✜❝❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ s♦♠❡ ♠✐s✉♥❞❡rst❛♥❞✐♥❣s ❤❛✈❡ ❜❡❡♥ ♣r♦♣❛❣❛t❡❞ ✐♥t♦ ❧✐t❡r❛t✉r❡✳

❚❤❡ ❛✐♠ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✇❛s t♦ r❡✈✐❡✇ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞✐✜❝❛t✐♦♥s ❛♥❞ ❣✐✈❡ ❛♥ ❛♥❛❧②s✐s ♦❢

t❤❡✐r ❡✛❡❝ts✱ t♦ ❡①♣❧❛✐♥ ♣r❡✈✐♦✉s ✇♦r❦ ✐♥ ❛ ✉♥✐✜❡❞ ✇❛② ❛♥❞ t♦ ❡①❛♠✐♥❡ t♦ ✇❤✐❝❤ ❡①t❡♥t t❤❡ ♥❡✇

s✉❣❣❡st✐♦♥s ❛❣r❡❡ ✇✐t❤ t❤❡ ✉♥❞❡r❧②✐♥❣ ✐❞❡❛s ♦❢ ❊❉❈✳ ▼② ❜❛❝❦❣r♦✉♥❞ ✐s ❛s ❛ st✉❞❡♥t ✭✶✾✽✵s✮✱

❝♦✲✇♦r❦❡r ✭✶✾✾✵s✱ ❡❛r❧② ✷✵✵✵s✮ ❛♥❞ s✉❝❝❡ss♦r ♦❢ ♣r♦❢❡ss♦r ▼❛❣♥✉ss❡♥ ❛t ◆❚◆❯✳ ❊❉❈ ❛♥❞ ✐ts

❢♦r♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ♣r❡✈✐♦✉s❧②✳ ❙♦♠❡ ❡❧❡♠❡♥ts r❡❧❡✈❛♥t ❢♦r t❤❡ ❞✐s❝✉ss✐♦♥s ❛r❡

r❡♣❡❛t❡❞ ❜❡❧♦✇✳ ❚❤❡ ♠♦st ❝♦♠♣r❡❤❡♥s✐✈❡ ♣r❡s❡♥t❛t✐♦♥ ✐s ❢♦✉♥❞ ✐♥ t❤❡ t❡①t❜♦♦❦ ✭❊rt❡s✈å❣✱

✷✵✵✵✴✷✵✵✽✮✱ ✇❤✐❧❡ t❤❡ ♠❛✐♥ ♣❛♣❡rs ❛r❡ ❧✐st❡❞ ❛♥❞ ♣❛rt❧② ❛✈❛✐❧❛❜❧❡ ❛t t❤❡ ✇❡❜ s✐t❡ ❢♦❧❦✳♥t♥✉✳

♥♦✴✐✈❛rs❡✴❡❞❝✳

❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ ❊❉❈ ✐s t❤❛t ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ✐♥ t✉r❜✉❧❡♥t ✢♦✇s ♦❝❝✉r ✐♥ ✐♥t❡r♠✐tt❡♥t

✜♥❡ str✉❝t✉r❡s ♦r s♠❛❧❧ ❡❞❞✐❡s✳ ❚❤❡ s♣❡❝✐❡s ❣r❛❞✐❡♥ts ❛♥❞ ♠♦❧❡❝✉❧❛r ♠✐①✐♥❣ ❝♦❡①✐st ✇✐t❤ t❤❡

✈❡❧♦❝✐t② ❣r❛❞✐❡♥ts✱ t❤❛t ✐s✱ ✈✐s❝♦✉s ❞✐ss✐♣❛t✐♦♥✳ ❇r✐❡✢② ❞❡s❝r✐❜❡❞✱ t❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t

❝♦♥s✐sts ♦❢ ❛ ❝❛s❝❛❞❡ ♠♦❞❡❧ ❛♥❞ ❛ r❡❛❝t♦r ♠♦❞❡❧✳ ❚❤❡ ❝❛s❝❛❞❡ ♠♦❞❡❧ ❧✐♥❦s t❤❡ ✜♥❡ str✉❝t✉r❡s✱

✇❤❡r❡ r❡❛❝t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ♦❝❝✉r✱ t♦ t❤❡ ♠❡❛♥ t✉r❜✉❧❡♥❝❡ ✜❡❧❞✱ r❡s♦❧✈❡❞ ❜② ❘❆◆❙✱ ❛♥❞

✇❛s ✐♥✐t✐❛❧❧② ♦✉t❧✐♥❡❞ ✐♥ ♣r✐✈❛t❡ ♥♦t❡s ♦❢ ▼❛❣♥✉ss❡♥ ✐♥ ✶✾✼✺✳ ❚❤❡ r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥s ✇❡r❡

✉s❡❞ ✐♥ ❊❉❈ ❜② ▼❛❣♥✉ss❡♥ ✭✶✾✽✶✮✱ ✇❤✐❧❡ ❞✐s❝✉ss❡❞ ❛♥❞ r❡❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡ ❞♦❝t♦r❛❧ t❤❡s✐s

✭❊rt❡s✈å❣✱ ✶✾✾✶✮ ❛♥❞ ❢✉rt❤❡r ❞✐s❝✉ss❡❞ ❜② ❊rt❡s✈å❣ ❛♥❞ ▼❛❣♥✉ss❡♥ ✭✷✵✵✵✮✳ ❚❤❡s❡ s♠❛❧❧❡r

❡❞❞✐❡s ❛r❡ r❡❣❛r❞❡❞ ❛s ❛ r❡❛❝t♦r✱ ❛♥❞ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ✐s ❢♦r♠✉❧❛t❡❞ ❢r♦♠ t❤❡ s♣❡❝✐❡s ♠❛ss

❜❛❧❛♥❝❡ ❢♦r t❤✐s r❡❛❝t♦r ✭▼❛❣♥✉ss❡♥✱ ✶✾✽✶✱ ✶✾✽✾✱ ●r❛♥ ❛♥❞ ▼❛❣♥✉ss❡♥✱ ✶✾✾✻✮✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✿ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ❊❉❈ ✇✐❧❧ ❜❡ ❣✐✈❡♥✱

❛♥❞ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ✜♥❡✲str✉❝t✉r❡ ❛♥❞ r❡❛❝t✐♥❣ ♠❛ss ❢r❛❝t✐♦♥s ✇✐❧❧ ❜❡ r❡✈✐❡✇❡❞ ❛♥❞ ❛♥❛✲

❧②③❡❞ ❢♦r ✉s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✳ ■♥ ❙❡❝t✳ ✹ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ✷♥❞ ❊❉❈ ❝♦♥st❛♥t ✇✐❧❧

✷

folk.ntnu.no/ivarse/edc
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❜❡ r❡✈✐s✐t❡❞ ❛♥❞ ✉♣❞❛t❡❞✱ ❞✉❡ t♦ q✉❡r✐❡s ✐♥ ❧✐t❡r❛t✉r❡✳ ❙❡❝t✐♦♥ ✺ ✇✐❧❧ ❞❡s❝r✐❜❡ ❛♥❞ ❛♥❛❧②③❡ t❤❡

❛♥♦♥②♠♦✉s ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❊❉❈ ✐♥ t❤❡ ❆♥s②s ❋❧✉❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ❞❡❞✉❝✲

t✐♦♥s ♦♥ ❊❉❈ ✐♥ ❧✐t❡r❛t✉r❡ ❜❛s❡❞ ♦♥ t❤✐s ♠♦❞✐✜❝❛t✐♦♥ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞✳ ❚❤❡ s✐♠♣❧❡ ✇❛② t♦

♠♦❞✐❢② ❛ ♠♦❞❡❧ ✐s t♦ ❝❤❛♥❣❡ ❝♦♥st❛♥ts✳ ❚✇❡❧✈❡ ♣❛♣❡rs ♣r♦♣♦s✐♥❣ s✉❝❤ ❝❤❛♥❣❡s ✇✐❧❧ ❜❡ r❡✈✐❡✇❡❞

✐♥ ❙❡❝t✳ ✻✱ ❛♥❞ ❡✛❡❝ts ❛♥❞ ❝♦♥s❡q✉❡♥❝❡s ❛♥❛❧②③❡❞✳ ■♥ ❙❡❝t✳ ✼ s♦♠❡ ♦t❤❡r ♠♦❞✐✜❝❛t✐♦♥s ✇✐❧❧

❜❡ ❞✐s❝✉ss❡❞✱ ✐♥❝❧✉❞✐♥❣ ♦♥❡ ❜❛s❡❞ ♦♥ ❢r❛❝t❛❧ t❤❡♦r②✳ ❙♣❡❝✐✜❝ ❞✐s❝✉ss✐♦♥s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ ❡❛❝❤

s❡❝t✐♦♥✱ ❜❡❢♦r❡ ❛♥ ♦✈❡r❛❧❧ ❞✐s❝✉ss✐♦♥ ❛♥❞ ❡✈❡♥t✉❛❧❧②✱ s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳

✷ ❖✈❡r✈✐❡✇ ♦❢ ❊❉❈

✷✳✶ ❘❡❛❝t✐♦♥ r❛t❡s

❚❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❊❉❈ ✐s t♦ s♦❧✈❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ♦r ✏tr❛♥s♣♦rt✑ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♠❡❛♥

♠❛ss ♦❢ ✐♥❞✐✈✐❞✉❛❧ s♣❡❝✐❡s✳ ❍❡♥❝❡✱ t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡s ❤❛✈❡ t♦ ❜❡ ❡①♣r❡ss❡❞✳

❚❤❡ r❡❛❝t✐♦♥ r❛t❡ ♦❢ ❊❉❈ r❡s✉❧ts ❢r♦♠ ❛ ♠❛ss ❜❛❧❛♥❝❡ ❢♦r t❤❡ ✜♥❡✲str✉❝t✉r❡ r❡❛❝t♦r✱ ❛s ❞❡✲

s❝r✐❜❡❞ ❜② ▼❛❣♥✉ss❡♥ ✭✶✾✽✶✱ ✶✾✽✾✮✳ ❚❤❡ ✐♥✢♦✇ ❤❛s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✏s✉rr♦✉♥❞✐♥❣s✑

✭❞❡♥♦t❡❞ ❜② o✮ ♦❢ t❤❡ ✜♥❡✲str✉❝t✉r❡ r❡❛❝t♦r✱ ✇❤✐❧❡ t❤❡ ✐♥t❡r✐♦r ❛♥❞ t❤❡ ♦✉t✢♦✇ ❤❛✈❡ t❤❡ ✜♥❡✲

str✉❝t✉r❡ ♣r♦♣❡rt✐❡s ✭❞❡♥♦t❡❞ ❜② ∗✮✱ ❋✐❣✳ ✶✳ ❋✐❣✳ ✶

❚❤❡ ♠❛ss ✐♥✢♦✇ r❛t❡ ❞✐✈✐❞❡❞ ❜② t❤❡ ♠❛ss ♦❢ t❤❡ ✜♥❡ str✉❝t✉r❡s ✐s ❞❡♥♦t❡❞ ❜② ṁ∗✳ ❚❤✐s ❝❛♥

❛❧s♦ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ t✐♠❡ s❝❛❧❡✱ τ∗ = (ṁ∗)−1✳ ❚❤❡ ♠❛ss ❜❛❧❛♥❝❡ ♦❢ t❤❡ r❡❛❝t♦r ❣✐✈❡s ❛ r❡❛❝t✐♦♥

r❛t❡ ❢♦r t❤❡ r❡❛❝t♦r✱

R∗

k = ρ∗ṁ∗(Y ∗

k − Y o
k ). ✭✶✮

❚❤❡ r❛t✐♦ ♦❢ ♠❛ss ✐♥ ✜♥❡ str✉❝t✉r❡s t♦ t❤❡ t♦t❛❧ ♠❛ss ✐s r❡♣r❡s❡♥t❡❞ ❜② γ∗✳ ❚❤❡ ✐♥t❡r♠✐tt❡♥t

✜♥❡ str✉❝t✉r❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❣❛t❤❡r❡❞ ✐♥ ❝❡rt❛✐♥ r❡❣✐♦♥s ♦❢ t❤❡ t♦t❛❧ ✢♦✇✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥

t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ ❜✐❣❣❡r ❡❞❞✐❡s✳ ❚❤❡ r❛t✐♦ ♦❢ ♠❛ss ✐♥ t❤❡s❡ ✜♥❡✲str✉❝t✉r❡ ❝♦♥t❛✐♥✐♥❣

r❡❣✐♦♥s t♦ t❤❡ t♦t❛❧ ♠❛ss ✐s ❞❡♥♦t❡❞ ❜② γλ✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ♥♦t ❛❧❧ t❤❡ s♠❛❧❧

❡❞❞✐❡s ❤❛✈❡ ❝♦♥❞✐t✐♦♥s t❤❛t ❢❛✈♦r r❡❛❝t✐♦♥s t♦ ♣r♦❝❡❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ q✉❛♥t✐t② χ ❞❡♥♦t❡s t❤❡

❢r❛❝t✐♦♥ ♦❢ t❤❡ ✜♥❡ str✉❝t✉r❡s t❤❛t r❡❛❝ts✳ ❆❝❝♦r❞✐♥❣❧②✱ γ∗χ ✐s t❤❡ r❡❛❝t♦r ♠❛ss ❛s ❛ ❢r❛❝t✐♦♥

✸



♦❢ t❤❡ t♦t❛❧ ♠❛ss✳ ❚❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ χ✱ γλ ❛♥❞ γ∗ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❜❡❧♦✇✳ ❍♦✇❡✈❡r✱ t❤❡

r❡❝♦♠♠❡♥❞❡❞ r❡❧❛t✐♦♥ ❛♠♦♥❣ t❤❡ ❧❛tt❡r t✇♦ ✐s γ∗ = γ2λ ✭▼❛❣♥✉ss❡♥✱ ✷✵✵✺✮✳

❚❤❡ r❡❛❝t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ♦❝❝✉r ✐♥ t❤❡ ✜♥❡ str✉❝t✉r❡s✱ ❛♥❞ t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡ ✐s

❡①♣r❡ss❡❞ ❛s

Rk =
ρ̄

ρ∗
γ∗χR∗

k, ✭✷✮

✇❤✐❝❤ ❧❡❛❞s t♦

Rk =
ρ̄γ∗χ

τ∗
(Y ∗

k − Y o
k ). ✭✸✮

❆ ♠❡❛♥ ♠❛ss ❢r❛❝t✐♦♥ ✐s ❛ ♠❛ss✲✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✜♥❡✲str✉❝t✉r❡ r❡❛❝t♦r ❛♥❞ ✐ts s✉r✲

r♦✉♥❞✐♥❣s✱

Ỹk = γ∗χY ∗

k + (1− γ∗χ)Y o
k . ✭✹✮

❆❝❝♦r❞✐♥❣❧②✱

(Y ∗

k − Y o
k ) =

Y ∗

k − Ỹk
(1− γ∗χ)

✭✺✮

❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❊q✳ ✸✳

✷✳✷ ❋✐♥❡ str✉❝t✉r❡s ♠♦❞❡❧

❚❤❡ ✜♥❡✲str✉❝t✉r❡ ❧❡♥❣t❤ ❛♥❞ ✈❡❧♦❝✐t② s❝❛❧❡s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❢r♦♠ t❤❡ ❝❛s❝❛❞❡ ♠♦❞❡❧ ✭▼❛❣✲

♥✉ss❡♥✱ ✶✾✽✶✱ ❊rt❡s✈å❣ ❛♥❞ ▼❛❣♥✉ss❡♥✱ ✷✵✵✵✮ ❛♥❞ ❡①♣r❡ss❡❞ ❛s

L∗ =
2

3

(
3C3

❉✷

C2

❉✶

)1/4(
ν3

ε

)1/4

✭✻✮

❛♥❞

u∗ =

(
C❉✷

3C2

❉✶

)1/4

(νε)1/4. ✭✼✮

❚❤❡s❡ s❝❛❧❡s ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s t❤❡ ❑♦❧♠♦❣♦r♦✈ s❝❛❧❡s✱ η ❛♥❞ v✱ ✇❤✐❝❤ ❛r❡

r❡❝♦❣♥✐③❡❞ ✐♥ t❤❡ ♥♦♥✲❝♦♥st❛♥t ♣❛rts ♦❢ t❤❡ ❡①♣r❡ss✐♦♥s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❘❡②♥♦❧❞s ♥✉♠❜❡r

✹



❜❡❝♦♠❡s

❘❡∗ =
u∗L∗

ν
=

2C❉✷
3C❉✶

. ✭✽✮

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❧❡♥❣t❤ ❛♥❞ ✈❡❧♦❝✐t② s❝❛❧❡s ✇❡r❡ ✉s❡❞ ✭▼❛❣♥✉ss❡♥✱ ✶✾✽✶✮ t♦ ❢♦r♠✉❧❛t❡ t❤❡

❡①♣r❡ss✐♦♥s

γλ =

(
3C❉✷
4C2

❉✶

)1/4 (νε
k2

)1/4
= Cγ ❘❡

−1/4
❚ ✭✾✮

❛♥❞

τ∗ = (ṁ∗)−1 =

(
C❉✷
3

)1/2 (ν
ε

)1/2
= Cτ

(ν
ε

)1/2
, ✭✶✵✮

✇❤❡r❡ t❤❡ s✐♥❣❧❡✲s②♠❜♦❧ ❝♦♥st❛♥ts Cγ ❛♥❞ Cτ ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡ ❛♥❞ ❞✐s✲

❝✉ss✐♦♥✳ ❚❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥t❛✐♥s t❤❡ ♣r♦❞✉❝t γ2λ/τ
∗✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

γ2λ
τ∗

=
3

2C❉✶

ε

k
= CR

ε

k
=

C2
γ

Cτ

ε

k
. ✭✶✶✮

❍❡r❡✱ t❤❡ s②♠❜♦❧ CR ✇❛s ✐♥tr♦❞✉❝❡❞ ❢♦r (3/(2C❉✶))✱ ❛♥❞ ✐♥ t❤❡ t❤✐r❞ ❡q✉❛❧✐t②✱ t❤❡ ❝♦♥st❛♥ts

Cγ ❛♥❞ Cτ ❢r♦♠ ❊qs✳ ✾ ❛♥❞ ✶✵ ✇❡r❡ ✉s❡❞✳ ❲✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ♣r✐♠❛r② ❝♦♥st❛♥ts

C❉✶ = 0.135 ❛♥❞ C❉✷ = 0.50✱ t❤❡ s❡❝♦♥❞❛r② ❝♦♥st❛♥ts t❛❦❡ t❤❡ ✈❛❧✉❡s Cγ = 2.1377✱ Cτ =

0.4082 ❛♥❞ CR = 11.1✳

✸ ❚❤❡ ✜♥❡✲str✉❝t✉r❡ ❛♥❞ r❡❛❝t✐♥❣ ♠❛ss ❢r❛❝t✐♦♥s

✸✳✶ ❉❡✈❡❧♦♣♠❡♥t ♦✈❡r t✐♠❡

❚❤❡ ✜rst ❛♣♣❡❛r❛♥❝❡ ♦❢ χ ❛♥❞ γ∗ s❡❡♠s t♦ ❤❛✈❡ ❜❡❡♥ ❛t t❤❡ ✶✾✼✽ ❈♦♠❜✉st✐♦♥ ❙②♠♣♦s✐✉♠ ✭▼❛❣✲

♥✉ss❡♥ ❡t ❛❧✳✱ ✶✾✼✽✮✱ ✇❤❡r❡ t❤❡ q✉❛♥t✐t✐❡s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ▼♦❞❡❧ ♦❢

▼❛❣♥✉ss❡♥ ❛♥❞ ❍❥❡rt❛❣❡r ✭✶✾✼✻✮✳ ◆❡①t✱ t❤❡ ❞✐st✐♥❝t✐♦♥ ❛♥❞ ✇❡✐❣❤t✐♥❣ ❜❡t✇❡❡♥ ✏s✉rr♦✉♥❞✐♥❣s✑

❛♥❞ ✏r❡❛❝t♦r✑ ✈❛❧✉❡s ❛♣♣❡❛r❡❞ ✐♥ ▼❛❣♥✉ss❡♥ ✭✶✾✽✵✮✳ ❚❤❡ ♣❛♣❡rs ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

❛r❡ ❛❝❝❡ss✐❜❧❡ t♦ ❛ ✈❛r②✐♥❣ ❞❡❣r❡❡✱ ❢r♦♠ ❥♦✉r♥❛❧ ❛rt✐❝❧❡s t♦ r❡❧❛t✐✈❡❧② ♦❜s❝✉r❡ s❝✐❡♥t✐✜❝ ♠❡❡t✐♥❣

♣❛♣❡rs✳ ❚❤❡ ❧❛tt❡r ❛r❡ ♠❡♥t✐♦♥❡❞ ✇❤❡♥ t❤❡② ❛r❡ t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡ ♦❢ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡

♠♦❞❡❧✳

✺



■♥ t❤❡ ✇✐❞❡❧② ❦♥♦✇♥ ✈❡rs✐♦♥ ♦❢ ▼❛❣♥✉ss❡♥ ✭✶✾✽✶✮✱ γλ = (γ∗)1/3 ✇❛s ✐♥tr♦❞✉❝❡❞✳ ❚❤❡ r❡❛❝t✐♥❣

❢r❛❝t✐♦♥ χ ✇❛s ❡①♣r❡ss❡❞ ❛s

χ =
Ỹ♣r/(1 + r)

γλ(Ỹ♣r/(1 + r) + Ỹ❢✉)
=

1

γλ
χ′ ✭✶✷✮

❛♥❞ t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡ ❛s

Rk = −
ρ̄ṁ∗γ∗χ

1− γ∗χ
(Ỹk − Y ∗

k ) = −
ρ̄ṁ∗γ2λχ

′

1− γ2λχ
′
(Ỹk − Y ∗

k ). ✭✶✸✮

❍❡r❡✱ ❛♥❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ s②♠❜♦❧ χ′ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ t♦ s❡♣❛r❛t❡ γλ ❢r♦♠ t❤❡ ♠❛ss✲

❢r❛❝t✐♦♥ ❝♦♥t❛✐♥✐♥❣ ♣❛rt ♦❢ χ✱ ❝❢✳ ❊q✳ ✶✷✳ ❋♦r ✐♥✜♥✐t❡❧② ❢❛st r❡❛❝t✐♦♥s✱ t❤❡ ❢✉❡❧ r❡❛❝t✐♦♥ r❛t❡✱

R❢✉✱ ✐s ❡①♣r❡ss❡❞ ❜② r❡♣❧❛❝✐♥❣ (Ỹk − Y ∗

k ) ✐♥ ❊q✳ ✶✸ ❜② Ỹ♠✐♥ = min(Ỹ❢✉, Ỹ♦①/r)✳

❉✉r✐♥❣ t❤❡ ✶✾✽✵s✱ ✈❛r✐♦✉s ❢♦r♠✉❧❛t✐♦♥s ♦❢ χ ✇❡r❡ tr✐❡❞✱ ▼❛❣♥✉ss❡♥ ✭✶✾✽✺✮✱ ❇r♦strø♠ ✭✶✾✽✼✮

✭❞♦❝t♦r❛❧ st✉❞❡♥t ♦❢ ▼❛❣♥✉ss❡♥✮✱ ❜❡❢♦r❡ ✐t ✇❛s ♠♦r❡ ♦r ❧❡ss s❡tt❧❡❞ ❜② ▼❛❣♥✉ss❡♥ ✭✶✾✽✾✮✳ ❚❤✐s

✈❡rs✐♦♥ ✇❛s ✉s❡❞ ❜② ●r❛♥ ✭✶✾✾✹✮ t♦ ✐♠♣❧❡♠❡♥t ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧ ♠❡❝❤❛♥✐s♠s✳ ❋♦❧❧♦✇✐♥❣ ●r❛♥

✭✶✾✾✹✮✱ ●r❛♥ ❛♥❞ ▼❛❣♥✉ss❡♥ ✭✶✾✾✻✮✱ t❤❡ ✶✾✽✾ ✈❡rs✐♦♥ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s

χ =χ1 · χ2 · χ3, ✭✶✹✮

χ1 =

(
Ỹ♠✐♥ + Ỹ♣r/(1 + r)

)2

(
Ỹ❢✉ + Ỹ♣r/(1 + r)

)(
Ỹ♦①/r + Ỹ♣r/(1 + r)

) , ✭✶✺✮

χ2 = min

{
1

γλ
·

Ỹ♣r/(1 + r)

Ỹ♣r/(1 + r) + Ỹ♠✐♥

, 1

}
= min

{
1

γλ
· χ′

2, 1

}
, ✭✶✻✮

χ3 = min




γλ

(
Ỹ♣r/(1 + r) + Ỹ♠✐♥

)

Ỹ♠✐♥

, 1



 = min

{
γλ · χ′

3, 1
}
. ✭✶✼✮

■♥ t❤✐s ✈❡rs✐♦♥✱ t❤❡ r❡❧❛t✐♦♥ γ∗ = γ3λ ✇❛s ♠❛✐♥t❛✐♥❡❞✱ ✇❤✐❧❡ ❛ ❢❛❝t♦r γ−1

λ ✇❛s ✐♥tr♦❞✉❝❡❞✳ ❚❤❡

r❡❛❝t✐♦♥ r❛t❡ ♥♦✇ ✇❛s ❡①♣r❡ss❡❞ ❛s

Rk = −
ρṁ∗γ∗(χ/γλ)

1− γ∗χ
(Ỹk − Y ∗

k ) = −
ρṁ∗γ2λχ

1− γ3λχ
(Ỹk − Y ∗

k ). ✭✶✽✮

✻



❚❤❡ ❡①♣r❡ss✐♦♥s ♦❢ ❊qs✳ ✶✹✲✶✼ ❝❛♥✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ ❜❡ ❢♦r♠✉❧❛t❡❞ ❢♦r ❡❛❝❤ r❡❛❝t✐♦♥ ♦❢ ❛ ♠✉❧t✐✲st❡♣

♠❡❝❤❛♥✐s♠✳ ❍♦✇❡✈❡r✱ ●r❛♥ ❛♥❞ ▼❛❣♥✉ss❡♥ ✭✶✾✾✻✮ ✉s❡❞ t❤❡ s✐♥❣❧❡✲st❡♣ ❣❧♦❜❛❧ r❡❛❝t✐♦♥ ♦❢ ❢✉❡❧

❛♥❞ ♦①②❣❡♥ t♦ ✜♥❛❧ ♣r♦❞✉❝t t♦ ❢♦r♠✉❧❛t❡ ❛ s✐♥❣❧❡ χ ✉s❡❞ ✐♥ ❊q✳ ✶✽ ❢♦r ❛❧❧ s♣❡❝✐❡s ♦❢ ❛ ♠✉❧t✐✲st❡♣

❝❤❡♠✐❝❛❧ ♠❡❝❤❛♥✐s♠✳ ❚❤✐s s❡❡♠s t♦ ❜❡ t❤❡ ♣r❛❝t✐❝❡ ♦❢ ♦t❤❡r ✉s❡rs ❛s ✇❡❧❧✳

❚❤❡ ♠♦st r❡❝❡♥t ❢♦r♠✉❧❛t✐♦♥ ✇❛s ♣r❡s❡♥t❡❞ ❜② ▼❛❣♥✉ss❡♥ ✭✷✵✵✷❜✱✷✵✵✺✮✱ ✇✐t❤ t❤❡ χ ❢♦r♠✉❧❛t❡❞

❛s

χ =
Ỹ♣r/(1 + r)

(Ỹ♣r/(1 + r) + Ỹ♠✐♥)
. ✭✶✾✮

❆ ♥♦t❛❜❧❡ ❢❡❛t✉r❡ ✇❛s ❛ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ γ∗ ✐♥t♦ γ∗ = γ2λ✱ ✐✳❡✳ sq✉❛r❡ r❛t❤❡r t❤❛♥ ❝✉❜❡✳ ❚❤❡

r❡❛❝t✐♦♥ r❛t❡ ♥♦✇ ❜❡❝❛♠❡

Rk = −
ρṁ∗γ∗χ

1− γ∗χ
(Ỹk − Y ∗

k ) = −
ρṁ∗γ2λχ

1− γ2λχ
(Ỹk − Y ∗

k ) ✭✷✵✮

❚❤❡ r❡s❡♠❜❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧❛st t❡r♠ ♦❢ ❊q✳ ✷✵ ❛♥❞ t❤❡ ❧❛st t❡r♠ ♦❢ ❊q✳ ✶✸ s❤♦✉❧❞ ❜❡ ♥♦t❡❞✳

❋♦r♠❛❧❧②✱ ❡①❝❡♣t ❢♦r t❤❡ χ✱ t❤❡ ♦♥❧② ❝❤❛♥❣❡ ❢r♦♠ t❤❡ ✶✾✽✾ ✈❡rs✐♦♥ ✇❛s ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r✱

✇❤❡r❡ t❤❡ sq✉❛r❡ ♦❢ γλ r❡♣❧❛❝❡s t❤❡ ❝✉❜❡ ♦❢ ✐t✳ ■♥ ♠♦st ❝❛s❡s t❤✐s ❡✈❡♥ s❡❡♠s t♦ ❤❛✈❡ ❧✐tt❧❡ ♦r

♠♦❞❡st ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡s✉❧ts✳

❚❤❡ ♦✈❡r❛❧❧ ❡①♣r❡ss✐♦♥s ♦❢ ❊qs✳ ✶✾✲✷✵ ✇❡r❡ ❢♦r♠❛❧❧② ✐❞❡♥t✐❝❛❧ t♦ t❤♦s❡ ♦❢ ▼❛❣♥✉ss❡♥ ✭✶✾✽✺✱

✷✵✵✷❛✮✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥s ✇❡r❡ ❞✐✛❡r❡♥t✱ ❛s γ∗ st✐❧❧ ✇❛s γ3λ✱ ✇❤✐❧❡ χ ✐♥❝❧✉❞❡❞ t❤❡

r❡❝✐♣r♦❝❛❧ ♦❢ γλ✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ♣r♦❞✉❝t γ
∗χ ✇❛s t❤❡ s❛♠❡ ✐♥ ✶✾✽✺✱ ✷✵✵✷ ❛♥❞ ✷✵✵✺✳

❚❤❡ ❝♦♥❝❡♣t✉❛❧ ♠♦❞✐✜❝❛t✐♦♥ ✇❛s✱ ❤♦✇❡✈❡r✱ ♠♦r❡ ♥♦t❛❜❧❡✳ ❋r♦♠ ✶✾✼✽✱ t❤❡ ✜♥❡✲str✉❝t✉r❡ ♠❛ss

❢r❛❝t✐♦♥ ❤❛❞ ❜❡❡♥ ♠♦❞❡❧❡❞ ❛s γ∗ = (u∗/u′)3✱ ✇❤❡r❡ u′ ❛♥❞ u∗ ❛r❡ t❤❡ ✈❡❧♦❝✐t② s❝❛❧❡s ♦❢

t✉r❜✉❧❡♥❝❡ ❛♥❞ t❤❡ ✜♥❡ str✉❝t✉r❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ s❤❡❡t✲❧✐❦❡ str✉❝t✉r❡ ♦❢

t❤❡ s♠❛❧❧ s❝❛❧❡s ✭❦♥♦✇♥ ❛s ❈♦rrs✐♥✬s ♠♦❞❡❧✮✳ ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❢❛❝t♦r γ−1

λ ❛t ❞✐✛❡r❡♥t

♣❧❛❝❡s ❛♥❞ ❞✐✛❡r❡♥t ♣♦✐♥ts ♦❢ t❤❡ ❤✐st♦r②✱ ✇❛s ❡①♣❧❛✐♥❡❞ ❜② ♦t❤❡r ❝♦♥s✐❞❡r❛t✐♦♥s✳ ◆♦✇✱ ✇✐t❤

t❤❡ ♠♦❞❡❧ γ∗ = (u∗/u′)2 ❢♦r t❤❡ ✜♥❡✲str✉❝t✉r❡ ♠❛ss ❢r❛❝t✐♦♥✱ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❝❤❛♥❣❡❞ t♦ ❛

t✉❜❡✲❧✐❦❡ str✉❝t✉r❡ ✭❚❡♥♥❡❦❡s✬ ♠♦❞❡❧✮✳

❲❤❡♥ ✉s✐♥❣ ❛ ❞❡t❛✐❧❡❞ ♠❡❝❤❛♥✐s♠✱ ●r❛♥ ✭✶✾✾✹✮✱ ●r❛♥ ❛♥❞ ▼❛❣♥✉ss❡♥ ✭✶✾✾✻✮ ❝♦♠♣❛r❡❞ χ ♦❢

✼



❊qs✳ ✶✹✲✶✼ t♦ t❤❡ s✐♠♣❧❡ ❢♦r♠ χ = 1✳ ❚❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ t❡st❡❞ ❝❛s❡s ✇❡r❡ ♠♦❞❡st ❛♥❞✱

❞✉❡ t♦ ✐ts s✐♠♣❧✐❝✐t②✱ χ = 1 ✇❛s ❝❤♦s❡♥✳ ❚❤❡ ❛r❣✉♠❡♥t ✇❛s t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧

r❡❛❝t♦r ✇✐t❤ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str② ✇♦✉❧❞ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛♥❞ t♦ ✇❤❛t ❡①t❡♥t t❤❡ r❡❛❝t✐♦♥

♦❝❝✉rr❡❞✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤✐s ❝♦✉❧❞ ❜❡ t❤❛t t❤❡ q✉❛♥t✐t② χ(Y o
k − Y ∗

k ) ✇❛s

s♦❧✈❡❞ ❢r♦♠ t❤❡ r❡❛❝t♦r✱ r❛t❤❡r t❤❛♥ (Y o
k − Y ∗

k )✳ ❚❤❛t ✐s✱ χ ✇❛s ♥♦t ✉♥✐t② ❜✉t ❜❡❝❛♠❡ ❛ ♣❛rt

♦❢ t❤❡ s♦❧✉t✐♦♥✳

✸✳✷ ❆♥❛❧②s✐s ♦❢ t❤❡ χ ❡①♣r❡ss✐♦♥s

❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❢♦r♠✉❧❛t✐♦♥s ♦❢ χ ❝❛♥ ❜❡ ♠❛❞❡ ❡❛s✐❡r ❜② ❡①♣r❡ss✐♥❣ t❤❡ t❤r❡❡

♠❛ss ❢r❛❝t✐♦♥s Ỹ❢✉✱ Ỹ♦① ❛♥❞ Ỹ♣r ❢r♦♠ t✇♦ ♣❛r❛♠❡t❡rs✿ ❚❤❡ ♠✐①t✉r❡ ❢r❛❝t✐♦♥ ❛♥❞ t❤❡ ❡①t❡♥t ♦❢

r❡❛❝t✐♦♥✱ ❤❡r❡ ❞❡♥♦t❡❞ f ❛♥❞ c✱ ✇❤✐❝❤ ❜♦t❤ t❛❦❡ ✈❛❧✉❡s ✐♥ t❤❡ r❛♥❣❡ ✭✵✱✶✮✳

❚❤❡ ♠✐①t✉r❡ ❢r❛❝t✐♦♥ f ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ♠❛ss t❤❛t ♦r✐❣✐♥❛t❡s

❢r♦♠ t❤❡ ❢✉❡❧ ✐♥❧❡t✳ ❋♦r ❛ ♣❡r❢❡❝t❧② ♣r❡♠✐①❡❞ ✢♦✇✱ t❤✐s ✐s ❛ ❝♦♥st❛♥t ✈❛❧✉❡✳ ❋♦r ❛ st♦✐❝❤✐♦♠❡tr✐❝

♠✐①t✉r❡✱ f = fst = 1/(1 + r)✳

❚❤❡ ❡①t❡♥t ♦❢ r❡❛❝t✐♦♥✱ c✱ ❝❛♥ t❛❦❡ ❛♥② ✈❛❧✉❡ ❢r♦♠ ✵✱ ❢♦r ♥♦ r❡❛❝t✐♦♥✱ t♦ ✶ ❢♦r ♠❛①✐♠✉♠ ❢✉❡❧

r❡❛❝t✐♦♥✳ ■♥ ❧❡❛♥ ✢❛♠❡s✱ ❛❧❧ t❤❡ ❢✉❡❧ ❤❛s r❡❛❝t❡❞ ✐♥ ❛ ❝♦♠♣❧❡t❡ r❡❛❝t✐♦♥✳ ■♥ r✐❝❤ ✢❛♠❡s✱ ❧❛❝❦ ♦❢

♦①②❣❡♥ ❧✐♠✐ts r❡❛❝t✐♦♥✱ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❢r❛❝t✐♦♥ ♦❢ r❡❛❝t❡❞ ❢✉❡❧ ✐s (1−f)/(rf)✱ ✇❤✐❝❤ ❡q✉❛❧s

t❤❡ r❛t✐♦ ♦❢ t❤❡ ❛❝t✉❛❧ t♦ t❤❡ st♦✐❝❤✐♦♠❡tr✐❝ ❛♠♦✉♥t ♦❢ ♦①✐❞✐③❡r ❢♦r t❤❡ ❢✉❡❧✳ ❚❤✐s q✉❛♥t✐t② ✐s

❦♥♦✇♥ ❛s t❤❡ ❡①❝❡ss✲❛✐r r❛t✐♦✱ λ✱ ♦r t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❛t✐♦✳

■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ f ❛♥❞ c ❛r❡ ❥✉st ♣❛r❛♠❡t❡rs ❞❡s❝r✐❜✐♥❣ t❤❡ ❧♦❝❛❧ ♠✐①t✉r❡✳ ◆♦ ❛ss✉♠♣t✐♦♥s

❛r❡ ♠❛❞❡ r❡❣❛r❞✐♥❣ t❤❡✐r r♦❧❡ ❛s ❝❤❛r❛❝t❡r✐st✐❝ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ♠♦❞❡❧ ✭❝❢✳ ✏♣r❡s✉♠❡❞ ♣❞❢✑ ♦r

✏✢❛♠❡❧❡t✑ ♠♦❞❡❧s✮✳

❋r♦♠ ❛ ❣✐✈❡♥ s❡t ♦❢ ✭f ✱c✮✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛s

Ỹ♣r = c ·min(1, (1− f)/(rf)) · (1 + r)f, ✭✷✶✮

Ỹ❢✉ = f − Ỹ♣r/(1 + r), ✭✷✷✮

✽



Ỹ♦① = (1− f)− rỸ♣r/(1 + r). ✭✷✸✮

❋✉rt❤❡r♠♦r❡✱

Ỹ♠✐♥ =





Ỹ❢✉ = (1− c)f ❢♦r f ≤ fst

1

r Ỹ♦① = 1

r (1− c)(1− f) ❢♦r f ≥ fst.
✭✷✹✮

❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥s ❛❜♦✈❡✱ ❛♥② ♦❢ t❤❡ χ ✭♦r χ′✮ ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

✭f ✱c✮✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ✷✵✵✺ ✈❡rs✐♦♥✱ ❊q✳ ✶✾✱ ❣✐✈❡s χ = c✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ f ✳ ❋♦r

❧❡❛♥ ✢❛♠❡s✱ f ≤ fst✱ t❤✐s ✐s ❛❧s♦ t❤❡ r❡s✉❧t ❢♦r t❤❡ χ′ ❢r♦♠ ✶✾✽✶✱ ❊q✳ ✶✷✱ ✇❤✐❧❡ ❢♦r r✐❝❤ ✢❛♠❡s✱

χ′ = (1− f)/(rf) = λ✳

■♥ t❤❡ ✶✾✽✾✴✾✹ ✈❡rs✐♦♥ ✭s❡❡ ❊qs✳ ✶✹✲✶✼✮✱

χ1 =





rf/(1− f) = λ−1 ❢♦r f < fst (λ > 1)

1 ❢♦r f = fst (λ = 1)

(1− f)/(rf) = λ ❢♦r f > fst (λ < 1),





= min{λ−1, λ}, ✭✷✺✮

χ2 =min {(c/γλ), 1} , ✭✷✻✮

χ3 =min {γλ/(1− c), 1} . ✭✷✼✮

■t ✐s s❡❡♥ t❤❛t χ1 ✭❊q✳ ✷✺✮ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ r❡❛❝t✐♦♥ ♣r♦❣r❡ss ❛♥❞ ❞❡♣❡♥❞❡♥t ♦♥❧② ♦♥

t❤❡ ♠✐①t✉r❡✱ ✇❤✐❧❡ t❤❡ t✇♦ ♦t❤❡r ❢❛❝t♦rs ❞❡♣❡♥❞ ♦♥ t❤❡ ❡①t❡♥t ♦❢ r❡❛❝t✐♦♥ ❛❧♦♥❡✱ ❛♥❞ ❛r❡

✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❧♦❝❛❧ st♦✐❝❤✐♦♠❡tr②✳ ❋♦r r✐❝❤ ✢❛♠❡s ✭f > fst✮✱ χ1 ❡q✉❛❧s t❤❡ χ′ ❢r♦♠ ✶✾✽✶✳

❚❤❡ q✉❛♥t✐t② χ2 t❛❦❡s ♥♦♥✲✉♥✐t② ✈❛❧✉❡s ♦♥❧② ❛t s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ ❡①t❡♥t ♦❢ r❡❛❝t✐♦♥ c✱ ✐✳❡✳ ❛t

c < γλ✳ ❋♦r ✈❛❧✉❡s ♦❢ c ✇❤❡r❡ ❜♦t❤ c > γλ ❛♥❞ c > (1 − γλ)✱ t❤❡ ♣r♦❞✉❝t χ2 · χ3 ❛♣♣r♦❛❝❤❡s

✉♥✐t②✳ ❆t c = 1 ❢♦r ❛♥② f ✱ t❤❡ ♣r♦❞✉❝t χ2 · χ3 = 1✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t s♠❛❧❧ ✈❛❧✉❡s ♦❢ c✱

✇❤❡r❡ ❜♦t❤ c < γλ ❛♥❞ c < (1− γλ)✱ t❤❡ ♣r♦❞✉❝t χ2 · χ3 ❛♣♣r♦❛❝❤❡s c✳ ❋✐❣✳ ✷

■♥ ❋✐❣✳ ✷✱ χ′ ✭= γλχ✮ ♦❢ t❤❡ ✶✾✽✶ ✈❡rs✐♦♥✱ ❊q✳ ✶✷✱ ❛♥❞ χ ♦❢ t❤❡ ✶✾✽✾ ✈❡rs✐♦♥✱ ❊qs✳ ✶✹✲✶✼✱

❛r❡ ❝♦♠♣❛r❡❞ ❢♦r t✇♦ ✈❛❧✉❡s ♦❢ c ❛♥❞ ✭❢♦r ✶✾✽✾✮ t✇♦ ✈❛❧✉❡s ♦❢ ❘❡❚✳ ❚❤❡ ✈❛❧✉❡s ✽✵✵ ❛♥❞ ✼✵

❝♦rr❡s♣♦♥❞ t♦ γλ ✈❛❧✉❡s ♦❢✱ r❡s♣❡❝t✐✈❡❧②✱ ✵✳✹✵ ❛♥❞ ✵✳✼✹✳ ❋✉❡❧ ❛♥❞ ♦①✐❞✐③❡r ✇❡r❡ ♠❡t❤❛♥❡ ❛♥❞

❛✐r✱ ❤❡♥❝❡ r = 17.16 ❛♥❞ fst = 0.0551✳ ❚❤❡ ❣r❛♣❤ ✐s s❤♦✇♥ ❢♦r f ❢r♦♠ ✵ t♦ ✵✳✷✳ ❋♦r ❧❛r❣❡r

✾



✈❛❧✉❡s✱ ❛❧❧ ❝✉r✈❡s ❝♦♥t✐♥✉❡❞ s♠♦♦t❤❧② t♦ χ = 0 ❛t f = 1✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ t❤❡ ✷✵✵✺ ✈❡rs✐♦♥

❣❛✈❡ χ = c✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ f ✱ ❛♥❞ ❡q✉❛❧❡❞ t❤❡ χ′ ♦❢ ✶✾✽✶ ❢♦r f < fst✳

❊✛❡❝ts ♦❢ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r

❙✐♥❝❡ χ2 ❛♥❞ χ3 ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ γλ✱ ❊qs✳ ✶✻✲✶✼ ♦r ❊qs✳ ✷✻✲✷✼✱ t❤❡② ❛r❡ ❛❧s♦ ❢✉♥❝t✐♦♥s ♦❢ t❤❡

t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ χ2 ❤❛s ❜❡❧♦✇✲✉♥✐t② ✈❛❧✉❡s ❛t ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✱ ❛♥❞ t❤❡

❧♦✇❡r ❘❡❚ ❧✐♠✐t ❢♦r ❛ ✉♥✐t② χ2 ✈❛❧✉❡ ❞❡❝r❡❛s❡s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ c✳ χ3 ✐s ✉♥✐t② ❛t ❧♦✇ ✈❛❧✉❡s ♦❢

❘❡❚✱ ❛♥❞ t❤❡ ❘❡❚ ❧✐♠✐t ❢♦r ❛ ♥♦♥✲✉♥✐t② ✈❛❧✉❡ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ❡①t❡♥t ♦❢ r❡❛❝t✐♦♥ c✳ ❋♦r ❛

❣✐✈❡♥ ✈❛❧✉❡ ♦❢ c✱ t❤❡ ✈❛❧✉❡ ♦❢ χ3 ✐s r❡❞✉❝❡❞ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❘❡❚✳ ❋✐❣✳ ✸

❋✐❣✉r❡ ✸ s❤♦✇s t❤❡ ♣r♦❞✉❝t χ2χ3 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❘❡❚ ❢♦r ✈❛❧✉❡s

♦❢ c r❛♥❣✐♥❣ ❢r♦♠ ✵✳✹ t♦ ✵✳✽✳ ❚❤✐s ❣r❛♣❤ ❞❡♠♦♥str❛t❡s t❤❛t t❤❡ χ ❡①♣r❡ss✐♦♥ ♦❢ ✶✾✽✾ ✐♥❝❧✉❞❡s

❛ ❧♦✇✲❘❡②♥♦❧❞s✲♥✉♠❜❡r ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❢♦r ✜♥✐t❡✲r❛t❡ r❡❛❝t✐♦♥s✳ ❆❧s♦ ❛t

❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✱ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ✐s r❡❞✉❝❡❞✳ ❋♦r ♠♦❞❡r❛t❡ ❘❡❚ ❛♥❞ ❛ ❤✐❣❤ ❡①t❡♥t ♦❢

r❡❛❝t✐♦♥✱ t❤❡ ♣r♦❞✉❝t ✐s χ2χ3 = 1✳

❋❛st ❝❤❡♠✐str② ❛♣♣r♦①✐♠❛t✐♦♥s

❲❤❡♥ ✉s✐♥❣ t❤❡ ❢❛st ❝❤❡♠✐str② ❛ss✉♠♣t✐♦♥ ✭✏♠✐①❡❞ ✐s ❜✉r♥t✑✮✱ ❛❧❧ r❡❛❝t❛♥ts t❤❛t ❝❛♥ r❡❛❝t✱ ❛r❡

❛ss✉♠❡❞ t♦ ❤❛✈❡ r❡❛❝t❡❞✳ ❚❤❡ ❡✛❡❝ts ♦♥ t❤❡ ✈❛r✐♦✉s χ ❛♥❞ r❡❛❝t✐♦♥ r❛t❡ ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡

✐♥✈❡st✐❣❛t❡❞ ❢r♦♠ t❤❡ ❡①♣r❡ss✐♦♥s ❛❜♦✈❡✱ ✇✐t❤ c = 1✳

❚❤❡ ✷✵✵✺ ✈❡rs✐♦♥✱ ❊q✳ ✶✾✱ s✐♠♣❧✐✜❡s t♦ χ = 1✳

❚❤❡ ✶✾✽✶ ✈❡rs✐♦♥✱ ❊q✳ ✶✷✱ ❣✐✈❡s

χ′ =





1 ❢♦r f ≤ fst (λ ≥ 1)

(1− f)/(rf) = λ ❢♦r f > fst (λ < 1),
✭✷✽✮

■♥ t❤❡ ✶✾✽✾✴✶✾✾✹ ✈❡rs✐♦♥✱ ❜♦t❤ χ2 = 1 ❛♥❞ χ3 = 1✳ ❍❡♥❝❡✱ χ ❢r♦♠ ❊qs✳ ✶✹✲✶✼ ❜❡❝♦♠❡s ❡q✉❛❧

t♦ χ1 ♦❢ ❊q✳ ✷✺✳ ❚❤❛t ✐s✱ χ = min{λ−1, λ}✳

✶✵



✸✳✸ ❯s❡ ♦❢ χ ❛♥❞ γλ ✐♥ t❤❡ r❡❛❝t✐♦♥ r❛t❡

❋♦r t❤❡ ❞✐s❝✉ss✐♦♥✱ ✐t ❝❛♥ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ❞❡✜♥❡ ❛♥ ✏❊❉❈ ❢❛❝t♦r✑ g❊❉❈ s✉❝❤ t❤❛t

Rk = g❊❉❈
ρ̄

τ∗
(Y ∗

k − Ỹk). ✭✷✾✮

❙✐♥❝❡ t❤❡ ✶✾✽✶ ❢♦r♠✉❧❛t✐♦♥ ♦❢ χ ✐♥❝❧✉❞❡❞ γλ ❛s ❛ ❞✐✈✐s♦r✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s χ = χ′/γλ ❛s

s❤♦✇♥ ✐♥ ❊q✳ ✶✷✳ ❚❤❡ ❊❉❈ ❢❛❝t♦r ♦❢ ❊q✳ ✶✸ t❤❡♥ t✉r♥s ♦✉t ❛s

g❊❉❈✽✶ =
γ2λχ

′

1− γ2λχ
′
. ✭✸✵✮

■♥ t❤❡ ✶✾✽✾✴✶✾✾✹ ✈❡rs✐♦♥✱ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ γλ ❛♣♣❡❛r❡❞ ❛s ❛ ❢❛❝t♦r ✐♥ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❡①✲

♣r❡ss✐♦♥✱ s❡♣❛r❛t❡❞ ❢r♦♠ χ✳ ❍❡♥❝❡✱ ✇✐t❤ ❊q✳ ✶✽ t❤❡ ❊❉❈ ❢❛❝t♦r ❜❡❝❛♠❡

g❊❉❈✽✾ =
γ2λχ

1− γ3λχ
. ✭✸✶✮

❍❡r❡✱ ●r❛♥ ✭✶✾✾✹✮ s✉❣❣❡st❡❞ χ = 1 ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ s✐♠♣❧✐❢② t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✿

g❊❉❈✾✹ =
γ2λ

1− γ3λ
. ✭✸✷✮

■♥ t❤❡ ✷✵✵✺ ✈❡rs✐♦♥ ✭▼❛❣♥✉ss❡♥✱ ✷✵✵✺✮✱ t❤❡ ✜♥❡✲str✉❝t✉r❡ ♠❛ss ❢r❛❝t✐♦♥ ✇❛s r❡✲✐♥t❡r♣r❡t❡❞ ❛s

γ∗ = γ2λ✱ ❛♥❞ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ γλ ✇❛s r❡♠♦✈❡❞ ❢r♦♠ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❡①♣r❡ss✐♦♥✱ ❊q✳ ✷✵✳

❍❡♥❝❡

g❊❉❈✵✺ =
γ2λχ

1− γ2λχ
. ✭✸✸✮

❚❤❛t ✐s✱ s✐♠✐❧❛r t♦ ❊q✳ ✸✵ ❛❧t❤♦✉❣❤ ✇✐t❤ ❞✐✛❡r❡♥t χ ❢♦r♠✉❧❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ❛s ♠❡♥t✐♦♥❡❞

❛❜♦✈❡✱ ✈❡rs✐♦♥s ♣r❡s❡♥t❡❞ ❜② ▼❛❣♥✉ss❡♥ ✭✶✾✽✺✱✷✵✵✷❛✮ ✇❡r❡ ❢♦r♠❛❧❧② ✐❞❡♥t✐❝❛❧ t♦ ✷✵✵✺✱ ❛❧❜❡✐t

✇✐t❤♦✉t t❤❡ r❡✲✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ γ∗✳

❚❤❡ ❞✐✛❡r❡♥t ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❊❉❈ ❢❛❝t♦r✱ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ✉♥✐t② χ✱ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞

✇✐t❤ t❤❡ r❡✲❡①♣r❡ss✐♦♥s ♦❢ χ ✐♥ t❡r♠s ♦❢ t❤❡ ❧♦❝❛❧ ❡①❝❡ss ❛✐r r❛t✐♦ ✭λ✮ ❛♥❞ ❡①t❡♥t ♦❢ r❡❛❝t✐♦♥

✶✶



✭c✮ s❤♦✇♥ ❛❜♦✈❡✳ ❋✐❣✳ ✹

❋✐❣✉r❡ ✹ s❤♦✇s t❤r❡❡ ✈❡rs✐♦♥s ♦❢ t❤❡ ❢❛❝t♦r ✇✐t❤ ✉♥✐t② χ✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ t❤✐r❞

♦❢ t❤❡s❡✱ γ3λ/(1 − γ3λ)✱ ❤❛s ♥♦t ❜❡❡♥ s✉❣❣❡st❡❞ ♦r ✉s❡❞ ❜② ▼❛❣♥✉ss❡♥ ♦r ❤✐s ❝♦✲✇♦r❦❡rs✳ ■t ✐s

❤♦✇❡✈❡r✱ tr✐❡❞ ❜② ♦t❤❡rs ✭▲✐ ❡t ❛❧✳✱ ✷✵✶✼✱ ❇ös❡♥❤♦❢❡r ❡t ❛❧✳✱ ✷✵✶✽✮ ✇✐t❤ t❤❡ ❧❛❜❡❧ ✏❊❉❈✶✾✽✶✑✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❢❛❝t♦r ♦❢ ❊qs✳ ✸✵ ❛♥❞ ✸✸ ✇✐t❤ ✭♥♦♥✲✉♥✐t②✮ χ ❢r♦♠ ✶✾✾✹ ✐s s❤♦✇♥ t♦❣❡t❤❡r

✇✐t❤ ❊q✳ ✸✶ ✇✐t❤ t❤❡ s❛♠❡ χ✳ ❍❡r❡✱ t❤❡ ❧♦❝❛❧ ❝♦♠♣♦s✐t✐♦♥ ✇❛s s❡t ❜② λ = 0.9 ❛♥❞ c = 0.6✳

❋✐❣✉r❡ ✺ s❤♦✇s t❤❡ s❛♠❡ ❢❛❝t♦r ❢♦r s♦♠❡ ✈❛❧✉❡s ♦❢ c✳ ■t ✐s s❡❡♥ t❤❛t ❢♦r ✉♥❝♦♠♣❧❡t❡❞ r❡❛❝t✐♦♥s ❋✐❣✳ ✺

✭✜♥✐t❡ r❛t❡ r❡❛❝t✐♦♥s✮✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ χ r❡❞✉❝❡s t❤❡ r❡❛❝t✐♦♥ r❛t❡✱ ✐♥ ♣❛rt✐❝✉❧❛r ❛t ❧♦✇ ❘❡T ✳

▼♦r❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ st♦✐❝❤✐♦♠❡tr② ✇✐❧❧ r❡❞✉❝❡ χ1 ❛s s❤♦✇♥ ❛❜♦✈❡✱ ❊q✳ ✷✺✳

❚❤❡ ❣r❛♣❤s ❞❡♠♦♥str❛t❡s t❤❛t t❤❡ ❊❉❈ ❢❛❝t♦r ❝❛♥ ❡①❝❡❡❞ ✉♥✐t② ❛t ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳

Pr❛❝t✐❝❛❧❧②✱ t❤✐s ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ❜② s❡tt✐♥❣ ❛♥ ✉♣♣❡r ❧✐♠✐t ❡✐t❤❡r t♦ t❤❡ ❊❉❈ ❢❛❝t♦r ♦r t♦ γλ✳

✸✳✹ ■♥t❡r♠❡❞✐❛t❡ ❞✐s❝✉ss✐♦♥

❚❤❡ ❤✐st♦r② ♦❢ ❊❉❈ ✐♥❞✐❝❛t❡s t❤❛t t❤❡r❡ ✇❡r❡ s♦♠❡ str✉❣❣❧❡s ✇✐t❤ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥s ❛♥❞

❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ✜♥❡✲str✉❝t✉r❡ ❛♥❞ r❡❛❝t✐♥❣ ♠❛ss ❢r❛❝t✐♦♥s✱ γ∗ ❛♥❞ χ✳ ❚❤❡ ❝✉❜❡ ❢♦r♠✉❧❛t✐♦♥

❝♦rr❡s♣♦♥❞s t♦ ❛ s❤❡❡t✲❧✐❦❡ str✉❝t✉r❡ ♦❢ t❤❡ ✜♥❡ str✉❝t✉r❡s ✭❈♦rrs✐♥✬s ♠♦❞❡❧✮✱ ✇❤✐❧❡ t❤❡ sq✉❛r❡

❢♦r♠✉❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ t✉❜❡✲❧✐❦❡ str✉❝t✉r❡ ✭❚❡♥♥❡❦❡s✬ ♠♦❞❡❧✮✳ ❚❤❡ ❧❛tt❡r ✇❛s ❞❡♣✐❝t❡❞ ❛s

❛♥ ✐❧❧✉str❛t✐♦♥ ❜② ▼❛❣♥✉ss❡♥ ✭✶✾✽✺✱ ✶✾✽✾✮✱ ❛❧t❤♦✉❣❤ t❤❡ ❢♦r♠❡r ✇❛s ❢♦r♠✉❧❛t❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡

❢❡❛t✉r❡ t❤❛t ❛ χ ✐♥❝❧✉❞✐♥❣ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ γλ r❡❛❞✐❧② ❡①❝❡❡❞s ✉♥✐t②✱ ✇❛s ❞✐st✉r❜✐♥❣ s✐♥❝❡ t❤✐s

s❤♦✉❧❞ ❜❡ ❛ ❢r❛❝t✐♦♥ ♦❢ s♦♠❡t❤✐♥❣✳ ■♥ s♣✐t❡ ♦❢ t❤✐s✱ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ γλ ❛♣♣❡❛r❡❞ ✐♥ ❛❧❧ ✈❡rs✐♦♥s

❜❡❢♦r❡ ✶✾✽✼ ✭▼❛❣♥✉ss❡♥ ❡t ❛❧✳✱ ✶✾✼✽✱ ▼❛❣♥✉ss❡♥✱ ✶✾✽✵✱ ✶✾✽✶✱ ✶✾✽✺✮✱ ✇❤❡♥ ❇r♦strø♠ ✭✶✾✽✼✮ ✲

❞♦❝t♦r❛❧ st✉❞❡♥t ♦❢ ▼❛❣♥✉ss❡♥ ✲ tr✐❡❞ t♦ ❧✐♠✐t ✐t t♦ ✉♥✐t②✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ✶✾✽✾ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡

✷✵✵✺ ✈❡rs✐♦♥ s❡tt❧❡❞ ❜♦t❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ✜♥❡ str✉❝t✉r❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ ♦❢ t❤❡ ♥♦t✲❛❜♦✈❡

✉♥✐t② χ✳ ❊✈❛❧✉❛t❡❞ ✐♥ ❛❢t❡r♠❛t❤✱ ❛ r❡❛s♦♥❛❜❧❡ ✐♥t❡r♣r❡t❛t✐♦♥ s❡❡♠s t♦ ❜❡ t❤❛t ❊q✳ ✸✸ ✐s t❤❡

❢♦r♠✉❧❛t✐♦♥ t❤❛t s❤♦✉❧❞ ❤❛✈❡ ❜❡❡♥ t❤❡r❡ ❛❧❧ t❤❡ t✐♠❡✳

■❢ ❛ r❡❝♦♠♠❡♥❞❛t✐♦♥ s❤♦✉❧❞ ❜❡ ❣✐✈❡♥✱ t❤✐s ❝❛♥ ❜❡ t❤❛t ❊q✳ ✷✵ ✇✐t❤ χ ❢r♦♠ ❊qs✳ ✶✹✲✶✼ ❝❛♥

❜❡ ❛♣♣❧✐❡❞✳ ❚❤❡s❡ s❛t✐s❢② t❤❡ ❝♦♥❝❡♣t✉❛❧ r❡q✉✐r❡♠❡♥ts✱ t❤❡② ❛r❡ t❡st❡❞ ✐♥ ❧✐t❡r❛t✉r❡ ✭❡✳❣✳

✶✷



●r❛♥ ❛♥❞ ▼❛❣♥✉ss❡♥✱ ✶✾✾✻✱ ▲✐❧❧❡❜❡r❣ ❡t ❛❧✳✱ ✷✵✶✸✮ ♠♦r❡ t❤❛♥ t❤❡ ♦t❤❡r ❢♦r♠✉❧❛t✐♦♥s ✭❜✉t

χ = 1✮✱ ❛♥❞ t❤❡② s❡❡♠ t♦ ♣r♦✈✐❞❡ s♦♠❡ ♦❢ t❤❡ r❡q✉❡st❡❞ ❡✛❡❝ts ❢♦r ❧♦✇ ❘❡❚ ❛♥❞ ❞✐❧✉t❡❞ ✢❛♠❡s

✭▲❡✇❛♥❞♦✇s❦✐ ❛♥❞ ❊rt❡s✈å❣✱ ✷✵✶✽✮✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ♠✐❣❤t ❜❡ ❛ ♣♦t❡♥t✐❛❧ ✐♥ ✐♠♣r♦✈✐♥❣ t❤❡

❡①♣r❡ss✐♦♥ ❢♦r χ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ▼❛❣♥✉ss❡♥ ❤❛s ❛❞✈♦❝❛t❡❞ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ ❢♦r♠✉❧❛t✐♦♥s✱

t❤✉s s✉❣❣❡st✐♥❣ ❊q✳ ✶✾✳

✹ ❉❡❝❛②✐♥❣ t✉r❜✉❧❡♥❝❡ ❛♥❞ t❤❡ ✷♥❞ ❊❉❈ ❝♦♥st❛♥t

■t ❤❛s ❜❡❡♥ ✐♥❞✐❝❛t❡❞ ✭❡✳❣✳ ❆♠✐♥✐❛♥ ❡t ❛❧✳✱ ✷✵✶✷✮ t❤❛t t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ✷♥❞ ❊❉❈ ❝♦♥st❛♥t

C❉✷ ✇❛s ✐♥s✉✣❝✐❡♥t✳ ❚❤✐s s❡❝t✐♦♥ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❝♦♠♠❡♥t t♦ t❤✐s✱ ❜❛s❡❞ ♦♥ ♥❡✇❡r

❧✐t❡r❛t✉r❡✳

❚❤❡ ❝♦♥st❛♥ts ♦❢ t❤❡ ❝❛s❝❛❞❡ ♠♦❞❡❧ ♦r✐❣✐♥❛t❡❞ ❢r♦♠ ✶✾✼✺ ✭♣r✐✈❛t❡ ♥♦t❡s ♦❢ ❇✳❋✳ ▼❛❣♥✉ss❡♥✮

❛♥❞ ✇❡r❡ ✉s❡❞ ✐♥ t❤❡ ✜rst ✈❡rs✐♦♥ ♦❢ ❊❉❈ ✭▼❛❣♥✉ss❡♥✱ ✶✾✽✶✮✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ✇❛s ❞✐s❝✉ss❡❞

❜② ❊rt❡s✈å❣ ✭✶✾✾✶✮✳ ❚❤❡r❡✱ ❛ r❡✈✐s❡❞ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ✇❛s ♣r❡s❡♥t❡❞✱ ✇❤✐❧❡ t❤❡

♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ✇❡r❡ ❦❡♣t✳ ❋✉rt❤❡r ❞✐s❝✉ss✐♦♥ ✇❛s ❣✐✈❡♥ ❜② ❊rt❡s✈å❣ ❛♥❞ ▼❛❣♥✉ss❡♥ ✭✷✵✵✵✮✳

❚❤❡ ❝❛s❝❛❞❡ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❞✐ss✐♣❛t✐♦♥ ♠♦❞❡❧✱

−
dk

dt
= ε = C❉✶ωk + C❉✷νω

2. ✭✸✹✮

❚❤❡ q✉❛♥t✐t② ω ✐s ❛ str❛✐♥ r❛t❡ ♦r ❢r❡q✉❡♥❝②✳ ❆ ✷♥❞ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❢♦r t❤✐s

q✉❛♥t✐t②✱ ✇✐t❤ ✐♥❡rt✐❛❧ ❛♥❞ ✈✐s❝♦✉s ❞❡str✉❝t✐♦♥ t❡r♠s s✐♠✐❧❛r t♦ t❤♦s❡ ♦❢ ❊q✳ ✸✹✳ ❚❤❡ t✇♦

❡q✉❛t✐♦♥s ✇✐❧❧ ❞❡s❝r✐❜❡ ❞❡❝❛②✐♥❣ ✐s♦tr♦♣✐❝ t✉r❜✉❧❡♥❝❡ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❘❡②♥♦❧❞s ❆✈❡r❛❣❡❞ ◆❛✈✐❡r

❙t♦❦❡s✱ ❘❆◆❙✳ ❚❤✐s ❝❛s❡ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♥st❛♥t✭s✮ ♦❢ t❤❡ ❞❡❝❛② t❡r♠s ♦❢

♠♦st ♦r ❛❧❧ ❘❆◆❙ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧s✳

■♥ t❤✐s ✢♦✇ ❝❛s❡✱ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ t✉r❜✉❧❡♥❝❡ ❡♥❡r❣② ✇✐❧❧

❞❡❝❛② ❛s k ∼ t−n✳ ❚❤❡ t✇♦ ❝♦♥st❛♥ts ♦❢ t❤❡ ✷♥❞ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s❡tt❧❡❞ ❜② t❤❡ ❞❡❝❛② ❡①♣♦♥❡♥t

n ❛t✱ r❡s♣❡❝t✐✈❡❧②✱ ✈❡r② ❤✐❣❤ ❛♥❞ ✈❡r② ❧♦✇ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳

P❡r♦t ❛♥❞ ❞❡ ❇r✉②♥ ❑♦♣s ✭✷✵✵✻✮ ❤❛✈❡ ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ t♦♣✐❝ ❜② ❢♦r♠✉❧❛t✐♥❣ ❛ k✲λ ♠♦❞❡❧✱

✶✸



✇❤❡r❡ t❤❡ ✷♥❞ q✉❛♥t✐t② λ ✇❛s t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ ❛ ❧❡♥❣t❤ s❝❛❧❡✳ ❚❤❡ ❞✐ss✐♣❛t✐♦♥ ✇❛s ❡①♣r❡ss❡❞

❛s

ε = αHλk3/2 + αLνλ
2k. ✭✸✺✮

❋♦r ❜♦t❤ ♠♦❞❡❧s✱ t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ ✐♥❡rt✐❛❧ t❡r♠✱ C❉✶ = 0.135 ♦r αH = 1✱ ✇❛s ❞❡t❡r♠✐♥❡❞

❢r♦♠ ♦t❤❡r ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥st❛♥t✱ C❉✷ ♦r αL✱ ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ tr❛♥s✐t✐♦♥

❢r♦♠ t❤❡ ❤✐❣❤ ❘❡❚ ❧✐♠✐t t♦ t❤❡ ❧♦✇ ❘❡❚ ❧✐♠✐t✳ ❚❤✐s tr❛♥s✐t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ r❛t✐♦ C❉✷/C
2

❉✶

♦r αL/α
2

H ✳

❙✐♥❝❡ ✶✾✾✶✴✷✵✵✵✱ ♠♦r❡ ❞❛t❛ ❤❛✈❡ ❜❡❝♦♠❡ ❛✈❛✐❧❛❜❧❡✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢r♦♠ ❉◆❙✳ ❚❤❡s❡ ✇❡r❡ ✉t✐❧✐③❡❞

✐♥ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ P❡r♦t ❛♥❞ ❞❡ ❇r✉②♥ ❑♦♣s ✭✷✵✵✻✮✳ ❚❤❡② ♥♦t❡❞ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ✇❛s ✏♥♦t

❤✐❣❤❧② s❡♥s✐t✐✈❡✑ t♦ t❤❡ r❛t✐♦ ♦❢ t❤❡ ❝♦♥st❛♥ts✱ ❛♥❞ r❡❝♦♠♠❡♥❞ t❤❡ ✈❛❧✉❡ αL = 15 ✭✇✐t❤

αH = 1✮✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✈❛❧✉❡ ♦❢ C❉✷ = 0.27 ✭✇✐t❤ C❉✶ = 0.135✮✳ ❆♣♣❛r❡♥t❧②✱ t❤❡

♠♦❞❡r❛t❡ s❡♥s✐t✐✈✐t② ❤❛❞ ❧✐♠✐ts✳ ■t s❡❡♠❡❞ t❤❛t ✈❛r✐❛t✐♦♥ ♦✉ts✐❞❡ t❤❡✐r r❛♥❣❡ ♦❢ tr✐❛❧ ✈❛❧✉❡s✱

αL ❢r♦♠ ✻ t♦ ✺✵✱ ✇♦✉❧❞ ❝❧❡❛r❧② ❜❡ ♦✉ts✐❞❡ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛✈❛✐❧❛❜❧❡ ❞❛t❛✳ ❚❤✐s ❝♦rr❡s♣♦♥❞❡❞ t♦

❧✐♠✐ts ♦❢ C❉✷ ❛t ✵✳✶✶ ❛♥❞ ✵✳✾✶✳ ❚❤❡ ♦r✐❣✐♥❛❧ ✈❛❧✉❡ ♦❢ C❉✷ = 0.50 ❝♦rr❡s♣♦♥❞❡❞ t♦ αL = 27.4✱

✇❤✐❝❤ ✇❛s ✇❡❧❧ ✐♥s✐❞❡ t❤❡ ✈❛r✐❛t✐♦♥✳

❚❤❡ ♣♦✇❡r✲❧❛✇ ❡①♣♦♥❡♥t n ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ t❤❡ t✇♦ ♠♦❞❡❧ ❡q✉❛t✐♦♥s✳ ❚❤❡ ❝♦♥st❛♥ts ❛♣✲

♣❡❛r✐♥❣ ✐♥ t❤❡ ✷♥❞ ✭ω ♦r λ✮ ❡q✉❛t✐♦♥ ✇❡r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❧✐♠✐t✐♥❣ ❞❡❝❛② ❡①♣♦♥❡♥t n ❛t✱

r❡s♣❡❝t✐✈❡❧②✱ ✈❡r② ❤✐❣❤ ❛♥❞ ✈❡r② ❧♦✇ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❚❤❡s❡ ❡①♣♦♥❡♥ts ✇❡r❡

t❛❜✉❧❛t❡❞ ❜② P❡r♦t ❛♥❞ ❞❡ ❇r✉②♥ ❑♦♣s ✭✷✵✵✻✮✳ ❋✐❣✳ ✻

❋✐❣✉r❡ ✻ s❤♦✇s t❤❡ ♣♦✇❡r ❧❛✇ ❡①♣♦♥❡♥t ❢r♦♠ t❤❡ t✇♦ ♠♦❞❡❧s ✇✐t❤ ❛ s❡❧❡❝t✐♦♥ ♦❢ αL ♦r C❉✷

✈❛❧✉❡s✳ ❚❤❡ ❤✐❣❤ ❛♥❞ ❧♦✇ ❘❡❚ ❧✐♠✐ts ❝♦rr❡s♣♦♥❞❡❞ t♦ ❞❛t❛ ❢♦r ❛ κ2 ❧♦✇ ✇❛✈❡♥✉♠❜❡r s♣❡❝tr✉♠✳

❚❤✐s ❣r❛♣❤ ✇❛s ♠❛❞❡ t♦ ❜❡ ❞✐r❡❝t❧② ❝♦♠♣❛r❛❜❧❡ t♦ ❋✐❣✳ ✷ ♦❢ P❡r♦t ❛♥❞ ❞❡ ❇r✉②♥ ❑♦♣s ✭✷✵✵✻✮✳

❋♦r t❤❡ ❞✐s❝✉ss✐♦♥ ❜❡❧♦✇ ✭❙❡❝t✳ ✻✮✱ ✐t ✇❛s ♥♦t❡❞ t❤❛t C❉✷/C
2

❉✶ = 4C4
γ/3 ❛♥❞ t❤❛t t❤❡ C❉✷

r❛♥❣❡ ♦❢ ✵✳✶✶ t♦ ✵✳✾✶ ✭αL ❢r♦♠ ✻ t♦ ✺✵✮ ❝♦rr❡s♣♦♥❞❡❞ t♦ ❛ r❛♥❣❡ ♦❢ Cγ ❢r♦♠ ✶✳✹✻ t♦ ✷✳✹✼✳

❆♥♦t❤❡r ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ ✐♥❡rt✐❛❧ t♦ t❤❡ ✈✐s❝♦✉s ❞✐ss✐♣❛t✐♦♥ t❡r♠ ❝❛♥ ❜❡

t♦ ❝♦♠♣❛r❡ t❤❡ ✈✐s❝♦✉s t❡r♠ t♦ t❤❡ t♦t❛❧ ❞✐ss✐♣❛t✐♦♥✳ ❋♦r t❤❡ ❞✐s❝✉ss✐♦♥✱ ✇✐t❤ t❤❡ ❡①♣r❡ss✐♦♥s

❛❜♦✈❡✱ t❤❡ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛t ❛ ❝❡rt❛✐♥ r❛t✐♦ ♦❢ t❤❡ ✈✐s❝♦✉s t❡r♠ ✭ε2 = C❉✷νω
2✮
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t♦ t❤❡ t♦t❛❧ ❞✐ss✐♣❛t✐♦♥✱ ✇❛s ❡①♣r❡ss❡❞ ❛s

❘❡❚ =
(1− ε2/ε)

2

ε2/ε

CD2

C2

D1

. ✭✸✻✮

❘❡s♦❧✈❡❞✱ t❤✐s ❡①♣r❡ss✐♦♥ ❣✐✈❡s ♦♥❡ ♣♦s✐t✐✈❡ r♦♦t ❢♦r t❤❡ r❛t✐♦ ε2/ε✳ ❚❤❡ r❡❧❛t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡

❢♦✉♥❞ ❢r♦♠ t❤❡ ♠♦❞❡❧ ♦❢ ❊q✳ ✸✺✱ ✇✐t❤ ❝♦♥st❛♥ts αL/α
2

H r❡♣❧❛❝✐♥❣ C❉✷/C
2

❉✶✳ ❋✐❣✳ ✼

❚❤❡ r❛t✐♦ ♦❢ t❤❡ ✈✐s❝♦✉s t❡r♠ t♦ t❤❡ t♦t❛❧ ❞✐ss✐♣❛t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✼ ❢♦r t❤❡ s❛♠❡ ❝♦♥st❛♥ts

❛s ✐♥ ❋✐❣✳ ✻✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ♦❢ Cγ ❛r❡ ❛❧s♦ ✐♥❝❧✉❞❡❞✳

❉❡❝❛②✐♥❣ t✉r❜✉❧❡♥❝❡ ✐s r❡❧❡✈❛♥t ❢♦r ❝♦♠❜✉st✐♦♥ ❜❡❝❛✉s❡ ✐t ✐s ❛ ❝❛s❡ ✇❤❡r❡ ✈✐s❝♦✉s ❢♦r❝❡s ❛r❡

✐♠♣♦rt❛♥t ❛♥❞ ✇❤✐❝❤ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞✳ ■t ❝❛♥ ❜❡ s❡❡♥ t♦❣❡t❤❡r ✇✐t❤ ♠♦❞❡❧s ❛♥❞ ❞❛t❛ ❢♦r

t❤❡ ✈✐s❝♦✉s ♣❛rt ♦❢ t❤❡ s♣❡❝tr✉♠✱ ❛s ❞✐s❝✉ss❡❞ ❜② ❊rt❡s✈å❣ ❛♥❞ ▼❛❣♥✉ss❡♥ ✭✷✵✵✵✮✳ ❉❡❝❛②✐♥❣

t✉r❜✉❧❡♥❝❡ ✐s ❛❧s♦ ✉s❡❞ ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❝♦♥st❛♥ts ♦r ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧s✳

❙♦♠❡ ✢❡①✐❜✐❧✐t② ❤❛s ❜❡❡♥ ♣r❛❝t✐❝❡❞✱ ❤♦✇❡✈❡r✱ ✐♥ s❡tt❧✐♥❣ t❤❡ ♠♦❞❡❧ ❝♦♥st❛♥ts ❛♥❞ ❢✉♥❝t✐♦♥s✱

t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ✐♠♣❡r❢❡❝t♥❡ss ♦❢ t❤❡ ♠♦❞❡❧s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡r

❞❡❝❛② ✐♥❞✐❝❛t❡❞ ❛♥ ❡①♣♦♥❡♥t ♦❢ ✶✳✷✲✶✳✸✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞❡❞ t♦ Cε2 ♦❢ ❛❜♦✉t ✶✳✽✵✱ ✇❤✐❧❡ t❤❡

✏st❛♥❞❛r❞✑ ✈❛❧✉❡ ❛❞♦♣t❡❞ ❢♦r t❤❡ k✲ε ♠♦❞❡❧ ✇❛s ✶✳✾✷ ✭▲❛✉♥❞❡r ❛♥❞ ❙♣❛❧❞✐♥❣✱ ✶✾✼✹✮✳

✺ ❋✐♥❡✲str✉❝t✉r❡ r❡❛❝t♦rs✿ ❚❤❡ ❆♥s②s ❋❧✉❡♥t ♠♦❞✐✜❝❛t✐♦♥

✺✳✶ ❚❤❡ ❊❉❈ ✜♥❡✲str✉❝t✉r❡ r❡❛❝t♦r ❛♥❞ s♣❡❝✐❡s r❡❛❝t✐♦♥ r❛t❡

●r❛♥ ✭✶✾✾✹✮✱ ●r❛♥ ❛♥❞ ▼❛❣♥✉ss❡♥ ✭✶✾✾✻✮ ✐♠♣❧❡♠❡♥t❡❞ ♠✉❧t✐✲st❡♣ ✜♥✐t❡✲r❛t❡ ❝❤❡♠✐str② ✇✐t❤

❊❉❈ ❜② tr❡❛t✐♥❣ t❤❡ ✜♥❡ str✉❝t✉r❡ ❛s ❛ ❤♦♠♦❣❡♥❡♦✉s r❡❛❝t♦r✱ ❛❧s♦ ❝❛❧❧❡❞ ❛ ✭tr❛♥s✐❡♥t✮ ♣❡r❢❡❝t❧②

st✐rr❡❞ r❡❛❝t♦r ✭P❙❘✮✳ ❚❤✐s ✐s ❛ tr❛♥s✐❡♥t r❡❛❝t♦r ✇✐t❤ ✐♥✢♦✇ ❛♥❞ ♦✉t✢♦✇✱ ✇❤❡r❡ t❤❡ ♦✉t✢♦✇

♣r♦♣❡rt✐❡s ❛r❡ ❡q✉❛❧ t♦ t❤♦s❡ ✐♥s✐❞❡ t❤❡ r❡❛❝t♦r✳ ❚❤❡ r❡❛❝t♦r s♣❡❝✐❡s ♠❛ss ❜❛❧❛♥❝❡ ❝❛♥ ❜❡

✇r✐tt❡♥ ❛s

dY ∗

k

dt
=

1

ρ∗
Rk(T

∗, Y ∗

j ) +
1

τ∗
(Y o

k − Y ∗

k ). ✭✸✼✮

❍❡r❡✱ t❤❡ r❡❛❝t✐♦♥ r❛t❡ Rk ✐s ❡①♣r❡ss❡❞ ❢r♦♠ t❤❡ r❡❛❝t♦r t❡♠♣❡r❛t✉r❡ ❛♥❞ ❝♦♠♣♦s✐t✐♦♥✳ ■♥

✶✺



❝❛s❡ ♦❢ st❡❛❞② st❛t❡✱ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❧❡❛❞s t♦ ❊q✳ ✶ ✇✐t❤ R∗

k = Rk(T
∗, Y ∗

j )✱

(Y ∗

k − Y o
k ) =

R∗

k

ρ∗
τ∗ ✭✸✽✮

❛♥❞✱ s✉❜s❡q✉❡♥t❧②✱ t♦ t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡

Rk =
ρ̄γ2λχ

τ∗
(Y ∗

k − Y o
k ). ✭✸✾✮

✺✳✷ ❚❤❡ ❆♥s②s ❋❧✉❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t♦r ♦❢ ❊❉❈

❆ ♣♦♣✉❧❛r ❝♦♠♠❡r❝✐❛❧ ❈❋❉ ❝♦❞❡✱ ✐♥ ✇❤✐❝❤ ❊❉❈ ✐s ✐♠♣❧❡♠❡♥t❡❞✱ ✐s ❆♥s②s ❋❧✉❡♥t✳ ❚❤❡✐r

✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❛s s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❛t ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ❛s ❛♥ ✐s♦❜❛r✐❝ ❜❛t❝❤ r❡❛❝t♦r

✭❇❛❘✮ ✇❛s ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ✜♥❡ str✉❝t✉r❡s ✭❆♥s②s✱ ✷✵✶✻❛✱❜✮✳ ❚❤✐s ✐s s♦♠❡t✐♠❡s ✭❡✳❣✳ ❉❡

❡t ❛❧✳✱ ✷✵✶✶✱ ▲✐ ❡t ❛❧✳✱ ✷✵✶✼✮ ♣r❡s❡♥t❡❞ ❛s ❛ ♣❧✉❣ ✢♦✇ r❡❛❝t♦r ✭P❋❘✮✱ ✇❤✐❝❤ ✇✐t❤ ❝♦♥st❛♥t ✢♦✇

✈❡❧♦❝✐t② ❛♥❞ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❛r❡❛ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ t♦ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ❜❛t❝❤ r❡❛❝t♦r✳ ❚❤❡

✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜❛t❝❤ r❡❛❝t♦r t❤❡♥ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐♥❧❡t ❛♥❞ ♦✉t❧❡t ♦❢ t❤❡

P❋❘✳ ■♥ t❤❡ tr❛♥s✐❡♥t ❢♦r♠✱ t❤❡ s♣❡❝✐❡s ♠❛ss ❜❛❧❛♥❝❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

dYk
dt

=

(
Rk

ρ

)

❇❛❘

. ✭✹✵✮

■♥ t❤❡ ❋❧✉❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❊q✳ ✹✵ ✇❛s ✐♥t❡❣r❛t❡❞ ❢r♦♠ Yk(t = 0) = Ỹk✱ ✏t❤❡ ❝✉rr❡♥t s♣❡❝✐❡s

❛♥❞ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ❝❡❧❧✑ ✭❆♥s②s✱ ✷✵✶✻❛✱ ❙❡❝t✳ ✼✳✶✳✷✳✺✮✱ t♦ Yk(t = τ∗) = Y ∗

k ✱ ❣✐✈✐♥❣

(Y ∗

k − Ỹk) =

∫ τ∗

0

(
Rk

ρ

)

❇❛❘

dt =
R∗

k

ρ∗
τ∗. ✭✹✶✮

❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❡❛♥ ✈❛❧✉❡s ✇❡r❡ t❛❦❡♥ ❛s ✐♥✐t✐❛❧✴✐♥❧❡t ✈❛❧✉❡s✳ ■♥tr♦❞✉❝✐♥❣ t❤✐s r❡❛❝t♦r

r❡❛❝t✐♦♥ r❛t❡ R∗

k ✐♥t♦ ❊q✳ ✷ ❣✐✈❡s ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡✳

❚❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s ❧❡❛❞✐♥❣ t♦ ❊qs✳ ✸✽ ❛♥❞ ✹✶ ❤❛✈❡ s✐♠✐❧❛r✐t✐❡s✱ ❜✉t ❛❧s♦ ❞✐✛❡r❡♥❝❡s✳ ❚❤❡ r❛t✐♦

♦❢ t❤❡ r❡s✉❧t✐♥❣ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

✶✻



F =
Rk,♠❡❛♥✐♥❧❡t

Rk,s✉rr✳✐♥❧❡t

=
(Y ∗

k − Ỹk)

(Y ∗

k − Y o
k )

= 1− γ∗χ, ✭✹✷✮

✇❤❡r❡ ❊q✳ ✺ ✇❛s ✉s❡❞ ✐♥ t❤❡ ❧❛st ❡q✉❛❧✐t②✳

❍❡r❡✱ ✐t ✐s ♥♦t❡❞ t❤❛t ✐♥ t❤❡ ❋❧✉❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ χ ✐s ❛❧✇❛②s s❡t t♦ ✉♥✐t②✳ ■♥❝❧✉❞✐♥❣ t❤✐s

❛s♣❡❝t ✐♥ t❤❡ ❞✐s❝✉ss✐♦♥✱ t❤❡ r❛t✐♦ ❜❡❝♦♠❡s

F =
Rk,♠❡❛♥✐♥❧❡t(χ = 1)

Rk,s✉rr✳✐♥❧❡t

=
1

χ
(1− γ∗χ) ✭✹✸✮

❋♦r t❤❡ ❞✐s❝✉ss✐♦♥✱ ❢♦✉r ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✿ ❋✐rst✱ ✐♥ t❤❡ ✈❡rs✐♦♥ ✐♠♣❧❡♠❡♥t❡❞

✐♥t♦ ❋❧✉❡♥t✱ γ∗ = γ3λ ❛♥❞ χ = 1✳ ❚❤✐s ✐s ❛ ✈❡rs✐♦♥ ✉s❡❞ ♦✉ts✐❞❡ ❋❧✉❡♥t✱ ❛s ✇❡❧❧✳ ❚❤❡♥✱

F = F1 = 1− γ3λ. ✭✹✹✮

❙❡❝♦♥❞✱ t❤❡ ❡①♣r❡ss✐♦♥ ❝♦✉❧❞ ❜❡ γ∗ = γ2λ ✭✇✐t❤ χ = 1✮✱ ❤❡♥❝❡

F = F2 = 1− γ2λ. ✭✹✺✮

❚❤✐r❞✱ ❛ ♥♦♥✲✉♥✐t② χ ❢r♦♠ ❊qs✳ ✶✹✕✶✼ ♦r ❊qs✳ ✷✺✕✷✼ ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞✳ ❚❤❡ r❛t✐♦✱ ❊q✳ ✹✸✱ ✇✐t❤

γ∗ = γ3λ ❛♥❞ γ∗ = γ2λ✱ r❡s♣❡❝t✐✈❡❧②✱ ❜❡❝♦♠❡s

F = F3 =
1

χ
(1− γ3λχ) ✭✹✻✮

❛♥❞

F = F4 =
1

χ
(1− γ2λχ). ✭✹✼✮

❋✐❣✳ ✽

❚❤❡ ❢♦✉r r❛t✐♦s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✽ t♦❣❡t❤❡r ✇✐t❤ χ ✭❢♦r λ = 0.9✱ c = 0.50 ✐♥ ❊qs✳ ✷✺✕✷✼✮✳

❲❤❡♥ F ✐s ❛❜♦✈❡ ✉♥✐t②✱ t❤❡ ♠❡❛♥✲✐♥❧❡t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦✈❡r♣r❡❞✐❝ts t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡

❝♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤ t❤❡ s✉rr♦✉♥❞✐♥❣s ✐♥❧❡t✳

❋♦r ♠♦❞❡r❛t❡❧② ❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✱ t❤❡ r❛t✐♦ ✐s ❝❧♦s❡ t♦ ✉♥✐t②✳ ❚❤❛t ✐s✱ ✐❢ χ ✐s s❡t t♦ ✉♥✐t②✳
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❆t ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✱ t❤❡ ❋❧✉❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ r❡❞✉❝❡s t❤❡ r❡❛❝t✐♦♥ r❛t❡✳ ❍♦✇❡✈❡r✱

❝♦♠♣❛r❡❞ t♦ ❛ ✈❡rs✐♦♥ ✇✐t❤ ❛ ♥♦♥✲✉♥✐t② χ✱ t❤❡ r❡❞✉❝t✐♦♥ ✐s ❧❡ss✳ ❋♦r ❝❛s❡s ✇✐t❤ ❛ r❡❛❝t✐♦♥

❞❡✈✐❛t✐♥❣ ❢r♦♠ st♦✐❝❤✐♦♠❡tr②✱ t❤❡ ❡✛❡❝t ❝❛♥ ❜❡ ❛♥ ✐♥❝r❡❛s❡❞ r❡❛❝t✐♦♥ r❛t❡ ✐♥ ❋❧✉❡♥t✳

❆ r❡❝❡♥t st✉❞② ❜② ▲❡✇❛♥❞♦✇s❦✐ ❛♥❞ ❊rt❡s✈å❣ ✭✷✵✶✽✮ s❤♦✇❡❞ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡s ✇❡r❡ ♥♦t❛❜❧❡

✐♥ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ r❡❛❝t✐♥❣ ③♦♥❡ ♦❢ t❤❡ ❉❡❧❢t ❥❡t✲✐♥✲❤♦t✲❝♦✢♦✇ ✢❛♠❡✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ♣r❡s❡♥t ❝♦♠♣❛r✐s♦♥ ❝♦♥❝❡r♥❡❞ t❤❡ ❞✐✛❡r❡♥❝❡s ❝❛✉s❡❞ ❜② ✉s❡ ♦❢ t❤❡

♠❡❛♥ ✈❛❧✉❡ ❛s ✐♥✢♦✇ r❛t❤❡r t❤❛♥ t❤❡ s✉rr♦✉♥❞✐♥❣s ✈❛❧✉❡✳ ❚❤❡ ❇❛❘✴P❋❘ ✈s✳ P❙❘ ❞✐✛❡r❡♥❝❡s✱

✇❤✐❝❤ ❛❧s♦ ❡①✐st✱ ❤❛✈❡ t♦ ❜❡ ✈✐s✉❛❧✐③❡❞ ✇✐t❤ ♦t❤❡r ❛ss✉♠♣t✐♦♥s✳

❆ q✉❡st✐♦♥ t❤❛t r❡♠❛✐♥s✱ ❞✉❡ t♦ ♠✐ss✐♥❣ ❞♦❝✉♠❡♥t❛t✐♦♥✱ ✐s ❤♦✇ t❤❡ ❋❧✉❡♥t ♠♦❞✐✜❝❛t✐♦♥ ✇❛s

♠♦t✐✈❛t❡❞ ❛♥❞ ✇❤❡t❤❡r ✐t ✇❛s ✐♥t❡♥❞❡❞ ❛t ❛❧❧✳ ■t ❝❛♥ ❜❡ tr❛❝❡❞ ❜❛❝❦ t♦ ❛ ❝♦♥❢❡r❡♥❝❡ ♣❛♣❡r

❜② ❏❡ss❡❡ ❡t ❛❧✳ ✭✶✾✾✸✮✱ ✇❤♦ ❞✐❞ ❛ s✐♠✐❧❛r ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❤♦✇❡✈❡r✱ ✇✐t❤♦✉t ❡①♣❧❛♥❛t✐♦♥ ♦r

❝♦♠♣❛r✐s♦♥✳

✺✳✸ ▲♦✇✲❘❡②♥♦❧❞s ♥✉♠❜❡r ❧✐♠✐t ♦❢ ✈❛❧✐❞✐t②

❉❡ ❡t ❛❧✳ ✭✷✵✶✶✮ ❝❧❛✐♠❡❞ t♦ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ✈❛❧✐❞✐t② ♦❢ ❊❉❈ ✐s ❧✐♠✐t❡❞ t♦ ❘❡❚ > 65✳ ❚❤❡

❛r❣✉♠❡♥ts ✇❡r❡ ❛s ❢♦❧❧♦✇s✿

❚❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡ ✇❛s ❡①♣r❡ss❡❞ ❢♦❧❧♦✇✐♥❣ ●r❛♥ ❛♥❞ ▼❛❣♥✉ss❡♥ ✭✶✾✾✻✮✱ ❊q✳ ✶✽ ✇✐t❤

χ = 1✱ ❛s

Rk =
ργ2λ

τ∗(1− γ3λ)
(Y ∗

k − Ỹk). ✭✹✽✮

❍❡r❡✱ ❉❡ ❡t ❛❧✳ ✭✷✵✶✶✮ ✐♥tr♦❞✉❝❡❞ t❤❡ t✐♠❡ s❝❛❧❡ τ♠✐① ❢♦r ❞✐s❝✉ss✐♦♥ ♣✉r♣♦s❡s✱

1

τ♠✐①
=

γ2λ
(1− γ3λ)

1

τ∗
=

1

(1− γ3λ)

C2
γ

Cτ

1

θ
, ✭✹✾✮

✇❤❡r❡ θ = k/ε ✐s t❤❡ ❧❛r❣❡✲s❝❛❧❡ ♠✐①✐♥❣ ♦r ❡♥❡r❣②✲t✉r♥♦✈❡r t✐♠❡s❝❛❧❡✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❊q✳

✶✵ ♦❢ ❉❡ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ❲✐t❤ ❛ r❛t✐♦ ♦❢ t❤❡ t✇♦ t✐♠❡ s❝❛❧❡s ✐♥tr♦❞✉❝❡❞ ❛s ✭t❤❡✐r ❊q✳ ✶✷✮✱

R =
τ∗

τ♠✐①
=

γ2λ
(1− γ3λ)

, ✭✺✵✮
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❊q✳ ✹✽ ♥♦✇ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

Rk

ρ
=

R

τ∗
(Y ∗

k − Ỹk). ✭✺✶✮

◆❡①t✱ ❢r♦♠ t❤❡ ❋❧✉❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤ ❊q✳ ✹✶✱

R∗

k

ρ∗
=

1

τ∗
(Y ∗

k − Ỹk). ✭✺✷✮

❚❤❡ s♣❡❝✐❡s ❞✐✛❡r❡♥❝❡ (Y ∗

k − Ỹk) ✐s t❤❡ s❛♠❡ ✐♥ ❊qs✳ ✺✶ ❛♥❞ ✺✷✳ ❇❛s❡❞ ♦♥ t❤❡s❡ r❡❧❛t✐♦♥s ✐t ✇❛s

❛r❣✉❡❞ t❤❛t t❤❡ t✐♠❡ s❝❛❧❡ ❢♦r s♠❛❧❧✲s❝❛❧❡ ✭✜♥❡✲str✉❝t✉r❡✮ ❡①❝❤❛♥❣❡✱ τ∗✱ s❤♦✉❧❞ ❜❡ ❧❡ss t❤❛♥

t❤❡ t✐♠❡ s❝❛❧❡ ♦❢ t❤❡ ❧❛r❣❡✲s❝❛❧❡ ❡①❝❤❛♥❣❡✱ τ♠✐① = τ∗/R✳ ❍❡♥❝❡✱ R < 1 ♦r γ2λ < (1−γ3λ)✱ ✇❤✐❝❤

❣❛✈❡ t❤❡ ❧✐♠✐ts γλ < 0.75 ❛♥❞ ❘❡❚ > 65✳

❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛❜♦✈❡ ✐s ♣❧❛✉s✐❜❧❡✱ ❤♦✇❡✈❡r✱ ✇✐t❤ ❛♥ ✐♠♣♦rt❛♥t r❡s❡r✈❛t✐♦♥✿ ❚❤❡ ❋❧✉❡♥t

✉s❡ ♦❢ ❜❛t❝❤✴♣❧✉❣✲✢♦✇ r❡❛❝t♦r ✇✐t❤ ❛✈❡r❛❣❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥✐t✐❛❧✴✐♥❧❡t ✈❛❧✉❡s ✐s ❛ ❞❡✈✐❛t✐♦♥

❢r♦♠ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❊❉❈✳ ❊q✉❛t✐♦♥ ✹✶ ❝❛♥♥♦t ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥t♦ ❊q✳ ✷ t♦ ♦❜t❛✐♥ t❤❡ ♠❡❛♥

r❡❛❝t✐♦♥ r❛t❡✱ ❊q✳ ✹✽✳

■♥ ❊❉❈✱ t❤❡ ✐♥✢♦✇ t♦ t❤❡ r❡❛❝t♦r ❤❛s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ s✉rr♦✉♥❞✐♥❣s ✭Y o
k ✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡

✜♥❡✲str✉❝t✉r❡ r❡❛❝t✐♦♥ r❛t❡ s❤♦✉❧❞✱ ✐♥st❡❛❞ ♦❢ ❊q✳ ✹✶✱ ❜❡ ❊q✳ ✸✽✱ ✇❤✐❝❤ ❛❧s♦ ❝❛♥ ❜❡ r❡❣❛r❞❡❞

❛s ❊q✳ ✹✵ ✐♥t❡❣r❛t❡❞ ❢r♦♠ Yk(t = 0) = Y o
k t♦ Yk(t = τ∗) = Y ∗

k ✳ ■t ✐s✱ ♦❢ ❝♦✉rs❡✱ ❛❧s♦ t❤❡ r❡s✉❧t

✇❤❡♥ t❤❡ s♣❡❝✐❡s ♠❛ss ❜❛❧❛♥❝❡ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s r❡❛❝t♦r ✭tr❛♥s✐❡♥t P❙❘✮ ✐s ✐♥t❡❣r❛t❡❞ t♦

st❡❛❞② st❛t❡✱ ❛s ✉s❡❞ ❜② ●r❛♥ ✭✶✾✾✹✮✱ ●r❛♥ ❛♥❞ ▼❛❣♥✉ss❡♥ ✭✶✾✾✻✮✳ ❚❤❡♥✱ t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥

r❛t❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❊q✳ ✸✳

❯s✐♥❣ t❤❡ ❛r❣✉♠❡♥t ♦❢ ❉❡ ❡t ❛❧✳ ❢r♦♠ ❛❜♦✈❡ ♦♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥s ♦❢ ❊q✳ ✸✽ ✈❡rs✉s ❊q✳ ✸✾✱ t❤❡

r❡q✉✐r❡♠❡♥t ✇✐❧❧ ❜❡ t❤❛t τ∗/(γ2λχ) s❤♦✉❧❞ ❜❡ ❧❛r❣❡r t❤❛♥ τ∗✳ ❲❤❡♥ χ ≤ 1✱ t❤✐s ✐s s❛t✐s✜❡❞ ❜②

t❤❡ tr✐✈✐❛❧ r❡q✉✐r❡♠❡♥t t❤❛t γλ < 1✳

■♥❞❡❡❞✱ s✐♥❝❡ t❤❡ ❢r❛❝t✐♦♥ γλ ♠✉st ❜❡ ❧❡ss t❤❛♥ ✉♥✐t②✱ t❤❡r❡ ✐s ❛ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❧✐♠✐t

♦❢ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❊❉❈ ❢♦r♠✉❧❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ▼②❤r✈♦❧❞ ✭✷✵✵✸✮ ✭❞♦❝t♦r❛❧

st✉❞❡♥t ♦❢ t❤❡ ❛✉t❤♦r✮ ❛tt❡♠♣t❡❞ t♦ ❞❡✈❡❧♦♣ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ γλ ❢♦r ❧♦✇ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s

♥✉♠❜❡rs ❝❧♦s❡ t♦ ❛ ✇❛❧❧✳ ❉✉❡ t♦ ❧❛❝❦ ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ♦r ❉◆❙ ❞❛t❛ ❛t t❤❡ t✐♠❡✱ t❤✐s ✇♦r❦ ✇❛s

✶✾



❥✉st ✐♥❞✐❝❛t✐✈❡ ❢♦r ❛ s♦❧✉t✐♦♥✳

❚❤❡ ❧✐♠✐t ❢♦✉♥❞ ❜② ❉❡ ❡t ❛❧✳ ✭✷✵✶✶✮ ✇❛s r❡str✐❝t❡❞ t♦ t❤❡ s♣❡❝✐❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❊❉❈ ✐♥

❆♥s②s ❋❧✉❡♥t✱ ❛♥❞ ♥♦t ❛ ❧✐♠✐t ♦❢ ✈❛❧✐❞✐t② ❢♦r ❊❉❈ ✐♥ ❣❡♥❡r❛❧✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❆♥s②s ❋❧✉❡♥t

✐♠♣❧❡♠❡♥t❛t✐♦♥ ❤❛s ❜❡❡♥ t❤❡ ❜❛s✐s ❢♦r ❛ ♥✉♠❜❡r ♦❢ ❞✐s❝✉ss✐♦♥s ❛♥❞ s✉❣❣❡st❡❞ ♠♦❞✐✜❝❛t✐♦♥s✱

✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❜❡❧♦✇✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s ❛❧s♦ ✐♥❤❡r✐t t❤❡ r❡str✐❝t✐♦♥✳

✻ ▼♦❞✐✜❡❞ ❊❉❈ ✐♥ ❧✐t❡r❛t✉r❡✿ ❈❤❛♥❣❡❞ ❝♦♥st❛♥ts

✻✳✶ Pr♦♣♦s❛❧s ✐♥ ❧✐t❡r❛t✉r❡

❙❡✈❡r❛❧ r❡s❡❛r❝❤❡rs ❤❛✈❡ s✉❣❣❡st❡❞ ❝❤❛♥❣❡s t♦ t❤❡ ♠♦❞❡❧ ❝♦♥st❛♥ts✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇✐t❤ ❛ ❜❛❝❦✲

❣r♦✉♥❞ ♦❢ r❡❢♦r♠✐♥❣ ❛♥❞ ♦❢ ✏▼■▲❉✑ ❝♦♠❜✉st✐♦♥✱ ✇❤✐❝❤ ♣❛rt❧② ♦❝❝✉rs ❛t ✈❡r② ❧♦✇ t✉r❜✉❧❡♥❝❡

❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ■t s❡❡♠s t♦ ❜❡ ✐♥✐t✐❛t❡❞ ❜② ❘❡❤♠ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ✇❤♦ tr✐❡❞ ❧❛r❣❡r ✈❛❧✉❡s

♦❢ ❜♦t❤ Cγ ❛♥❞ Cτ ✳ ❆ s✉❣❣❡st✐♦♥ ♦❢ ❡✐t❤❡r ✐♥❝r❡❛s✐♥❣ Cτ t♦ ✸✳✵ ♦r ❞❡❝r❡❛s✐♥❣ Cγ t♦ ✶✳✵ ✇❛s

♠❛❞❡ ❜② ❉❡ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❛❞♦♣t❡❞ ❜② s♦♠❡ ♦t❤❡r ✐♥✈❡st✐❣❛t♦rs✳ ❚❛❜❧❡s ✶✲✷

❆ ♥✉♠❜❡r ♦❢ s✉❣❣❡st✐♦♥s ❛r❡ r❡✈✐❡✇❡❞ ❝❤r♦♥♦❧♦❣✐❝❛❧❧② ✐♥ ❚❛❜❧❡s ✶✲✷✳ ❆♠✐♥✐❛♥ ❡t ❛❧✳ ✭✷✵✶✷✮

tr✐❡❞ ✐♥❝r❡❛s❡❞ ✈❛❧✉❡s ♦❢ Cτ ✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ Cγ ♥❡❛r t❤❡ ♦r✐❣✐♥❛❧ ✈❛❧✉❡✳ ●r❛ç❛ ❡t ❛❧✳ ✭✷✵✶✸✮

❝♦♠♣❛r❡❞ ❡✛❡❝ts ♦❢ ❝❤❛♥❣❡s ✐♥ Cγ ❛♥❞ t❤❡ ❝♦♥st❛♥t Cε2 ♦❢ t❤❡ k✲ε ♠♦❞❡❧✳ ❊✈❛♥s ❡t ❛❧✳

✭✷✵✶✺✮ ✐♥✈❡st✐❣❛t❡❞ t❤❡ r❡❧❛t✐✈❡ ❡✛❡❝ts ♦❢ ❝❤❛♥❣✐♥❣ Cγ ❛♥❞ Cε2✳ ❙♦♠❡ ♦❢ t❤❡ s✉❣❣❡st✐♦♥s ✇❡r❡

♣❛r❛♠❡t❡r ✈❛r✐❛t✐♦♥s ♠❛❞❡ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ❝❤❛♥❣✐♥❣ ♦♥❡ ♦r ❜♦t❤ ❝♦♥st❛♥ts✳ ❙♦♠❡

♣r♦♣♦s❛❧s ✇❡r❡ ❛♣♣❛r❡♥t❧② ❜❛s❡❞ ♦♥ ♠✐st❛❦❡s✱ s✉❝❤ ❛s ❆♠✐♥✐❛♥ ❡t ❛❧✳ ✭✷✵✶✷✮✱ ✇❤♦ ❝❛❧❝✉❧❛t❡❞

Cγ ❜❛s❡❞ ♦♥ ❛ t②♣♦✱ ❛♥❞ ❲❛♥❣ ❡t ❛❧✳ ✭✷✵✶✺✮✱ ✇❤♦ ❝❧❛✐♠❡❞ t♦ ❢♦❧❧♦✇ ❉❡ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ❜✉t

❝❤❛♥❣❡❞ ❜♦t❤ ❝♦♥st❛♥ts ❛♥❞ ✐♥t❡r❝❤❛♥❣❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s✳

❆❧❧ t❤❡ st✉❞✐❡s r❡❢❡rr❡❞ ✐♥ ❚❛❜❧❡ ✶ ✇❡r❡ ❜❛s❡❞ ♦♥ ✉s❡ ♦❢ ❆♥s②s ❋❧✉❡♥t✳ ■♥ t❤❛t ❝♦❞❡✱ ❊❉❈ ✇❛s

✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ Cγ ❛♥❞ Cτ ❛s t✇♦ r❡❛❞✐❧② t✉♥❛❜❧❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞ t❤❡ s✉❣❣❡st✐♦♥s ✇❡r❡

♠❛❞❡ ✐♥ t❡r♠s ♦❢ ✈❛❧✉❡s ❢♦r t❤❡s❡ s❡❝♦♥❞❛r② ❝♦♥st❛♥ts✳
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✻✳✷ ❆♥❛❧②s✐s ♦❢ ♣r♦♣♦s❛❧s

❚❛❜❧❡s ✶✲✷ s❤♦✇ t❤❡ r❡❛❝t✐♦♥✲r❛t❡ ❝♦♥st❛♥t CR ✭❊q✳ ✶✶✮✱ t❤❡ r❛t✐♦ ♦❢ t❤❡ ✜♥❡✲str✉❝t✉r❡ ❧❡♥❣t❤

s❝❛❧❡ ✭❊q✳ ✻✮ t♦ t❤❡ ❑♦❧♠♦❣♦r♦✈ s❝❛❧❡✱ L∗/η✱ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ♦❢ t❤❡ ✜♥❡ str✉❝t✉r❡s

✭❊q✳ ✽✮✱ t❤❡ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛t ✇❤✐❝❤ t❤❡ ✈✐s❝♦✉s ♣❛rt ❛❝❝♦✉♥ts ❢♦r ✶✵✪ ♦❢ t❤❡

❞✐ss✐♣❛t✐♦♥ ✭❊q✳ ✸✻✮✱ ❛♥❞ t❤✐s r❛t✐♦ ❛t ❘❡❚ = 200✳ ❚❤❡ ❘❡❚ ✈❛❧✉❡ t❤❛t ❣✐✈❡s γλ = 1 ✐s s❤♦✇♥

❛s ✇❡❧❧✳ ❚❤❡ ❧❛tt❡r t❤r❡❡ q✉❛♥t✐t✐❡s ❞❡♣❡♥❞ ♦♥ Cγ ✱ ❤♦✇❡✈❡r ♥♦t ♦♥ Cτ ✳

❚❤❡ ❝❤❛♥❣❡❞ ❝♦♥st❛♥ts ❝❛♥ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ r❡❧❛t✐♦♥ t♦

✕ t❤❡ r❡❛❝t✐♦♥ r❛t❡✱ ❝❢✳ ❊q✳ ✶✶✱

✕ t❤❡ ✜♥❡✲str✉❝t✉r❡ ♠♦❞❡❧✱ ❝❢✳ ❊qs✳ ✻✲✽ ❛♥❞ ✶✵✱

✕ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ γλ ❛♥❞ t❤❡ ❊❉❈ ❢❛❝t♦r ✇✐t❤ ❘❡❚ ✭❙❡❝t✳ ✸✳✸✮✱ ❛♥❞

✕ t❤❡ ❞✐ss✐♣❛t✐♦♥ ♠♦❞❡❧✱ ✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❘❡❚ ❞❡♣❡♥❞❡♥❝②✱ ❝❢✳ ❊q ✸✻✳

■t ✐s s❡❡♥ t❤❛t ♠♦st ♦❢ t❤❡ ✈❛r✐❛♥t s✉❣❣❡st✐♦♥s ❣❛✈❡ ✈❛❧✉❡s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❢❛❝t♦r CR t❤❛t

✇❡r❡ ♥♦t❛❜❧② ❞✐✛❡r❡♥t ❢r♦♠ ✐ts ♦r✐❣✐♥❛❧ ✈❛❧✉❡✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ❧♦❝❛❧ r❡❛❝t✐♦♥ r❛t❡ ✇✐❧❧ ❜❡

❝♦♥s✐❞❡r❛❜❧② ❛✛❡❝t❡❞✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ✐♥ r❡❧❛t✐♦♥ t♦ γλ ❛♥❞ t❤❡ ❊❉❈ ❢❛❝t♦r✱ ❊q✳ ✷✾✳

❋✐❣✉r❡ ✾ s❤♦✇s γλ ❢♦r ❛ s❡❧❡❝t✐♦♥ ♦❢ s✉❣❣❡st❡❞ Cγ ✈❛❧✉❡s✱ ✇❤✐❧❡ ❋✐❣✳ ✶✵ s❤♦✇s t❤❡ ❊❉❈ ❢❛❝t♦r

✭❙❡❝t✳ ✸✳✸✮ ✇✐t❤ χ = 1 ❛s γ2λ/(1− γ3λ) ❢♦r t❤❡ s❛♠❡ ❝♦♥st❛♥ts✳ ❙✐♥❝❡ t❤❡ ❘❡T ❛①❡s ✇❡r❡ ❧✐♠✐t❡❞ ❋✐❣s✳ ✾✱✶✵

t♦ ✺✵✵✱ r❡s✉❧ts ❢♦r Cγ > 4.7 ✇❡r❡ ♥♦t ✈✐s✐❜❧❡ ✐♥ t❤❡s❡ ❣r❛♣❤s✳ ❚❤❡ t❛❜❧❡s s❤♦✇ t❤❛t t❤❡

❧✐♠✐t✐♥❣ ❘❡❚ ✇❤❡r❡ γλ r❡❛❝❤❡s ✉♥✐t② r❛♥❣❡s ❢r♦♠ ✵✳✵✻ t♦ ✶✶✷✽✱ ✇❤❡♥ ❧♦♦❦✐♥❣ ❛♣❛rt ❢r♦♠ t❤❡

♣r♦♣♦s❛❧s ❜② ❘❡❤♠ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❚❤❡ ✈❛r✐❛t✐♦♥s s❤♦✇♥ ❛r❡ ♥♦t❡❞ ✇✐t❤ t❤❡ r❡s❡r✈❛t✐♦♥ t❤❛t

t❤❡ ❧❡ss✲t❤❛♥✲✉♥✐t② ✈❛❧✉❡s ♦❢ χ ❤❛✈❡ ❛♥ ✐♠♣❛❝t ❛s s❡❡♥ ❢r♦♠ ❋✐❣✳ ✽✳ ❋✐❣✳ ✶✶

❋✐❣✉r❡ ✶✶ s❤♦✇s t❤❡ s♣r❡❛❞✐♥❣ ♦❢ ✜♥❡✲str✉❝t✉r❡ ❧❡♥❣t❤ ❛♥❞ ✈❡❧♦❝✐t② s❝❛❧❡s ❝♦♠♣❛r❡❞ t♦ ❑♦❧✲

♠♦❣♦r♦✈ s❝❛❧❡s ❢♦r ❛❧❧ s✉❣❣❡st❡❞ ❝♦♥st❛♥ts r❡✈✐❡✇❡❞ ✐♥ ❚❛❜❧❡s ✶✲✷✳ P❛r❛♠❡t❡r ✈❛r✐❛t✐♦♥s ✭✐✳❡✳

✐♥ Cγ✮ ✇✐t❤ ❛ ❝♦♥st❛♥t Cτ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❛s ♣♦✐♥ts ♦♥ str❛✐❣❤t ❧✐♥❡s ✐♥ t❤❡ ❣r❛♣❤✳ ❉✉❡ t♦

t❤❡ ❝♦♥s✐❞❡r❛❜❧❡ s♣r❡❛❞✐♥❣ ♦❢ t❤❡ r❡s✉❧ts ✐♥ ❋✐❣✳ ✶✶❛✱ ❛♥ ❡①❝❡r♣t ✇✐t❤ ❛①✐s ❧✐♠✐ts ✭✵✱✽✮ ✐s s❤♦✇♥

✐♥ ❋✐❣✳ ✶✶❜ ❜❡s✐❞❡s t❤❡ ❢✉❧❧ ❣r❛♣❤✳ ■t ✇❛s ♦❜s❡r✈❡❞ t❤❛t s♦♠❡ ♣r♦♣♦s❡❞ ♠♦❞✐✜❝❛t✐♦♥s ❧❡❞ t♦

✜♥❡ str✉❝t✉r❡s t❤❛t ✇❡r❡ ✶✕✷ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r t❤❛♥ t❤❡ ❑♦❧♠♦❣♦r♦✈ s❝❛❧❡s✱ ✇❤❡r❡❛s

♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❧❡ss ❢♦r ♦t❤❡rs✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❘❡∗ r❛♥❣❡❞ ♦✈❡r ❢♦✉r
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♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✱ ❚❛❜❧❡s ✶✕✷✳

❚❤❡ ❘❡❚ ✈❛❧✉❡ ❣✐✈✐♥❣ γλ = 1 ✭❧❛st ❝♦❧✉♠♥ ♦❢ t❤❡ t❛❜❧❡s✮ ❛❧s♦ ❣❛✈❡ ❛♥ ✐♥❞✐❝❛t✐♦♥ ♦♥ ✇❤❡r❡ t❤❡

✜♥❡✲str✉❝t✉r❡ ❧❡♥❣t❤ s❝❛❧❡ ❛♣♣r♦❛❝❤❡s t❤❡ ✐♥t❡❣r❛❧ ❧❡♥❣t❤✳ ❙♦♠❡ ♣r♦♣♦s❛❧s ✐♠♣❧✐❡❞ t❤❛t t❤✐s

♦❝❝✉rs ❛t ❛ ✈❡r② ❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ❚❤✐s ❝♦✐♥❝✐❞❡❞ ✇✐t❤ ♣r❡❞✐❝t✐♦♥ ♦❢ ✈❡r② ❤✐❣❤ ✈❛❧✉❡s ♦❢

L∗/η✳

❚❤❡ ❞✐ss✐♣❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❢r♦♠ ❊q✳ ✸✹ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✳ ✹✳ ❋✐❣✉r❡ ✶✷ s❤♦✇s t❤❡ ❋✐❣✳ ✶✷

✈✐s❝♦✉s ♣❛rt ♦❢ t❤❡ ❞✐ss✐♣❛t✐♦♥ ❛s ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❞✐ss✐♣❛t✐♦♥✳ ❚❤❡ ❣r❛♣❤ ✐s s✐♠✐❧❛r

t♦ ❋✐❣✳ ✼✱ ❜✉t ❢♦r ❛ s❡❧❡❝t✐♦♥ ♦❢ ❝♦♥st❛♥ts ❢r♦♠ ❚❛❜❧❡s ✶✲✷✳ ❆❣❛✐♥✱ ❝♦♥s✐❞❡r❛❜❧❡ ✈❛r✐❛t✐♦♥ ✐s

s❡❡♥✱ ❢r♦♠ ♠✐♥✐♠❛❧ ✈✐s❝♦✉s ❡✛❡❝ts ❛t ❛ ❧♦✇ ❘❡❚ ❢♦r Cγ = 0.5✱ t♦ ❞♦♠✐♥❛t✐♥❣ ✈✐s❝♦✉s ❡✛❡❝ts ❛t

♥♦t❛❜❧② ❤✐❣❤ ❘❡❚ ❢♦r Cγ ❛❜♦✈❡ ✺✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❢♦r ❛♥② s❡t ♦❢ ❝♦♥st❛♥ts✱

ε2/ε = 0.43 ❢♦r ❘❡❚ = Re∗✳

✻✳✸ ❊❧❡♠❡♥ts ♦❢ ❛ ❞✐s❝✉ss✐♦♥

❆ ❞✐s❝✉ss✐♦♥ ❝❛♥ ❜❡ ♠❛❞❡ ✇✐t❤ t❤❡ ♣r❡s✉♠♣t✐♦♥ t❤❛t t❤❡ ✈❛r✐♦✉s s✉❣❣❡st✐♦♥s ✇❡r❡ ❜❛s❡❞ ♦♥

❛♥ ❛❝❝❡♣t❛♥❝❡ ♦❢ t❤❡ ❢♦r♠❛❧ ♠♦❞❡❧✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ❝❛s❝❛❞❡ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ t❡r♠s

❛♥❞ ✜♥❡✲str✉❝t✉r❡ s❝❛❧❡s✳ ❋✉rt❤❡r♠♦r❡✱ ❊❉❈ ✐s ❛❧✇❛②s ✉s❡❞ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❛ t✉r❜✉❧❡♥❝❡

♠♦❞❡❧ ✭❘❆◆❙ ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✱ ❜✉t ❛❧s♦ ❢♦r ▲❊❙✮✳ ❚❤❡ t❡r♠s ❛♥❞ ❝♦♥st❛♥ts ♦❢ t❤❛t

♠♦❞❡❧ ❤❛✈❡ ❜❡❡♥ ❝❛❧✐❜r❛t❡❞ t♦ ❝❡rt❛✐♥ ❧✐♠✐t✐♥❣ ❝❛s❡s✳ ❙✐♥❝❡ t✉r❜✉❧❡♥❝❡ ♦❝❝✉rs ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t

❝♦♠❜✉st✐♦♥✱ s♦♠❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ t✉r❜✉❧❡♥❝❡✲❝❤❡♠✐str② ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧ ❛r❡ ❛❧s♦ r❡❧❡✈❛♥t ❢♦r

♥♦♥✲r❡❛❝t✐♥❣ ✢♦✇s✳

❚❤❡ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛t ✇❤✐❝❤ ✈✐s❝♦✉s ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❞✐ss✐♣❛t✐♦♥ s❤♦✉❧❞

♦❝❝✉r✱ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝r✐t❡r✐❛ ❛❞♦♣t❡❞✳ ❋r♦♠ t❤❡ ❞❛t❛ ♣r❡s❡♥t❡❞ ❜② P❡r♦t ❛♥❞ ❞❡ ❇r✉②♥

❑♦♣s ✭✷✵✵✻✮ ❛♣♣❡❛r❡❞ ✭❝❢✳ ❙❡❝t✳ ✹✮ t❤❛t ✇✐t❤✐♥ ❘❡❚ ✈❛❧✉❡s ♦❢ ✶✵✵✲✷✵✵✱ t❤❡ ❡✛❡❝ts ♦❢ ✈✐s❝♦s✐t②

s❤♦✉❧❞ ❜❡ ✈✐s✐❜❧❡✱ ✇❤✐❧❡ ✐♥❝r❡❛s❡ ✇✐t❤ ❛ ❧♦✇❡r ❘❡❚ ✈❛❧✉❡✳ ❚❛❜❧❡ ✶ s❤♦✇s t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❊❉❈

❝♦♥st❛♥ts s❛t✐s✜❡❞ t❤✐s✱ ✇❤✐❧❡ ♠❛♥② ♦❢ t❤❡ ❛❧t❡r♥❛t✐✈❡ s✉❣❣❡st✐♦♥s ❡♥❣❛❣❡❞ t❤❡ ✈✐s❝♦✉s ❢♦r❝❡s

❛t ❡✐t❤❡r ♠✉❝❤ ❧♦✇❡r ♦r ♠✉❝❤ ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳

◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❝❤❛♥❣❡❞ ❝♦♥st❛♥ts ❛♣♣❡❛r❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ r❡s✉❧ts ❢♦r s♦♠❡ s♣❡❝✐✜❝ ❝❛s❡s✳
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■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ r❡❢❡rr❡❞ st✉❞✐❡s ✇❡r❡ ❜❛s❡❞ ♦♥ ❆♥s②s ❋❧✉❡♥t✳ ❆s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱

❙❡❝t✳ ✺✳✷✱ ❋❧✉❡♥t ✉s❡❞ ❛ ❜❛t❝❤ r❡❛❝t♦r ✐♥t❡❣r❛t❡❞ ❢r♦♠ t❤❡ ♠❡❛♥ ✈❛❧✉❡✱ ❛♥❞ χ = 1 ✇❛s ✉s❡❞

❢♦r ❛❧❧ ❝❛s❡s✳ ❆t ♠♦❞❡r❛t❡ ❛♥❞ ❧♦✇ ❘❡❚✱ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ✐♥❧❡t r❡❞✉❝❡s t❤❡ r❡❛❝t✐♦♥ r❛t❡✱ ✇❤✐❧❡

s❡tt✐♥❣ χ = 1 ✐♥❝r❡❛s❡s ✐t✳

❋r♦♠ ❚❛❜❧❡s ✶✲✷ ✇❛s s❡❡♥ t❤❛t s❡✈❡r❛❧ ♠♦❞✐✜❝❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♦❢ ❉❡ ❡t

❛❧✳ ✭✷✵✶✶✮✱ r❡❞✉❝❡❞ t❤❡ ❝♦♥st❛♥t CR✱ t❤❛t ✐s✱ r❡❞✉❝❡❞ t❤❡ r❡❛❝t✐♦♥ r❛t❡✳ ❆ r❡❧❡✈❛♥t q✉❡st✐♦♥

✲ ♦r ❤②♣♦t❤❡s✐s ✲ ✐s ✇❤❡t❤❡r t❤❡ ❋❧✉❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❊❉❈ ❝r❡❛t❡❞ ❛ ♥❡❡❞ ♦❢ ♠♦❞✐✜❡❞

❝♦♥st❛♥ts ❢♦r ❤✐❣❤❧② ❞✐❧✉t❡❞ ♦①✐❞✐③❡r ❛♥❞ ❧♦✇ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳

■♥ s♦♠❡ ♦❢ t❤❡ r❡❢❡rr❡❞ st✉❞✐❡s✱ ❝❤❛♥❣❡s ♦❢ ♦t❤❡r ❝♦♥st❛♥ts ✇❡r❡ tr✐❡❞ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❊❉❈

❝♦♥st❛♥ts✳ ❋♦r ✐♥st❛♥❝❡✱ ●r❛ç❛ ❡t ❛❧✳ ✭✷✵✶✸✮ ❝♦♠♣❛r❡❞ r❡s✉❧ts ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ Cγ ❛♥❞ ✇❤❡♥

✐♥❝r❡❛s✐♥❣ t❤❡ ❝♦♥st❛♥t Cε2 ♦❢ t❤❡ k✲ε ♠♦❞❡❧✳ ❆ ✇✐❞❡❧② ✉s❡❞ ❛♣♣r♦❛❝❤ t♦ r♦✉♥❞ ❥❡ts ✐s t♦

✐♥❝r❡❛s❡ Cε1 ♦❢ t❤❡ st❛♥❞❛r❞ k✲ε ♠♦❞❡❧✳ ❚❤✐s ✇✐❧❧ ✐♥❝r❡❛s❡ ε ❛♥❞ r❡❞✉❝❡ k ❛♥❞ k2/ε ✭✐✳❡✳

t✉r❜✉❧❡♥❝❡ ✈✐s❝♦s✐t②✮✳ ❚❤✐s ✐s ♥♦t ❞♦♥❡ ♣r✐♠❛r✐❧② t♦ ❝♦rr❡❝t ε✱ ❜✉t t♦ r❡❞✉❝❡ t❤❡ r❛❞✐❛❧ s♣r❡❛❞✐♥❣

♦❢ t❤❡ ❥❡t ✢♦✇✳ ❆ s✐❞❡ ❡✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ ε ✐s r❡❞✉❝t✐♦♥ ♦❢ τ∗ ❛♥❞ ✐♥❝r❡❛s❡ ♦❢ γλ✳ ❚❤❡ ❡✛❡❝t

✐s s✐♠✐❧❛r t♦ r❡❞✉❝✐♥❣ Cτ ❛♥❞ ✐♥❝r❡❛s✐♥❣ Cγ ✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❛ Cε1 ✐♥❝r❡❛s❡ ❝❛♥ ♣❛rt❧② ❜❡

❝♦♠♣❡♥s❛t❡❞ ❜② ✐♥❝r❡❛s✐♥❣ Cτ ❛♥❞ r❡❞✉❝✐♥❣ Cγ ✳ ❙✐♠✐❧❛r ❝❤❛♥❣❡s ❝❛♥ ♦❝❝✉r ❜② s❤✐❢t✐♥❣ t♦

❛♥♦t❤❡r t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✳

❋✉rt❤❡r♠♦r❡✱ ♣r❡❞✐❝t✐♦♥s ♦❢ ε✱ ❡✐t❤❡r ❞✐r❡❝t❧② ♦r ❢r♦♠ ω ♦r s♦♠❡ ♦t❤❡r t✐♠❡ ♦r ❧❡♥❣t❤ s❝❛❧❡

q✉❛♥t✐t②✱ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ❝❤❛❧❧❡♥❣✐♥❣ ✐♥ ✐♥✢♦✇ ③♦♥❡s t♦ ❛ r❡❛❝t✐♥❣ ✢♦✇✱ ❞✉❡ t♦ ♠♦❞❡❧✐♥❣

❛s s✉❝❤✱ t♦ ✉♥❝❡rt❛✐♥t✐❡s ✐♥ t❤❡ t✉r❜✉❧❡♥❝❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ✐♥✢♦✇✱ t♦ ❧✐♠✐t❛t✐♦♥s ✐♥ t❤❡

♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ❡t❝✳ ❚❤❡s❡ ❝❤❛❧❧❡♥❣❡s ♣r♦♣❛❣❛t❡ ✐♥t♦ t❤❡ ❝♦♠❜✉st✐♦♥ ♠♦❞❡❧ ✉s✐♥❣ ✐♥♣✉t

❢r♦♠ t❤❡ t✉r❜✉❧❡♥❝❡ ♣r❡❞✐❝t✐♦♥s✳ ❈❤❛♥❣❡s ✐♥ t❤❡ ❝♦♠❜✉st✐♦♥ ♠♦❞❡❧ ♠✐❣❤t ✐♥ s♦♠❡ ❝❛s❡s ❛❝t

t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ❞❡✜❝✐❡♥❝✐❡s ✐♥ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t✉r❜✉❧❡♥❝❡✳

❖♥❡ ❝r✐t❡r✐♦♥ ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣r♦♣♦s❡❞ ❝♦♥st❛♥ts ❝❛♥ ❜❡ s❡t ❢r♦♠ t❤❡ ✜♥❡✲str✉❝t✉r❡ r❡❣✐♦♥

❢r❛❝t✐♦♥✱ γλ✳ ■❢ t❤❡ ♣r♦♣♦s❛❧ ❣✐✈❡s ❛ ✈❛❧✉❡ ♦❢ γλ ❝❧♦s❡ t♦ ✉♥✐t② ❢♦r ❛ ❤✐❣❤ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s

♥✉♠❜❡r✱ ❘❡❚✱ t❤❡ s❡t ♦❢ ❝♦♥st❛♥ts ❝❛♥ ❜❡ ❞✐sr❡❣❛r❞❡❞✳ ❆ t❡♥t❛t✐✈❡ ❧✐♠✐t ❝❛♥ ❜❡ s❡t ❜② r❡q✉✐r✐♥❣

γλ < 0.75 ❢♦r ❛ ❘❡❚ ❛❜♦✈❡✱ s❛②✱ ✷✺✵✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ✉♥✐t② γλ ❛t ❘❡❚ = 80 ♦r ❤✐❣❤❡r✳

❆♥♦t❤❡r ❝r✐t❡r✐♦♥✱ s✐♠✐❧❛r t♦ t❤❡ ❢♦r♠❡r✱ ❝❛♥ ❜❡ ❛ r❡q✉✐r❡♠❡♥t t❤❛t t❤❡ r❛t✐♦ ♦❢ t❤❡ ✈✐s❝♦✉s
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t❡r♠ t♦ t❤❡ t♦t❛❧ ❞✐ss✐♣❛t✐♦♥✱ ε2/ε✱ ✐s ❧❡ss t❤❛♥✱ s❛②✱ ✵✳✺ ❛t ❘❡❚ > 50✳ ❆ ❧♦✇✲❘❡❚ ❧✐♠✐t ❝❛♥✱

t❡♥t❛t✐✈❡❧②✱ ❜❡ t♦ r❡q✉✐r❡ ε2/ε > 0.5 ❛t ❘❡❚ < 1✳

❚❤❡ r❡❧❛t✐♦♥ t♦ t❤❡ r❛t✐♦ ♦❢ t✉r❜✉❧❡♥❝❡ s❤❡❛r str❡ss t♦ t✉r❜✉❧❡♥❝❡ ❡♥❡r❣② ♠❛② ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳

❙✉❣❣❡st✐♦♥s ❢♦r ❛ ✈❛❧✉❡ ♦❢ C❉✶ ❛t✱ s❛②✱ ✵✳✸ ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ❛ Cµ ♦r β∗ ♦❢ ✵✳✷ ✐♥✱ r❡s♣❡❝t✐✈❡❧②✱

t❤❡ k✲ε ✭▲❛✉♥❞❡r ❛♥❞ ❙♣❛❧❞✐♥❣✱ ✶✾✼✹✮ ❛♥❞ k✲ω ✭❙❛✛♠❛♥ ❛♥❞ ❲✐❧❝♦①✱ ✶✾✼✹✱ ❲✐❧❝♦①✱ ✶✾✽✽✮

t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧s✳

❚❤❡ ✐♥❞✐s♣✉t❛❜❧❡ ✇✐❞❡ ✉s❡ ♦❢ ❊❉❈ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ r❡s✉❧t✐♥❣ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡ ✐s r❡❛s♦♥❛❜❧②

✇❡❧❧ ♠♦❞❡❧❡❞✳ ❆❝❝♦r❞✐♥❣❧②✱ s✉❣❣❡st❡❞ ❝♦♥st❛♥ts t❤❛t ❣✐✈❡ ❛ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥st❛♥t CR t❤❛t ❞✐✛❡rs

❜② ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦r ♠♦r❡ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧✱ ❝❛♥ ❜❡ q✉❡st✐♦♥❡❞✳

❊✈❡♥ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡s❡ ❝r✐t❡r✐❛ ✇✐t❤ t❤❡ ❛♠♣❧❡ ❧✐♠✐ts s❦❡t❝❤❡❞ ❤❡r❡✱ ♠♦st ♦❢ t❤❡ s✉❣✲

❣❡st✐♦♥s ✇♦✉❧❞ ❜❡ ❡①❝❧✉❞❡❞✳ ❆ ❤❛♥❞❢✉❧ ♦❢ s✉❣❣❡st✐♦♥s ✇♦✉❧❞ r❡♠❛✐♥✱ ✇❤✐❝❤ ❛r❡ ♠♦❞❡r❛t❡

❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♥st❛♥ts✳

✼ ❙♦♠❡ ♦t❤❡r ♠♦❞✐✜❝❛t✐♦♥s

✼✳✶ ❈♦♠❜✐♥❡❞ ❆rr❤❡♥✐✉s ❛♥❞ ❊❉❈

❙❤✐❡❤♥❡❥❛❞❤❡s❛r ❡t ❛❧✳ ✭✷✵✶✹✮ ❝♦♠❜✐♥❡❞ t❤❡ ❊❉❈ ❡①♣r❡ss✐♦♥ ❢♦r r❡❛❝t✐♦♥ r❛t❡ ✇✐t❤ ✏✜♥✐t❡

r❛t❡ ❦✐♥❡t✐❝s✑✱ t❤❛t ✐s✱ ❛♥ ❆rr❤❡♥✐✉s ♠♦❞❡❧ ❛t ❧♦✇ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❚❤❡ t✇♦

❝♦♥tr✐❜✉t✐♦♥s ✇❡r❡ ❛❞❞❡❞ ✇✐t❤ ❛ ✇❡✐❣❤t✐♥❣ ❢✉♥❝t✐♦♥✳ ❚❤❡ t✇♦ t❡r♠s ❤❛❞ ❡q✉❛❧ ✇❡✐❣❤t ❛t

❘❡❚ = 1✳ ❚❤✐s ❢✉♥❝t✐♦♥ ✇❛s ❛❞❥✉st❡❞ ❜② ❙❤✐❡❤♥❡❥❛❞❤❡s❛r ❡t ❛❧✳ ✭✷✵✶✺✮✱ ✇❤❡r❡ t❤❡ t✇♦ t❡r♠s

❤❛❞ ❡q✉❛❧ ✇❡✐❣❤t ❛t ❘❡❚ = 3✳ ❚❤❡② ❛❧s♦ ♣r♦♣♦s❡❞ ❛ ♥❡❛r✲✇❛❧❧ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ✐❞❡❛✱

✇❤❡r❡ t❤❡ ❜❧❡♥❞✐♥❣ ❢✉♥❝t✐♦♥ ✇❛s ❜❛s❡❞ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✇❛❧❧ ❞✐st❛♥❝❡✳

❆ ❝♦♥❝❡r♥ t❤❛t ❝❛♥ r✐s❡ ❤❡r❡ ✐s t❤❡ ✉s❡ ♦❢ ♠❡❛♥ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❆rr❤❡♥✐✉s ❡①♣r❡ss✐♦♥ ❢♦r ❛

t✉r❜✉❧❡♥t ✢♦✇✳ ▼♦r❡♦✈❡r✱ ♥♦ ♥❡❛r✲✇❛❧❧ ♦r ♦t❤❡r ❧♦✇ ❘❡❚ ❝♦♠❜✉st✐♦♥ ❞❛t❛ s❡❡♠❡❞ t♦ ❜❡ ✉s❡❞

✐♥ t❤❡ ❝❤♦✐❝❡ ❛♥❞ t✉♥✐♥❣ ♦❢ t❤❡ ✇❡✐❣❤t✐♥❣ ❢✉♥❝t✐♦♥s✳ ❆♥♦t❤❡r✱ ♠♦r❡ ❝♦♥❝❡♣t✉❛❧✱ ❝♦♥❝❡r♥ ✇♦✉❧❞

❜❡ t❤❡ ❝❛s❝❛❞❡✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ✈❡r② s❤♦rt ✲ ♦r ❝♦♠♣❧❡t❡❧② ❝♦❧❧❛♣s❡❞ ✲ ❛t t❤❡ ✈❡r② ❧♦✇ ❘❡❚

❛♥t✐❝✐♣❛t❡❞ ❜② t❤✐s ♠♦❞✐✜❝❛t✐♦♥✳ ❚❤❡ ❊❉❈ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠♦❞❡❧ s❡❡♠❡❞ ❥✉st t♦ ❧✐♠✐t t❤❡

✷✹



❊❉❈ ❢❛❝t♦r t♦ ✉♥✐t②✳

❆ s♦♠❡✇❤❛t r❡❧❛t❡❞ ❛♣♣r♦❛❝❤ ✇❛s tr✐❡❞ ❜② ▼②❤r✈♦❧❞ ✭✷✵✵✸✮ ✭♣✳ ✾✼✮✱ ✇❤♦ ♣r♦♣♦s❡❞ t♦ ♠♦❞✐❢②

γλ ❛t ❧♦✇ ❘❡❚ ♥❡❛r ✇❛❧❧s✳ ❚❤✐s ✇❛s✱ ❛t ❧❡❛st✱ ♠♦r❡ ❝♦♥❝❡♣t✉❛❧❧② ❝♦♥s✐st❡♥t ✇✐t❤ ❊❉❈✳ ❆❧t❤♦✉❣❤

s♦♠❡ ❞❛t❛ ✭✷✲❞✐♠❡♥s✐♦♥❛❧ ❉◆❙✮ ✇❡r❡ ❛✈❛✐❧❛❜❧❡ ❛♥❞ ✉s❡❞ ❢♦r ✈❛❧✐❞❛t✐♦♥✱ t❤❡ ✐❞❡❛s ✇❡r❡ ♥♦t

♣✉rs✉❡❞ ❞✉❡ t♦ s❤♦rt❛❣❡ ♦❢ ♥❡❛r ✇❛❧❧ ❝♦♠❜✉st✐♦♥ ❞❛t❛ ❛t t❤❡ t✐♠❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝❛s❝❛❞❡

♠♦❞❡❧ st✐❧❧ r❡♠❛✐♥❡❞ t♦ ❜❡ ❞❡❛❧t ✇✐t❤✳

✼✳✷ ❈❛s❝❛❞❡ ❜❛s❡❞ ♦♥ ❢r❛❝t❛❧ t❤❡♦r②

❆♥ ✐♥t❡r❡st✐♥❣ ❞❡✈❡❧♦♣♠❡♥t ✐s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❢r❛❝t❛❧ t❤❡♦r② t♦ ♠♦❞❡❧ t❤❡ ❝❛s❝❛❞❡ ❛♥❞ t❤❡

✜♥❡ str✉❝t✉r❡s✳ ❆ ♣r♦♣♦s❛❧ ❛❧♦♥❣ t❤❡s❡ ❧✐♥❡s ✇❛s ♠❛❞❡ ❜② ❋❛r♦❦❤✐ ❛♥❞ ❇✐r♦✉❦ ✭✷✵✶✽❛✱❜✮✳ ❚❤❡✐r

♠♦❞❡❧ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡ t✐♠❡ s❝❛❧❡

τ∗ = 0.5
k

ε
(γ∗)

1+2
3
−

Dc
3

3−Dc , ✭✺✸✮

t❤❡ ❊❉❈ ❢❛❝t♦r ✭❝❢✳ ❙❡❝t✳ ✸✳✸✮

g❊❉❈✱❋❇ =
γ2λ

1− γ∗
=

(γ∗)
2

3

(

Dc−2

3−Dc

)

1− γ∗
✭✺✹✮

❛♥❞ t❤❡ ✜♥❡✲str✉❝t✉r❡ ♠❛ss ❢r❛❝t✐♦♥

γ∗ =

(
L∗

η

)3−Dc

(❘❡
−3/4
❚ )3−Dc , ✭✺✺✮

✇✐t❤ t❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥

Dc = 1 +
log(❘❡

3/2
❚ /π)

log(❘❡
3/4
❚ )

, ✇❤❡r❡ 2.0 ≤ Dc ≤ 2.8. ✭✺✻✮

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✜♥❡✲str✉❝t✉r❡ ❧❡♥❣t❤ s❝❛❧❡ ✇❛s ❛❞❛♣t❡❞ ❛s

L∗

η
=

w

w + ❘❡❚
1.75 +

❘❡❚

w + ❘❡❚
3.15, ✭✺✼✮

✷✺



✇✐t❤ t❤❡ ✇❡✐❣❤t✐♥❣ ♣❛r❛♠❡t❡r t✉♥❡❞ t♦ w = 50✳ ❚❤❡ ❧❛tt❡r ❡①♣r❡ss✐♦♥ ✐♠♣❧✐❡❞ ❛ s♠♦♦t❤

tr❛♥s✐t✐♦♥ ♦❢ L∗/η ❢r♦♠ ✶✳✼✺ ❛t ✈❡r② ❧♦✇ ❘❡❚ t♦ ✸✳✶✺ ❛t ❤✐❣❤ ❘❡❚✳ ❚❤✐s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦

t❤❡ ♦r✐❣✐♥❛❧ ❝♦♥st❛♥t ✈❛❧✉❡ ♦❢ ✶✳✹✷✳

❚❤❡ ✜♥❡✲str✉❝t✉r❡ ♠❛ss ❢r❛❝t✐♦♥ ❢r♦♠ ❊q✳ ✺✺ r❡❛❝❤❡❞ γ∗ = 1 ❛t ❘❡T = 2.0✳ ■t ✐s ❝♦♠♣❛r❡❞

t♦ γ2λ ❛♥❞ γ3λ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❊❉❈ ✐♥ ❋✐❣✳ ✶✸✳ ❚❤❡ t✐♠❡ s❝❛❧❡ ♦❢ ❊q✳ ✺✸ ✐s ❝♦♠♣❛r❡❞ t♦ ❋✐❣✳ ✶✸

t❤❡ ♦r✐❣✐♥❛❧ t✐♠❡ s❝❛❧❡ ❡①♣r❡ss❡❞ ❢r♦♠ ❊q✳ ✶✶✳ ■♥ t❤❡ t❤✐r❞ ❣r❛♣❤✱ t❤❡ ❊❉❈ ❢❛❝t♦r ♦❢ ❊q✳ ✺✹

✐s ❝♦♠♣❛r❡❞ t♦ t❤❛t ♦❢ t❤❡ ✶✾✽✾ ✈❡rs✐♦♥ ♦❢ ❊❉❈ ✇✐t❤ χ = 1✱ ❛♥❞ ✇✐t❤ χ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠

❊qs✳ ✷✺✕✷✼ ✇✐t❤ λ = 0.90 ❛♥❞ c = 0.6 ✭❛❧s♦ s❤♦✇♥ ✐♥ ❋✐❣s✳ ✹✕✺✮✳

❚❤❡ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ♦❜s❡r✈❡❞ ✇❛s ✐♥ t❤❡ γ∗✱ ✇❤✐❝❤ ❛♣♣❡❛r❡❞ t♦ ❜❡ ♥❡❛r❧② ❝♦♥st❛♥t ❛♥❞ ❢❛✐r❧②

❧❛r❣❡ ❢♦r ♠♦st ♦❢ t❤❡ ❘❡❚ r❛♥❣❡✳ ❙✐♠✐❧❛r❧②✱ τ∗ ✇❛s ❧❛r❣❡r t❤❛♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❊❉❈✳ ❚❤❡

❞✐✛❡r❡♥❝❡ s❡❡♠s t♦ ❜❡ ❧❡ss t❤❛♥ t❤❛t ✐♠♣♦s❡❞ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ γ∗✳ ❆t ❧♦✇ ❘❡❚✱ t❤❡ ❊❉❈

❢❛❝t♦r ✇❛s r❡❞✉❝❡❞ ✇✐t❤ t❤❡ ♥❡✇ ♠♦❞❡❧ ❝♦♠♣❛r❡❞ t♦ t❤❛t ♦❢ χ = 1✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❛s♣❡❝t✱

t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♥❡✇ ♠♦❞❡❧ s❡❡♠s t♦ ❜❡ q✉✐t❡ s✐♠✐❧❛r t♦ ✐♥❝❧✉❞✐♥❣ t❤❡ ♥♦♥✲✉♥✐t② χ ♦❢ t❤❡ ✶✾✽✾

✈❡rs✐♦♥✳ ❚❤❡r❡ s❡❡♠❡❞ ❛❧s♦ t♦ ❜❡ ❛ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐t② γλ ❜❡t✇❡❡♥

▼❛❣♥✉ss❡♥ ❛♥❞ s❛✐❞ ❛✉t❤♦rs✳

✼✳✸ ▼♦❞✐✜❡❞ r❡❛❝t✐♦♥ r❛t❡ ♠♦❞❡❧ ❢♦r ❧♦✇ ❘❡②♥♦❧❞s ❛♥❞ ❉❛♠❦ö❤❧❡r ♥✉♠❜❡rs

❚❤❡s❡ ❝♦♠♠❡♥ts ✇✐❧❧ ♥♦t ❜❡ ❝♦♠♣❧❡t❡ ✇✐t❤♦✉t ♠❡♥t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ♣❡rs✉❛❞❡❞ ❜② P❛r❡♥t❡

❛t ❛❧✳ ✭✷✵✶✻✮✱ ❇❛♦ ✭✷✵✶✼✮ ❛♥❞ ❊✈❛♥s ❡t ❛❧✳ ✭✷✵✶✽✮✳ ❚❤❡② ✐♥tr♦❞✉❝❡❞ t❤❡ ❧❛♠✐♥❛r ✢❛♠❡

s♣❡❡❞ ❛♥❞ t❤✐❝❦♥❡ss✱ ❛♥❞ t❤❡r❡❜② t❤❡ ❧♦❝❛❧ ❉❛♠❦ö❤❧❡r ♥✉♠❜❡r ✐♥t♦ t❤❡ ❊❉❈ ❡①♣r❡ss✐♦♥s✳

❋✉rt❤❡r♠♦r❡✱ ♠♦r❡ ❞❡♣❡♥❞❡♥❝② ♦♥ t❤❡ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✇❛s ✐♠♣❧❡♠❡♥t❡❞✳ ❙✐♥❝❡

t❤✐s ❞❡✈❡❧♦♣♠❡♥t ✇❛s ❛♥ ♦♥❣♦✐♥❣ ❛❝t✐✈✐t②✱ ✐t ✇❛s ❢♦✉♥❞ ♣r❡♠❛t✉r❡ t♦ ✐♥❝❧✉❞❡ ❛♥② ❞✐s❝✉ss✐♦♥ ✐♥

t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳ ❆ ❝♦♠♠❡♥t✱ t❤♦✉❣❤✱ ❝♦✉❧❞ ❜❡ t❤❛t t❤❡ ❞❡✈❡❧♦♣♠❡♥t st✐❧❧ s❡❡♠s t♦ ♠❛✐♥t❛✐♥

t❤❡ ♠✉❧t✐✲st❡♣ ❝❛s❝❛❞❡ ♠♦❞❡❧ ❢♦r r❡❧❛t✐✈❡❧② ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳

✷✻



✽ ❖✈❡r❛❧❧ ❞✐s❝✉ss✐♦♥

■♥ t❤❡ t❡①t❜♦♦❦ ✭❊rt❡s✈å❣✱ ✷✵✵✵✮✱ ✐t ✇❛s ♣♦✐♥t❡❞ ♦✉t t❤❛t ♦♥❡ ❧✐❦❡❧② r❡❛s♦♥ ❢♦r t❤❡ ✉♥❞♦✉❜t❡❞

s✉❝❝❡ss ♦❢ t❤❡ k✲ε ♠♦❞❡❧ ✇❛s t❤❛t s♦♠❡ ❧❡❛❞✐♥❣ ❣r♦✉♣s ❛t ❛♥ ❡❛r❧② ♣♦✐♥t ♦❢ t✐♠❡ ❛❞♦♣t❡❞

t❤❡ ♠♦❞❡❧ ✇✐t❤ ♥♦ ♦r ✈❡r② ❧✐♠✐t❡❞ ✈❛r✐❛t✐♦♥s✳ ❆❝t✉❛❧❧②✱ ✇❤❡♥ st✉❞②✐♥❣ t❤❡ ♦r✐❣✐♥ ❛♥❞ ❤✐st♦r②

♦❢ t❤❡ ♠♦❞❡❧✱ ❝♦♥st❛♥ts ❛♥❞ ♦t❤❡r ♠♦❞❡❧✐♥❣ ❝❤♦✐❝❡s ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❤✐❣❤❧② ❞❡❜❛t❛❜❧❡✳

❖♥ t❤✐s ❜❛❝❦❣r♦✉♥❞✱ ✐t s❡❡♠❡❞ ✐♠♣♦rt❛♥t t❤❛t t❤❡ s❝✐❡♥t✐✜❝ ❝♦♠♠✉♥✐t② ❣❛t❤❡r❡❞ ❦♥♦✇❧❡❞❣❡

❛❜♦✉t ✇❤✐❝❤ ❞❡✈✐❛t✐♦♥s s❤♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ ❢♦r ✇❤✐❝❤ ❝❛s❡s✱ r❛t❤❡r t❤❛♥ tr②✐♥❣ t♦ ♠❛❦❡ ❛❞✲

❤♦❝ ❛❞❥✉st♠❡♥ts ❢♦r ❡❛❝❤ ❝❛s❡✳ ❙✐♠✐❧❛r❧②✱ ▼❛❣♥✉ss❡♥ ❤❛s ❛❧✇❛②s ❛❞✈♦❝❛t❡❞ ✉s✐♥❣ ♠♦❞❡❧s ❢♦r

♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ❊❉▼ ✭✶✾✼✻✮ ❛♥❞ ❊❉❈✱ ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ ❝♦♥st❛♥ts✳

❚❤❡ ❛✐♠ ♦❢ t❤❡ ♣r❡s❡♥t st✉❞② ✇❛s ♥♦t t♦ ✏s❤♦♦t ❞♦✇♥✑ ❛♥② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞✐✜❝❛t✐♦♥s

♦❢ ❊❉❈✳ ❍♦✇❡✈❡r✱ ✐t s❡❡♠❡❞ ❛♣♣❛r❡♥t t❤❛t ❢♦r ♠❛♥② ♦❢ t❤❡ s✉❣❣❡st✐♦♥s✱ t❤❡✐r ❡✛❡❝ts ❛♥❞

❝♦♥s❡q✉❡♥❝❡s ❝♦♥st✐t✉t❡ ❛♥ ✉♥❢♦rt✉♥❛t❡ ❜✉r❞❡♥ t❤❛t ❜② ✐ts❡❧❢ ❝❛♥ ♠❛❦❡ t❤❡♠ ♥♦♥✲✈✐❛❜❧❡✳

❙❡✈❡r❛❧ ♦❢ t❤❡ ♣r♦♣♦s❛❧s ✇❡r❡ ❜❛s❡❞ ♦♥ ❛ r❡❞✉❝❡❞ ✈❡rs✐♦♥ ♦❢ ❊❉❈✱ ✐♥ ♣❛rt✐❝✉❧❛r ❜② ❣❡♥❡r❛❧❧②

❛ss✉♠✐♥❣ t❤❛t t❤❡ ❢r❛❝t✐♦♥ ♦❢ r❡❛❝t✐♥❣ ✜♥❡ str✉❝t✉r❡s ✐s ✉♥✐t② ✭χ = 1✮✳ ▼♦r❡♦✈❡r✱ q✉✐t❡ ❛ ❢❡✇

♣r♦♣♦s❛❧s ✇❡r❡ ❜❛s❡❞ ♦♥ t❤❡ ❞❡✈✐❛t✐♥❣ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❆♥s②s ❋❧✉❡♥t✱ ✇❤✐❝❤ ✐♥ ♣❛rt✐❝✉❧❛r

❤❛✈❡ ♥♦t❛❜❧❡ ❡✛❡❝ts ❛t ❧♦✇ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ▼♦r❡♦✈❡r✱ ❝❤❛♥❣❡s ✇❡r❡ ♠❛❞❡ ✐♥

t❤❡ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✱ ♥♦t ✇✐t❤ t❤❡ ❛✐♠ ♦❢ ❝♦rr❡❝t✐♥❣ t❤❡ t✉r❜✉❧❡♥❝❡ q✉❛♥t✐t✐❡s✱ ❜✉t t♦ ♠♦❞✐❢②

s❡❝♦♥❞❛r② ♦r t❡rt✐❛r② ❡✛❡❝ts ♦❢ t❤❡ ♠♦❞❡❧ ✭❡✳❣✳ s♣r❡❛❞✐♥❣ ♦❢ ❛ ❥❡t✮✳ ■t ❝❛♥ ❜❡ r❡❛s♦♥❛❜❧❡ t♦

❛s❦ ✇❤❡t❤❡r s♦♠❡ ♦❢ t❤❡ s✉❣❣❡st❡❞ ♠♦❞✐✜❝❛t✐♦♥s s✐♠♣❧② ❝♦♠♣❡♥s❛t❡ ❢♦r ✉♥❛✇❛r❡♥❡ss ♦❢ t❤❡

✐♠♣❧✐❝✐t ❞❡✈✐❛t✐♦♥s ❛♥❞ ❞❡❢❡❝ts✳

✾ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❆ ♥♦t❛❜❧❡ ♥✉♠❜❡r ♦❢ ♠♦❞✐✜❝❛t✐♦♥s ❢♦r ❊❉❈ ♣r♦♣♦s❡❞ ✐♥ ❧✐t❡r❛t✉r❡ ✐s r❡✈✐❡✇❡❞✳ ❚❤❡ r❡❛❝t✐♥❣

❢r❛❝t✐♦♥ ♦❢ ✜♥❡ str✉❝t✉r❡s ✐s ♦❢t❡♥ ♥❡❣❧❡❝t❡❞ ❜② ✉s❡rs✱ ✐♥ ♣❛rt✐❝✉❧❛r s✐♥❝❡ ✐t ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥

t❤❡ ❊❉❈ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠♦st ♣♦♣✉❧❛r ❝♦♠♠❡r❝✐❛❧ ❝♦❞❡✱ ❆♥s②s ❋❧✉❡♥t✳ ■t ✐s s❤♦✇♥

t❤❛t t❤❡ r❡❛❝t✐♥❣ ❢r❛❝t✐♦♥ ✐♥❝❧✉❞❡s ❞❛♠♣✐♥❣ ♦❢ ♥♦♥✲st♦✐❝❤✐♦♠❡tr✐❝ ❛♥❞ ✐♥❝♦♠♣❧❡t❡❧② r❡❛❝t❡❞

♠✐①t✉r❡s ❛♥❞ ❞❛♠♣✐♥❣ ❛t ❧♦✇ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✱ ✇❤✐❝❤ ❛r❡ ❡✛❡❝ts r❡q✉❡st❡❞ ✐♥
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❧✐t❡r❛t✉r❡✳

❚❤❡ ❊❉❈ ✜♥❡ str✉❝t✉r❡✲r❡❛❝t♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❆♥s②s ❋❧✉❡♥t ✐♥❝❧✉❞❡s ❛♥♦t❤❡r ❞❡✈✐❛t✐♦♥

❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❊❉❈✱ ✇❤✐❝❤ ❝❛✉s❡s s♦♠❡ ♦❢ t❤❡ ❞❡❢❡❝ts ❝❧❛✐♠❡❞ ♦♥ ❊❉❈ ✐♥ ❧✐t❡r❛t✉r❡✱ ✐♥

♣❛rt✐❝✉❧❛r ❛ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❧✐♠✐t ♦❢ ✈❛❧✐❞✐t②✳

❚❤❡ ♦r✐❣✐♥❛❧ ❊❉❈ ❝♦♥st❛♥ts ✐♠♣❧✐❝❛t❡ t❤❛t ✈✐s❝♦✉s ❡✛❡❝ts ❛r❡ ✐♥❛❝t✐✈❡ ❛t ✈❡r② ❤✐❣❤ t✉r❜✉❧❡♥❝❡

❘❡②♥♦❧❞s ♥✉♠❜❡rs ❛♥❞ ❛❝t✐♥❣ ❛t ❧♦✇ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❚❤✐s ❝♦✐♥❝✐❞❡ ✇✐t❤ ✜♥❡✲

str✉❝t✉r❡ ♠❛ss ❢r❛❝t✐♦♥s t❤❛t ❛r❡ ❧♦✇ ❛t ❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡rs ❛♥❞ ❛♣♣r♦❛❝❤✐♥❣ ✉♥✐t② ❛t ❧♦✇

❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✜♥❡✲str✉❝t✉r❡ ❧❡♥❣t❤ s❝❛❧❡s ♣r❡❞✐❝t❡❞ ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢

t❤❡ ❑♦❧♠♦❣♦r♦✈ s❝❛❧❡✳ ■♥ ❝♦♥tr❛st✱ s♦♠❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞✐✜❝❛t✐♦♥s ❤❛✈❡ ❧❛r❣❡ ❞❡✈✐❛t✐♦♥s✱

s✉❝❤ ❛s ✜♥❡✲str✉❝t✉r❡ ❧❡♥❣t❤s ✷✲✸ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r t❤❛♥✱ ♦r ♦♥❡ ♦r❞❡r ❧❡ss t❤❛♥✱

t❤❡ ❑♦❧♠♦❣♦r♦✈ s❝❛❧❡✳ ■t ✐s s❤♦✇♥ t❤❛t r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥s ♦♥ ❡✛❡❝ts ♦❢ ❤✐❣❤ ❛♥❞ ❧♦✇

❘❡②♥♦❧❞s ♥✉♠❜❡r ❞✐sr❡❣❛r❞ ♠❛♥② ♣r♦♣♦s❛❧s ❢♦r ♠♦❞✐❢②✐♥❣ t❤❡ ❊❉❈ ❝♦♥st❛♥ts✳ ❚❤❡ r❡❛❝t✐♦♥

r❛t❡s ♦❢ s♦♠❡ s✉❣❣❡st✐♦♥s ❛r❡ t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❧❡ss t❤❛♥✱ s♦♠❡ ♦t❤❡rs ❛♥ ♦r❞❡r ❧❛r❣❡r

t❤❛♥ t❤❡ ♦r✐❣✐♥❛❧ ❊❉❈✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❉✉r✐♥❣ t❤✐s st✉❞② ❛♥❞ ✐♥ ♣r❡✈✐♦✉s ②❡❛rs✱ ■ ❤❛✈❡ ❤❛❞ ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥s ✇✐t❤✱ ❛♠♦♥❣ ♦t❤❡rs✱

▼✐❝❤❛➟ ❚✳ ▲❡✇❛♥❞♦✇s❦✐ ✭P♦❧✐s❤ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s✱ ●❞❛➠s❦✱ P♦❧❛♥❞✮✱ ■♥❣❡ ❘✳ ●r❛♥ ✭♦✣❝❡

♠❛t❡ ❛t ◆❚◆❯ ✐♥ t❤❡ ✶✾✾✵s✱ ♥♦✇ ❛t ❙✐♥t❡❢ ❊♥❡r❣②✱ ❚r♦♥❞❤❡✐♠✮✱ ❇❥ør♥ ❋✳ ▼❛❣♥✉ss❡♥ ✭♣r❡✲

✈✐♦✉s❧② ◆❚◆❯✱ ❧❛t❡r ♦✇♥ ❝♦♠♣❛♥②✱ ❚r♦♥❞❤❡✐♠✮✳ ❙✉♣♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❆s❤♦❦ ❉❡

✭■■❚ ❑❛♥♣✉r✱ ■♥❞✐❛✮ ❛♥❞ ▼❛❞❥✐❞ ❇✐r♦✉❦ ✭❯♥✐✈❡rs✐t② ♦❢ ▼❛♥✐t♦❜❛✱ ❈❛♥❛❞❛✮ ✐s ❛♣♣r❡❝✐❛t❡❞✳

✷✽



◆♦♠❡♥❝❧❛t✉r❡

C❉✶✱C❉✷ ❝♦♥st❛♥ts ♦❢ ❊❉❈ ✭✲✮
C❘✱ Cγ ✱ Cτ s❡❝♦♥❞❛r② ❝♦♥st❛♥ts ♦❢ ❊❉❈ ✭✲✮
Cε1✱ Cε2✱ Cµ ❝♦♥st❛♥ts ♦❢ k✲ε ♠♦❞❡❧ ✭✲✮
c ❡①t❡♥t ♦❢ r❡❛❝t✐♦♥ ✭✲✮
Dc ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ ✭✲✮✱ ❊q✳ ✺✸
g❊❉❈ ❊❉❈✲❢❛❝t♦r ✭✲✮✱ ❊q✳ ✷✾
F r❛t✐♦ ♦❢ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡s ✭✲✮✱ ❊q✳ ✹✷
f ♠✐①t✉r❡ ❢r❛❝t✐♦♥ ✭✲✮
k t✉r❜✉❧❡♥❝❡ ❡♥❡r❣② ✭♠2✴s2✮
L ❧❡♥❣t❤ s❝❛❧❡ ✭♠✮
ṁ∗ ♠❛ss ✐♥✢♦✇ t♦ ❊❉❈ r❡❛❝t♦r ♣❡r r❡❛❝t♦r ♠❛ss ✭✲✮
n t✉r❜✉❧❡♥❝❡ ❡♥❡r❣② ❞❡❝❛② ❡①♣♦♥❡♥t ✭✲✮
R t✐♠❡ s❝❛❧❡ r❛t✐♦ ✭✲✮✱ ❊q✳ ✺✵
Rk ✈♦❧✉♠❡tr✐❝ r❡❛❝t✐♦♥ r❛t❡ ♦❢ s♣❡❝✐❡s k ✭❦❣✴✭s·♠3✮✮
❘❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✭✲✮
❘❡❚ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ k2/(νε) ✭✲✮
r st♦✐❝❤✐♦♠❡tr✐❝ ♦①✐❞✐③❡r r❡q✉✐r❡♠❡♥t ♦❢ t❤❡ ❢✉❡❧✱ ♠❛ss ❜❛s❡❞ ✭❦❣✴❦❣✮
t t✐♠❡ ✭s✮
T t❡♠♣❡r❛t✉r❡ ✭❑✮
u ✈❡❧♦❝✐t② s❝❛❧❡ ✭♠✴s✮
u′ t✉r❜✉❧❡♥❝❡ ✈❡❧♦❝✐t② s❝❛❧❡ ✭♠✴s✮
v ❑♦❧♠♦❣♦r♦✈ ✈❡❧♦❝✐t② s❝❛❧❡ ✭♠✴s✮
w ✇❡✐❣❤t✐♥❣ ♣❛r❛♠❡t❡r✱ ❊q✳ ✺✼ ✭✲✮
Yk ♠❛ss ❢r❛❝t✐♦♥ ♦❢ s♣❡❝✐❡s k ✭✲✮

✷✾



αH ✱ αL ❝♦♥st❛♥ts ✐♥ t❤❡ ♠♦❞❡❧ ♦❢ ❊q✳ ✸✺ ✭✲✮
β∗ ❝♦♥st❛♥t ✐♥ ❙❛✛♠❛♥✕❲✐❧❝♦① k✲ω t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧ ✭✲✮
γ∗ ♠❛ss ♦❢ ✜♥❡ str✉❝t✉r❡s ❞✐✈✐❞❡❞ ❜② t♦t❛❧ ♠❛ss ✭✲✮
γλ ♠❛ss ♦❢ ✜♥❡✲str✉❝t✉r❡ r❡❣✐♦♥s ❞✐✈✐❞❡❞ ❜② t♦t❛❧ ♠❛ss ✭✲✮
ε t✉r❜✉❧❡♥❝❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ✭♠2✴s3✮
η ❑♦❧♠♦❣♦r♦✈ ❧❡♥❣t❤ s❝❛❧❡ ✭♠✮
θ t✐♠❡ s❝❛❧❡✱ k/ε ✭s✮
λ ✈❛r✐❛❜❧❡ ♦❢ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✱ ❊q✳ ✸✺ ✭♠−1✮
λ ❡①❝❡ss ❛✐r r❛t✐♦✱ r❡❝✐♣r♦❝❛❧ ♦❢ ❡q✉✐✈❛❧❡♥❝❡ r❛t✐♦ ✭✲✮
ν ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ✭♠2✴s✮
ρ ♠❛ss ❞❡♥s✐t② ✭❦❣✴♠3✮
τ t✐♠❡ s❝❛❧❡ ✭s✮
χ r❡❛❝t✐♥❣ ❢r❛❝t✐♦♥ ♦❢ ✜♥❡ str✉❝t✉r❡s ✭✲✮
ω t✉r❜✉❧❡♥❝❡ str❛✐♥ r❛t❡ ♦r ❢r❡q✉❡♥❝② ✭s−1✮

❙✉♣❡rs❝r✐♣ts
❛✈❡r❛❣❡

˜ ♠❛ss✲✇❡✐❣❤t❡❞ ✭❋❛✈r❡✮ ❛✈❡r❛❣❡
∗ ✜♥❡✲str✉❝t✉r❡ ✭r❡❛❝t♦r✮ q✉❛♥t✐t② ♦❢ ❊❉❈
o s✉rr♦✉♥❞✐♥❣s ♦❢ ❊❉❈ ✜♥❡✲str✉❝t✉r❡ r❡❛❝t♦r

❙✉❜s❝r✐♣ts
❇❛❘ ❜❛t❝❤ r❡❛❝t♦r
❢✉ ❢✉❡❧
♦① ♦①✐❞✐③❡r
♣r ♣r♦❞✉❝t
st st♦✐❝❤✐♦♠❡tr✐❝

❘❡❢❡r❡♥❝❡s
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❚❡❝❤♥♦❧♦❣②✱ ❚r♦♥❞❤❡✐♠✳
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❥❡t✲✐♥✲❤♦t✲❝♦✢♦✇ ✭❉❏❍❈✮ ✢❛♠❡s ✉s✐♥❣ t❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ♠♦❞❡❧ ❢♦r t✉r❜✉❧❡♥❝❡✲
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❋❛r♦❦❤✐✱ ▼✳✱ ❛♥❞ ❇✐r♦✉❦✱ ▼✳ ✷✵✶✻❛✳ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ❢♦r ♠♦❞❡❧✐♥❣
❜✐♦♠❛ss ❝♦♠❜✉st✐♦♥✱ P❛rt ✶✿ ❆ss❡ss♠❡♥t ♦❢ t❤❡ ♠♦❞❡❧ ❝♦❡✣❝✐❡♥ts✳ ❊♥❡r❣② ✫ ❋✉❡❧s✱ ✸✵✱ ✶✵✼✽✾✲
✶✵✼✾✾✳

❋❛r♦❦❤✐✱ ▼✳✱ ❛♥❞ ❇✐r♦✉❦✱ ▼✳ ✷✵✶✻❜✳ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ❢♦r ♠♦❞❡❧✲
✐♥❣ ❜✐♦♠❛ss ❝♦♠❜✉st✐♦♥✱ P❛rt ✷✿ ●❛s✲♣❤❛s❡ ❝♦♠❜✉st✐♦♥ ♠♦❞❡❧✐♥❣ ♦❢ ❛ s♠❛❧❧✲s❝❛❧❡ ✜①❡❞ ❜❡❞
❢✉r♥❛❝❡✳ ❊♥❡r❣② ✫ ❋✉❡❧s✱ ✸✵✱ ✶✵✽✵✵✲✶✵✽✵✽✳

❋❛r♦❦❤✐✱ ▼✳✱ ❛♥❞ ❇✐r♦✉❦✱ ▼✳ ✷✵✶✽❛✳ ❆ ♥❡✇ ❊❉❈ ❛♣♣r♦❛❝❤ ❢♦r ♠♦❞❡❧✐♥❣ t✉r❜✉❧❡♥❝❡✴❝❤❡♠✐str②
✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ❣❛s✲♣❤❛s❡ ♦❢ ❜✐♦♠❛ss ❝♦♠❜✉st✐♦♥✳ ❋✉❡❧✱ ✷✷✵✱ ✹✷✵✲✹✸✻✳

❋❛r♦❦❤✐✱ ▼✳✱ ❛♥❞ ❇✐r♦✉❦✱ ▼✳ ✷✵✶✽❜✳ ▼♦❞❡❧✐♥❣ ♦❢ t❤❡ ❣❛s✲♣❤❛s❡ ❝♦♠❜✉st✐♦♥ ♦❢ ❛ ❣r❛t❡✲✜r✐♥❣
❜✐♦♠❛ss ❢✉r♥❛❝❡ ✉s✐♥❣ ❛♥ ❡①t❡♥❞❡❞ ❛♣♣r♦❛❝❤ ♦❢ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t✳ ❋✉❡❧✱ ✷✷✼✱ ✹✶✷✲✹✷✸✳

●r❛ç❛✱ ▼✳✱ ❉✉❛rt❡✱ ❆✳✱ ❈♦❡❧❤♦✱ P✳❏✳✱ ❛♥❞ ❈♦st❛✱ ▼✳ ✷✵✶✸✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ r❡✈❡rs❡❞
✢♦✇ s♠❛❧❧✲s❝❛❧❡ ❝♦♠❜✉st♦r✳ ❋✉❡❧ Pr♦❝❡ss✐♥❣ ❚❡❝❤✳✱ ✶✵✼✱ ✶✷✻✲✶✸✼✳

●r❛♥✱ ■✳❘✳ ✶✾✾✹✳ ▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ❛♥❞ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s ✐♥

t✉r❜✉❧❡♥t ❝♦♠❜✉st✐♦♥✳ ❉r✳✐♥❣✳✲t❤❡s✐s ✶✾✾✹✿✹✾✱ ❉❡♣❛rt♠❡♥t ♦❢ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s✱ ❚❤❡r♠♦❞②✲
♥❛♠✐❝s ❛♥❞ ❋❧✉✐❞ ❉②♥❛♠✐❝s✱ ◆♦r✇❡❣✐❛♥ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❚r♦♥❞❤❡✐♠✳

●r❛♥✱ ■✳❘✳✱ ❛♥❞ ▼❛❣♥✉ss❡♥✱ ❇✳❋✳ ✶✾✾✻✳ ❆ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ ❛ ❜❧✉✛✲❜♦❞② st❛❜✐❧✐③❡❞ ❞✐✛✉s✐♦♥
✢❛♠❡✳ P❛rt ✷✳ ■♥✢✉❡♥❝❡ ♦❢ ❝♦♠❜✉st✐♦♥ ♠♦❞❡❧✐♥❣ ❛♥❞ ✜♥✐t❡✲r❛t❡ ❝❤❡♠✐str②✳ ❈♦♠❜✉st✳ ❙❝✐✳

❚❡❝❤♥♦❧✳✱ ✶✶✾✱ ✶✾✶✲✷✶✼✳

❏❡ss❡❡✱ ❏✳P✱ ●❛♥s♠❛♥✱ ❘✳❋✳✱ ❛♥❞ ❋✐✈❡❧❛♥❞✱ ❲✳❆✳ ✶✾✾✸✳ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ ❝❤❡♠✐❝❛❧❧② r❡❛❝t✐♥❣ ✢♦✇s
✉s✐♥❣ ✜♥✐t❡ ❦✐♥❡t✐❝s✳ ❆❙▼❊ ❍❚❉✲❱♦❧✳✷✺✵✱ ❍❡❛t ❚r❛♥s❢❡r ✐♥ ❋✐r❡ ❛♥❞ ❈♦♠❜✉st✐♦♥ ❙②st❡♠s✱
✹✸✲✺✸✳

▲❛✉♥❞❡r✱ ❇✳❊✳✱ ❛♥❞ ❙♣❛❧❞✐♥❣✱ ❉✳❇✳ ✶✾✼✹✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t✉r❜✉❧❡♥t ✢♦✇s✳
❈♦♠♣✉t❡r ▼❡t❤♦❞s ✐♥ ❆♣♣❧✳ ▼❡❝❤✳ ❛♥❞ ❊♥❣✳✱ ✸✱ ✷✻✾✲✷✽✾✳

✸✶



▲❡✇❛♥❞♦✇s❦✐✱ ▼✳❚✳✱ ❛♥❞ ❊rt❡s✈å❣✱ ■✳❙✳ ✷✵✶✽✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t
❢♦r♠✉❧❛t✐♦♥ ❢♦r ▼■▲❉ ❝♦♠❜✉st✐♦♥ ♠♦❞❡❧❧✐♥❣✳ ❋✉❡❧✱ ✷✷✹✱ ✻✽✼✲✼✵✵✳

▲✐✱ ❩✳✱ ❈✉♦❝✐✱ ❆✳✱ ❙❛❞✐❦✐✱ ❆✳✱ ❛♥❞ P❛r❡♥t❡✱ ❆✳ ✷✵✶✼✳ ❈♦♠♣r❡❤❡♥s✐✈❡ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ t❤❡
❆❞❡❧❛✐❞❡ ❥❡t ✐♥ ❤♦t✲❝♦✢♦✇ ❜✉r♥❡r ❜② ♠❡❛♥s ♦❢ ❘❆◆❙ ❛♥❞ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str②✳ ❊♥❡r❣②✱ ✶✸✾✱
✺✺✺✲✺✼✵✳

▲✐❧❧❡❜❡r❣✱ ❇✳✱ ❈❤r✐st✱ ❉✳✱ ❊rt❡s✈å❣✱ ■✳❙✳✱ ❘✐❛♥✱ ❑✳❊✳✱ ❛♥❞ ❑♥❡❡r✱ ❘✳ ✷✵✶✸✳ ◆✉♠❡r✐❝❛❧ s✐♠✉✲
❧❛t✐♦♥ ✇✐t❤ ❛♥ ❡①t✐♥❝t✐♦♥ ❞❛t❛❜❛s❡ ❢♦r ✉s❡ ✇✐t❤ t❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ❢♦r t✉r❜✉❧❡♥t
❝♦♠❜✉st✐♦♥✳ ❋❧♦✇✱ ❚✉r❜✉❧❡♥❝❡ ❈♦♠❜✉st✳✱ ✾✶✱ ✸✶✾✲✸✹✻✳

▼❛❣♥✉ss❡♥✱ ❇✳❋✳ ✶✾✽✵✳ ▼♦❞❡❧✐♥❣ ♦❢ r❡❛❝t✐♦♥ ♣r♦❝❡ss❡s ✐♥ t✉r❜✉❧❡♥t ✢❛♠❡s ✇✐t❤ s♣❡❝✐❛❧ ❡♠✲
♣❤❛s✐s ♦♥ s♦♦t ❢♦r♠❛t✐♦♥ ❛♥❞ ❝♦♠❜✉st✐♦♥✳ Pr♦❝❡❡❞✐♥❣s ♦❢ ❛♥ ✐♥t❡r♥❛t✐♦♥❛❧ s②♠♣♦s✐✉♠ ♦♥
♣❛rt✐❝✉❧❛t❡ ❝❛r❜♦♥✿ ❢♦r♠❛t✐♦♥ ❞✉r✐♥❣ ❝♦♠❜✉st✐♦♥✳ ❖❝t♦❜❡r ✶✺✲✶✻✱ ✶✾✽✵✱ ●❡♥❡r❛❧ ▼♦t♦rs ❘❡✲
s❡❛r❝❤ ▲❛❜♦r❛t♦r✐❡s✱ ❲❛rr❡♥✱ ▼✐❝❤✐❣❛♥✳ ■♥✿ ❙✐❡❣❧❛✱ ❉✳❈✳ ❛♥❞ ❙♠✐t❤✱ ●✳❲✳ ✭❊❞s✳✮ P❛rt✐❝✉❧❛t❡

❝❛r❜♦♥ ✿ ❢♦r♠❛t✐♦♥ ❞✉r✐♥❣ ❝♦♠❜✉st✐♦♥✱ P❧❡♥✉♠ P✉❜❧✳✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✶✳

▼❛❣♥✉ss❡♥✱ ❇✳❋✳ ✶✾✽✶✳ ❖♥ t❤❡ str✉❝t✉r❡ ♦❢ t✉r❜✉❧❡♥❝❡ ❛♥❞ ❛ ❣❡♥❡r❛❧✐③❡❞ ❡❞❞② ❞✐ss✐♣❛t✐♦♥
❝♦♥❝❡♣t ❢♦r ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ ✐♥ t✉r❜✉❧❡♥t ✢♦✇✳ ✶✾t❤✳ ❆■❆❆ ❆❡r♦s♣❛❝❡ ❙❝✐❡♥❝❡ ▼❡❡t✐♥❣✱ ❏❛♥✳
✶✷✲✶✺✱ ✶✾✽✶✱ ❙t✳▲♦✉✐s✱ ▼✐ss♦✉r✐✳ ✭❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴❢♦❧❦✳♥t♥✉✳♥♦✴✐✈❛rs❡✴❡❞❝✮

▼❛❣♥✉ss❡♥✱ ❇✳❋✳ ✶✾✽✺✳ ❍❡❛t tr❛♥s❢❡r ✐♥ ❣❛s t✉r❜✐♥❡ ❝♦♠❜✉st♦rs✳ ❆●❆❘❉ ❈♦♥❢❡r❡♥❝❡ Pr♦❝❡❡❞✲

✐♥❣s ◆♦✳ ✸✾✵ ❍❡❛t tr❛♥s❢❡r ❛♥❞ ❝♦♦❧✐♥❣ ✐♥ ❣❛s t✉r❜✐♥❡s✳ P❛♣❡rs ♣r❡s❡♥t❡❞ ❛t t❤❡ Pr♦♣✉❧s✐♦♥
❛♥❞ ❊♥❡r❣❡t✐❝s P❛♥❡❧ ✻✺t❤ ❙②♠♣♦s✐✉♠ ✻✲✶✶ ▼❛② ✶✾✽✺✱ ❇❡r❣❡♥✱ ◆♦r✇❛②

▼❛❣♥✉ss❡♥✱ ❇✳❋✳ ✶✾✽✾✳ ▼♦❞❡❧✐♥❣ ♦❢ ◆❖x ❛♥❞ s♦♦t ❢♦r♠❛t✐♦♥ ❜② t❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥✲
❝❡♣t✳ ■♥t✳ ❋❧❛♠❡ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥✱ ✶st ❚♦♣✐❝ ❖r✐❡♥t❡❞ ❚❡❝❤♥✐❝❛❧ ▼❡❡t✐♥❣✱ ✶✼✲✶✾ ❖❝t✳✱
❆♠st❡r❞❛♠✱ ❍♦❧❧❛♥❞✳ ✭❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴❢♦❧❦✳♥t♥✉✳♥♦✴✐✈❛rs❡✴❡❞❝✮

▼❛❣♥✉ss❡♥✱ ❇✳❋✳ ✷✵✵✷❛✳ ❆ ❞✐s❝✉ss✐♦♥ ♦❢ s♦♠❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t
✭❊❉❈✮✳ ✷✹t❤ ❆♥♥✉❛❧ t❛s❦ ❧❡❛❞❡rs ♠❡❡t✐♥❣ ■❊❆ ✐♠♣❧❡♠❡♥t✐♥❣ ❛❣r❡❡♠❡♥t ♦♥ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥
❛♥❞ ❡♠✐ss✐♦♥s r❡❞✉❝t✐♦♥ ✐♥ ❝♦♠❜✉st✐♦♥✳ ❚r♦♥❞❤❡✐♠✱ ◆♦r✇❛②✱ ✷✸✲✷✻ ❏✉♥❡ ✷✵✵✷✳

▼❛❣♥✉ss❡♥✱ ❇✳❋✳ ✷✵✵✷❜✳ ❚❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ✭❊❉❈✮ ❢♦r t✉r❜✉❧❡♥t ❝♦♠❜✉st✐♦♥
♠♦❞❡❧✐♥❣✳ ❚♦♣✐❝❛❧ ▼❡❡t✐♥❣ ♦❢ t❤❡ ❙❝❛♥❞✐♥❛✈✐❛♥✲◆♦r❞✐❝ ❙❡❝t✐♦♥ ♦❢ t❤❡ ❈♦♠❜✉st✐♦♥ ■♥st✐t✉t❡✳
❚r♦♥❞❤❡✐♠✱ ◆♦r✇❛②✱ ✶✵✲✶✶ ❙❡♣t✳ ✷✵✵✷✳

▼❛❣♥✉ss❡♥✱ ❇✳❋✳ ✷✵✵✺✳ ❚❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ✲ ❆ ❜r✐❞❣❡ ❜❡t✇❡❡♥ s❝✐❡♥❝❡ ❛♥❞ t❡❝❤✲
♥♦❧♦❣②✳ ❊❈❈❖▼❆❙ ❚❤❡♠❛t✐❝ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠❜✉st✐♦♥✱ ▲✐s❜♦❛✱ P♦rt✉❣❛❧✱
✷✶✲✷✹ ❏✉♥❡ ✷✵✵✺✳ ✭❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴❢♦❧❦✳♥t♥✉✳♥♦✴✐✈❛rs❡✴❡❞❝✮

▼❛❣♥✉ss❡♥✱ ❇✳❋✳✱ ❛♥❞ ❍❥❡rt❛❣❡r✱ ❇✳❍✳ ✶✾✼✻✳ ❖♥ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ t✉r❜✉❧❡♥t ❝♦♠✲
❜✉st✐♦♥ ✇✐t❤ s♣❡❝✐❛❧ ❡♠♣❤❛s✐s ♦♥ s♦♦t ❢♦r♠❛t✐♦♥ ❛♥❞ ❝♦♠❜✉st✐♦♥✳ Pr♦❝✳ ❈♦♠❜✉st✳ ■♥st✳✱ ✶✻✱
✼✶✾✲✼✷✾✳

▼❛❣♥✉ss❡♥✱ ❇✳❋✳✱ ❍❥❡rt❛❣❡r✱ ❇✳❍✳✱ ❖❧s❡♥✱ ❏✳●✳✱ ❛♥❞ ❇❤❛❞✉r✐✱ ❉✳ ✶✾✼✽✳ ❊✛❡❝ts ♦❢ t✉r❜✉❧❡♥t
str✉❝t✉r❡ ❛♥❞ ❧♦❝❛❧ ❝♦♥❝❡♥tr❛t✐♦♥s ♦♥ s♦♦t ❢♦r♠❛t✐♦♥ ❛♥❞ ❝♦♠❜✉st✐♦♥ ✐♥ ❈2❍2 ❞✐✛✉s✐♦♥ ✢❛♠❡s✳
Pr♦❝✳ ❈♦♠❜✉st✳ ■♥st✳✱ ✶✼✱ ✶✸✽✸✲✶✸✾✸✳

▼❛r❞❛♥✐✱ ❆✳ ✷✵✶✼✳ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ✭❊❉❈✮ ♠♦❞❡❧ ❢♦r t✉r❜✉❧❡♥❝❡✲
❝❤❡♠✐str② ✐♥t❡r❛❝t✐♦♥s ✉♥❞❡r ❤♦t ❞✐❧✉t❡❞ ❝♦♠❜✉st✐♦♥ ♦❢ ❈❍✹✴❍✷✳ ❋✉❡❧✱ ✶✾✶✱ ✶✶✹✲✶✷✾✳

▼②❤r✈♦❧❞✱ ❚✳ ✷✵✵✸✳ ❈♦♠❜✉st✐♦♥ ♠♦❞❡❧✐♥❣ ✐♥ t✉r❜✉❧❡♥t ❜♦✉♥❞❛r②✲❧❛②❡r ✢♦✇s✳ ❉r✳■♥❣✳ t❤❡s✐s

✸✷

http://folk.ntnu.no/ivarse/edc
http://folk.ntnu.no/ivarse/edc
http://folk.ntnu.no/ivarse/edc


✷✵✵✸✿✸✽✱ ◆♦r✇❡❣✐❛♥ ❯♥✐✈❡rs✐t② ♦❢ ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣②✱ ❚r♦♥❞❤❡✐♠✳ ✭❆✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿

✴✴❤❞❧✳❤❛♥❞❧❡✳♥❡t✴✶✶✷✺✵✴✷✺✼✼✽✻✺✮

P❛r❡♥t❡✱ ❆✳✱ ▼❛❧✐❦✱ ▼✳❘✳✱ ❈♦♥t✐♥♦✱ ❋✳✱ ❈✉♦❝✐✱ ❆✳✱ ❛♥❞ ❉❛❧❧②✱ ❇✳❇✳ ✷✵✶✻✳ ❊①t❡♥s✐♦♥ ♦❢ t❤❡
❊❞❞② ❉✐ss✐♣❛t✐♦♥ ❈♦♥❝❡♣t ❢♦r t✉r❜✉❧❡♥❝❡✴❝❤❡♠✐str② ✐♥t❡r❛❝t✐♦♥s t♦ ▼■▲❉ ❝♦♠❜✉st✐♦♥✳ ❋✉❡❧✱
✶✻✸✱ ✾✽✲✶✶✶✳

P❡r♦t✱ ❏✳❇✳✱ ❛♥❞ ❞❡ ❇r✉②♥ ❑♦♣s✱ ❙✳▼✳ ✷✵✵✻✳ ▼♦❞❡❧✐♥❣ t✉r❜✉❧❡♥t ❞✐ss✐♣❛t✐♦♥ ❛t ❧♦✇ ❛♥❞
♠♦❞❡r❛t❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❏✳ ❚✉r❜✉❧❡♥❝❡✱ ✼✭✻✾✮✱ ✶✲✶✹✳

❘❡❤♠✱ ▼✳✱ ❙❡✐❢❡rt✱ P✳✱ ❛♥❞ ▼❡②❡r✱ ❇✳ ✷✵✵✾✳ ❚❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ♦♥
t❤❡ ❊❉❈✲♠♦❞❡❧ ❢♦r t✉r❜✉❧❡♥❝❡✲❝❤❡♠✐str② ✐♥t❡r❛❝t✐♦♥ ❛t ❣❛s✐✜❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❈♦♠♣✳ ❈❤❡♠✳

❊♥❣✳✱ ✸✸✱ ✹✵✷✲✹✵✼✳

❙❛✛♠❛♥✱ P✳●✳✱ ❛♥❞ ❲✐❧❝♦①✱ ❉✳❈✳ ✶✾✼✹✳ ❚✉r❜✉❧❡♥❝❡✲♠♦❞❡❧ ♣r❡❞✐❝t✐♦♥s ❢♦r t✉r❜✉❧❡♥t ❜♦✉♥❞❛r②
❧❛②❡rs✳ ❆■❆❆ ❏✳✱ ✶✷ ✭✹✮✱ ✺✹✶✲✺✹✻✳

❙❤✐❡❤♥❡❥❛❞❤❡s❛r✱ ❆✳✱ ▼❡❤r❛❜✐❛♥✱ ❘✳✱ ❙❝❤❛r❧❡r✱ ❘✳✱ ❛♥❞ ●♦❧❞✐♥✱ ●✳▼✳ ✷✵✶✹✳ ❉❡✈❡❧♦♣♠❡♥t ♦❢
❛ ❣❛s ♣❤❛s❡ ❝♦♠❜✉st✐♦♥ ♠♦❞❡❧ s✉✐t❛❜❧❡ ❢♦r ❧♦✇ ❛♥❞ ❤✐❣❤ t✉r❜✉❧❡♥❝❡ ❝♦♥❞✐t✐♦♥s✳ ❋✉❡❧✱ ✶✷✻✱
✶✼✼✲✶✽✼✳

❙❤✐❡❤♥❡❥❛❞❤❡s❛r✱ ❆✳✱ ❙❝❤❛r❧❡r✱ ❘✳✱ ▼❡❤r❛❜✐❛♥✱ ❘✳✱ ❛♥❞ ❖❜❡r♥❜❡r❣❡r✱ ■✳ ✷✵✶✺✳ ❉❡✈❡❧♦♣♠❡♥t
❛♥❞ ✈❛❧✐❞❛t✐♦♥ ♦❢ ❈❋❉ ♠♦❞❡❧s ❢♦r ❣❛s ♣❤❛s❡ r❡❛❝t✐♦♥s ✐♥ ❜✐♦♠❛ss ❣r❛t❡ ❢✉r♥❛❝❡s ❝♦♥s✐❞❡r✐♥❣
❣❛s str❡❛❦ ❢♦r♠❛t✐♦♥ ❛❜♦✈❡ t❤❡ ♣❛❝❦❡❞ ❜❡❞✳ ❋✉❡❧ Pr♦❝❡ss✐♥❣ ❚❡❝❤♥♦❧♦❣②✱ ✶✸✾✱ ✶✹✷✲✶✺✽✳

❲❛♥❣✱ ❋✳✱ ▲✐✱ P✳✱ ▼✐✱ ❏✳✱ ❲❛♥❣✱ ❏✳✱ ❛♥❞ ❳✉✱ ▼✳ ✷✵✶✺✳ ❈❤❡♠✐❝❛❧ ❦✐♥❡t✐❝ ❡✛❡❝t ♦❢ ❤②❞r♦❣❡♥
❛❞❞✐t✐♦♥ ♦♥ ❡t❤②❧❡♥❡ ❥❡t ✢❛♠❡s ✐♥ ❛ ❤♦t ❛♥❞ ❞✐❧✉t❡❞ ❝♦✢♦✇✳ ■♥t✳ ❏✳ ❍②❞r♦❣❡♥ ❊♥❡r❣②✱ ✹✵✱
✶✻✻✸✹✲✶✻✻✹✽✳

❲✐❧❝♦①✱ ❉✳❈✳ ✶✾✽✽✳ ❘❡❛ss❡ss♠❡♥t ♦❢ t❤❡ s❝❛❧❡✲❞❡t❡r♠✐♥✐♥❣ ❡q✉❛t✐♦♥ ❢♦r ❛❞✈❛♥❝❡❞ t✉r❜✉❧❡♥❝❡
♠♦❞❡❧s✳ ❆■❆❆ ❏✳✱ ✷✻✱ ✶✷✾✾✲✶✸✶✵✳

❳✉✱ ❨✳✱ ❉❛✐✱ ❩✳✱ ▲✐✱ ❈✳✱ ▲✐✱ ❳✳✱ ❩❤♦✉✱ ❩✳✱ ❨✉✱ ●✳✱ ❛♥❞ ❲❛♥❣✱ ❋✳ ✷✵✶✹✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢
♥❛t✉r❛❧ ❣❛s ♥♦♥✲❝❛t❛❧②t✐❝ ♣❛rt✐❛❧ ♦①✐❞❛t✐♦♥ r❡❢♦r♠❡r✳ ■♥t✳ ❏✳ ❍②❞r♦❣❡♥ ❊♥❡r❣②✱ ✸✾✱ ✾✶✹✾✲✾✶✺✼✳

▲✐st ♦❢ ❋✐❣✉r❡s

✶ ❙❝❤❡♠❛t✐❝❛❧ ✜♥❡✲str✉❝t✉r❡ r❡❛❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷ χ ✭♦r χη′✮ ♦❢ t❤❡ ✶✾✽✾ ✈❡rs✐♦♥ ❛♥❞ χ′ ♦❢ t❤❡ ✶✾✽✶ ✈❡rs✐♦♥ ❛s ❢✉♥❝t✐♦♥s ♦❢ ♠✐①t✉r❡
❢r❛❝t✐♦♥ f ❛t s♣❡❝✐✜❡❞ ✈❛❧✉❡s ♦❢ ❡①t❡♥t ♦❢ r❡❛❝t✐♦♥ c ❛♥❞ ❘❡❚✳ ❚❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡
s❤♦✇s t❤❡ st♦✐❝❤✐♦♠❡tr✐❝ ♠✐①t✉r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸ ❚❤❡ ♣r♦❞✉❝t χ2χ3 ♦❢ t❤❡ ✶✾✽✾ ✈❡rs✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s
♥✉♠❜❡r ❘❡❚ ❢♦r s♣❡❝✐✜❡❞ c ✈❛❧✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❢❛❝t♦rs ❢♦r t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t
χ ♦❢ ✶✾✽✾✳ ❚❤❡ ❡①❝❡ss ❛✐r r❛t✐♦ ✇❛s s❡t t♦ λ = 0.9✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✺ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❢❛❝t♦r ❢♦r t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡ ✇✐t❤ χ ♦❢ ✶✾✽✾ ❛♥❞ ✈❛r✐❡❞
c✳ ❚❤❡ ❡①❝❡ss ❛✐r r❛t✐♦ ✇❛s s❡t t♦ λ = 0.9✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✸

http://hdl.handle.net/11250/2577865
http://hdl.handle.net/11250/2577865


✻ ❉❡❝❛②✐♥❣ t✉r❜✉❧❡♥❝❡✱ κ2 ❧♦✇ ✇❛✈❡♥✉♠❜❡r s♣❡❝tr✉♠✱ ♣♦✇❡r ❧❛✇ ❡①♣♦♥❡♥t ❢r♦♠
t❤❡ t✇♦ ♠♦❞❡❧s✱ ❊q✳ ✸✺ ❛♥❞ ❊q✳ ✸✹✱ ✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❝♦♥st❛♥ts αL ♦r C❉✷
✭✇✐t❤ αH = 1 ♦r C❉✶ = 0.135✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✼ ❘❛t✐♦ ♦❢ t❤❡ ✈✐s❝♦✉s ❞✐ss✐♣❛t✐♦♥ t❡r♠ t♦ t❤❡ t♦t❛❧ ❞✐ss✐♣❛t✐♦♥✱ ❊q✳ ✸✺ ♦r ❊q✳ ✸✹✱
✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❝♦♥st❛♥ts αL ♦r C❉✷ ✭✇✐t❤ αH = 1 ♦r C❉✶ = 0.135✮✳
❚❤❡ ❞♦tt❡❞ ✈❡rt✐❝❛❧ ❧✐♥❡s s❤♦✇ ❘❡❚ ♦❢ ✷✵ ❛♥❞ ✻✵✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✽ ❘❛t✐♦ ♦❢ t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡s ♦❢ t❤❡ ❋❧✉❡♥t ❇❛❘✴P❋❘ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦
s♦♠❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧✳ χ ✇❛s ❡✈❛❧✉❛t❡❞ ❢♦r λ = 0.90✱ c = 0.50✳ ✳ ✳ ✹✵

✾ γλ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❘❡❚ ❢♦r ❛ s❡❧❡❝t✐♦♥ ♦❢ s✉❣❣❡st❡❞ ♠♦❞✐✜❡❞ ❝♦♥st❛♥ts✳ ❚❤❡
❞♦tt❡❞ ✈❡rt✐❝❛❧ ❧✐♥❡ s❤♦✇s ❘❡❚ = 20✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✶✵ ❚❤❡ ❊❉❈ ❢❛❝t♦r γ2λχ/(1−γ3χ) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❘❡❚ ✇✐t❤ χ = 1 ❢♦r ❛ s❡❧❡❝t✐♦♥ ♦❢
s✉❣❣❡st❡❞ ♠♦❞✐✜❡❞ ❝♦♥st❛♥ts✳ ❚❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡s ❞❡♥♦t❡ ✇❤❡r❡ γλ r❡❛❝❤❡s ✉♥✐t②✳ ✹✶

✶✶ ❈♦♠❜✐♥❡❞ ✈❛❧✉❡s ♦❢ ✜♥❡✲str✉❝t✉r❡ ❧❡♥❣t❤ ❛♥❞ ✈❡❧♦❝✐t② s❝❛❧❡s ♥♦r♠❛❧✐③❡❞ t♦ t❤❡
❑♦❧♠♦❣♦r♦✈ s❝❛❧❡s ❢♦r ❛❧❧ s✉❣❣❡st✐♦♥s ❧✐st❡❞ ✐♥ ❚❛❜❧❡s ✶✲✷✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡
♦r✐❣✐♥❛❧ ♠♦❞❡❧ ✐s s❤♦✇♥ ❜② t❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❛♥❞ ❑♦❧♠♦❣♦r♦✈ s❝❛❧❡s ✇✐t❤ ❞♦tt❡❞
❧✐♥❡s✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s ✐♥ ❋✐❣✳ ❛ ❞❡♥♦t❡ t❤❡ ❡①tr❛❝t s❤♦✇♥ ✐♥ ❋✐❣✳ ❜✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✶✷ ❘❛t✐♦ ♦❢ t❤❡ ✈✐s❝♦✉s ❞✐ss✐♣❛t✐♦♥ t❡r♠ t♦ t❤❡ t♦t❛❧ ❞✐ss✐♣❛t✐♦♥✱ ❊q✳ ✸✺ ♦r ❊q✳ ✸✹✱
❢♦r ❛ s❡❧❡❝t✐♦♥ ♦❢ s✉❣❣❡st❡❞ ♠♦❞✐✜❡❞ ❝♦♥st❛♥ts✳ ❚❤❡ ❞♦tt❡❞ ✈❡rt✐❝❛❧ ❧✐♥❡s s❤♦✇
❘❡❚ ♦❢ ✷✵ ❛♥❞ ✻✵✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✶✸ ❚❤❡ ✜♥❡✲str✉❝t✉r❡ ♠❛ss ❢r❛❝t✐♦♥ ✭❛✮ ❛♥❞ t✐♠❡s❝❛❧❡ ✭❜✮✱ ❛♥❞ t❤❡ ❊❉❈ ❢❛❝t♦r ✭❝✮
❢♦r t❤❡ ♠♦❞❡❧ ♦❢ ❋❛r♦❦❤✐ ❛♥❞ ❇✐r♦✉❦ ✭✷✵✶✽❛✱❜✮ ✭✏❋❇✑✮ ❝♦♠♣❛r❡❞ t♦ ✈❛r✐❛♥ts ♦❢
t❤❡ ♦r✐❣✐♥❛❧ ❊❉❈✳ ❲❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ χ ✭✶✾✽✾ ✈❡rs✐♦♥✮✱ t❤❡ ❡①❝❡ss ❛✐r r❛t✐♦ ✇❛s
s❡t t♦ λ = 0.9 ❛♥❞ t❤❡ ❡①t❡♥t ♦❢ r❡❛❝t✐♦♥ t♦ c = 0.6✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✹



❚❛❜❧❡ ✶✿ ❙✉❣❣❡st❡❞ ❛♥❞ tr✐❡❞ ❝❤❛♥❣❡s ♦❢ ❝♦♥st❛♥ts ✐♥ ❊❉❈✱ ✇✐t❤ ❡✛❡❝ts ♦♥ r❡❛❝t✐♦♥✲r❛t❡
❝♦♥st❛♥t ✭❊q✳ ✶✶✮✱ ✜♥❡✲str✉❝t✉r❡ s❝❛❧❡s ✭❊qs✳ ✻ ❛♥❞ ✽✮✱ ✈✐s❝♦✉s t❡r♠ ♦❢ ❞✐ss✐♣❛t✐♦♥ ✭ε2/ε✱
❊q✳ ✸✻✮ ❛♥❞ t❤❡ ❧♦✇❡r ❧✐♠✐t✐♥❣ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✭❛t γλ = 1✱ ❊q✳ ✾✮
Cγ Cτ CD1 CD2 CR L∗/η ❘❡

∗

❘❡❚ ❛t ε2/ε ❛t ❘❡❚ ❛t ❘❡❢✳
ε2/ε = 0.10 ❘❡❚ = 200 γλ = 1
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❚❛❜❧❡ ✷✿ ❙✉❣❣❡st❡❞ ❛♥❞ tr✐❡❞ ❝❤❛♥❣❡s ♦❢ ❝♦♥st❛♥ts ✐♥ ❊❉❈✱ ✇✐t❤ ❡✛❡❝ts ♦♥ r❡❛❝t✐♦♥✲r❛t❡
❝♦♥st❛♥t ✭❊q✳ ✶✶✮✱ ✜♥❡✲str✉❝t✉r❡ s❝❛❧❡s ✭❊qs✳ ✻ ❛♥❞ ✽✮✱ ✈✐s❝♦✉s t❡r♠ ♦❢ ❞✐ss✐♣❛t✐♦♥ ✭ε2/ε✱
❊q✳ ✸✻✮ ❛♥❞ t❤❡ ❧♦✇❡r ❧✐♠✐t✐♥❣ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✭❛t γλ = 1✱ ❊q✳ ✾✮
Cγ Cτ CD1 CD2 CR L∗/η ❘❡

∗

❘❡❚ ❛t ε2/ε ❛t ❘❡❚ ❛t ❘❡❢✳
ε2/ε = 0.10 ❘❡❚ = 200 γλ = 1
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❋✐❣✉r❡ ✷✿ χ ✭♦r χη′✮ ♦❢ t❤❡ ✶✾✽✾ ✈❡rs✐♦♥ ❛♥❞ χ′ ♦❢ t❤❡ ✶✾✽✶ ✈❡rs✐♦♥ ❛s ❢✉♥❝t✐♦♥s ♦❢ ♠✐①t✉r❡
❢r❛❝t✐♦♥ f ❛t s♣❡❝✐✜❡❞ ✈❛❧✉❡s ♦❢ ❡①t❡♥t ♦❢ r❡❛❝t✐♦♥ c ❛♥❞ ❘❡❚✳ ❚❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡ s❤♦✇s t❤❡
st♦✐❝❤✐♦♠❡tr✐❝ ♠✐①t✉r❡✳
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❋✐❣✉r❡ ✸✿ ❚❤❡ ♣r♦❞✉❝t χ2χ3 ♦❢ t❤❡ ✶✾✽✾ ✈❡rs✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✉r❜✉❧❡♥❝❡ ❘❡②♥♦❧❞s
♥✉♠❜❡r ❘❡❚ ❢♦r s♣❡❝✐✜❡❞ c ✈❛❧✉❡s
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❋✐❣✉r❡ ✹✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❢❛❝t♦rs ❢♦r t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t χ
♦❢ ✶✾✽✾✳ ❚❤❡ ❡①❝❡ss ❛✐r r❛t✐♦ ✇❛s s❡t t♦ λ = 0.9✳
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❋✐❣✉r❡ ✺✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❢❛❝t♦r ❢♦r t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡ ✇✐t❤ χ ♦❢ ✶✾✽✾ ❛♥❞ ✈❛r✐❡❞ c✳
❚❤❡ ❡①❝❡ss ❛✐r r❛t✐♦ ✇❛s s❡t t♦ λ = 0.9✳
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❋✐❣✉r❡ ✻✿ ❉❡❝❛②✐♥❣ t✉r❜✉❧❡♥❝❡✱ κ2 ❧♦✇ ✇❛✈❡♥✉♠❜❡r s♣❡❝tr✉♠✱ ♣♦✇❡r ❧❛✇ ❡①♣♦♥❡♥t ❢r♦♠ t❤❡
t✇♦ ♠♦❞❡❧s✱ ❊q✳ ✸✺ ❛♥❞ ❊q✳ ✸✹✱ ✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❝♦♥st❛♥ts αL ♦r C❉✷ ✭✇✐t❤ αH = 1 ♦r
C❉✶ = 0.135✮✳
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❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❝♦♥st❛♥ts αL ♦r C❉✷ ✭✇✐t❤ αH = 1 ♦r C❉✶ = 0.135✮✳ ❚❤❡ ❞♦tt❡❞ ✈❡rt✐❝❛❧
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❋✐❣✉r❡ ✽✿ ❘❛t✐♦ ♦❢ t❤❡ ♠❡❛♥ r❡❛❝t✐♦♥ r❛t❡s ♦❢ t❤❡ ❋❧✉❡♥t ❇❛❘✴P❋❘ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦ s♦♠❡
✈❛r✐❛♥ts ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧✳ χ ✇❛s ❡✈❛❧✉❛t❡❞ ❢♦r λ = 0.90✱ c = 0.50✳
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❋✐❣✉r❡ ✾✿ γλ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❘❡❚ ❢♦r ❛ s❡❧❡❝t✐♦♥ ♦❢ s✉❣❣❡st❡❞ ♠♦❞✐✜❡❞ ❝♦♥st❛♥ts✳ ❚❤❡ ❞♦tt❡❞
✈❡rt✐❝❛❧ ❧✐♥❡ s❤♦✇s ❘❡❚ = 20✳
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t❤❡ ♠♦❞❡❧ ♦❢ ❋❛r♦❦❤✐ ❛♥❞ ❇✐r♦✉❦ ✭✷✵✶✽❛✱❜✮ ✭✏❋❇✑✮ ❝♦♠♣❛r❡❞ t♦ ✈❛r✐❛♥ts ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❊❉❈✳
❲❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ χ ✭✶✾✽✾ ✈❡rs✐♦♥✮✱ t❤❡ ❡①❝❡ss ❛✐r r❛t✐♦ ✇❛s s❡t t♦ λ = 0.9 ❛♥❞ t❤❡ ❡①t❡♥t ♦❢
r❡❛❝t✐♦♥ t♦ c = 0.6✳
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