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ANALYSIS OF SPECTRAL PROJECTORS
IN ONE-DIMENSIONAL DOMAINS

Y. MADAY

ABSTRACT. In this paper we analyze a class of projection operators with values
in a subspace of polynomials. These projection operators are related to the
Hilbert spaces involved in the numerical analysis of spectral methods. They
are, in the first part of the paper, the standard Sobolev spaces and, in the
second part, some weighted Sobolev spaces, the weight of which is related to
the orthogonality relation satisfied by the Chebyshev polynomials. These results
are used to study the approximation of a model fourth-order problem.

1. INTRODUCTION

The numerical analysis of the error between the exact and the numerical solu-
tions of a partial differential equation approximated by spectral methods relies,
in most cases, on the comparison between the numerical solution and the best
polynomial approximation in some suitable Sobolev spaces. The best approxi-
mation is achieved by orthogonal projection operators. This paper presents an
analysis of a wide class of such projection operators in weighted Sobolev spaces.
The reason why this analysis is somewhat more difficult in spectral methods than
in finite element methods has to do with the fact that the inverse inequality be-
tween spaces of polynomials provided with Sobolev norms is not as good as the
ones that are available between spaces of finite elements. Because of this, the
projection operators in low-order norm have poor approximation properties in
higher norms (see Remark 2.1 of this paper).

Such projection operators have been studied before in [4, 12, 16, 1], but
the existing results are limited to the approximation in low-order norms such
as the L>- or H'-norm and are therefore not adequate in many applications.
For example, they are not sufficient for the error analysis of the approximation
by spectral methods of fourth order and, in several instances, second-order
problems (see [5]).

For different properties of projection operators that arise in spectral methods,
see also [19].

An outline of the paper is as follows. In §2, we prove some results con-
cerning the approximation theory with Legendre polynomials on the interval
(-1, 1). These results are obtained in a standard Sobolev framework. The
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538 Y. MADAY

theory of interpolation between Sobolev spaces is widely used here. In §3 we
recall and complete results proved in [6, 1] concerning interpolation between
weighted Sobolev spaces on (-1, 1). The weight is the one that appears in the
orthogonality relation for Chebyshev polynomials. These properties are used
in §4 to extend the results of §2 to the approximation theory with Chebyshev
polynomials. Finally, we give in §5 an application to a simple fourth-order test
problem. Note that other applications of these results can be found in [3, 18].

Let A be any interval of R; for any integer m, the space of continuous
functions defined on A whose derivatives of order < m are continuous on
A is denoted by &™(A); for any real number s > 0, we denote by H'(A)
the Sobolev space of index s on A and by Hy(A) the closure in H’(A) of
the space Z(A) of all functions & with compact support in A (see [8] for
more details). For any s > 0, we denote by ((-, -)); , the scalar product of
H’(A) and by |||, , its norm; the space Hy(A) is provided with the standard
seminorm |- [ , of H’(A) . In the sequel, the interval of reference will be the
interval A = (-1, 1); for this interval, we shall omit the subscript A in the
various norms. For any function f, we denote by f* and f” the first and
second derivatives of f.

The duality pairing between a Hilbert space and its dual space is denoted by
(-, ).
Let X and Y be two Hilbert spaces such that XCY and X isdensein Y;
for any 6 in [0, 1], we denote by [X, Y], the space obtained by any Hilbert
interpolation of index 6. We refer to [8, Chapter 1] for a complete analysis of
Hilbert interpolation.

For any integer N, P, stands for the space of all polynomials of degree
< N on A, and for any real number s, s > 0, we denote by ]P’SN the space
P, NHy(A).

Finally, for any real number s, we denote by § the integral part of s.

2. APPROXIMATION RESULTS FOR PROJECTION OPERATORS
IN THE STANDARD SOBOLEV SPACES

The main result of this section is

Theorem 2.1. Let p and s be two real numbers such that p ¢ N+ 1/2, 0 <
s < p. There exists an operator H;“?V from H”(A)NHy(A) onto Py, such that,

for any ¢ € H”(A)NHy(A) with o > p, we have

,0 v—
Vv, 0<v<p, |lp—T0, xoll, <CN"lipl|,.

The proof of this theorem will be carried out in two steps. The first considers
the case where p is an integer, and the second generalizes the results to all values
of p.

First step. Let us first consider the case where p is equal to s and belongs to
N. We define a projection operator P,y from HS(A) onto ]P‘j’V as follows:
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for any ¢ € Hj(A), P

N satisfies

(2.1) v el,, (d’lp-P, y)/dx’, dy/dx")),=0.
This projection operator has the following properties.

Lemma 2.1. For any ¢ € H’(A)NHg(A), with ¢ > p, we have

(2.2) W, 0<v<p, llg-P, yoll, <CN"’llgl,.

Remark 2.1. The estimate in the case ¥ = p = 0 has been proved in [4], while
the case 0 < v < p =1 is analyzed in [12]. Moreover, it is proved in these two
cases that no optimal bound is possible for H”(A)-norms with v > p. Indeed,
the best estimate that can be achieved is

v—0
||¢_PO,N¢||,, SCN ”(/’”g-

It is often necessary (see, e.g., [2, 3, 18]) to obtain optimal results in higher
norms.

Proof of Lemma 2.1. We prove (2.2) for v = p by induction over p in N. In
Remark 2.1 we have recalled that the result is well known for p = 0. Let us
assume that, for any ¢ in H’(A)nH™'(A) with o < p— 1, we have

N
(2.3) i —P,_, woll,_, <CN"llgl,.

For techrical reasons that will be clarified in the sequel, we assume that
(2.4) N>2(p-1)

(note that the asymptotic result (2.2) is trivial for N < 2(p — 1) if we take the
constant C large enough). Let ¢ be any element of H(’;(A) : then ¢’ belongs

to Hﬁ‘l(A) and P,_, N_l(q)') is a polynomial in IP“j’v__ll. Moreover, since
o(—-1)=9¢(1) =0, we have

1 1
[ Pz = [ B, () - pdx.

Integrating by parts 2(p—1) times and noticing that | SN (¢')— ¢’ belongs
to HJ'(A), we obtain

1
/le-—l,N——l((p,)d’x

= CE)@?P,_, v (0) = 0 YdxPTV a7 - X7 dx ",
From (2.1), (2.4), we derive

1
(2.5) / By ya(@)dx=0.
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Finally, we deduce that the primitive function x — ffl Pp_l ‘ N_l((p')(y) dy =
Ry (x) is a polynomial of P4, that, for any y in P4, satisfies
(@ Ry/dx’, d"y[dx"))g = (@ '[P,_, y_ (@ )/dx""", d"'[y')/dx""")),
= (@ p'ydx""", d" 'y 1dx"T"),
= ((dpw/dxp bl dpl///dxp))o ’

so that R, = Pp7 ~® - Then, using the classical Poincaré-Friedrichs inequality
yields

llp —P, yoll, <Cllo' =P, yoIll,_, =Cllo'=P,_; v (@),
From the induction hypothesis we obtain
~1—(o—1
llp - P, yol, <CN""7 V)
so that
(2.6) e — P, yoll, < CN"llg]|,.

This proves the lemma for v =p.
In order to prove (2.2) for v < p, we use a duality argument. Consider the
operator L, defined from H™’(A) into H{(A) by

VieHP(A), Yy eHi(A), ((d"(L,f)/dx", dy[dx")y= ([, ).

It is well known that L, is an isomorphism from L*(A) into H”(A)NHJ(A),
so that we have

(9 —P, yo, ¥))y

||¢ - Pp,N¢||0 = Ssup

wELX(A) ”'/’Ho

~ sup ((d”(p - P, y0)/dx’, dp(L,,'//)/dxp))o
weL(A) ||'//1|0

= sup ((d(p - Pp‘N(p)/dx” ) d”(pr/ - Pp’N(pr/))/dx”))O
wELX(A) [lwll,

where the last equality holds because of the definition (2.1) of P, yo. We
deduce that

||pr/ _Pp,N(LpVI)”p .

b

llp =P, yolly<lle —P, yoll, sup Wl
weLX(A) lwlly

using (2.6), we obtain
1L wlly,

- -2
llo =P, yollg < CN""’|lp||,N°~
y/ELZ(A) “W”o

From the regularity of L, we finally derive

llp —P, yolly < CN°llll,.
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We have proved (2.2) for v = 0 and v = p. We deduce now the result by
interpolation. Indeed, the two results we have proved can also be stated as
follows: the mapping 1d —Pp, ~ 18 linear continuous

-from H’(A)NH{(A) into L*(A) with a norm bounded by CN™°,
~from H’(A) NH{(A) into H’(A) with a norm bounded by CN*™7.
We derive from [8, Théoréme 1.5.1] that, for any # in (0, 1), the mapping

Id —Pp N 1s linear continuous

—from H’(A)NH.(A) into [HY(A), L*(A)], = H”(A) with a norm bounded
by CN% =% which concludes the proof of (2.2). O

We now turn to the case where s and p are integers such that 0 < s < p.
From the well-known properties of the traces we deduce that there exists a linear
continuous operator Ap from H’(A) into the subspace of polynomials Py,
such that for any ¢ in H”(A)NHy(A) we have

9—-A,0cHi(A) and |9 —A,9ll, <Clloll,,
VueR", |IA,0ll, < CWlill,

It is an easy matter to check that, if we assume (2.4), the polynomial A+
P, v(0—A,0) is an element of P}, . Thanks to (2.2), it satisfies, for any ¢ > p
and any ¢ in H°(A)NHy(A),

(2.7)

Vo, 0<sv<p, llo—(A,0+P, \(9—-A0)l, <CNllo— A0,
From (2.7) we deduce that

o — (A0 +P, (0 —A ), <CN"llg|l,.
P p D

We now define H;’,?V to be the projection operator from H”(A) N H(S)(A)

onto PSN with respect to the scalar product ((-, -))p of H”(A). Using this last
inequality with v = p, it is an easy matter to check that

.0 .
llp —IL yoll, = inf llo—oull, <llp—(A,0+P, y(9—A,0)l,,
oNEPY
so that
,0 -
(2.8) o — I yoll, < CN""°|lgl,-

We now use a duality argument to analyze ||¢ — H;”?v(oHO. As in the case
s = p, consider the operator Ep defined from H™”(A) into H(A) by

VSeH(A), Yy eH(A), ((L,f, ), =(f.v)

It is well known that fp is an isomorphism from L*(A) into H?(A) NH{(A),
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so that we have
(9 —TE 0. w),

,0
llo T oll, = sup

yeL}(A) Hwllo
- (((p =TT %0), Ly)),
wELY(A) “'//“0

,0 T N iyieg
- (((p —TLS0), (Lw — L S(L ),
wELX(A) ||V/”0 ’

where the last equality holds because of the definition of H;‘y?\,(p. We deduce
that

»

i: _HS,O i
o~ TE gl < llp — Tl sup 1o~ TountEo¥ )l
weL(A) lwll,

using (2.8), we obtain

0 _ i IL,vll,
llp =T Soll, < CN" gl , N~ 2
w€ELY(A) “WHO

From the regularity of L , We finally derive
,0 -
(2.9) llp =T yolly < CN"°lloll,-

With an interpolation result we then obtain an estimate for ||¢ — H;’gv(pllu for
any v, 0<v <p. Hence, we have proved

Lemma 2.2. For any ¢ € H°(A)NHy(A), with g > p, we have
(2.10) W, 0<v<p, llo-T0, 0l < CN"’ligll,.

Second step. We want to extend Lemma 2.1 to nonintegral values of p, p ¢
N + 1/2. We must distinguish the two cases p~p < 1/2 and p—-p > 1/2.

We begin with the case p —p > 1/2 and take ¢ in H°(A)N Hg(A) with
o > P+ 1. It is standard to note that ¢ is, in fact, in HSH(A). Now using
Lemma 2.1, we obtain
inf |[|p —pyll, < CN"|jgl|

‘/’Neﬂ)i‘“ N ’

forany g > p + 1 (use (2.2) for Poin in the case v = p). Since we have
ngﬂ = P4, , we deduce that

(2.11) Vo >p+1, inf [lo—g\ll, <CN""lig],.
oNEPY
We now consider the case p —p < 1/2 and take ¢ € H’(A) n Hy(A),
o > P+ 1. Using now Lemma 2.2 gives

inf_|lg - oyll, < CN""ligll,
oy EP,
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(use (2.10) for l'lf:,;?yN with v = p), so that, forany 6 >p + 1,

(2.12) Vo>p+1, inf [lp—gyll, <CN""|gll,.
onEP,

Now define, for nonintegral values of p, p ¢ N+1/2, a scalar product over
H/(A) obtained by interpolation of index 1/2 between L*(A) and HY(A) if
2p does not belong to N+ 1/2, and by interpolation of index 1/3 between
LZ(A) and HS” (A) if 2p belongs to N+ 1/2 (see [8, p. 12 and Chapter 1,
§11.5]). More precisely, we consider the domain operator interpolation: there
exists a self-adjoint operator Gp such that

-the domain D(Op) of the operator Op in LZ(A) is HS(A),

-if 2p does not belong to N+ 1/2, the domain D(Gﬁ) of the operator 9;
in L2(A) is Hé" (A); if 2p belongs to N+ 1/2, the domian D(G;) of the
operator 8[3, in L? (A) is HS" (A). Moreover, if p does not belong to N+1/2,
the bilinear form
(2.13) (u, v) = (((u, v))), = (4, V), + ((B,u, B,v)),

is a scalar product whose associated norm, denoted by ||| ||, is equivalent to
the one defined in (2.2).

From (2.11) and (2.12), the projection operator P, v from Hg (A), provided
with the norm ||| - |||, onto P/, verifies the following estimate, for any ¢ €

H“(A)ﬁHg(A), c>p+1,
||¢ - Pp,N¢”p S CNp_U||¢||a'
Trivially, we also have

A simple interpolation argument now gives, forany ¢ > p and any ¢ € H’(A)N
H{(A)
0 >

(2.14) o —P, yoll, <CN"“ligll,.

We now use the abstract duality result of the appendix to derive an optimal
estimate for ||¢ —~P, \¢l|,. In the situation where Y, = LY(A), Z=H?A)N

HS(A), Y= D(Gf,) ,and X = Hﬁ(A), we obtain from (2.14) that

- lly =P, yvll
llp —P, yollo < CN"°llpll,  sup T ’l’[’N L
wEH? (A)NHE(A) Yl
S CN—0||¢“J'

Interpolating between (2.14) and the previous estimate, we conclude that, for
any ¢ e H*(A)nH{(A), o > p, we have

(2.15) Vv, 0<v<p, llg—P, yoll, <CN’llg||,.
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Following the same lines as in the proof of Lemma 2.2, we deduce from the
result (2.15) the existence of an operator H y for any values of p and s that
satisfy the bound of Theorem 2.1.

Remark 2.2. 1t is an easy matter to state a similar result concerning the existence
of an operator from the closed subspace of all elements of H”(A) such that only
some of the derivatives of order < p — 1/2 vanish on the boundary of A onto
the space of polynomials in P, having the same derivatives equal to zero at
the boundary.

Remark 2.3. As pointed out in {18], the operator A, +P, yo(ld- ) defined
in (2.7) for integral values of p, and that could be deﬁned in a 51m11ar way for
any real number p not in N+ 1/4, has the same approximation properties as
l'Ip, ~ and, moreover, it preserves the traces of any element of H’(A).

3. SOME RESULTS CONCERNING WEIGHTED SOBOLEV SPACES

3.1. Notation and basic properties. Let us briefly recall the definition of the
weighted Sobolev spaces we shall use. If p(x) = (1 — xz)_l/ 2 denotes the
Chebyshev weight on the interval A, let

(3.1 Li(A) = {<D:A — R | ® is measurable and / d)z(x)p(x)dx < +oo}
A

be the Lebesgue space associated with the weight p(x). We provide it with the
inner product

(3.2) (®,Y), = /I\Q(x)‘l’(x)p(x) dx.

For any integer m > 1, we set
HY(A) = {® e L (A) | d“®/dx" e L2(A), 1 <k <m},

the weighted Sobolev space of order m, provided with the inner product

(3.3) (@, W), , = (d®/dx", d"¥/dx"),
k=0
and the norm

(3.4) ||(I)|| (P, D)),

For any real number s = m + o, with 0 <a <1 and m an integer, H;(A)
is defined by Hilbert interpolation of index o between the space H';’(A) and

H;"“(A) :

H(A) = [H) (A), H)*' (A)]

4 @
(see [8] for more details). In addition, we define H;O(A) to be the closure of
Z(A) in H“;(A).
We recall some results proved in [1] that extend to these spaces the results
of [6].
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Theorem 3.1. (i) For any real numbers s,p, q such that 0 < g <s <p and
which do not belong to N+ 1/4,

(3.5) H, o(A) = [H) (A), HY (M),

with 6 = (s — p)/(qd - p).

(ii) For any real numbers s,p,q such that 0 < g < s < p and such that
p and q do not belong to N+ 1/4, H;(A) satisfies the following topological
imbedding :

s P q

(3.6) H'(A) C [H2(A), HY(A)),,
with 6 = (s —p)/(qa - p).

(iii) For any real number s > 1/2, s ¢ N+1/2, the space H;(A) is contained
in C”(A), where v is the integral part of s —1/2.

(iv) For any integer m, the trace mapping defined from C™(A) into R
by

2m+2

u— (u(=1), dufdx(-1),...,d" u/dx"(-1),
u(l), du/dx(1), ..., d"u/dx" (1)),

can be extended to a continuous mapping from H“;(A) onto R*™* for any real

number s > m + 1/4. Moreover, the space H;‘ o) coincides with the kernel
of that trace mapping.

We recall also the following result that can be found in [5].

Theorem 3.2. For any real number s > 1/4, H’(A) is contained in H;_l/ 4(A).

3.2. The case of real interpolation. Let us first use a wider class of interpolation
that depends on two real numbers. It consists of the real interpolation procedure
(see [9] for more details), and we recall that for all 8 € (0, 1), and (r,r) €
=+.2 ’
R, rzr,
(3.7) [H)(A), Hi(A)], , C [HO(A), HE(A)],
and that, in the case where r is equal to 2, this interpolation coincides with any
Hilbert interpolation.

Define the weight function @ on R* by

+ x—l/z > 0 S X S 1 ’
VxeR', owx)=
I, x> 1.
We define the weighted Sobolev spaces associated with this weight as follows:

LZ(R"L) = {(D: R" — R| @ is measurable and <D2(x)w(x) dx < +oo} ,
]R+

and, for any integer m > 1,
H'(R") = {®c L) (R") |d"®/dx" e L2(RY), 1<k <m};

w
these spaces are provided with the norm ||, .

The next lemma exhibits an equivalent norm over HZ}(R“L) .
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Lemma 3.1. For any integer n > 2 and for any u in H’ (R+) we have
(3.8) Vm, O<m<n, |ld"u/dx"|l, ,<C(lully ,+ld"u/dx"]], ,)

Proof. Let us choose a function u in HZ)( ™y, and define u" as the orthogonal
projection of U, into P, for the L2(0, 1) scalar product. It satisfies

I

(3.9) VoeP,, / (u—u")(x)p(x)dx =0,
0

and, from the uniform equivalence of norms over P, ,

(3.10) Yu>0, ||u*||#,(o,1) < C(n)l|u||0’w.

We deduce that, in particular, the element % = u — u” has zero average and is
continuous on (0, 1), hence & vanishes at least once in (0, 1). If % has a finite
number of zeros in (0, 1), let (¢),.;<, be all of those with odd multiplicity. It
is an easy consequence of the definition of the £; to note that (u)( ?:1 (x=¢,)
has constant sign on the interval (0, 1). Let us assume that p < n; taking
¢ =17, (x —¢&,) in (3.9) implies that (#)(JT5_,(x —¢&,)) is constant equal to 0

n (0, 1}, which contradicts the assumption. We therefore deduce that % has
at least n distinct zeros in (0, 1). This implies that forany /, 1</<n-1,
the function 61(H)/6x[ vanishes at least at one point g, in (0,1). Asa
consequence, we note that

welo, 1], |@u/ax)) <

8I+l_/ax1+l dt}

#

1/2
< C[/Ol(a’“u/ax’“)zw(y)dy] :

whence, from (3.10), we deduce that

vwelo, 11, |(@'m/ax )y

3.1 + + 11/2
G- < (1, + /0< o' afox' Ya)ay| )
and
1 1172
[ e'maxyomay < (i, + / @ ajox" Vo) dy] ).
0 LJO J

By induction, we derive that
i
(3.12) v, 1<l<n-1, / @'ujox' Y )w)dy
0

< C(llully , + 118" u/0x"ly ).

Let v bean element of #°°(R") with valuesin [0, 1], with compact support
in [0, 3], and such that v(1) = 1. The element % defined on R* by
n—1
v >0, () = utx) - | 0= 1)voou 1y

=1
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satisfies
(3.13) vi, 1<l<n-1, 8u/ox'(1)=0;
moreover, we derive from (3.11) that
[, ~ l}
(3.14) VI, 1<I<n—1, |8 @-u)/ox)l, , < C(lully ,+lI8"u/0x"|ly ).

Integrating by parts and using (3.13), we deduce that
Vi, 1<l<n-1, / ©'5/0x")20x) dx
1

- —/ @ '7/0x 0 /0x" Y x) dx;
1
hence VI, 1</<n-1,

/w(alﬁ/axl)z(x)dx < %/w(a’“‘a/ax"')
1

2()c)dx

1

e I+1 1+1,2
+ %/ (@ u/ox ) (x)dx.
1
Iterating this process, we find that

vi, 1<l<n-1, / (6[ﬁ/axl)2(x)dx
1

< C[/ @) (x)dx +/ @"7/9x" (x)dx]| .
1} 1
and from (3.14), we conclude
wm, 1<m<n—1, / (@™ ufox™ () (y) dy
1

< C(llully, , + 110" /8"l ).
This last result and (3.12) yield the lemma. O

Corollary 3.1. For any function u in H.(R") we have

2
(3.15) lull} o < Cllully, ,llully 4
Proof. Applying (3.8), with n = 2, to the function x — u(tx), for t > 0, we
derive that

2
(3.16) ve>0, 'l , — Cllully,+ 14"l ,) <O.

If the roots of the polynomial [[|«|l, ., — C(llully ., + t2||u"||0,w)] are real,
they are positive; hence, we deduce from (3.16) that the discriminant of this
polynomial is nonpositive, that is,

1,2 2 "
lu'lly, o — 4C lullg llu llg o <O

This immediately yields (3.15). O
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Another consequence of Lemma 3.1 is

Corollary 3.2. Let n be an integer; the scalar product on H;(A),
(3.17) (@, ¥, = (0, W)y, +(d"(9)/dx", d"(y)/dx"), .

defines a norm on H;(A) equivalent to the standard one.

Let X be a Banach space. We say that X is contained in %, (H/(A), H}(A))
for a real number 8 in (0, 1) if

p P

(3.18) [H)(A), H)(A)], | € X C[H)(A), H}(A)], -

We recall the following characterization: a Banach space X contains the space

[H (A), HI(A)], , if and only if

(3.19) Vue H)(A), |[lullx < Cllull
We now prove

Lemma 3.2. The space H;(A) is contained in %, (H2 (A), LZ(A)).

1/2 p
Proof. By (3.6) and (3.7), we immediately obtain

(3.20) H (A) C [H)(A), LY (A)], ), .

Let us consider a function g of C*(A) with values in [0, 1] such that
Vx, -1 <x<-1/3, Bx)=1,
Vx, 1/3<x <1, B(x)=0.

oo ldlly -

Let w be any element of H* (A) . We derive from (3.15) that

IIb’ nl,, clipul ,,||/sw||2p cuwuopnwnz,,,

(3.21)

From the Cauchy-Schwa-rz inequality, we then obtain
2 1/2 12
vwe H (A), |lwll, , <|[Bwll, ,+II(1-Bwll, , < Cllwlly / Wl !
The lemma now follows from (3.19) and (3.20). O
We can easily extend the same techniques to higher derivatives and state

Theorem 3.3 [7). For any real numbers s, p,q such that 0 < q <s <p and
which do not belong to N+ 1/4, and for any r such that 0 <r <s, the space
H;(A)OH;,O(A) is contained in Z,(H,(A)NH), ,(A), HY(A)NH}"(" 7 (A)),
with 6 = (s —p)/(a - p).

3.3. Some properties of the dual spaces. In order to sharpen the previous results

on Hilbert interpolation, we need some properties of the duality between the
spaces H;’O(A). Let us introduce, for any real number s > 0, the dual space

H *(A) of H) ((A). In the following, we shall always identify Li(A) with
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its dual space. As a consequence, differentiation in the space of distribution
D'(A) is defined as follows:

(3.22) YfeZ'(A), VoeD(A), (df/dx,)=~(f,(1/p)ld(pp)/dx]).

Obviously, this definition coincides with the classical notion of differentiation
for regular functions.

The following lemma is then an easy consequence of [8, Chapter 1, Proposi-
tion 2.1].

Lemma 3.3. For any real number s > 0, [H;’O(A), H;S(A)]l/2 is equal to

L}(A).

Now we can prove

Lemma 3.4. For any real numbers p and q, p > q >0, such that p and q do
not belong to N+ 1/4, and for any 6 in (0, 1) such that

(3.23) s=0p+(1-6)g ¢ N+1/4,

we have

(3.24) [H,*(A), H)P(A)], = H,*(A).

Proof. Recall that, under the conditions of the lemma, Theorem 3.1 states that
(3.25) [H) o(A), H ((M)],_s = H, o(A).

Using now the theorem of duality (see [8, Chapter 1, Theorem 6.2]), we deduce
(3.24) from the definition of the spaces H;'(A) for r>0. O

Using now the technique of [8, Chapter 1, Theorem 12.3], we deduce from
the previous results:

Lemma 3.5. For any positive real numbers p and q such that p and q do not
belong to N+ 1/4, and for any 6 in (0, 1) such that

(3.26) s=(1-0)p—-0g ¢ N+1/4 and -s ¢ N+1/4,

we have s
H,,,o(A) ifs>0,

H;(A) ifs <O.

We are going to prove now that, in the case where m is an integer, the
elements of the space H;m(A) are derivatives of some functions in Li(A).

More precisely, let us introduce the space #, "(A) = {d" f/dx"; f € Li(A)} .

[H ,(A), H,“(A)], = {

Theorem 3.4. For any integer m > 0, the space %—m(A) coincides with the
space H,"(A).

Proof. Let u be in H;"VO(A); it is an easy consequence of Hardy’s theorem,
and has been proved in [1, Lemma 3.2}, that (1/p)[d" (up)/dx™] belongs to
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Lf,(A) . Tt follows that, for any f in Lf,(A) ,

[ S wp 1) dx < Ul Ml

We conclude from this bound, and from (3.22), that 4" f/dx™ isin H " (A).
This proves that %, " (A) C H,™(A).

Conversely, it follows from [1, Lemma 3.2 and Corollary 3.1] that the map-
ping u — (1/p)[d"(up)/dx™] defines an isomorphism from HJ'  (A) onto
a closed subspace of Li(A). Hence, for any L in H;"’(A) , there exists an
element L, defined on this closed subspace, such that

Vue Hy o(A), (L, u)=(L, (1/p)d" (up)/dx"]).
We deduce from the Hahn-Banach theorem that L can be extended into an
element of the dual space of Lf,(A) , whence of le,(A) . Let f be that element;
it is then obvious that L and 4" f/dx™ coincide on H' ((A). This proves
that H;”’(A) C )’[’;)—'"(A). ]
3.4. The case of Hilbert interpolation. In this section we prove a more precise
result concerning Hilbert interpolation between weighted Sobolev spaces.

Theorem 3.5. For any integers s and p such that 0 < s < p, the space

[HY(A), L2 (A),_s), is equal to H)(A).

Proof. It is an easy consequence of well-known results on interpolation between

standard Sobolev spaces that
2

[H)(A), L,(A)],_,),, C [H(A), L
so that from Theorem 3.2
(3.27) [HY(A), L3(A)),_,y,, € H, ' (A).

In addition, the operator d”/dx” is linear continuous from the space H/(A)

H M) pesyp = H(A),

into Li(A) and, from Theorem 3.4, it is also linear continuous from Li(A) into
the dual space H;” (A). It follows from the principal theorem of interpolation

[8, Chapter 1, Theorem 5.1] that d”/dx” is linear continuous from the space

[HZ(A) , Li(A)](p_s)/p into [Li(A) , H;”(A)](p_s)/p . The space coincides with
H;“’ (A), so that we can state

(3.28) [H(A), Lf,(A)](p_s) »Cife Hjj‘(A); d’fldx" e H,"(A)}.

We deduce from Theorem 3.4 that, if f is an element of [Hf,(A) , L,Z;(A)](p—s) o
there exists an element g of Lf,(A) such that d” f/dx? =d*g/dx"™° . It is

an easy matter to check that d’f/dx’ — g is a polynomial in P,__, and that

d’f/dx’ is in fact an element of Li(A) . We derive from (3.28)

[H)(A), LA(A)],_y, € {f € B\ (A); d°f/dx" € Ly(A)} = Hi(A),

This imbedding, and (3.6), give the theorem. O
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The reiteration theorem, together with the definition of the spaces H;(A),
gives the following general result:

Theorem 3.6. For any real numbers s, p,q suchthat 0< q<s<p, g<p,
we have

(3.29) H)(A) = [H(A), HY(A)]

Moreover, we can state

(p—s)/(p—9q)°

Theorem 3.7. For any real numbers s, p,q notin N+ 1/4 such that 0 < g <
s < p, and for any integer r such that r < s, we have

(3.30) H,(A)nH) ((A) = [H)(A)NH], ((A), HJ(A) nHjjg""”(A)]
Proof. Tt is an easy matter to deduce from (3.29) that

(p—s)/(p—9g)°

in(r, q)
[H)(A) N H], 4(A), H)(A) nH 0" P ()], -0

p q o
C (HY(A), H (M), ) = H(A).
In addition, we also have, if r <gq,
P r q r r
[Hp(A) N Hp,O(A)’ Hp(A) N Hp,O(A)](p—s)/(p—q) C Hp,O(A)'

Hence we first deduce the imbedding, in the case where r < ¢,
[H2(A) N H, ((A), HY(A) nH'0 9 (A)]
) r
CH,(A)nH, (A).

(p—s)/(p—q)

(3.31)

Furthermore, if r > ¢, it is an easy matter to check that the space & (A)N
H;'O(A) is dense in the spaces Hf,(A) N H;,O(A) and H;’,'O(A); therefore,
Z*(A)NH, ,(A) is also dense in the space
p r q
(H,(A) N H,, o(A), Hy, o(M)]_sy/p-0)

and (3.31) is also satisfied for any r.

Conversely, assume now that neither s — 1/4 nor p—1/4 nor g — 1/4 are
integers. Let u be an element of H;(A) N H;‘O(A) . We define the polynomial

s of Pyr—z_, such that u — »~ is an element of H;,O(A). It is an easy
consequence of Theorem 3.1 that - exists and satisfies
(3.32) VYo >0, ||/‘||a,p5C||“”s,p and /aeH;vo(A).

We deduce from equality (3.5) that the element u — ~ belongs to the space

[H; o(A), H o(A)p_sy/p-) » hence

» r in(r. )
u— € [H(A)NH, ((A), HIA) nH (M) o

From (3.32) we derive that

r q min(r, q)
ue [Hﬁ(A) n Hp,O(A) ) Hp(A) n Hp.O ! (A)](p—S)/(p~q) ’

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




552 Y. MADAY

which proves the converse inclusion of (3.31) whenever s —1/4, p—1/4, or
g — 1/4 are not integers. O

4. APPROXIMATION RESULTS FOR PROJECTION OPERATORS
IN THE WEIGHTED SOBOLEV SPACES

Let p be a nonnegative real number not in N+ 1/4. By virtue of (3.5), we
can define a new scalar product over HI/)),O(A) . Indeed, for any p such that 2p

isnotin N+ 1/4, Hf;,o(A) can be obtained by interpolation between L/Z,(A)
and H;’ZO(A) of index 1/2, and forany p such that 2p isin N+1/4, H) ((A)

can be obtained by interpolation between Lf)(A) and Hi’f o(A) of index 1/3.
If we consider domain operator interpolation, we can deduce the existence

of a self-adjoint operator Op , such that

~the domain D(, ) of the operator ©,  in L(A) is H, \(A);
-if 2p does not belong to N+ 1/4, the domain D(8[2], p) of the operator

@ , in L3(A) is H2 ((A); if 2p belongs to N+ 1/4, the domain D(®) )

of the operator 8;’ , in Lf,(A) is H;’i olA).
Moreover, the bilinear form

(4.1) (u, v) = (((u,v))), ,=u,v),+(©, u,0, v),

is a scalar product whose associated norm, denoted by ||| - |||
to the one defined in (3.4).

We are going to examine the properties of the projection operators related
to the scalar product defined in (4.1). The interest in considering this kind
of projection operator will appear when we shall analyze the approximation
properties they satisfy in lower-order norms.

We first choose pin N, and we define Pp’ n as the orthogonal projection
operator from Hf,,o(A) onto P}, with respect to the scalar product defined in
(4.1).

Lemma 4.1. For any ¢ € H)(A)NHY ((A), with 0 > p, we have

0. p is equivalent

(4.2) v, 0<v<p, |lo—P, yoll, ,<CN"’llgll, ,.

v,p —

Remark 4.1. The estimate in the case ¥ = p = 0 has been proved in [4], and
the case 0 < v < p =1 is analyzed in [12] (note that the dependence of the
constant C in (4.2) with respect to ¢ is such that there exist two constants C,
and C,, 0< C, <, suchthat C o! < C(0) < C,a!). Moreover, it is proved
that no optimal bound is possible for H;,O(A)-norms with v > p. Indeed, for
example, the best possible estimate is

2v—
llo =Py yoll, , < CN*llgll, -

It is often necessary (see [5, 2, 11, 18] and (5.13)) to obtain optimal results in
higher norms.
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Proof of Lemma 4.1. We prove (4.2) for v = p by induction over p in N. In
Remark 4.1 we have recalled that the result is well known for p = 0. Assume,
then, that for any ¢ in H;(A) N H’/’,,_Ol (A) with ¢ <p—1 we have

(4'3) VV’ OSVSP_19 ||¢_Pp—]’N¢||y’pSCNV_UH¢||0'”0'
For the same reason as in §2, we assume that
(4.4) N>2p-1)
(note again that the asymptotic result (4.2) is trivial for ¥ < 2(p — 1) if we
take the constant C large enough).

Let ¢ be an element of HY ((A); then ¢’ belongs to H’/’,TOI (A), and since
p(-1)=9p(-1)=0, we have

1 1
a = » Pp_l ,N_1((p/)(l) dt = /_l[Pp_l’N_]((/)l) - ¢I](t) dr.

Here, one cannot prove that o is equal to 0, but from the Cauchy-Schwarz

inequality we find

lof < (/_ll[Pp_l,N_l(f/f') - <//]2(t)p(t)afz>w(/_l1 p_l(l)dz>l/2

<CIP,_y y_ (@)= 9'lly.
so that, from the induction hypothesis (4.3) we obtain

(4.5) la] < CN'™%}j¢’|]

Finally, we deduce that the primitive function

Ry = [ [0,y @0 - =2y ([ -5y as)]

-1

a—1,p*

is a polynomial in IP’f\, (note that we have used here the hypothesis (4.4)). From
the Poincaré-Friedrichs inequality (see [1, Corollary 2.1]) we derive

e = Ryll,., <Il(e = Ry)ll,—y
and the induction hypothesis (4.3), together with (4.5), gives
llg = Ryll, , < NP7 Ny 1)y < CN" g, -

o—1,p —
From the equivalence of the norms || - || and ||| -il| 0.p W derive that

p,p

e = Rylll,., < CN"ligll, -
Since the definition of Pp, ~ Yields the relation

g —P, v(@ll, ,= wigg’; lile —onlll, , < llle = Rylll, ,»
we obtain for any ¢ in HJ(A)nH) ((A)

(4‘6) |”¢_Pp,N(¢)|||p‘pSCNp_G||¢||g,p'
This proves the induction hypothesis for v =p.
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Next, to derive the case v = 0, we use the abstract duality result of the

appendix. With Y, = L2(A), Y = D> ), Z = H?(A)n H”. ,(A), and
0 P p,p P p,0

X =H) (A), we obtain by using (4.6) that

_ ly =P, vl
lle =P, v(@lly, <CN"lioll, ,  sup e

verrnnt 1) ¥y,
—a
S CN ||¢||a’,p'
Now, from the two estimates
p—0
Va>p, llo-P, y(@l, ,<CNlgll, ,.

Vo>p, lle-P, y(@lly , < CN_GWH,,,,,,
valid for any ¢ € H)(A)NHg ,(A), we obtain for any 6 € (0, 1)

Op—c
”w_PP’N((/))”[H‘;,O(A)’Li(’\)]e < CN ”(p”g,p-

From this result with 6 = v/p, we deduce, using (3.5), that forany 0 <v <p
we have

(4.7) lo =P, v, , < CN"°llo|

which completes the induction argument. O

ag,p’

As in §2, we are now interested in the approximation of the spaces H? (A)N
p
H;‘O(A) by elements of P}, when s and p are integers such that 0 <s<p.

From Theorem 3.1 we deduce that there exists a linear continuous operator Ap
from Hf,(A) into the subspace of polynomials Py such that for any ¢ in
H/(A) we have

¢_AP¢EH2,O(A)’ ”w—Ap¢||p,pSC|l¢“pyp’

VueR", (A0l ,<Cw

(4.8)
< CWligl, .

By Lemma 4.1, we have for any ¢ > p and any ¢ in H’;(A) n H;’O(A)

(g —A,0)— (R, (@0 —-A0)I, ,<CNllo-A0ll, ,
We deduce from (4.8) that
lle— (A0 +P, y(@—A0)l, ,<CN°ligl, .

The operator P, \ =A +P, ,o(Id-A)) from H)(A)NH, ,(A) onto P, N
H (A) is such that

(4.9) le—B, yoll, , <CN"’lloll, .

v,p =

As noted in [18], the operator l~’p’ y Dreserves the traces of any element of
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Hf,(A) . This proves that in fact IN’p’ v 1s independent of 5. We have proved
Lemma 4.2. Forany ¢ € HZ(A) N H;’O(A) with ¢ > p, we have
(4.10) W, 0<v<p, llp-B, yoll, ,<CN"’lloll, -

Remark 4.2. The operator }~’ N is not defined as a projection operator for a
scalar product. This may be a dlsadvantage in some applications (see [2]), but
we note that we can define a new scalar product over A that induces a norm
equivalent to the original one by using Theorems 3.6 and 3.7. More precisely,
for example in the case where s = 0, we recall that the space Hf,p (A) is the

domain of a positive, self-adjoint operator Q in L,Z,(A) and that the domain of
Q= (Q)"? is then H/(A). The space H/(A) can be provided with the scalar

product

((u, v)) = (u, v), + (Qu, Qu),,.
If we define the projection operator P, y on Py with respect to this scalar
product, we obtain from (4.10) that

p—0
Ilu_Pp,Nullp pSCN “u“g,p

Using now the abstract duality result with Y, = Lf)(A) , L= Hf)” (A) =Y, and
X= H’/’)(A) , we deduce that

lu-P, Nu||0p<CN ||ul|a,p.

The complete set 0 < v < p is recovered by an interpolation argument that
relies upon Theorem 3.6. We also obtain for any u in H‘;(A) with ¢ > p that

—0a
Vo, 0<v<p, |u-P, yull, ,<CN"|lull,

We now prove an analogue of (4.2) for nonintegral values of p such that
p—1/4 isnotin N. Here, the twocases p—p < 1/4 and p —p > 1/4 must
be distinguished.

We begin with the case p —p > 1/4 and take ¢ in H)(A)NnH)  (A) with
6 >p+ 1. Itis a consequence of Theorem 3.1 that ¢ is, in fact, in H? +l(A)
Using now Lemma 4.1, we obtain

inf |lp—oyll, , <CN°|lg|l
¢N€m Nlip,p a,p

forany ¢ > p+ 1 (see (4.2) for P17+1,N in the case v = p). Since we have
IP“;_’VJrl = P4, , we deduce that

onEPY

Consider next the case p—p < 1/4 and take ¢ € H (A)NH) ((A), 0 > p+1.
Using now Lemma 4.2 with P— N gives

mf_ll(/f—w I,., < CN"lloll, ,
ey Nlip,p
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(see (4.10) for P with v = p), so that, forany ¢ >p+ 1,

p+1.N

(4.12) Vo2p+1, inf llp=pull, , < CN"lloll, .,

From (4.11) and (4.12), the projection operator P,y from HS(A) onto
P‘I’V with respect to the scalar product defined in (4.1) satisfies the following
estimate, for any ¢ € HZ(A) N H‘/’)’O(A), c>p+1,

||¢ - Pp’Nwllp’p S CNp_U“¢||g,p'
Trivially, we also have

llo -, voll, , <Cligll, ,-

A simple interpolation argument, that relies upon Theorem 3.7, now gives, for
any ¢ > p and any ¢ € H)(A)NH) ((A),

(4.13) lle =P, yoll, , < CN"ligll, -

The same techniques as in §2, which rely on the abstract duality result and
an interpolation argument, yield for any ¢ € HZ(A) N H‘;,O(A) , 6 2 p,and
any v, 0<v <p, that

(4'14) H¢_Pp,N(¢)||y,pSCNV_U||¢||a,p'

Following the same lines as in the proof of Lemma 4.2, we can prove

Theorem 4.1. Let p and s be two real numbers such that p ¢ N+ 1/4, 0 <
s < p. There exists an operator H;”(jv from H(A)NH, ((A) onto Py such
that, for any ¢ € H)(A)nH, (A) with 0 > p, we have
v, 0<v<p, llo-TIL ol ,<CN"lgl|, .

Remark 4.3. Similar results concerning the existence of an operator from the
closed subspace of those elements of H’;(A) for which only some of the deriva-
tives of order < p — 1/4 vanish on the boundary of A onto the subspace of
polynomials of P, satisfying the same boundary conditions can be obtained
following the same lines.

Remark 4.4. We point out that the previous operators can all be seen as orthog-
onal projection operators with respect to some scalar product (recall Remark
4.2). In the general case, it seems difficult to exhibit exactly the analytic form
of this scalar product, but the previous remark will be essential in a forthcoming
paper.

S. AN APPLICATION

5.1. Definition of the problem. In order to explain how the previous results can
be applied, we consider the approximate solution of the very simple problem:
find v defined on A such that

(5.1) d'wjdx*=f onA,  w(xl)=(dw/dx)(%])=0.
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(This problem is a first step towards the numerical approximation of the Stokes
problem in the w-formulation; see [10, 11].)

As in §3, p will denote the Chebyshev weight; cf. §3.1. We want to prove
the following

Theorem 5.1. Forany f € H;Z(A) there exists one and only one solution v of
the problem (5.1) in the space Hi,o(A)-

This theorem is a consequence of the Lax-Milgram lemma and the following
lemma.

Lemma 5.1. There exist three positive constants o, B, y suchthat forany (¢, ¥)
e H2(A) x Hy (A)

(5.2) W, (wp)") 2 allvll;,.

(5.3) (0", (wp)") < llo"lly ¥ lly. -
Proof. (i) We first obtain the following inequalities, valid for any ¥ in Z(A),

/w (x)dx
/( ”)2 dx+2/ p'(x)dx
<ot
/ (W (x)p(x) dx + /A (W) ()0 (x)dx + /A W) ()w(x)p" (x) dx
/ (" (x)p(x) dx — / v (x)p" (x) dx - / v () (wp") (x) dx
A
/(u/ X)dx—Z/Au/'z(x)p"(X)dx

+(1/2) / VA (x)p"" (x) dx.

Note that

n

p"(x) = (1+2x")p°(x),
"x) = (9 +72x° +24x")p’ (x),

from which we derive
/A W (x)(wp)" (x)dx
(5.4) = /( Y x)p(x)dx — 2/{// x)(1 +2x3)p (x)dx

+(1/2)/Au/ ()(9 + 72x7 + 24x)p° (x) dx.
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Now set
3

P= / (" (x)p(x) + 239 (x)p*(x)
A
5 2 —1i

+(2x" + 107 )y (x)p (x)p

We note that P > 0; moreover, an easy calculation gives

P= / W' (x)(wp) (x)dx — 2107 / W (x)p° () dx
A A

(x)dx.

9

- / (5-78x% +0.4699)y’(x)p’ (x) dx,
A

so that
/ w'(x)p° (x) dx < 50 / W () (wp) (x) dx.
A A

From this we derive that
/v/z(x)<1+2x2) (x )dx<150/ X)wp) (x)dx,
A

and using this inequality in (5.4), we obtain a constant ¢ > 0 such that

/A W' () (wp) (x)dx > ¢ / (W) (x)p(x) dx.

A

Inequality (5.2) then follows as a consequence of the Poincaré-Friedrichs in-
equality.
(i) Finally, let us note that for any (¢, ¥) in Hf‘)(A) X H(z), p(A) we have

(0", (wp)") = (0", ¥"), + 2/A¢"(x)w'(X)p'(X)dx

+ /A 0" (x)w(x)p" (x) dx
We easily derive

(5.6) ", w1 < lie"ll v lly -

Let us examine the second term in (5.5). We have

(5.5)

" !

9" (x)y'(x)p'(x) dx

’/ " ()W 0 p” ) (x)p(x) dx

1/2
< ‘ /A (0" (x)p(x) dx

Since p'z(x)p_'(x) = x° ps(x), as a consequence of Hardy’s inequality we
derive that (see [1, Lemma 2.2])

(5.7) | [ ip ) ax

1/2

/A (W' P ()0 (0) dx

<Cllg"lly. 1%y, ,-
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In a similar way we obtain

//\(o"(X)V/(X)p"(X)dx

so that (5.3) is a consequence of (5.5)-(5.8). O

(5.8)

" "
<Cllg"lly ¥ 1l 5>

Proof of Theorem 5.1. Let f be in H;2 (A). Problem (5.1) is equivalent to
finding ¥ in Hi,o(A) such that, for any ¢ in Hi,o(A)’

(5.9) / W' (x)dx = (f, 9).

The bilinear form a, defined for any (x, ¢) in Hf)‘O(A)2 by

(5.10) ax, ¢) /x (x)dx.

is continuous and elliptic on H’ ’, o(A) (see Lemma 5.1). The Lax-Milgram
lemma gives the existence and uniqueness of a solution of (5.9), hence of
(5.1). o

Remark 5.1. We point out that problem (5.1) is defined for any f in the
space H;Z(A) hence, a priori, the right-hand side of (5.9) cannot be written as
N x)pdx . This formulation is valid if we assume that f is more reg-
ular, at least in L p(A). In the general case, we know from Theorem 3.4 that

there exists a function g of Lf)(A) such that f=g", and

Vo eH, (A), (f.0) = [ 8(x)pp)" dx.

5.2. Approximation of problem (5.1). We are interested in the approximation of
the solution of problem (5.1) by a polynomial of degree < N . We use a Galerkin
spectral method (we refer to [13] and to [15] for numerical implementations and
more details on the method). From (5.9) we derive a discrete problem: find
¥y in Pi, such that, for any ¢ in ]P’i,,

(5.11) A wy(9p) dx = (f, 9).

From Lemma 5.1 we know that problem (5.11) is well posed in the sense that
there exists one and only one solution to it. Moreover, we derive from (5.9)
and (5.11) that

a(ly —yy,9)=0 forany ¢ in va,
so that (recall that Hg:?\,y/ € ]P’i,)

2,0
(5.12) aly —yy, v —yy)=aly -y, v -1, ).

By Theorem 4.1 and Lemma 5.1, we obtain the following result.
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Theorem 3.2. For any f in H;Z(A), there exists one and only one solution
wy to problem (5.11); moreover, if the solution y of (5.1) belongs to H;(A) N
Hi’O(A), we have

7
(5.13) v = wyll, , < CNlwll, -

Remark 5.2. The previous estimate is optimal, since no polynomial of ]P’i, is
asymptotically nearer to the solution y than the solution w, of the approxi-
mate problem.

Remark 5.3. The previous theorem will be extended in a future work, in order to
consider collocation and tau pseudospectral approximations of one-dimensional
fourth-order problems. Such methods are much more efficient from a compu-
tational point of view.

APPENDIX. AN ABSTRACT DUALITY RESULT

Consider two Hilbert spaces X and Y,, XCY,, with a continuous imbed-
ding. Moreover, suppose that X is dense in Y, . It is classical (see, e.g., [17])
to prove that there exists an unbounded operator €, self-adjoint and positive
definite, such that X is the domain D(8;Y;) of © in Y,. Denote by (-, -),
the scalar product in Y, and by [|- ||, its norm. We can define a new scalar
product on X equivalent to the initial one by

(A.1) ((u,v)) =(u,v)y+(Ou, Ov),,
such that the associated norm
llull = [lullg + [1©u][g]

is equivalent to the initial one. Define the space

1/2

2
Y=D©;Y,),

and equip it with the norm

2 242412
[lully = [llully + 18 ull)] "

We now turn to the approximation problem. Consider a family (X, ), of
closed subspaces of X indexed by N € N. We denote by I, the projection
operator from X onto X, for the scalar product defined in (A.1).

Theorem A.1. Let Z be a Hilbert space such that Y C Z C X, and such that Z
is dense in X. The following approximation result holds for any u in X:

[l — el

lloll,
Proof. Denote by u the difference u —I1,u. We have

(A.2) llu — Iy ull, < sup || =TT .
ez

N — Tyulls = (- Oyu, @), = (u—-Tyu, 6°(0 ),
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Since © is self-adjoint and positive, we derive

llu — T ull} = (O — Iu), OO 1)),
< (B(u —Myu), OO i) + (0 (u - yu), © ' (u-TI,u),
< (B(u—-TLu), 88 i), + (u—yu), (O i),

Therefore, from the definition of the scalar product (A.1) we have
—2. ~

Il = Dyull3 < ((u—Tu, (8 )i).

The definition of the projection operator II, yields
2 —2,~
Yo, Xy, |lu-TLully < ((u-Tyu, (® “u-oe,)).
The choice of ¢, = I1,,((©)%) gives

2

llu = Myulls < (4~ Tyu, (O )i - Iy [(©*)il));

we now derive
_2 ~

2 2~
| — Tyully < cflu —Iyull [[(® “Yu—II,[(© “ull,
whence we obtain
2 llp —yell, -2~
|lu — Myully < clju — M yul| sup ——2=1|(8 )|,
vez  l9llz

It is an easy matter to note that

1(© )il < 118 %)idlly.

Also, since 6 is positive, e ! is bounded, and we obtain
—2. .~ ~
I1(©® “ull, < cllully = cllu — Hyully,

from which the theorem follows. O
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