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G. Hamel de Monchenault,61 G. Vasseur,61 Ch. Yèche,61 M. Zito,61 M.T. Allen,62 D. Aston,62 D. J. Bard,62 R. Bartoldus,62

J. F. Benitez,62 C. Cartaro,62 M.R. Convery,62 J. Dorfan,62 G. P. Dubois-Felsmann,62 W. Dunwoodie,62 R.C. Field,62

M. Franco Sevilla,62 B.G. Fulsom,62 A.M. Gabareen,62 M.T. Graham,62 P. Grenier,62 C. Hast,62 W.R. Innes,62

M.H. Kelsey,62 H. Kim,62 P. Kim,62 M.L. Kocian,62 D.W.G. S. Leith,62 S. Li,62 B. Lindquist,62 S. Luitz,62 V. Luth,62

H.L. Lynch,62 D.B. MacFarlane,62 H. Marsiske,62 D.R. Muller,62 H. Neal,62 S. Nelson,62 C. P. O’Grady,62 I. Ofte,62

M. Perl,62 T. Pulliam,62 B.N. Ratcliff,62A. Roodman,62A.A. Salnikov,62V. Santoro,62 R.H. Schindler,62 J. Schwiening,62

A. Snyder,62D. Su,62M.K. Sullivan,62 S. Sun,62K. Suzuki,62 J.M. Thompson,62 J. Va’vra,62A. P. Wagner,62M.Weaver,62

PHYSICAL REVIEW D 83, 072001 (2011)

1550-7998=2011=83(7)=072001(35) 072001-1 � 2011 American Physical Society



W. J. Wisniewski,62 M. Wittgen,62 D.H. Wright,62 H.W. Wulsin,62 A.K. Yarritu,62 C.C. Young,62 V. Ziegler,62

X.R. Chen,63 W. Park,63 M.V. Purohit,63 R.M. White,63 J. R. Wilson,63 S. J. Sekula,64 M. Bellis,65 P. R. Burchat,65

A. J. Edwards,65 T. S. Miyashita,65 S. Ahmed,66 M.S. Alam,66 J. A. Ernst,66 B. Pan,66 M.A. Saeed,66 S. B. Zain,66

N. Guttman,67 A. Soffer,67 P. Lund,68 S.M. Spanier,68 R. Eckmann,69 J. L. Ritchie,69 A.M. Ruland,69 C. J. Schilling,69

R. F. Schwitters,69 B.C. Wray,69 J.M. Izen,70 X.C. Lou,70 F. Bianchi,71a,71b D. Gamba,71a,71b M. Pelliccioni,71a,71b

M. Bomben,72a,72b L. Lanceri,72a,72b L. Vitale,72a,72b N. Lopez-March,73 F. Martinez-Vidal,73 A. Oyanguren,73 J. Albert,74

Sw. Banerjee,74 H.H. F. Choi,74 K. Hamano,74 G. J. King,74 R. Kowalewski,74 M. J. Lewczuk,74 C. Lindsay,74

I.M. Nugent,74 J.M. Roney,74 R. J. Sobie,74 T. J. Gershon,75 P. F. Harrison,75 T. E. Latham,75 E.M. T. Puccio,75

H.R. Band,65 S. Dasu,65 K.T. Flood,65 Y. Pan,65 R. Prepost,65 C.O. Vuosalo,65 and S. L. Wu65

(BABAR Collaboration)

1
Laboratoire d’Annecy-le-Vieux de Physique des Particules (LAPP), Université de Savoie,
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Using 347:5 fb�1 of data recorded by the BABAR detector at the PEP-II electron-positron collider,

244� 103 signal events for the Dþ ! K��þeþ�e decay channel are analyzed. This decay mode is

dominated by the �K�ð892Þ0 contribution. We determine the �K�ð892Þ0 parameters: mK�ð892Þ0 ¼ ð895:4�
0:2� 0:2Þ MeV=c2, �0

K�ð892Þ0 ¼ ð46:5� 0:3� 0:2Þ MeV=c2, and the Blatt-Weisskopf parameter rBW ¼
2:1� 0:5� 0:5 ðGeV=cÞ�1, where the first uncertainty comes from statistics and the second from

systematic uncertainties. We also measure the parameters defining the corresponding hadronic form

factors at q2 ¼ 0 (rV ¼ Vð0Þ
A1ð0Þ ¼ 1:463� 0:017� 0:031, r2 ¼ A2ð0Þ

A1ð0Þ ¼ 0:801� 0:020� 0:020) and the
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value of the axial-vector pole mass parametrizing the q2 variation of A1 and A2: mA ¼ ð2:63� 0:10�
0:13Þ GeV=c2. The S-wave fraction is equal to ð5:79� 0:16� 0:15Þ%. Other signal components

correspond to fractions below 1%. Using the Dþ ! K��þ�þ channel as a normalization, we measure

the Dþ semileptonic branching fraction: BðDþ ! K��þeþ�eÞ ¼ ð4:00� 0:03� 0:04� 0:09Þ � 10�2,

where the third uncertainty comes from external inputs. We then obtain the value of the hadronic form

factor A1 at q2 ¼ 0: A1ð0Þ ¼ 0:6200� 0:0056� 0:0065� 0:0071. Fixing the P-wave parameters, we

measure the phase of the S wave for several values of the K� mass. These results confirm those obtained

with K� production at small momentum transfer in fixed target experiments.

DOI: 10.1103/PhysRevD.83.072001 PACS numbers: 13.20.Fc, 11.15.Ha, 11.30.Er, 12.38.Gc

I. INTRODUCTION

A detailed study of the Dþ ! K��þeþ�e decay chan-

nel is of interest for three main reasons:

(i) It allows measurements of the different K� resonant

and nonresonant amplitudes that contribute to this

decay. In this respect, we have measured the S-wave
contribution and searched for radially excited

P-wave and D-wave components. Accurate mea-

surements of the various contributions can serve as

useful guidelines to B-meson semileptonic decays,

where exclusive final states with mass higher than

the D� mass are still missing.

(ii) High statistics in this decay allows accurate mea-

surements of the properties of the �K�ð892Þ0 meson,

the main contribution to the decay. Both resonance

parameters and hadronic transition form factors can

be precisely measured. The latter can be compared

with hadronic model expectations and lattice QCD

computations.

(iii) Variation of the K� S-wave phase versus the K�
mass can be determined, and compared with other

experimental determinations.

Meson-meson interactions are basic processes in QCD

that deserve accurate measurements. Unfortunately, meson

targets do not exist in nature and studies of these interac-

tions usually require extrapolations to the physical region.

In the K� system, S-wave interactions proceeding

through isospin equal to 1=2 states are of particular interest
because, contrary to exotic I ¼ 3=2 final states, they de-

pend on the presence of scalar resonances. Studies of the

candidate scalar meson � � K�
0ð800Þ can thus benefit from

more accurate measurements of the I ¼ 1=2 S-wave phase
below mK� ¼ 1 GeV=c2 [1]. The phase variation of this

amplitude with the K� mass also enters in integrals which

allow the determination of the strange quark mass in the

QCD sum rule approach [2,3].

Information on the K� S-wave phase in the isospin

states I ¼ 1=2 and I ¼ 3=2 originates from various experi-

mental situations, such as kaon scattering, D ! K��
Dalitz plot analyses, and semileptonic decays of charm

mesons and � leptons. In kaon scattering fixed target ex-

periments [4,5], measurements from the Large Aperture

Solenoid Spectrometer (LASS) [5] start at mK� ¼
0:825 GeV=c2, a value which is 0:192 GeV=c2 above

threshold. Results from Ref. [4] start at 0:7 GeV=c2 but

are less accurate. More recently, several high statistics

three-body Dalitz plot analyses of charm meson hadronic

decays have become available [6–9]. They provide values

starting at threshold and can complement results from K
scattering, but in the overlap region, they obtain somewhat

different results. It is tempting to attribute these differences

to the presence of an additional hadron in the final state.

The first indication in this direction was obtained from the

measurement of the phase difference between S and P
waves versus mK� in �B0 ! J=cK��þ [10], which agrees

with LASS results apart from a relative sign between the

two amplitudes. In this channel, the J=c meson in the final

state is not expected to interact with the K� system.

In � decays into K���, there is no additional hadron in

the final state and only the I ¼ 1=2 amplitude contributes.

A study of the different partial waves requires separation of

the � polarization components using, for instance, infor-

mation from the decay of the other � lepton. No result is

available yet on the phase of the K� S wave [11] from

these analyses. InDþ ! K��þeþ�e there is also no addi-

tional hadron in the final state. All the information needed

to separate the different hadronic angular momentum com-

ponents can be obtained through correlations between the

leptonic and hadronic systems. This requires measurement

of the complete dependence of the differential decay rate

on the five-dimensional phase space. Because of limited

statistics, previous experiments [12–14] have measured an

S-wave component but were unable to study its properties

as a function of the K� mass. We present the first semi-

leptonic charm decay analysis which measures the phase of

the I ¼ 1=2 K� S wave as a function of mK� from thresh-

old up to 1:5 GeV=c2.
Table I lists strange particle resonances that can appear

in Cabibbo-favored Dþ semileptonic decays. JP ¼ 1þ

states do not decay into K� and cannot be observed in

the present analysis. The K�ð1410Þ is a 1� radial excitation

and has a small branching fraction into K�. The K�ð1680Þ
has a mass close to the kinematic limit and its production is

disfavored by the available phase space. Above the

K�ð892Þ, one is thus left with possible contributions from

the K�
0ð1430Þ, K�ð1410Þ, and K�

2ð1430Þ which decay into

K� through S, P, and D waves, respectively. At low K�
mass values, one also expects an S-wave contribution
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which can be resonant (�) or not. A question mark is placed

after the � � K�
0ð800Þ, as this state is not well established.

This paper is organized in the following way. In Sec. II

general aspects of the K� system in the elastic regime,

which are relevant to present measurements, are explained.

In particular, theWatson theorem, which allows us to relate

the values of the hadronic phase measured in various

processes, is introduced. In Sec. III, previous measure-

ments of the S-wave K� system are explained and com-

pared. The differential decay distribution used to analyze

the data is detailed in Sec. IV. In Sec. Va short description

of the detector components which are important in this

measurement is given. The selection of signal events, the

background rejection, the tuning of the simulation, and the

fitting procedure are then considered in Sec. VI. Results of

a fit that includes the S-wave and �K�ð892Þ0 signal compo-

nents are given in Sec. VII. Since the fit model with only

S- andP-wave components does not seem to be adequate at

large K� mass, fit results for signal models which com-

prise Sþ �K�ð892Þ0 þ �K�ð1410Þ0 and Sþ �K�ð892Þ0 þ
�K�ð1410Þ0 þD components are given in Sec. VIII. In the

same section, fixing the parameters of the �K�ð892Þ0 com-

ponent, measurements of the phase difference between S
and P waves are obtained, for several values of the K�
mass. In Sec. IX, measurements of the studied semilep-

tonic decay channel branching fraction, relative to the

Dþ ! K��þ�þ channel, and of its different components

are obtained. This allows one to extract an absolute nor-

malization for the hadronic form factors. Finally, in Sec. X

results obtained in this analysis are summarized.

II. THE K� SYSTEM IN THE ELASTIC

REGIME REGION

The K� scattering amplitude (TK�) has two isospin

components denoted T1=2 and T3=2. Depending on the

channel studied, measurements are sensitive to different

linear combinations of these components. In Dþ !
K��þeþ�e, �� ! K0

S�
���, and �B0 ! J=cK��þ de-

cays, only the I ¼ 1=2 component contributes. The

I ¼ 3=2 component was measured in Kþp ! Kþ�þn
reactions [4], whereas K�p ! K��þn depends on the

two isospin amplitudes: TK��þ ¼ 1
3
ð2T1=2 þ T3=2Þ. In

Dalitz plot analyses of three-body charm meson decays,

the relative importance of the two components has to be

determined from data.

A given K� scattering isospin amplitude can be ex-

panded into partial waves:

TIðs; t; uÞ ¼ 16�
X1

‘¼0

ð2‘þ 1ÞP‘ðcos�ÞtI‘ðsÞ; (1)

where the normalization is such that the differential K�
scattering cross section is equal to

d�I

d�
¼ 4

s

jTIðs; t; uÞj2
ð16�Þ2 ; (2)

where s, t, and u are the Mandelstam variables, � is the

scattering angle, and P‘ðcos�Þ is the Legendre polynomial

of order ‘.
Close to threshold, the amplitudes tI‘ðsÞ can be expressed

as Taylor series:

Re tI‘ðsÞ ¼ 1
2

ffiffiffi
s

p ðp�Þ2‘ðaI‘ þ bI‘ðp�Þ2 þOðp�Þ4Þ; (3)

where aI‘ and b
I
‘ are, respectively, the scattering length and

the effective range parameters, and p� is the K or �
momentum in the K� center-of-mass (CM) frame. This

expansion is valid close to threshold for p� <m�. Values

of aI‘ and bI‘ are obtained from chiral perturbation theory

[16,17]. In Table II these predictions are compared with a

determination [18] of these quantities obtained from an

analysis of experimental data on K� scattering and

�� ! K �K. Constraints from analyticity and unitarity of

the amplitude are used to obtain its behavior close to

threshold. The similarity between predicted and fitted

values of a1=20 and b1=20 is a nontrivial test of chiral pertur-

bation theory [17].

The complex amplitude tI‘ðsÞ can also be expressed in

terms of its magnitude and phase. If the process remains

elastic, this gives

tI‘ðsÞ ¼
ffiffiffi
s

p

2p�
1

2i
ðe2i�I

‘
ðsÞ � 1Þ ¼

ffiffiffi
s

p

2p� sin�I
‘ðsÞei�

I
‘
ðsÞ: (4)

Using the expansion given in Eq. (3), close to the threshold

the phase �I
‘ðsÞ is expected to satisfy the following

expression:

�I
‘ðsÞ ¼ ðp�Þ2lþ1ð�þ 	ðp�Þ2Þ: (5)

TABLE II. Predicted values for scattering length and effective

range parameters.

Parameter [17] [18]

a1=20 ðGeV�1Þ 1.52 1:60� 0:16

b1=20 ðGeV�3Þ 47.0 31:2� 1:5

a1=21 ðGeV�3Þ 5.59 7:0� 0:4

TABLE I. Possible resonances contributing to Cabibbo-

favored Dþ semileptonic decays [15].

Resonance X JP BðX ! K�Þ Mass MeV=c2 Width MeV=c2

K�
0ð800Þ (?) 0þ 100(?) 672� 40 550� 34

K�ð892Þ 1� 100 895:94� 0:22 48:7� 0:8

K1ð1270Þ 1þ 0 1272� 7 90� 20

K1ð1400Þ 1þ 0 1403� 7 174� 13

K�ð1410Þ 1� 6:6� 1:3 1414� 15 232� 21

K�
0ð1430Þ 0þ 93� 10 1425� 50 270� 80

K�
2ð1430Þ 2þ 49:9� 1:2 1432:4� 1:3 109� 5

K�ð1680Þ 1� 38:7� 2:5 1717� 27 322� 110
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Using Eqs. (3)–(5) one can relate � and 	 to aI‘ and bI‘:

� ¼ aI‘ and 	 ¼ bI‘ þ 2
3
ðaI‘Þ3�l0: (6)

In Eq. (6), the symbol �l0 is the Kronecker � function:

�00 ¼ 1, �l0 ¼ 0 for l � 0.
The Watson theorem [19] implies that, in this elastic

regime, phases measured in K� elastic scattering and in a

decay channel in which the K� system has no strong

interaction with other hadrons are equal modulo � radians

[20] for the same values of isospin and angular momentum.

In this analysis, this ambiguity is solved by determining the

sign of the S-wave amplitude from data. This theorem does

not provide any constraint on the corresponding amplitude

moduli. In particular, it is not legitimate (though it is

nonetheless frequently done) to assume that the S-wave
amplitude in a decay is proportional to the elastic ampli-

tude tI‘ðsÞ. The K� scattering S wave, I ¼ 1=2, remains

elastic up to theK
 threshold, but since the coupling to this

channel is weak [21], it is considered, in practice, to be

elastic up to the K
0 threshold.
Even if the K� system is studied without any accom-

panying hadron, the S- or P-wave amplitudes cannot be

measured in an absolute way. Phase measurements are

obtained through interference between different waves.

As a result, values quoted by an experiment for the phase

of the S wave depend on the parameters used to determine

the P wave. For the P wave, the validity domain of the

Watson theorem is a priori more restricted because the

coupling to K
 is no longer suppressed. However, the p�3

dependence of the decay width implies that this contri-

bution is an order of magnitude smaller than K� for

mK� < 1:2 GeV=c2.
For pseudoscalar-meson elastic scattering at threshold,

all phases are expected to be equal to zero [see Eq. (5)].

This is another important difference as compared with

Dalitz plot analyses where arbitrary phases exist between

the different contributing waves due to interaction with the

spectator hadron. It is thus important to verify if, apart from

a global constant, S-wave phases measured versus mK�, in

three-body D ! K�� Dalitz plot analyses, depend on the

presence of the third hadron. Comparison between present

measurements and those obtained in three-body Dalitz plot

analyses are given in Sec. VIII B.

III. PREVIOUS MEASUREMENTS

In the following sections, we describe previous mea-

surements of the phase and magnitude of the K� S-wave
amplitude obtained inK�p scattering at small transfer, in �
semileptonic decays, D-meson three-body decays, and in

charm semileptonic decays.

A. K� production at small momentum transfer

A K� partial wave analysis of high statistics data for the

reactions K�p ! K��þn and K�p ! K����þþ at

13 GeV, on events selected at small momentum transfer

[4], provided information on K� scattering for mK� in the

range ½0:7; 1:9� GeV=c2. The I ¼ 3=2K� scattering was

studied directly from the analyses of Kþp ! Kþ�þn and

K�p ! K����þþ reactions. The phase of the elastic

amplitude ð�3=2
S Þ was measured and was used to extract

the phase of the I ¼ 1=2 amplitude from measurements of

K��þ scattering. Values obtained for �1=2
S are displayed in

Fig. 1 for mK� < 1:3 GeV=c2, a mass range in which the

interaction is expected to remain elastic. Above

1:46 GeV=c2 there were several solutions for the

amplitude.

A few years later, the LASS experiment analyzed data

from 11 GeV=c kaon scattering on hydrogen: K�p !
K��þn [5]. It performed a partial wave analysis of

1:5� 105 events which satisfied cuts to ensure K� pro-

duction dominated by pion exchange and no excitation of

the target into baryon resonances.

The K�, I ¼ 1=2, S wave was parametrized as the sum

of a background term (BG) and the K�
0ð1430Þ, which were

combined such that the resulting amplitude satisfied

unitarity:

A1=2
S ¼ sin�1=2

BGe
i�1=2

BG þ e2i�
1=2
BG sin�K�

0
ð1430Þe

i�K�
0
ð1430Þ

¼ sinð�1=2
BG þ �K�

0
ð1430ÞÞe

ið�1=2
BG

þ�K�
0
ð1430ÞÞ; (7)

where �1=2
BG and �K�

0
ð1430Þ depended on the K� mass.

The mass dependence of �1=2
BG was described by means of

an effective range parametrization:
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FIG. 1 (color online). Comparison between the I ¼ 1=2
S-wave phase measured in K� production at small transfer for

several values of the K� mass. Results from Ref. [4] are limited

to mK� < 1:3 GeV=c2 to remain in the elastic regime, where

there is a single solution for the amplitude. The curve corre-

sponds to the fit given in the second column of Table III.
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cotð�1=2
BG Þ ¼

1

a1=2S;BGp
� þ

b1=2S;BGp
�

2
; (8)

where a1=2S;BG is the scattering length and b1=2S;BG is the effec-

tive range. Note that these two parameters are different

from aI‘ and bI‘ introduced in Eq. (3), as the latter referred

to the total amplitude and also because Eq. (8) corresponds

to an expansion near threshold which differs from Eq. (5).

The mass dependence of �K�
0
ð1430Þ was obtained assuming

that the K�
0ð1430Þ decay amplitude obeys a Breit-Wigner

distribution:

cotð�K�
0
ð1430ÞÞ ¼

m2
K�

0
ð1430Þ �m2

K�

mK�
0
ð1430Þ�K�

0
ð1430ÞðmK�Þ

; (9)

where mK�
0
ð1430Þ is the pole mass of the resonance and

�K�
0
ð1430ÞðmK�Þ its mass-dependent total width.

The total I ¼ 1=2 S-wave phase was then

�1=2
LASS ¼ �1=2

BG þ �K�
0
ð1430Þ: (10)

The LASS measurements were based on fits to moments

of angular distributions which depended on the interfer-

ence between S, P, D . . . waves. To obtain the I ¼ 1=2
K��þ S wave amplitude, the measured I ¼ 3=2 compo-

nent [4] was subtracted from the LASS measurement of

TK��þ and the resulting values were fitted using Eq. (10).

The corresponding results [22] are given in Table III and

displayed in Fig. 1.

B. �� ! K��� decays

The BABAR and Belle collaborations [11,23] measured

the K0
S� mass distribution in �� ! K0

S�
���. Results from

Belle were analyzed in Ref. [24] using, in addition to the

K�ð892Þ, the following:
(i) a contribution from the K�ð1410Þ to the vector form

factor;

(ii) a scalar contribution, with a mass dependence com-

patible with LASS measurements but whose

branching fraction was not provided.

Another interpretation of these data was given in

Ref. [25]. Using the value of the rate determined from

Belle data, for the K�ð1410Þ, its relative contribution to

the Dþ ! K��þeþ�e channel was evaluated to be of the

order of 0.5%.

C. Hadronic D-meson decays

K� interactions were studied in several Dalitz plot

analyses of three-body D decays, and we consider only

Dþ ! K��þ�þ as measured by the E791 [6], FOCUS

[7,8], and CLEO-c [9] collaborations. This final state is

known to have a large S-wave component because there is

no resonant contribution to the �þ�þ system. In practice,

each collaboration has developed various approaches and

results are difficult to compare.

The S-wave phase measured by these collaborations is

compared in Fig. 2(a) with the phase of the (I ¼ 1=2)
amplitude determined from LASS data. Measurements

from Dþ decays are shifted so that the phase is equal to

zero for mK� ¼ 0:67 GeV=c2. The magnitude of the am-

plitude obtained in Dalitz plot analyses is compared in

Fig. 2(b) with the ‘‘naive’’ estimate given in Eq. (4), which

is derived from the elastic (I ¼ 1=2) amplitude fitted to

LASS data.

By comparing results obtained by the three experiments

analyzing Dþ ! K��þ�þ, several remarks are formu-

lated.

(i) A �þ�þ component is included only in the CLEO-c

measurement, and it corresponds to ð15� 3Þ% of the

decay rate.

(ii) The relative importance of I ¼ 1=2 and I ¼ 3=2
components can be different in K� scattering and

in a three-body decay. This is because, even if

Watson’s theorem is expected to be valid, it applies

separately for the I ¼ 1=2 and I ¼ 3=2 components

and concerns only the corresponding phases of these

amplitudes. E791 and CLEO-c measured the total

K� S-wave amplitude and compared their results

with the I ¼ 1=2 component from LASS. FOCUS

[7], using the phase of the I ¼ 3=2 amplitude mea-

sured in scattering experiments, fitted separately the

two components and found large effects from the

I ¼ 3=2 part. In Fig. 2(a) the phase of the total

S-wave amplitude which contains contributions

from the two isospin components, as measured by

FOCUS [8], is plotted.

(iii) Measured phases in Dalitz plot analyses have a

global shift, as compared to the scattering case (in

which phases are expected to be zero at threshold).

Having corrected for this effect (with some arbitra-

riness), the variation measured for the phase in

TABLE III. Fit results to LASS data [22] for two mass intervals.

Parameter mK� 2 ½0:825; 1:52� GeV=c2 mK� 2 ½0:825; 1:60� GeV=c2

mK�
0
ð1430Þ ðMeV=c2Þ 1435� 5 1415� 3

�K�
0
ð1430Þ ðMeV=c2Þ 279� 6 300� 6

a1=2S;BG ðGeV�1Þ 1:95� 0:09 2:07� 0:10

b1=2S;BG ðGeV�1Þ 1:76� 0:36 3:32� 0:34
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three-body decays and in K� scattering is roughly

similar, but a quantitative comparison is difficult.

Differences between the two approaches as a func-

tion of mK� are much larger than the quoted un-

certainties. They may arise from the comparison

itself, which considers the total K� S wave in one

case and only the I ¼ 1=2 component for scatter-

ing. They could also be due to the interaction of the

bachelor pion which invalidates the application of

the Watson theorem.

It is thus difficult to draw quantitative conclusions

from results obtained with Dþ ! K��þ�þ decays.

Qualitatively, one can say that the phase of the S-wave
component depends on mK� similarly to that measured by

LASS. Below the K�
0ð1430Þ, the S-wave amplitude magni-

tude has a smooth variation versus mK�. At the K�
0ð1430Þ

average mass value and above, this magnitude has a sharp

decrease with the mass.

D. D‘4 decays

The dominant hadronic contribution in the D‘4 decay

channel comes from the (JP ¼ 1�) K�ð892Þ resonant state.
E687 [12] gave the first suggestion for an additional com-

ponent. FOCUS [13], a few years later, measured the

S-wave contribution from the asymmetry in the angular

distribution of the K in the K� rest frame. They concluded

that the phase difference between S and P waves was

compatible with a constant equal to �=4, over the

K�ð892Þ mass region.

In the second publication [26] they found that the asym-

metry could be explained if they used the variation of the

S-wave component versus the K� mass measured by the

LASS collaboration [5]. They did not fit to their data the

two parameters that governed this phase variation but took

LASS results:

cotð�BGÞ ¼
1

aS;BGp
� þ

bS;BGp
�

2
;

aS;BG ¼ ð4:03� 1:72� 0:06Þ GeV�1;

bS;BG ¼ ð1:29� 0:63� 0:67Þ GeV�1:

(11)

These values corresponded to the total S-wave ampli-

tude measured by LASSwhich was the sum of I ¼ 1=2 and
I ¼ 3=2 contributions, whereas only the former compo-

nent was present in charm semileptonic decays. For the

S-wave amplitude they assumed that it was proportional to

the elastic amplitude [see Eq. (4)]. For the P wave, they

used a relativistic Breit-Wigner distribution with a mass-

dependent width [27]. They fitted the values of the pole

mass, the width, and the Blatt-Weisskopf damping parame-

ter for the K�ð892Þ. These values from FOCUS are given in

Table IV and compared with present world averages [15],

dominated by the P-wave measurements from LASS.

They also compared the measured angular asymmetry of

the K in the K� rest frame versus the K� mass with
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FIG. 2 (color online). (a) Comparison between the S-wave phase measured in various experiments analyzing the Dþ ! K��þ�þ

channel (E791 [6], FOCUS [7,8], and CLEO [9]) and a fit to LASS data (continuous line). The dashed line corresponds to the

extrapolation of the fitted curve. Phase measurements from Dþ decays are shifted to be equal to zero at mK� ¼ 0:67 GeV=c2. (b) The
S-wave amplitude magnitude measured in various experiments is compared with the elastic expression. Normalization is arbitrary

between the various distributions.

TABLE IV. Parameters of the K�ð892Þ0 measured by FOCUS

are compared with world average or previous values.

Parameter FOCUS results [26] Previous results

mK�0 ðMeV=c2Þ 895:41� 0:32þ0:35
�0:43 895:94� 0:22 [15]

�0
K�0 ðMeV=c2Þ 47:79� 0:86þ1:32

�1:06 48:7� 0:8 [15]

rBWðGeV=cÞ�1 3:96� 0:54þ1:31
�0:90 3:40� 0:67 [5]
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expectations from a � resonance and concluded that the

presence of a � could be neglected. They used a Breit-

Wigner distribution for the � amplitude, with values mea-

sured by the E791 Collaboration [28] for the mass and

width of this resonance (m� ¼ 797� 19� 43 MeV=c2,
�� ¼ 410� 43� 87 MeV=c2). This approach to search

for a � does not seem to be appropriate. Adding a � in this

way violates the Watson theorem, as the phase of the fitted

K� amplitude would differ greatly from the one measured

by LASS. In addition, the interpretation of LASS measure-

ments in Ref. [18] concluded that there was evidence for a

�. In addition to theK�ð892Þ, they measured the rate for the

nonresonant S-wave contribution and placed limits on

other components (Table V).

Analyzing Dþ ! K��þeþ�e events from a sample

corresponding to 281 pb�1 integrated luminosity, the

CLEO-c Collaboration confirmed the FOCUS result for

the S-wave contribution. They did not provide an indepen-
dent measurement of the S-wave phase [14].

IV. Dþ ! K��þeþ�e DECAY RATE FORMALISM

The invariant matrix element for the Dþ ! K��þeþ�e

semileptonic decay is the product of a hadronic and a

leptonic current.

Mfi ¼
GF
ffiffiffi

2
p jVcsjh�ðp�þÞKðpK�Þj�s��ð1� �5ÞcjDðpDþÞi

� �uðp�e
Þ��ð1� �5ÞvðpeþÞ: (12)

In this expression, pK� , p�þ , peþ , and p�e
are the K�, �þ,

eþ, and �e four-momenta, respectively.

The leptonic current corresponds to the virtual Wþ,
which decays into eþ�e. The matrix element of the had-

ronic current can be written in terms of four form factors,

but neglecting the electron mass, only three contribute to

the decay rate: h and w�. Using the conventions of

Ref. [29], the vector and axial-vector components are,

respectively,

h�ðp�þÞKðpK�Þj�s��cjDðpDþÞi
¼ h��	�p

�
DþðpK� þ p�þÞ	ðpK� � p�þÞ�; (13)

h�ðp�þÞKðpK�Þj�s��ð��5ÞcjDðpDþÞi
¼ iwþðpK� þ p�þÞ� þ iw�ðpK� � p�þÞ�: (14)

As there are four particles in the final state, the differ-

ential decay rate has 5 degrees of freedom that can be

expressed in the following variables [30,31]:

(i) m2, the mass squared of the K� system;

(ii) q2, the mass squared of the eþ�e system;

(iii) cosð�KÞ, where �K is the angle between the K
three-momentum in the K� rest frame and the

line of flight of the K� in the D rest frame;

(iv) cosð�eÞ, where �e is the angle between the charged

lepton three-momentum in the e�e rest frame and

the line of flight of the e�e in the D rest frame;

(v) �, the angle between the normals to the planes

defined in the D rest frame by the K� pair and the

e�e pair. � is defined between �� and þ�.
The angular variables are shown in Fig. 3, where KK� is

the K� three-momentum in the K� CM and Keþ is the

three-momentum of the positron in the virtual W CM. Let

v̂ be the unit vector along the K� direction in the D rest

frame, ĉ the unit vector along the projection of KK�

perpendicular to v̂, and d̂ the unit vector along the projec-

tion of Keþ perpendicular to v̂. We have

m2 ¼ ðp�þ þ pK�Þ2; q2 ¼ ðpeþ þ p�e
Þ2;

cosð�KÞ ¼
v̂ � KK�

jKK� j ; cosð�eÞ ¼ � v̂ �Keþ

jKeþ j
;

cosð�Þ ¼ ĉ � d̂; sinð�Þ ¼ ðĉ� v̂Þ � d̂:

(15)

The definition of � is the same as proposed initially in

Ref. [30]. When analyzing D� decays, the sign of � has to

be changed. This is because, if CP invariance is assumed

with the adopted definitions, � changes sign through CP
transformation of the final state [13].

For the differential decay partial width, we use the

formalism given in Ref. [29], which generalizes to five

variables the decay rate given in Ref. [32] in terms of q2,
cos�K, cos�e, and � variables. In addition, it provides a

partial wave decomposition for the hadronic system. Any

dependence on the lepton mass is neglected, as only elec-

trons or positrons are used in this analysis:

TABLE V. Measured fraction of the nonresonant S-wave com-

ponent and limits on contributions from K�
0ð1430Þ and K�ð1680Þ

in the decay Dþ ! K��þ�þ��, obtained by FOCUS [26].

Channel FOCUS [26] (%)

�ðDþ!K��þ�þ��ÞNR
�ðDþ!K��þ�þ��Þ 5:30� 0:74þ0:99

�0:96

�ðDþ!K��þ�þ��ÞK�
0
ð1430Þ

�ðDþ!K��þ�þ��Þ <0:64% at 90% C.L.

�ðDþ!K��þ�þ��ÞK�ð1680Þ
�ðDþ!K��þ�þ��Þ <4:0% at 90% C.L.
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FIG. 3 (color online). Definition of angular variables.
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d5� ¼ G2
FjjVcsjj2
ð4�Þ6m3

D

X	Iðm2; q2; �K; �e; �Þ

� dm2dq2d cosð�KÞd cosð�eÞd�: (16)

In this expression, X ¼ pK�mD, where pK� is the momen-

tum of theK� system in theD rest frame, and	 ¼ 2p�=m.

p� is the breakup momentum of the K� system in its rest

frame. The form factors h and w�, introduced in Eqs. (13)

and (14), are functions of m2, q2, and cos�K. In place of

these form factors and to simplify the notations, the quan-

tities F 1;2;3 are defined [29]:

F 1 ¼ Xwþ þ
�

	ðpK� þ p�þÞðpeþ þ p�eÞ cos�K

þm2
K �m2

�

m2
X

�

w�;

F 2 ¼ 	qmw�; F 3 ¼ 	Xqmh:

(17)

The dependence of I on �e and � is given by

I ¼ I1 þ I2 cos2�e þ I3sin
2�e cos2�þ I4 sin2�e cos�

þ I5 sin�e cos�þ I6 cos�e þ I7 sin�e sin�

þ I8 sin2�e sin�þ I9sin
2�e sin2�; (18)

where I1;...;9 depend on m2, q2, and �K. These quantities

can be expressed in terms of the three form factors, F 1;2;3.

I1 ¼ 1
4
fjF 1j2 þ 3

2
sin2�KðjF 2j2 þ jF 3j2Þg;

I2 ¼ �1
4
fjF 1j2 � 1

2
sin2�KðjF 2j2 þ jF 3j2Þg;

I3 ¼ �1
4
fjF 2j2 � jF 3j2gsin2�K;

I4 ¼ 1
2
ReðF �

1F 2Þ sin�K;
I5 ¼ ReðF �

1F 3Þ sin�K;
I6 ¼ ReðF �

2F 3Þsin2�K;
I7 ¼ ImðF 1F

�
2Þ sin�K;

I8 ¼ 1
2
ImðF 1F

�
3Þ sin�K;

I9 ¼ �1
2
ImðF 2F

�
3Þsin2�K:

(19)

Form factors F 1;2;3 can be expanded into partial waves

to show their explicit dependence on �K. If only S, P, and
D waves are kept, this gives

F 1 ¼ F 10 þF 11 cos�K þF 12

3cos2�K � 1

2
;

F 2 ¼
1
ffiffiffi

2
p F 21 þ

ffiffiffi

3

2

s

F 22 cos�K;

F 3 ¼
1
ffiffiffi

2
p F 31 þ

ffiffiffi

3

2

s

F 32 cos�K:

(20)

Form factors F ij depend on m2 and q2. F 10 characterizes

the S-wave contribution, whereas F i1 and F i2 correspond

to the P and D waves, respectively.

A. P-wave form factors

By comparing expressions given in Refs. [29,32] it is

possible to relate F i1, i ¼ 1, 2, 3 with the helicity form

factors H0;�:

F 11 ¼ 2
ffiffiffi

2
p

�qH0;

F 21 ¼ 2�qðHþ þH�Þ;
F 31 ¼ 2�qðHþ �H�Þ;

(21)

where � is a constant factor, and its value is given in

Eq. (26); it depends on the definition adopted for the

mass distribution. The helicity amplitudes can in turn be

related to the two axial-vector form factors A1;2ðq2Þ, and to
the vector form factor Vðq2Þ:

H0ðq2Þ ¼
1

2mq

�

ðm2
D �m2 � q2ÞðmD þmÞA1ðq2Þ

� 4
m2

Dp
2
K�

mD þm
A2ðq2Þ

�

;

H�ðq2Þ ¼ ðmD þmÞA1ðq2Þ �
2mDpK�

mD þm
Vðq2Þ:

(22)

As we are considering resonances which have an ex-

tended mass distribution, form factors can also have a mass

dependence. We have assumed that the q2 and m depen-

dence can be factorized:

ðV; A1; A2Þðq2; mÞ ¼ ðV; A1; A2Þðq2Þ �AðmÞ; (23)

where in the case of a resonance AðmÞ is assumed to

behave according to a Breit-Wigner distribution.

This factorized expression can be justified by the fact

that the q2 dependence of the form factors is expected to

be determined by the singularities which are nearest to

the physical region: q2 2 ½0; q2max�. These singularities

are poles or cuts situated at (or above) hadron masses

MH ’ 2:1–2:5 GeV=c2, depending on the form factor.

Because the q2 variation range is limited to q2 ’ 1 GeV2,

the proposed approach is equivalent to an expansion in

q2=M2
H < 0:2.

For the q2 dependence we use a single pole parametri-

zation and try to determine the effective pole mass.

Vðq2Þ ¼ Vð0Þ
1� q2

m2
V

;

A1ðq2Þ ¼
A1ð0Þ
1� q2

m2
A

;

A2ðq2Þ ¼
A2ð0Þ
1� q2

m2
A

;

(24)

where mV and mA are expected to be close to mD�
s
’

2:1 GeV=c2 and mDs1
’ 2:5 GeV=c2, respectively. Other

parametrizations involving a double pole in V have been

proposed [33], but as the present analysis is not sensitive to

mV , the single pole ansatz is adequate.
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Ratios of these form factors, evaluated at q2 ¼ 0, rV ¼
Vð0Þ
A1ð0Þ , and r2 ¼ A2ð0Þ

A1ð0Þ , are measured by studying the varia-

tion of the differential decay rate versus the kinematic

variables. The value of A1ð0Þ is determined by measuring

the Dþ ! �K�0eþ�e branching fraction. For the mass de-

pendence, in the case of the K�ð892Þ, we use a Breit-

Wigner distribution:

A K�ð892Þ ¼
mK�ð892Þ�

0
K�ð892ÞF1ðmÞ

m2
K�ð892Þ �m2 � imK�ð892Þ�K�ð892ÞðmÞ : (25)

In this expression,

(i) mK�ð892Þ is the K
�ð892Þ pole mass;

(ii) �0
K�ð892Þ is the total width of the K�ð892Þ for

m ¼ mK�ð892Þ;
(iii) �K�ð892ÞðmÞ is the mass-dependent K�ð892Þ width:

�K�ð892ÞðmÞ ¼ �0
K�ð892Þ

p�

p�
0

mK�ð892Þ
m

F2
1ðmÞ;

(iv) F1ðmÞ ¼ p�

p�
0

Bðp�Þ
Bðp�

0
Þ , where B is the Blatt-Weisskopf

damping factor (B ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ r2BWp
�2

q

, with rBW
the barrier factor), and p� and p�

0 are evaluated at

the massesm andmK�ð892Þ, respectively, and depend
also on the masses of the K�ð892Þ decay products.

With the definition of the mass distribution given in

Eq. (25), the parameter � entering in Eq. (21) is equal to

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3�BK�

p�
0�

0
K�ð892Þ

v
u
u
t ; (26)

where BK� ¼ BðK�ð892Þ ! K��þÞ ¼ 2=3.

B. S-wave form factor

In a way similar to that for the P wave, we need to have

the correspondence between the S-wave amplitude F 10

[Eq. (21)] and the corresponding invariant form factor. In

an S wave, only the helicity H0 form factor can contribute,

and we take

F 10 ¼ pK�mD

1

1� q2

m2
A

ASðmÞ: (27)

The term F 10 is proportional to pK� to ensure that the

corresponding decay rate varies as p3
K�, as expected from

the L ¼ 1 angular momentum between the virtual W and

the S-wave K� hadronic state. Because the q2 variation of

the form factor is expected to be determined by the con-

tribution of JP ¼ 1þc�s states, we use the same q2 depen-
dence as for A1 and A2. The term ASðmÞ corresponds to
the mass-dependent S-wave amplitude. Considering that

previous charm Dalitz plot analyses have measured an

S-wave amplitude magnitude which is essentially constant

up to the K�
0ð1430Þ mass and then drops sharply above this

value, we have used the following ansatz:

AS ¼ rSPðmÞei�SðmÞ and

AS ¼ rSPðmK�
0
ð1430ÞÞ

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðmK�
0
ð1430Þ�K�

0
ð1430ÞÞ2

ðm2
K�

0
ð1430Þ �m2Þ2 þ ðmK�

0
ð1430Þ�K�

0
ð1430ÞÞ2

v
u
u
u
t ei�SðmÞ;

(28)

respectively, for m below and above the K�
0ð1430Þ pole

mass value. In these expressions, �SðmÞ is the S-wave

phase, PðmÞ ¼ 1þ rð1ÞS � xþ rð2ÞS � x2 þ . . . , and x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð m
mKþm�

Þ2 � 1
q

. The coefficients rðiÞS have no dimension

and their values are fitted, but in practice, the fit to data

is sensitive only to the linear term. We have introduced the

constant rS which measures the magnitude of the S-wave
amplitude. From the observed asymmetry of the cos�K
distribution in our data, rS < 0. This relative sign between

S and P waves agrees with the FOCUS measurement [13].

C. D-wave form factors

Expressions for the form factors F i;2 for the D wave

are [34]

F 12 ¼
mDpK�

3
½ðm2

D �m2 � q2ÞðmD þmÞT1ðq2Þ

� m2
Dp

2
K�

mD þm
T2ðq2Þ

�

;

F 22 ¼
ffiffiffi

2

3

s

mDmqpK�ðmD þmÞT1ðq2Þ;

F 32 ¼
ffiffiffi

2

3

s

2m2
Dmqp2

K�

ðmD þmÞ TVðq2Þ: (29)

These expressions are multiplied by a relativistic Breit-

Wigner amplitude which corresponds to the K�
2ð1430Þ:

A K�
2
¼

rDmK�
2
ð1430Þ�

0
K�
2
ð1430ÞF2ðmÞ

m2
K�

2
ð1430Þ �m2 � imK�

2
ð1430Þ�K�

2
ð1430ÞðmÞ : (30)

rD measures the magnitude of the D-wave amplitude, and

similar conventions as in Eq. (25) are used for the other

variables, apart from the Blatt-Weisskopf term which is

equal to

B2 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðr2BWp�2 � 3Þ2 þ 9r2BWp
�2

q

; (31)

and enters into

F2ðmÞ ¼
�
p�

p�
0

�
2 B2ðp�Þ
B2ðp�

0Þ
: (32)

The form factors Tiðq2Þ (i ¼ 1, 2, V) are parametrized

assuming the single pole model with corresponding axial
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or vector poles. Values for these pole masses are assumed

to be the same as those considered before for the S- or
P-wave hadronic form factors. Ratios of D-wave hadronic

form factors evaluated at q2 ¼ 0, r22 ¼ T2ð0Þ=T1ð0Þ, and
r2V ¼ TVð0Þ=T1ð0Þ are supposed to be equal to 1 [35].

V. THE BABAR DETECTOR AND DATA SET

A detailed description of the BABAR detector and of the

algorithms used for charged and neutral particle recon-

struction and identification is provided elsewhere [36,37].

Charged particles are reconstructed by matching hits in the

five-layer double-sided silicon vertex tracker (SVT) with

track elements in the 40 layer drift chamber (DCH), which

is filled with a gas mixture of helium and isobutane. Slow

particles which, due to bending in the 1.5 T magnetic field,

do not have enough hits in the DCH are reconstructed in

the SVT only. Charged hadron identification is performed

combining the measurements of the energy deposition in

the SVT and in the DCH with the information from the

Cherenkov detector (DIRC). Photons are detected and

measured in the CsI(Tl) electromagnetic calorimeter

(EMC). Electrons are identified by the ratio of the track

momentum to the associated energy deposited in the EMC,

the transverse profile of the shower, the energy loss in the

DCH, and the Cherenkov angle in the DIRC. Muons are

identified in the instrumented flux return, composed of

resistive plate chambers and limited streamer tubes inter-

leaved with layers of steel and brass.

The results presented here are obtained using a total

integrated luminosity of 347:5 fb�1. Monte Carlo (MC)

simulation samples of �ð4SÞ decays, charm, and light-

quark pairs from continuum, equivalent to 3.3, 1.7, and

1.1 times the data statistics, respectively, have been gen-

erated using GEANT4 [38]. These samples are used mainly

to evaluate background components. Quark fragmentation

in continuum events is described using the JETSET package

[39]. The MC distributions are rescaled to the data sample

luminosity, using the expected cross sections of the differ-

ent components: 1.3 nb for c �c, 0.525 nb for BþB� and

B0 �B0, and 2.09 nb for light u �u, d �d, and s�s quark events.

Dedicated samples of pure signal events, equivalent to 4.5

times the data statistics, are used to correct measurements

for efficiency and finite resolution effects. Radiative de-

cays ðDþ ! K��þeþ�e�Þ are modeled by PHOTOS [40].

Events with a Dþ decaying into K��þ�þ are also recon-

structed in data and simulation. This control sample is used

to adjust the c-quark fragmentation distribution and the

kinematic characteristics of particles accompanying the

Dþ meson in order to better match the data. It is also

used to measure the reconstruction accuracy of the missing

neutrino momentum. Other samples with a D0, a D�þ, or a
Dþ

s meson exclusively reconstructed are used to define

corrections on production characteristics of charm mesons

and accompanying particles that contribute to the

background.

VI. ANALYSIS METHOD

Candidate signal events are isolated from �ð4SÞ and

continuum events using variables combined into two

Fisher discriminants, tuned to suppress �ð4SÞ and contin-

uum background events, respectively. Several differences

between distributions of quantities entering in the analysis,

in data and simulation, are measured and corrected using

dedicated event samples.

A. Signal selection

The approach used to reconstruct Dþ mesons decaying

intoK��þeþ�e is similar to that used in previous analyses

studyingD0 ! K�eþ�e [41] andD
þ
s ! KþK�eþ�e [42].

Charged and neutral particles are boosted to the CM

system and the event thrust axis is determined. A

plane perpendicular to this axis is used to define two

hemispheres.

Signal candidates are extracted from a sample of events

already enriched in charm semileptonic decays. Criteria

applied for the first enriching selection are as follows:

(i) existence of a positron candidate with a momentum

larger than 0:5 GeV=c in the CM frame, to eliminate

most of the light-quark events (positron candidates

are accepted based on a tight identification selection

with a pion misidentified as an electron or a positron

below one per mill);

(ii) a value of R2 > 0:2, with R2 being the ratio between

second- and zeroth-order Fox-Wolfram moments

[43], to decrease the contribution from B decays;

(iii) a minimum value for the invariant mass of the

particles in the event hemisphere opposite to the

electron candidate, mopp > 0:5 GeV=c2, to reject

lepton pairs and two-photon events;

(iv) the invariant mass of the system formed by the

positron and the most energetic particle in the

candidate hemisphere, mtag > 0:13 GeV=c2, to re-

move events where the lepton is the only particle in

its hemisphere.

A candidate consists of a positron, a charged kaon, and a

charged pion present in the same hemisphere. A vertex is

formed using these three tracks, and the corresponding �2

probabilities larger than 10�7 are kept. The value of this

probability is used in the following, along with other

information to reject background events.

All other tracks in the hemisphere are defined as

‘‘spectators.’’ They most probably originate from the

beam interaction point and are emitted during hadroniza-

tion of the created c and �c quarks. The ‘‘leading’’ particle is
the spectator particle having the highest momentum.

Information from the spectator system is used to decrease

the contribution from the combinatorial background. As

charm hadrons take a large fraction of the charm quark

energy, charm decay products have, on average, higher

energies than spectator particles.
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To estimate the neutrino momentum, the ðK��þeþ�eÞ
system is constrained to the Dþ mass. In this fit, estimates

of theDþ direction and of the neutrino energy are included

from measurements obtained from all tracks registered in

the event. The Dþ direction estimate is taken as the direc-

tion of the vector opposite to the momentum sum of all

reconstructed particles except for the kaon, the pion, and

the positron. The neutrino energy is evaluated by subtract-

ing from the hemisphere energy the energy of recon-

structed particles contained in that hemisphere. The

energy of each hemisphere is evaluated by considering

that the total CM energy is distributed between two objects

of mass corresponding to the measured hemisphere masses

[44]. As a Dþ is expected to be present in the analyzed

hemisphere and as, at least, a D meson is produced in the

opposite hemisphere, minimum values for hemisphere

masses are imposed.

For a hemisphere i, with the index of the other hemi-

sphere noted as j, the energy EðiÞ
hem and the mass mðiÞ

hem are

defined as

EðiÞ
hem ¼ 1

2

�
ffiffiffi
s

p þm2;ðiÞ
hem �m2;ðjÞ

hem
ffiffiffi
s

p
�

;

mðiÞ
hem ¼ maxðmðiÞ

hemðmeasuredÞ; mDÞ:
(33)

The missing energy in a hemisphere is the difference

between the hemisphere energy and the sum of the energy

of the particles contained in this hemisphere (Emiss
hem ¼

Ehem �Pnhem
i¼1 Ei). In a given collision, some of the result-

ing particles might take a path close to the beam line,

therefore being undetected. In such cases, as one uses all

reconstructed particles in an event to estimate theD-meson

direction, this direction is poorly determined. These events

are removed by only accepting those in which the cosine of

the angle between the thrust axis and the beam line,

cosð�thrustÞ, is smaller than 0.7. In cases where there is a

loss of a large fraction of the energy contained in the

opposite hemisphere, the reconstruction of the D is also

damaged. To minimize the impact of these cases, events

with a missing energy in the opposite hemisphere greater

than 3 GeV are rejected.

The mass-constrained fit also requires estimates of the

uncertainties on the angles defining the Dþ direction and

on the missing energy. These estimates are parametrized

versus the missing energy in the opposite hemisphere

which is used to quantify the quality of the reconstruction

in a given event. Parametrizations of these uncertainties are

obtained in data and in simulation using events with a

reconstructedDþ ! K��þ�þ, for which we can compare

the measured Dþ direction with its estimate using the

algorithm employed for the analyzed semileptonic decay

channel. Dþ ! K��þ�þ events also allow one to control

the missing energy estimate and its uncertainty.

Corresponding distributions obtained in data and with

simulated events are given in Fig. 4. These distributions

are similar, and the remaining differences are corrected as

explained in Sec. VI C 2.

Typical values for the reconstruction accuracy of kine-

matic variables, obtained by fitting the sum of two

Gaussian distributions for each variable, are given in

Table VI. These values are only indicative as the matching

of reconstructed-to-generated kinematic variables of

events in five dimensions is included, event by event, in

the fitting procedure.

B. Background rejection

Background events arise from �ð4SÞ decays and had-

ronic events from the continuum. Three variables are used

to decrease the contribution from B �B events: R2, the total
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FIG. 4 (color online). Distributions of the difference (left

panels) between reconstructed and expected values, in the CM

frame, for Dþ direction angles ð�;�Þ and for the missing energy

in the candidate hemisphere. These distributions are normalized

to the same number of entries. The Dþ is reconstructed in the

K��þ�þ decay channel. Distributions on the right display the

relative difference between the histograms given on the left.

TABLE VI. Expected resolutions for the five variables. They

are obtained by fitting the distributions to the sum of two

Gaussian functions. The fraction of events fitted in the broad

component is given in the last column.

Variable �1 �2

Fraction of events in

broadest Gaussian

cos�e 0.068 0.325 0.139

cos�K 0.145 0.5 0.135

� (rad) 0.223 1.174 0.135

q2 ðGeV2Þ 0.081 0.264 0.205

mK� ðGeV=c2Þ 0.0027 0.010 0.032
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charged and neutral multiplicity, and the sphericity of the

system of particles produced in the event hemisphere

opposite to the candidate. These variables use topological

differences between events with B decays and events with

c �c fragmentation. The particle distribution in �ð4SÞ decay
events tends to be isotropic, as the Bmesons are heavy and

produced near threshold, while the distribution in c �c events
is jetlike, as the CM energy is well above the charm

threshold. These variables are combined linearly in a

Fisher discriminant [45], Fbb, and corresponding distribu-

tions are given in Fig. 5. The requirement Fbb > 0 retains

70% of signal and 15% of B �B background events.

Background events from the continuum arise mainly

from charm particles, as requiring an electron and a kaon

reduces the contribution from light-quark flavors to a low

level. Because charm hadrons take a large fraction of the

charm quark energy, charm decay products have higher

average energies and different angular distributions (rela-

tive to the thrust axis or to the D direction) as compared to

other particles in the hemisphere, emitted from the hadro-

nization of the c and �c quarks. The Dþ meson also decays

at a measurable distance from the beam interaction point,

whereas background event candidates usually contain a

pion from fragmentation. Therefore, to decrease the

amount of background from fragmentation particles in c �c
events, the following variables are used:

(i) the spectator system mass;

(ii) the momentum of the leading spectator track;

(iii) a quantity derived from the �2 probability of the

Dþ mass-constrained fit;

(iv) a quantity derived from the �2 vertex fit probability

of the K, �, and e trajectories;

(v) the value of the Dþ momentum after the Dþ mass-

constrained fit;

(vi) the significance of the flight length of the Dþ from

the beam interaction point until its decay point;

(vii) the ratio between the significances of the distance

of the pion trajectory to the Dþ decay position and

to the beam interaction point.

Several of these variables are transformed such that distri-

butions of resulting (derived) quantities have a bell-like

shape. These seven variables are combined linearly into a

Fisher discriminant variable (Fcc) and the corresponding

distribution is given in Fig. 6; events are kept for values

above 0.5. This selection retains 40% of signal events

that were kept by the previous selection requirement on

Fbb and rejects 94% of the remaining background. About

244� 103 signal events are selected with a ratio

S=B ¼ 2:3. In the mass region of the �K�ð892Þ0, this ratio
increases to 4.6. The average efficiency for signal is 2.9%

and is uniform when projected onto individual kinematic

variables. A loss of efficiency, induced mainly by the

requirement of a minimal energy for the positron, is ob-

served for negative values of cos�e and at low q2.

C. Simulation tuning

Several event samples are used to correct differences

between data and simulation. For the remaining �ð4SÞ
decays, the simulation is compared to data, as explained

in Sec. VIC 1. For eþe� ! c �c events, corrections to the

signal sample are different from those to the background

sample. For signal, events with a reconstructed Dþ !
K��þ�þ in data and MC are used. These samples allow

us to compare the different distributions of the quantities

entering in the definition of the Fbb and Fcc discriminant

variables. Measured differences are then corrected, as ex-

plained below (Sec. VI C 2). These samples are also used to

measure the reconstruction accuracy on the direction and

missing energy estimates for Dþ ! K��þeþ�e. For

background events (Sec. VIC 3), the control of the simu-

lation has to be extended to D0, D�þ, and Dþ
s production

FIG. 6 (color online). Fisher discriminant variable Fcc distri-

bution for charm background and signal events. The two dis-

tributions are normalized to the same number of entries.

FIG. 5 (color online). Distributions of Fbb for signal and for

�ð4SÞ background events. The two distributions are normalized

to the same number of entries.
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and to their accompanying charged mesons. Additional

samples with a reconstructed exclusive decay of the cor-

responding charm mesons are used. Corrections are also

applied on the semileptonic decay models such that

they agree with recent measurements. Effects of these

corrections are verified using wrong-sign (WS) events

(Sec. VIC 4), which are also used to correct for the pro-

duction fractions of charged and neutralDmesons. Finally,

absolute mass measurement capabilities of the detector and

the mass resolution are verified (Sec. VIC 5) using

D0 ! K��þ and Dþ ! K��þ�þ decay channels.

1. Background from �ð4SÞ decays
The distribution of a given variable for events from the

remaining �ð4SÞ ! B �B background is obtained by com-

paring corresponding distributions for events registered at

the �ð4SÞ resonance and 40 MeV below. Compared with

expectations from simulated events in Fig. 7, distributions

versus the kinematic variables agree reasonably well in

shape, within statistics, but the simulation needs to be

scaled by 1:7� 0:2. A similar effect was measured also

in a previous analysis of the Dþ
s ! K�Kþeþ�e decay

channel [42].

2. Simulation tuning of signal events

Events with a reconstructed Dþ ! K��þ�þ candidate

are used to correct the simulation of several quantities

which contribute to the K��þeþ�e event reconstruction.

Using the K��þ�þ mass distribution, a signal region

(between 1.849 and 1:889 GeV=c2), and two sidebands

[1.798, 1.838] and ½1:900; 1:940� GeV=c2 are defined. A

distribution of a given variable is obtained by subtracting

from the corresponding distribution of events in the signal

region half the content of those from sidebands. This

approach is referred to as sideband subtraction in the

following. It is verified with simulated events that distri-

butions obtained in this way agree with those expected

from true signal events.

a. control of the c ! Dþ production mechanism.—The

Fisher discriminants Fbb and Fcc are functions of several

variables, listed in Sec. VI B, which have distributions that

may differ between data and simulation. For a given vari-

able, weights are computed from the ratio of normalized

distributions measured in data and simulation. This proce-

dure is repeated, iteratively, considering the various varia-

bles, until corresponding projected distributions are similar

to those obtained in data. There are remaining differences

between data and simulation coming from correlations

between variables. To minimize their contribution, the

energy spectrum of Dþ ! K��þ�þ is weighted in data

and simulation to be similar to the spectrum of semilep-

tonic signal events.

We have performed another determination of the correc-

tions without requiring that these two energy spectra are

similar. Differences between the fitted parameters obtained

using the two sets of corrections are taken as systematic

uncertainties.

b. control of the Dþ direction and missing energy mea-

surements.—The direction of a fully reconstructed Dþ !
K��þ�þ decay is accurately measured, and one can

therefore compare the values of the two angles, defining

its direction, with those obtained when using all particles

present in the event except those attributed to the decay

signal candidate. The latter procedure is used to estimate

the Dþ direction for the decay Dþ ! K��þeþ�e.

Distributions of the difference between angles measured

with the two methods give the corresponding angular

resolutions. This event sample also allows one to compare

the missing energy measured in the Dþ hemisphere and in

the opposite hemisphere for data and simulated events.

These estimates for the Dþ direction and momentum,

and their corresponding uncertainties, are used in a mass-

constrained fit.

For this study, differences between data and simulation

in the c ! Dþ fragmentation characteristics are corrected

as explained in the previous paragraph. Global cuts similar

to those applied for the Dþ ! K��þeþ�e analysis are

used such that the topology of Dþ ! K��þ�þ selected

events is as close as possible to that of semileptonic events.

Comparisons between angular resolutions measured in

data and simulation indicate that the data/MC ratio is 1.1

in the tails of the distributions (Fig. 4). Corresponding

distributions for the missing energy measured in the signal

hemisphere (Esame
miss ), in data and simulation, show that these

distributions have an offset of about 100 MeV=c2 (Fig. 4)
which corresponds to energy escaping detection even in the

absence of neutrinos. To evaluate the neutrino energy in

Dþ semileptonic decays, this bias is corrected on average.

The difference between the exact and estimated values

of the two angles and missing energy is measured versus
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the value of the missing energy in the opposite event

hemisphere (E
opp
miss). This last quantity provides an estimate

of the quality of the energy reconstruction for a given

event. In each slice of E
opp
miss, a Gaussian distribution is

fitted and corresponding values of the average and standard

deviation are measured. As expected, the resolution gets

worse when E
opp
miss increases. These values are used as

estimates for the bias and resolution for the considered

variable. Fitted uncertainties are slightly higher in data

than in the simulation. From these measurements, a cor-

rection and a smearing are defined as a function of E
opp
miss.

They are applied to simulated event estimates of �, �, and

Esame
miss . This additional smearing is very small for the Dþ

direction determination and is typically ’ 100 MeV on the

missing energy estimate.

After applying corrections, the resolution on simulated

events becomes slightly worse than in data. When evaluat-

ing systematic uncertainties we have used the total devia-

tion of fitted parameters obtained when applying or not

applying the corrections.

3. Simulation tuning of charm background

events from continuum

As the main source of background originates from track

combinations in which particles are from a charm meson

decay, and others from hadronization, it is necessary to

verify that the fragmentation of a charm quark into a charm

meson and that the production characteristics of charged

particles accompanying the charm meson are similar in

data and in simulation.

In addition, most background events contain a

lepton from a charm hadron semileptonic decay. The

simulation of these decays is done using the ISGW2

model [46], which does not agree with recent measure-

ments [41]; therefore all simulated decay distributions are

corrected.

a. Corrections on charm quark hadronization.—For this

purpose, distributions obtained in data and MC are com-

pared. We study the event shape variables that enter in the

Fisher discriminant Fbb and for variables entering into Fcc,

apart from the �2 probability of the mass-constrained fit

which is peculiar to the analyzed Dþ semileptonic decay

channel. Production characteristics of charged pions and

kaons emitted during the charm quark fragmentation are

also measured, and their rate, momentum, and angle dis-

tribution relative to the simulated D direction are cor-

rected. These corrections are obtained separately for

particles having the same or the opposite charge relative

to the charm quark forming the D hadron. Corrections

consist of a weight applied to each simulated event. This

weight is obtained iteratively, correcting in turn each of the

considered distributions. Measurements are done for D�þ,
D0 (vetoing D0 from D�þ decays), and for Dþ. For Dþ

s

mesons, only the corresponding c-quark fragmentation

distribution is corrected.

b. Correction of D semileptonic decay form factors.—By

default, D semileptonic decays are generated in EVTGEN

[47] using the ISGW2 decay model, which does not re-

produce the present measurements (this was shown,

for instance, in the BABAR analysis of D�þ ! D0�þ,
D0 ! K�eþ�e [41]). Events are weighted such that they

correspond to hadronic form factors behaving according to

the single pole parametrization as in Eq. (24).

For decay processes of the typeD ! Pe�e, where P is a

pseudoscalar meson, the weight is proportional to the

square of the ratio between the corresponding hadronic

form factors, and the total decay branching fraction re-

mains unchanged after the transformation. For all Cabibbo-

favored decays a pole mass value equal to 1:893 GeV=c2

[41] is used, whereas for Cabibbo-suppressed decays

1:9 GeV=c2 [48] is taken. This value of the pole mass is

used also for Ds semileptonic decays into a pseudoscalar

meson. For decay processes of the type D ! Ve�e,

ðV ! P1P2Þ, where P and V are, respectively, pseudosca-

lar and vector mesons, corrections depend on the mass of

the hadronic system, and on q2, cos�e, cos�K, and �. They
are evaluated iteratively using projections of the differen-

tial decay rate versus these variables, as obtained in

EVTGEN and in a simulation which contains the expected

distribution. To account for correlations between these

variables, once distributions agree in projection, binned

distributions over the five-dimensional space are compared

and a weight is measured in each bin. For Cabibbo-allowed

decays, events are distributed over 2800 bins, similar to

those defined in Sec. VID; 243 bins are used for Cabibbo-

suppressed decays. Apart from the resonance mass and

width which are different for each decay channel, the

same values, given in Table VII, are used for the other

parameters which determine the differential decay rate.

For decay channels D ! K�eþ�e an S-wave compo-

nent is added with the same characteristics as in the present

measurements. Other decay channels included in EVTGEN

[47] and contributing to this same final state, such as a

TABLE VII. Central values and variation range for the various

parameters which determine the differential decay rate in D !
P=Veþ�e decays, used to correct the simulation and to evaluate

corresponding systematic uncertainties. The form factors A1ðq2Þ,
A2ðq2Þ, and Vðq2Þ and the mass parameters mA and mV are

defined in Eq. (24).

Parameter Central value Variation interval

mpole (D
0;þ ! Keþ�e) 1:893 GeV=c2 �30 MeV=c2

mpole (D
0;þ ! �eþ�e) 1:9 GeV=c2 �100 MeV=c2

mpole (D
þ
s ! 
=
0eþ�e) 1:9 GeV=c2 �100 MeV=c2

r2 ¼ jA2ð0Þj=jA1ð0Þj 0.80 �0:05

rV ¼ jVð0Þj=jA1ð0Þj 1.50 �0:05

mA 2:5 GeV=c2 �0:3 GeV=c2

mV 2:1 GeV=c2 �0:2 GeV=c2

rBW 3:0 ðGeV=cÞ�1 �0:3 ðGeV=c�1Þ
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constant amplitude and the �K�
2ð1430Þ0 components, are

removed as they are not observed in data.

All branching fractions used in the simulation agree

within uncertainties with the current measurements [15]

(apart from D ! �eþ�e, which is then rescaled). Only the

shapes of charm semileptonic decay distributions are

corrected.

Systematic uncertainties related to these corrections are

estimated by varying separately each parameter according

to its expected uncertainty, given in Table VII.

4. Wrong-sign event analysis

Wrong-sign events of the type K���eþ are used to

verify if corrections applied to the simulation improve

the agreement with data, because the origin of these events

is quite similar to that of the background contributing

in right-sign (RS) K��þeþ events. The ratio between

the measured and expected number of WS events is

0:950� 0:005. In RS events the number of background

candidates is a free parameter in the fit.

At this point corrections have been evaluated separately

for charged and neutral D mesons. As the two charged

states correspond to background distributions having dif-

ferent shapes, it is also possible to correct for their relative

contributions. We improve the agreement with data by

increasing the fraction of events with a D0 meson in MC

by 4% and correspondingly decreasing the fraction of Dþ

by 5%. After corrections, projected distributions of the five

kinematic variables obtained in data and simulation are

given in Fig. 8.

5. Absolute mass scale

The absolute mass measurement is verified using exclu-

sive reconstruction of charm mesons in data and simula-

tion. For candidate events D�þ ! D0�þ, D0 ! K��þ,
the mean and rms values of the D0 mass distribution are

measured from a fit of the sum to a Gaussian distribution

for the signal and a first order polynomial for the back-

ground. The D0 mass reconstructed in simulation is very

close to expectations, �MC
m ¼ ð�0:07� 0:01Þ MeV=c2,

whereas in data it differs by �data
m ¼ ð�1:07�

0:17Þ MeV=c2. Here �m is the difference between the

reconstructed and the exact or the world average mass

values when analyzing MC or data, respectively. The un-

certainty quoted for �data
m is from Ref. [15]. To correct for

this effect the momentum (p) of each track in data, mea-

sured in the laboratory frame, is increased by an amount

�data
p ¼ 0:7� 10�3p. The standard deviation of the

Gaussian fitted on the D0 signal is slightly smaller in

simulation, ð7:25� 0:01Þ MeV=c2, than in data, ð7:39�
0:01Þ MeV=c2. The difference between the widths of re-

constructed D0 signals in the two samples is measured
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versus the transverse momentum of the tracks emitted in

the decay. In simulation, the measured transverse momenta

of the tracks are smeared to correct for this difference.

Having applied these corrections, Dþ mass distribu-

tions, for the decay Dþ ! K��þ�þ obtained in data

and simulation, are compared. The standard deviation of

the fitted Gaussian distribution on signal is now similar in

data and simulation. The reconstructed Dþ mass is higher

by 0:23 MeV=c2 in simulation (on which no correction

was applied) and by 0:32 MeV=c2 in data. These remain-

ing differences are not corrected and are included as

uncertainties.

D. Fitting procedure

A binned distribution of data events is analyzed. The

expected number of events in each bin depends on signal

and background estimates, and the former is a function of

the values of the fitted parameters.

We perform a minimization of a negative log-likelihood

distribution. This distribution has two parts. One corre-

sponds to the comparison between the measured and

expected number of events in bins which span the five-

dimensional space of the differential decay rate. The other

part uses the distribution of the values of the Fisher

discriminant variable Fcc to measure the fraction of back-

ground events.

There are, respectively, 5, 5, and 4 equal size bins for

the variables �, cos�K, and cos�e. For q
2 and mK� we use,

respectively, 4 and 7 bins of different size such that

they contain approximately the same number of signal

events. There are 2800 bins (Nbins) in total.

The likelihood expression is

L ¼
YNbins

i¼0

PðnidatajniMCÞ
YNdata

j¼1

�
Nsig

Nsig þ Nbkg

pdf
j
sig

þ Nbkg

Nsig þ Nbkg

� pdf
j
bkg

�

; (34)

where nidata is the number of data events in bin i and niMC is

the sum of MC estimates for signal and background events

in the same bin. PðnidatajniMCÞ is the Poisson probability for
having nidata events in bin i, where n

i
MC events are expected,

on average, with

niMC ¼
X

Nbin i
events

j¼0

�
Nsig

W tot
fit ð ~�0; ~�Þ

Wjð ~�Þ
Wjð ~�0Þ

Cj

�

þ Nbkg

W tot
bkg

�Wi
bkg;

Wtot
fit ð ~�0; ~�Þ ¼

X
Nall bins

events

j¼0

Wjð ~�Þ
Wjð ~�0Þ

Cj: (35)

The summation to determine niMC extends over all gen-

erated signal events which are reconstructed in bin i. The

terms ~� and ~�0 are, respectively, the values of parameters

used in the fit and those used to produce simulated events.

Wjð ~�Þ is the value of the expression for the decay rate [see
Eq. (16)] for event j using the set of parameters ð ~�Þ. In
these expressions, generated values of the kinematic vari-

ables are used. Cj is the weight applied to each signal event

to correct for differences between data and simulation. It is

left unchanged during the fit.Wi
bkg is the estimated number

of background events in bin i given by the simulation,

corrected for measured differences with data, as explained

in Sec. VI C. W tot
bkg is the estimated total number of back-

ground events.

Nsig andNbkg are, respectively, the total number of signal

and background events fitted in the data sample which

contains Ndata events. pdf
j
sig and pdf

j
bkg are the probability

density functions for signal and background, respectively,

evaluated at the value of the Fcc variable for event j.
The following expressions are used:

pdfsigðFccÞ ¼ N sigfc2 � exp

��ðFcc � c0Þ2
2c21

�

þ c5 � exp

��ðFcc � c3Þ2
2c24

��

;

pdfbkgðFccÞ ¼ N bkg

�

exp

�
X4

i¼0

diðFccÞi
��

; (36)

and values of the corresponding parameters c0�5 and d0�4

are determined from fits to binned distributions of Fcc in

simulated signal and background samples.N sig andN bkg

are normalization factors. In Fig. 9 these two distributions

are drawn to illustrate their different behavior versus the

values of Fcc for signal and background events. As ex-

pected, the pdfbkg distribution has higher values at low Fcc

than the corresponding distribution for signal.

Background smoothing

As the statistics of simulated background events for the

charm continuum is only 1.6 times the data, biases appear in

the determination of the fit parameters if we simply use, as

ccF

0.5 1 1.5 2 2.5 3

P
D

F

0

0.05

0.1

0.15

FIG. 9 (color online). Probability density functions for signal

(red dashed line) and background (blue solid line) events versus

the values of the discriminant variable Fcc.
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estimates for background in each bin, the actual values

obtained from the MC. Using a parametrized event genera-

tor, this effect is measured using distributions of the differ-

ence between the fitted and exact values of a parameter

divided by its fitted uncertainty (pull distributions). To re-

duce these biases, a smoothing [49] of the background

distribution is performed. It consists of distributing the con-

tribution of each event, in each dimension, according to a

Gaussian distribution. In this procedure correlations between

variables are neglected. To account for boundary effects, the

data set is reflected about each boundary. � is essentially

uncorrelated with all other variables and, in particular, with

cos�l. Therefore, for each bin in (m, q2, and cos�K), a
smoothing of the � and cos�l distributions is done in the

hypothesis that these two variables are independent.

VII. Dþ ! �K
�0
eþ�e HADRONIC FORM-FACTOR

MEASUREMENTS

We first consider a signal made of the �K�ð892Þ0 and

S-wave components. Using the LASS parametrization of

the S-wave phase versus the K� mass [Eq. (10)], values of

the following quantities (quoted in Table VIII, second

column) are obtained from a fit to data:

(i) parameters of the K�ð892Þ0 Breit-Wigner distribu-

tion:mK�ð892Þ, �
0
K�ð892Þ, and rBW (the Blatt-Weisskopf

parameter);

(ii) parameters of the Dþ ! �K�0eþ�e hadronic form

factors: r2, rV , and mA, with the parameter mV

which determines the q2 variation of the vector

form factor fixed to 2:0 GeV=c2;
(iii) parameters which define the S-wave component: rS

and rð1ÞS for the amplitude [Eq. (28)], and a1=2S;BG and

b1=2S;BG for the phase [Eq. (8)];

(iv) and finally the total numbers of signal and back-

ground events, Nsig and Nbkg.

Apart from the effective range parameter b1=2S;BG, all other

quantities are accurately measured. Values for the S-wave
parameters depend on the parametrization used for the

P-wave, and as the LASS experiment includes a K�ð1410Þ
and other components, one cannot directly compare our

results on a1=2S;BG and b1=2S;BG with those of LASS. We have

obtained the first measurement for mA, which gives the q2

variation of the axial-vector hadronic form factors. Using

the values of fitted parameters and integrating the corre-

sponding differential decay rates, fractions of the S and P
waves are given in the second column of Table IX.

Projected distributions, versus the five variables, ob-

tained in data and from the S-wave plus �K�ð892Þ0 fit result
are displayed in Fig. 10. The total �2 of this fit is 2914 for

2787 degrees of freedom, which corresponds to a proba-

bility of 4.6%. Fit results including the �K�ð1410Þ0 and D
wave are discussed in Sec. VIII.

A. Systematic uncertainties

The systematic uncertainty on each fitted parameter (x)
is defined as the difference between the fit results in

TABLE VIII. Values of fitted parameters assuming that the final state consists of a sum of

S-wave and �K�ð892Þ0 components (second column), and includes the �K�ð1410Þ0 in the P wave

(third column) and a D wave (last column). The variation of the S-wave phase versus the K�
mass is parametrized according to Eq. (10), whereas the S-wave amplitude is parametrized as in

Eq. (28). Fit results including the �K�ð1410Þ0 are discussed in Sec. VIII A. Values given in the

third column of this table are the central results of this analysis.

Variable Sþ �K�ð892Þ0 Sþ �K�ð892Þ0 Sþ �K�ð892Þ0
�K�ð1410Þ0 �K�ð1410Þ0 þD

mK�ð892Þ ðMeV=c2Þ 894:77� 0:08 895:43� 0:21 895:27� 0:15

�0
K�ð892Þ ðMeV=c2Þ 45:78� 0:23 46:48� 0:31 46:38� 0:26

rBW ðGeV=cÞ�1 3:71� 0:22 2:13� 0:48 2:31� 0:20
mA ðGeV=c2Þ 2:65� 0:10 2:63� 0:10 2:58� 0:09

rV 1:458� 0:016 1:463� 0:017 1:471� 0:016

r2 0:804� 0:020 0:801� 0:020 0:786� 0:020

rS ðGeVÞ�1 �0:470� 0:032 �0:497� 0:029 �0:548� 0:027

rð1ÞS 0:17� 0:08 0:14� 0:06 0:03� 0:06

a1=2S;BG ðGeV=cÞ�1 1:82� 0:14 2:18� 0:14 2:10� 0:10

b1=2S;BG ðGeV=cÞ�1 �1:66� 0:65 1.76 fixed 1.76 fixed

rK�ð1410Þ0 0:074� 0:016 0:052� 0:013

�K�ð1410Þ0 (degree) 8:3� 13:0 0 fixed

rD ðGeVÞ�4 0:78� 0:18

�D (degree) 0 fixed

Nsig 243 850� 699 243 219� 713 243 521� 688

Nbkg 107 370� 593 108 001� 613 107 699� 583

Fit probability 4.6% 6.4% 8.8%
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nominal conditions ðx½0�Þ and those obtained, ðx½i�Þ, after
changing a variable or a condition (i) by an amount which

corresponds to an estimate of the uncertainty in the deter-

mination of this quantity:

�x ¼ x½0� � x½i�: (37)

Values are given in Table X. Some of the corrections

induce a variation on the Fcc distributions for signal or

background which are therefore reevaluated.

1. Signal production and decay

a. Corrections of distributions of Fisher input variables

(I).—The signal control sample is corrected as explained in

Sec. VIC 2. The corresponding systematic uncertainty is

obtained by defining new event weights without taking into

account that the momentum distribution of reconstructed D
mesons is different in hadronic and in semileptonic samples.

b. Simulation of radiative events (II).—Most of the

radiative events correspond to radiation from the charged

lepton, although a non-negligible fraction comes from

radiation of the K�ð892Þ0 decay products. In D ! Pe�e,

by comparing two generators (PHOTOS [40] and KLOR

[50]), the CLEO-c Collaboration has used a variation of

16% to evaluate corresponding systematic uncertainties

[51]. We have increased the fraction of radiative events

(simulated by PHOTOS) by 30% (keeping constant the total
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FIG. 10 (color online). Projections of data (black dots) and of the fitted MC distribution (histograms) versus each of the five

kinematic variables. The signal contains S-wave and �K�ð892Þ0 components. From top to bottom the fitted background components

displayed in the stacked histograms are c �c, uds, and B �B events, respectively. In the lower row, distributions of the data/MC ratio for

upper row plots are given.

TABLE IX. Fractions for signal components assuming that the final state consists of a sum of S-wave and �K�ð892Þ0 components

(second column), including the �K�ð1410Þ0 in the P wave (third column) and a D wave (last column). In the second and third cases, the

sum of the fractions for the two �K� does not correspond exactly to the total P-wave fraction because of interference.

Component Sþ �K�ð892Þ0ð%Þ Sþ �K�ð892Þ0 þ �K�ð1410Þ0ð%Þ Sþ �K�ð892Þ0 �K�ð1410Þ0 þDð%Þ
S wave 5:62� 0:14� 0:13 5:79� 0:16� 0:15 5:69� 0:16� 0:15

P wave 94.38 94.21 94.12
�K�ð892Þ0 94.38 94:11� 0:74� 0:75 94:41� 0:15� 0:20
�K�ð1410Þ0 0 0:33� 0:13� 0:19 0:16� 0:08� 0:14

D wave 0 0 0:19� 0:09� 0:09
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number of events) and obtained the corresponding varia-

tions on fitted parameters.

c. Particle identification efficiencies (III).—The system-

atic uncertainty is estimated by not correcting for the

remaining differences between data and MC on particle

identification.

d. Estimates of the values and uncertainties for the D
direction and missing energy (IV).—In Sec. VI C 2 it is

observed that estimates of the Dþ direction and energy

are more accurate in the simulation than in data. After

applying smearing corrections, the result of this compari-

son is reversed. The corresponding systematic uncertainty

is equal to the difference on fitted parameters obtained with

and without smearing.

2. B �B background correction (V)

The number of remaining B �B background events ex-

pected from simulation is rescaled by 1:7� 0:2 (see

Sec. VI C 1). The uncertainty on this quantity is used to

evaluate corresponding systematic uncertainties.

3. Corrections to the c �c background

a. Fragmentation associated systematic uncertainties

(VI).—After applying corrections explained in Sec. VIC 3,

the remaining differences between data and simulation for

the considered distributions are 5 times smaller. Therefore,

20% of the full difference measured before applying cor-

rections is used as the systematic uncertainty.

b. Form-factor correction systematics (VII).—

Corresponding systematic uncertainties depend on uncer-

tainties on parameters used to model the differential semi-

leptonic decay rate of the various charm mesons (see

Sec. VI C 3).

c. Hadronization-associated systematic uncertainties

(VIII).—Using WS events, it is found in Sec. VIC 4 that

the agreement between data and simulation improves by

changing the hadronization fraction of the different charm

mesons. Corresponding variations of relative hadronization

fractions are compatible with current experimental uncer-

tainties on these quantities. The corresponding systematic

uncertainty is obtained by not applying these corrections.

4. Fitting procedure

a. Background smoothing (IX).—The MC background

distribution is smoothed, as explained in Sec. . The evalu-

ation of the associated systematic uncertainty is performed

by measuring, with simulations based on parametrized

distributions, the dispersion of displacements of the fitted

quantities when the smoothing is or is not applied in a

given experiment. It is verified that uncertainties on the

values of the two parameters used in the smoothing have

negligible contributions to the resulting uncertainty.

b. Limited statistics of simulated events (X).—

Fluctuations of the number of MC events in each bin are

not included in the likelihood expression; therefore one

quantifies this effect using fits on distributions obtained

TABLE X. Systematic uncertainties on parameters fitted using the S wave and �K�ð892Þ0 model, expressed as ðx½0� � x½i�Þ=�stat:

(I) uncertainty associated with the tuning of the signal control sample, (II) fraction of radiative signal events increased by 30%, (III) no

PID corrections on the electron or kaon in MC signal events, (IV) no smearing applied on �D, �D, and Emiss for simulated signal

events, (V) B �B background rate lowered by the statistical uncertainty of its determination, (VI) uncertainty associated with the tuning

of fragmentation in charm background events, (VII) remaining uncertainty on semileptonic decay models in charm background events,

(VIII) uncertainty associated with c-meson relative fractions, (IX) uncertainty remaining from the smoothing of the background

distribution, (X) effects from limited statistics in simulation, (XI) variation of parameters that were kept constant in the fit, and

(XII) absolute mass scale uncertainties.

Variation signal �MK�ð892Þ0 ��K�ð892Þ0 �rBW �mA �rV �r2 �rS �rð1ÞS �a1=2S;BG �b1=2S;BG �NS �NB

I �0:13 �0:16 �0:10 �0:18 0.28 0.18 �0:40 �0:43 0.02 0.00 �0:36 0.44

II �0:36 0.07 0.02 �0:11 0.34 0.10 0.26 0.20 0.17 0.21 �0:21 0.26

III 0.21 0.13 0.27 0.69 0.78 0.51 0.17 0.16 0.29 0.17 0.18 0.22

IV 0.29 0.36 0.20 �0:18 0.07 �0:25 0.15 0.19 �0:31 �0:23 0.57 �0:70

B �B bkg.

V �0:06 0.32 0.09 0.22 �0:13 0.03 0.30 0.31 0.14 0.30 �0:09 0.11

c �c bkg.

VI �0:04 0.21 �0:61 0.10 �0:08 0.07 0.33 0.32 0.13 0.27 0.06 �0:08

VII 0.53 0.19 0.14 0.16 0.13 0.07 0.10 0.10 0.17 0.19 0.16 0.22

VIII 0.24 0.36 0.11 �0:49 0.85 0.04 �0:76 �0:68 �0:77 1.02 0.76 �0:91

Fitting procedure

IX 0.13 0.17 0.25 0.29 0.30 0.25 0.25 0.25 0.32 0.32 0.13 0.13

X 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70

XI 0.00 0.00 0.07 0.07 1.15 0.08 0.05 0.05 1.43 0.46 0.01 0.01

XII �0:93 �0:06 0.09 0.09 �0:05 0.04 0.03 0.02 0.07 �0:05 0.00 0.00

�syst 1.41 1.00 1.06 1.21 1.87 0.97 1.27 1.23 1.87 1.47 1.29 1.48

ANALYSIS OF THE Dþ ! K��þeþ�e DECAY CHANNEL PHYSICAL REVIEW D 83, 072001 (2011)

072001-21



with a parametrized event generator. Pull distributions of

fitted parameters, obtained in similar conditions as in data,

have a rms of 1.2. This increase is attributed to the limited

MC statistics used for the signal (4.5 times the data) and,

also, to the available statistics used to evaluate the back-

ground from eþe� ! c �c continuum events. We have in-

cluded this effect as a systematic uncertainty corresponding

to 0.7 times the quoted statistical uncertainty of the fit. It

corresponds to the additional fluctuation needed to obtain a

standard deviation of 1.2 of the pull distributions.

5. Parameters kept constant in the fit (XI)

The signal model has three fixed parameters, the vector

pole mass mV and the mass and width of the �K�
0ð1430Þ

resonance. Corresponding systematic uncertainties are ob-

tained by varying the values of these parameters. For mV a

�100MeV=c2 variation is used, whereas for the other two

quantities we take, respectively, �50 MeV=c2 and

�80 MeV=c2 [15].

6. Absolute mass scale (XII)

When corrections defined in Sec. VI C 5 are applied, in

data and simulation, for the Dþ ! K��þeþ�e decay

channel, the fitted K�ð892Þ0 mass in data increases by

0:26 MeV=c2 and its width decreases by 0:12 MeV=c2.
The uncertainty on the absolute mass measurement of the

K�ð892Þ0 is obtained by noting that a mass variation, �data
m ,

of the D reference signal is reduced by a factor of 4 in the

K� mass region; this gives

�ðmK�ð892Þ0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:172 þ 0:232
p �data

m ðK�Þ
�data

m ðD0;þÞ
’ 0:07 MeV=c2: (38)

In this expression, 0:17 MeV=c2 is the uncertainty on the

D0 mass [15] and 0:23 MeV=c2 is the difference between
the reconstructed and exact values of the Dþ mass in

simulation (see Sec. VIC 5). Uncertainty on the K�

width measurement from track resolution effects is

negligible.

7. Comments on systematic uncertainties

The total systematic uncertainty is obtained by summing

in quadrature the various contributions. The main system-

atic uncertainty on rV comes from the assumed variation

for the parameter mV because these two parameters are

correlated. Values of the parameters a1=2S;BG and b1=2S;BG de-

pend on the mass and width of the �K�
0ð1430Þ because the

measured S-wave phase is the sum of two components: a

background term and the �K�
0ð1430Þ.

VIII. INCLUDING OTHER COMPONENTS

A contribution to the P wave from the �K�ð1410Þ0 radial
excitation was measured by LASS [5] inKp interactions at

small transfer and in � decays [11]. As is discussed in the

following, even if the statistical significance of a signal at

high mass does not reach the level to claim an observation,

data favor such a contribution, and a signal containing the

TABLE XI. Systematic uncertainties on parameters fitted using a model for the signal which contains S-wave, �K�ð892Þ0, and
�K�ð1410Þ0 components, expressed as ðx½0� � x½i�Þ=�stat: (I) uncertainty associated with the tuning of the signal control sample,

(II) fraction of radiative signal events increased by 30%, (III) no PID corrections on the electron or kaon in MC signal events, (IV) no

smearing applied on �D, �D, and Emiss for simulated signal events, (V) B �B background rate lowered by the statistical uncertainty of its

determination, (VI) uncertainty associated with the tuning of fragmentation in charm background events, (VII) remaining uncertainty

on semileptonic decay models for background events, (VIII) uncertainty associated with c-meson relative fractions, (IX) uncertainty

remaining from the smoothing of the background distribution, (X) effects from limited statistics in simulation, (XI) variation of

parameters that were kept constant in the fit, and (XII) uncertainties on the absolute mass scale.

Variation signal �MK�ð892Þ0 ��K�ð892Þ0 �rBW �mA �rV �r2 �rS �rð1ÞS �a1=2S;BG �rK�ð1410Þ0 ��K�ð1410Þ0 �NS �NB

(I) 0.17 0.05 �0:23 �0:22 �0:31 0.18 0.14 �0:14 �0:13 0.23 �0:19 �0:39 0.45

(II) �0:18 0.06 �0:01 �0:14 �0:36 0.09 �0:10 0.08 0.05 �0:08 �0:08 �0:23 0.26

(III) 0.02 0.10 0.06 0.70 0.73 0.53 0.14 0.07 0.41 0.08 0.22 0.10 0.12

(IV) �0:13 0.03 0.29 �0:18 �0:04 �0:27 �0:02 0.02 �0:17 �0:18 0.32 0.61 �0:70

B �B bkg.

(V) �0:41 �0:04 0.34 0.26 0.16 0.05 �0:12 0.12 0.08 �0:46 0.22 �0:01 0.02

c �c bkg.

(VI) �0:14 0.07 �0:08 0.13 0.09 0.09 �0:16 0.14 �0:01 �0:24 �0:03 0.08 �0:09

(VII) 0.09 0.08 0.14 0.19 0.14 0.08 0.18 0.15 0.06 0.10 0.11 0.14 0.18

(VIII) �0:44 �0:19 0.59 �0:48 �0:75 0.04 0.98 �0:94 0.28 �0:42 �0:21 1.03 �1:23

Fitting procedure

(IX) 0.13 0.17 0.25 0.29 0.30 0.25 0.25 0.25 0.32 0.30 0.30 0.13 0.13

(X) 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70

(XI) 0.27 0.12 0.29 0.07 1.15 0.08 0.57 0.55 3.25 0.89 0.40 0.09 0.10

(XII) �0:33 �0:05 0.03 0.09 0.05 0.04 �0:05 0.03 0.06 �0:02 �0:01 �0:02 0.02

�syst 1.08 0.78 1.13 1.24 1.81 0.99 1.40 1.35 3.39 1.39 1.02 1.48 1.69
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�K�ð892Þ0, the �K�ð1410Þ0, and an S-wave component is

considered as our nominal fit to data.

To compare the present results for the Swavewith LASS
measurements, a possible contribution from the �K�ð1410Þ0

is included in the signal model. It is parametrized using a

similar Breit-Wigner expression as for the �K�ð892Þ0 reso-
nance. The L ¼ 1 form-factor components are, in this case,

written as
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FIG. 11 (color online). Projections of data (black dots) and of the fitted MC distribution (histograms) versus each of the five

kinematic variables. The signal contains S-wave, �K�ð892Þ0, and �K�ð1410Þ0 components. From top to bottom the background

components displayed in the stacked histograms are c �c, uds, and B �B events, respectively. In the lower row, distributions of the

data/MC ratio for the upper row are given.
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F 11 / ðBWþ rK�ð1410Þ0e
i�

K�ð1410Þ0BW0Þ2
ffiffiffi

2
p

qH0

F 21 / ðBWþ rK�ð1410Þ0e
i�

K�ð1410Þ0BW0Þ2qðHþ þH�Þ
F 31 / ðBWþ rK�ð1410Þ0e

i�
K�ð1410Þ0BW0Þ2qðHþ �H�Þ; (39)

where BW stands for the �K�ð892Þ0 Breit-Wigner distribu-

tion [Eq. (25)] and BW0 for that of the �K�ð1410Þ0. As the
phase space region where this last component contributes

is scarcely populated (high K� mass), this analysis is not

highly sensitive to the exact shape of the resonance.
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Therefore, the Breit-Wigner parameters of the �K�ð1410Þ0
(given in Table I) are fixed, and only the relative strength

(rK�ð1410Þ0) and phase (�K�ð1410Þ0) are fitted. For the same

reason, the value of b1=2S;BG ¼ 1:76 GeV�1 is fixed to the

LASS result (given in Table III).

A. Results with a �K
�ð1410Þ0 contribution included

Results are presented in Table VIII (third column) using

the same S-wave parametrization as in Sec. VII. They

correspond to the central results of this analysis.

The total �2 value is 2901 and the number of degrees

of freedom is 2786. This corresponds to a probability of

6.4%. Systematic uncertainties, evaluated as in Sec. A, are

given in Table XI. The statistical error matrix of fitted

parameters, a table showing individual contributions of

sources of systematic uncertainties, which were grouped

in the entries of Table XI labeled III, VII, and XI, and the

full error matrix of systematic uncertainties are given in

the Appendix. Projected distributions versus the five var-

iablesobtained in data and from the fit result are displayed

in Fig. 11. Measured and fitted distributions of the values

of the Fcc discriminant variable are compared in

Fig. 12.

The comparison between measured and fitted, back-

ground subtracted, mass distributions is given in Fig. 13.

Results of a fit in which the width of the K�ð892Þ0

resonance is fixed to 50:3MeV=c2 (the value quoted in

2008 by the Particle Data Group) are also given.

Background subtracted projected distributions versus

mK� for values higher than 1 GeV=c2, obtained in data

and using the fit results with and without the �K�ð1410Þ0,
are displayed in Fig. 14.

The measured fraction of the �K�ð1410Þ0 is compatible

with the value obtained in � decays [11]. The relative phase
between the �K�ð892Þ0 and �K�ð1410Þ0 is compatible with

zero, as expected. Values of the hadronic form-factor pa-

rameters for the decayDþ ! �K�0eþ�e are almost identical

to those obtained without the �K�ð1410Þ0. The fitted value

for a1=2S;BG is compatible with the result from LASS reported

in Table III.

The total fraction of the S wave is compatible with the

previous value. Fractions for each component are given in

the third column of Table IX.

Considering several mass intervals, background sub-

tracted projected distributions versus the four other varia-

bles, obtained in data and from the fit results, are displayed

in Figs. 15–18.

B. Fit of the �K
�ð1410Þ0 contribution and of the S-wave

amplitude and phase

Fixing the parameters which determine the K�ð892Þ0
contribution to the values obtained in the previous fit,
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versus the four kinematic variables in the mass region between 800 and 900 MeV=c2. Error bars correspond to statistical uncertainties
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versus the four kinematic variables in the mass region between 900 and 1000 MeV=c2. Error bars correspond to statistical
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the fitted signal.
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we measure the S-wave parameters entering in Eq. (28) in

which the S-wave phase is assumed to be a constant within

each of the considered K� mass intervals. Values of mK�

which correspond to the center and to half the width of

each mass interval are given in Table XIII (see below). The

two parameters which define the �K�ð1410Þ0 are also fitted.

Numbers of signal and background events are fixed to their

previously determined values. Values of fitted parameters

are given in Table XIV (see below).

The variation of the S-wave phase is given in Fig. 19 and
compared with LASS results and with the result found in

Sec. VIII, where the S-wave phase variation was parame-

trized versus the K� mass. Systematic uncertainties are

given in Table XII.

In Fig. 20 measured values of the S-wave phase obtained
by various experiments in the elastic region are compared.

Figure 20(a) is a zoom of Fig. 19. Figures 20(b)–20(d)

compare present measurements with those obtained in

Dalitz plot analyses of the decay Dþ ! K��þ�þ. For
the latter, the S-wave phase is obtained by reference to the

phase of the amplitude of one of the contributing channels

in this decay. To draw the different figures it is assumed

that the phase of the S wave is equal at mK� ¼
0:67 GeV=c2 to the value given by the fitted parametriza-

tion on LASS data. It is difficult to draw clear conclusions

from these comparisons, as Dalitz plot analyses do not

usually provide the phase of the I ¼ 1=2 amplitude alone,

but the phase for the total S-wave amplitude.

C. �S � �P measurement

As explained in previous sections, measurements are

sensitive to the phase difference between S and P waves.

This quantity is given in Fig. 21 for different values of the

K�mass using results from the fit explained in Sec. VIII B.

Similar values are obtained if the �K�ð1410Þ0 is not included
in the P wave.

D. Search for a D-wave component

A D-wave component, assumed to correspond to the
�K�
2ð1430Þ0, is added to the signal model using expressions

given in Eqs. (21) and (30)–(32). As the phase of the
�K�ð1410Þ0, relative to the �K�ð892Þ0, is compatible with

TABLE XII. Systematic uncertainties on parameters fitted using a model for the signal which contains S-wave, �K�ð892Þ0, and
�K�ð1410Þ0 components in which the �K�ð892Þ0 parameters are fixed, expressed as ðx½0� � x½i�Þ=�stat: (I) uncertainty associated with the

tuning of the signal control sample, (II) fraction of radiative signal events increased by 30%, (III) no PID correction on the electron or

kaon in MC signal events, (IV) no smearing applied on �D,�D, and Emiss for simulated signal events, (V) B �B background rate lowered

by the statistical uncertainty of its determination, (VI) uncertainty associated with the tuning of fragmentation in charm background

events, (VII) remaining uncertainty on semileptonic decay models for background events, (VIII) uncertainty associated with c-meson

relative fractions, (IX) uncertainty remaining from the smoothing of the background distribution, (X) effects from limited statistics in

simulation, (XI) variation of parameters that were kept constant in the fit, and (XII) uncertainties on the absolute mass scale.

Variation �rK�ð1410Þ0 ��K�ð1410Þ0 �rS �rð1ÞS ��1 ��2 ��3 ��4 ��5 ��6 ��7 ��8 ��9

(I) 0.23 �0:08 �0:13 �0:16 0.02 �0:07 �0:09 0.08 0.05 �0:06 0.01 0.01 �0:09

(II) �0:34 0.02 0 �0:03 0.04 0.01 �0:01 0.01 0.21 �0:14 �0:03 0.04 0.17

(III) �0:01 �0:05 �0:11 �0:11 0.05 �0:03 �0:11 0.29 0.55 0.05 0.10 0.04 0.03

(IV) �0:92 0.26 �0:12 �0:14 �0:08 0.12 0.02 �0:11 0 �0:21 �0:22 �0:03 0.50

B �B bkg.

(V) �1:05 0.17 �0:03 �0:08 0.17 0.21 0.27 0.14 �0:12 �0:36 �0:36 �0:19 0.59

c �c bkg.

(VI) �0:17 �0:01 0.16 0.12 �0:02 0.01 �0:01 0.01 0.01 �0:03 �0:05 �0:05 �0:08

(VII) 0.15 0.09 0.11 0.13 0.20 0.11 0.08 0.03 0.09 0.11 0.13 0.10 0.06

(VIII) �2:85 �0:36 �0:22 �0:19 �0:12 �0:37 �0:1 0.59 0.82 0.27 0.15 0.14 1.29

Fitting procedure

(IX) 0.60 0.60 0.60 0.60 1.06 0.64 0.47 0.42 0.40 0.49 0.54 0.63 0.82

(X) 0.70 0.70 0.60 0.61 0.53 0.54 0.53 0.53 0.78 0.54 0.53 0.54 0.98

(XI) 1.07 0.27 0.23 0.26 0.16 0.07 0.09 0.16 0.28 0.16 0.14 0.14 0.53

(XII) �0:49 0.01 �0:01 �0:04 �0:03 0.12 0 0.33 0.50 0.10 0.12 0.14 0.27

�syst 3.70 1.09 0.94 0.96 1.24 0.99 0.83 1.04 1.47 0.99 0.98 0.91 2.07

TABLE XIII. Positions of the center and values of half the

mass intervals used in the phase measurement.

Mass bin mK�ðGeV=c2Þ �mK�ðGeV=c2Þ
1 0.707 0.019

2 0.761 0.035

3 0.828 0.032

4 0.880 0.020

5 0.955 0.055

6 1.047 0.037

7 1.125 0.041

8 1.205 0.039

9 1.422 0.178
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zero, this value is imposed in the fit. For the D wave, its

phase ð�DÞ is allowed to be zero or �. Fit results are given
in the last column of Table VIII. The total �2 value is

2888 and the number of degrees of freedom is 2786.

This corresponds to a probability of 8.8%. The value zero

is favored for �D. The fraction of the decay rate which

corresponds to the D wave is given in Table IX and is

similar to the �K�ð1410Þ0 fraction.

IX. DECAY RATE MEASUREMENT

The Dþ ! K��þeþ�eð�Þ branching fraction is mea-

sured relative to the reference decay channel, Dþ !
K��þ�þð�Þ. Specifically, in Eq. (41) we compare the

ratio of rates for the decays Dþ ! K��þeþ�eð�Þ and

Dþ ! K��þ�þð�Þ in data and simulated events; this

way, many systematic uncertainties cancel:

RD ¼ BðDþ ! K��þeþ�eÞdata
BðDþ ! K��þ�þÞdata

¼ NðDþ ! K��þeþ�eÞdata
ðK��þeþ�eÞdata

� ðK��þ�þÞdata
NðDþ ! K��þ�þÞdata

� LðK��Þdata
LðK�e�Þdata

: (40)

Introducing the reconstruction efficiency measured for the

two channels with simulated events, this expression can be

written

RD ¼ NðDþ ! K��þeþ�eÞdata
NðDþ ! K��þ�þÞdata

� LðK��Þdata
LðK�e�eÞdata

� ðK��þeþ�eÞMC

ðK��þeþ�eÞdata
� ðK��þ�þÞdata

ðK��þ�þÞMC

� ðK��þ�þÞMC

ðK��þeþ�eÞMC

: (41)

The first line in this expression is the product of the ratio of

the measured number of signal events in data for the semi-

leptonic and hadronic channels, and the ratio of the corre-

sponding integrated luminosities analyzed for the two

channels:

LðK��Þdata
LðK�e�eÞdata

¼ 98:7 fb�1

100:5 fb�1
: (42)

The second line of Eq. (41) corresponds to the ratio be-

tween efficiencies in data and in simulation, for the two

channels. The last line is the ratio between efficiencies for

the two channels measured using simulated events.

Considering that a special event sample is generated for

the semileptonic decay channel, in which each event con-

tains a decay Dþ ! �K�0eþ�e, �K�0 ! K��þ, whereas the
Dþ ! K��þ�þ is reconstructed using the eþe� ! c �c
generic simulation, the last term in Eq. (41) is written

TABLE XIV. Fit results for a signal made of S-wave,
�K�ð892Þ0, and �K�ð1410Þ0 components. The S-wave phase is

measured for several values of the K� mass, and its amplitude

is parametrized according to Eq. (28). The last two columns give

the values of the P-wave phase, which includes �K�ð892Þ0 and
�K�ð1410Þ0 components, and the values of the difference between

the S- and P-wave phases. Quoted uncertainties are statistical

only; systematic uncertainties are given in Table XII. The same

uncertainties apply to �S and �S � �P.

Variable Result

rK�ð1410Þ0 0:079� 0:004

�K�ð1410Þ0 ð	Þ �8:9� 21:5

rS 0:463� 0:068

rð1ÞS 0:21� 0:18

�Sð	Þ �Pð	Þ �S � �Pð	Þ
�1 16:8� 11:7 2.0 14.8

�2 31:3� 5:5 4.4 26.9

�3 30:4� 3:1 13.6 16.9

�4 34:7� 2:6 54.0 �19:3
�5 47:7� 1:4 152.2 �104:4
�6 55:0� 4:2 161.4 �106:4
�7 71:2� 6:9 159.1 �87:9
�8 60:6� 12:8 148.1 �87:5
�9 85:3� 8:8 130.9 �45:6
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FIG. 19 (color online). Points (solid circles) give the S-wave
phase variation assuming a signal containing S-wave, �K�ð892Þ0,
and �K�ð1410Þ0 components. The S-wave phase is assumed to be

constant within each considered mass interval, and parameters of

the �K�ð892Þ0 are fixed to the values given in the third column of

Table VIII. Error bars include systematic uncertainties. The solid

line corresponds to the parametrized S-wave phase variation

obtained from the values of the parameters quoted in the same

column of Table VIII. The phase variation measured in K�
scattering by Ref. [4] (triangles) and LASS [5] (squares), after

correcting for �3=2, is given.
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ðK��þ�þÞMC

ð �K�0eþ�eÞMC

¼ NðDþ ! K��þ�þÞMC

NðDþ ! �K�0eþ�eÞMC

� NðDþ ! �K�0eþ�eÞgenMC

2Nðc �cÞK��P ðc ! DþÞBðDþ ! K��þ�þÞMC

;

(43)

where

(i) NðDþ ! �K�0eþ�eÞgenMC ¼ 1:17� 107 is the number

of generated signal events;

(ii) Nðc �cÞK�� ¼ 1:517� 108 is the number of eþe� !
c �c events analyzed to reconstruct the Dþ !
K��þ�þ channel;

(iii) P ðc ! DþÞ ¼ 26:0% is the probability that a c
quark hadronizes into a Dþ in simulated events

(Dþ is prompt or is cascading from a higher mass

charm resonance);

(iv) BðDþ ! K��þ�þÞMC ¼ 0:0923 is the branching

fraction used in the simulation.
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FIG. 20 (color online). Comparison between present measurements of the I ¼ 1=2 S-wave phase variation with the K� mass and

previous results from Estabrooks et al. [4], LASS [5], E791 [6], FOCUS [7,8], and CLEO [9].
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trization. Results are compared with measurements from K�
scattering [4,5]. The continuous and dashed lines give the phase

variation with a minus sign (� �P) for the �K�ð892Þ0 and
�K�ð892Þ0 þ �K�ð1410Þ0, respectively. The difference between

these curves and the measured points corresponds to the

S-wave contribution.
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A. Selection of candidate signal events

To minimize systematic uncertainties, common selec-

tion criteria are used, as much as possible, to reconstruct

the two decay channels.

1. The Dþ ! K��þ�þ decay channel

As compared to the semileptonic decay channel, the

selection criteria described in Sec. VIA are used, apart

from those involving the lepton. The number of signal

candidates is measured from the K��þ�þ mass distribu-

tion, after subtraction of events situated in sidebands. The

signal region corresponds to the mass interval

½1:849; 1:889� GeV=c2, whereas sidebands are selected

within ½1:798; 1:838� and ½1:900; 1:940� GeV=c2. Results
are given in Table XV, and an example of the K��þ�þ

mass distribution measured on data is displayed in Fig. 22.

The following differences between data and simulation

are considered:

(i) The signal mass interval.—Procedures have been

defined in Sec. VI C 5 such that the average mass

and width of the Dþ ! K��þ�þ reconstructed

signal in data and simulated events are similar.

(ii) The Dalitz plot model.—Simulated events are gen-

erated using a model which differs from present

measurements of the event distribution over the

Dalitz plane. Measurements from CLEO-c [9] are

used to reweight simulated events, and we find that

the number of reconstructed signal events changes

by a factor 1:0017� 0:0038. This small variation is

due to the approximately uniform acceptance of the

analysis for this channel.

(iii) The pion track.—As compared with the

K��þeþ�e final state, there is a �þ in place of

the eþ in the reference channel. As there is no

requirement to identify this pion, we have consid-

ered that possible differences between data and

simulation on tracking efficiency cancel when con-

sidering the simultaneous reconstruction of the

pion and the electron. What remains is the differ-

ence between data and simulation for electron

identification, which is included in the evaluation

of systematic uncertainties.

2. The Dþ ! K��þeþ�e decay channel

The same data sample as used to measure the Dþ !
K��þ�þ is analyzed. Signal events are fitted as in

Sec. VII. The stability of the measurement is verified

versus the value of the cut on Fcc, which is varied between

0.4 and 0.7. Over this range the number of signal and

background events changes by factors 0.62 and 0.36, re-

spectively. The variation of the ratio between the number

of selected events,

RN ¼ NðDþ ! K��þ�þÞMC

NðDþ ! �K�0eþ�eÞMC

NðDþ ! K��þeþ�eÞdata
NðDþ ! K��þ�þÞdata

;

(44)

in data and simulation is given in Table XVI.

Relative to the value for the nominal cut (Fcc > 0:5), the
value ofRN for Fcc > 0:4 is higher by 0:000 38� 0:000 63,
and for Fcc > 0:7 it is higher by 0:0018� 0:0011. Quoted
uncertainties take into account events that are common

when comparing the samples. These variations are com-

patible with statistical fluctuations, and no additional sys-

tematic uncertainty is included.

To select semileptonic decay candidates a cut is applied

on the probability of theDþ mass-constrained fit at 0.01. In

a previous analysis of the decay D0 ! K�eþ�e [41] we

measured a value of 1:0062� 0:0006 for the ratio between
the efficiency of this cut in simulation and data. We use the

same value in the present analysis because this probability

depends on the capability to reconstruct the D direction

and momentum and to estimate corresponding uncertain-

ties on these quantities which are obtained, not from the

studied decay channel, but from the rest of the event.

B. Decay rate measurement

Measurement of the Dþ ! K��þeþ�e branching frac-

tion and of the contributing S-wave, �K�ð892Þ0, �K�ð1410Þ0,
and �K�

2ð1430Þ0 components is important to verify if the

sum of exclusive channels in D-meson semileptonic de-

cays agrees with the inclusive value. From the measure-

ment of BðDþ ! �K�ð892Þ0eþ�eÞ the value of jA1ð0Þj is

TABLE XV. Measured numbers of signal events in data and

simulation satisfying Fcc > 0:5.

Channel Data Simulation

K��þeþ�e 70 549� 363 330 969

K��þ�þ 52 595� 251 68 468� 283
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FIG. 22. K��þ�þ mass distribution measured in data.

The signal and sideband regions are indicated.
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obtained and provides, with r2 and rV , the absolute nor-

malization for the corresponding hadronic form factors.

These values can be compared with lattice QCD

determinations.

Combining all measured quantities in Eq. (41), the

relative decay rate is

RD ¼ 0:4380� 0:0036� 0:0042; (45)

where uncertainties are statistical and systematic, respec-

tively. Using the CLEO-c value for the branching fraction

BðDþ ! K��þ�þÞ ¼ ð9:14� 0:20Þ% [52] gives

B ðDþ ! K��þeþ�eÞ
¼ ð4:00� 0:03� 0:04� 0:09Þ � 10�2; (46)

where the last quoted uncertainty comes from the accuracy

of BðDþ ! K��þ�þÞ. To evaluate the contribution from
the �K�0, results obtained with the Sþ �K�ð892Þ0 þ
�K�ð1410Þ0 signal model are used. The branching fraction

forDþ ! �K�0eþ�e is obtained after subtracting the S- and
�K�ð1410Þ0-wave contributions:

B ðDþ ! �K�0eþ�eÞ �Bð �K�0 ! K��þÞ
¼ ð3:77� 0:04� 0:05� 0:09Þ � 10�2: (47)

The last uncertainty corresponds to external inputs.

The corresponding value of A1ð0Þ is obtained by inte-

grating Eq. (16), restricted to the �K�0 contribution, over the
three angles:

d�

dq2dm2
¼ 1

3

G2
FjjVcsjj2
ð4�Þ5m2

D

	pK�

�
2

3
fjF 11j2 þ jF 21j2

þ jF 31j2g
�

: (48)

Assuming that the K�ð892Þ0 meson is infinitely narrow,

integrating over the remaining variables gives

� ¼ ℏBðDþ ! �K�0eþ�eÞBð �K�0 ! K��þÞ
�Dþ

¼ G2
FjjVcsjj2
96�3

2

3
jA1ð0Þj2I ; (49)

with

I ¼
Z q2 max

0

pK�q
2

jA1ð0Þj2m2
D

½jH0j2 þ jHþj2 þ jH�j2�dq2

(50)

and

A1ð0Þ ¼ 0:6200� 0:0056� 0:0065� 0:0071: (51)

For this last evaluation, the values �Dþ ¼ ð10:40�
0:07Þ � 10�13 s for the Dþ lifetime [15] and jVcsj ¼
0:9729� 0:0003 are used. Corresponding uncertainties

are included in the last quoted error in Eq. (51).

If instead of considering a K�ð892Þ0 with zero width, the
fitted mass distribution of the resonance is used in the

integral of the differential decay rate versus q2 and m2,

the form-factor normalization becomes

A1ð0Þjq2;m2 ¼ 0:9174� 0:0084� 0:0097� 0:0105: (52)

This value also depends on the normalization adopted for

the mass distribution which is given in Eq. (26).

X. SUMMARY

We have studied the decay Dþ ! K��þeþ�e with a

sample of approximately 244� 103 signal events, which

greatly exceeds any previous measurement. The hadronic

system in this decay is dominated by the �K�0 meson. In

addition to the �K�0 meson we measure a contribution of the

K��þ S-wave component of ð5:79� 0:16� 0:15Þ%. We

find a small contribution from the �K�ð1410Þ0 equal to

ð0:33� 0:13� 0:19Þ%. This value agrees with the naive

expectation based on corresponding measurements in �
decays. The relative phase between the �K�ð892Þ0 and
�K�ð1410Þ0 components is compatible with zero, whereas

there is a negative sign between the S- and P-wave ampli-

tudes. A fit to data of similar probability is obtained,

including a D-wave component with a fraction equal to

ð0:19� 0:09� 0:09Þ%. In this case the �K�ð1410Þ0 fraction
becomes ð0:16� 0:08� 0:14Þ%. As these two compo-

nents do not exceed a significance of 3 standard deviations,

upper limits at the 90% C.L. are quoted in Table XVII.

Using a model for signal which includes S-wave,
�K�ð892Þ0, and �K�ð1410Þ0 contributions, hadronic form-

factor parameters of the �K�0 component are obtained

from a fit to the five-dimensional decay distribution,

TABLE XVI. Variation of the ratio between the numbers of selected events in data and

simulation for different values of the cut on Fcc.

Fcc > 0:4 Fcc > 0:5 Fcc > 0:7

NðDþ ! K��þ�þÞMC 72 206� 292 60 468� 283 59 259� 259

NðDþ ! K��þ�þÞdata 55 361� 260 52 595� 251 45 627� 230

NðDþ ! �K�0eþ�eÞMC 381 707 330 969 237 104

NðDþ ! K��þeþ�eÞdata 81 322� 383 70 549� 363 50 989� 303

RN 0:2779� 0:022 0:2775� 0:0023 0:2793� 0:0026
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assuming single pole dominance: rV ¼ Vð0Þ=A1ð0Þ ¼
1:463� 0:017� 0:032, r2 ¼ A2ð0Þ=A1ð0Þ ¼ 0:801�
0:020� 0:020, and the pole mass of the axial-vector

form factors mA ¼ ð2:63� 0:10� 0:13Þ GeV=c2. For

comparison with previous measurements we also perform

a fit to data with fixed pole mass mA ¼ 2:5 GeV=c2 and

mV ¼ 2:1 GeV=c2 and including only the S and �K�ð892Þ0
signal components; it gives rV ¼ 1:493� 0:014� 0:021
and r2 ¼ 0:775� 0:011� 0:011.

We have measured the phase of the S-wave component

for several values of the K��þ mass. Contrary to similar

analyses using charm meson decays, as in Dþ !
K��þ�þ, we find agreement with corresponding

S-wave phase measurements done in K�p interactions

producing K��þ at small transfer. This is a confirmation

of these results which illustrates the importance of final

state interactions in D-meson hadronic decays. As com-

pared with elastic K��þ scattering, there is an additional

negative sign between the S and P wave, in the Dþ semi-

leptonic decay channel. This observation does not contra-

dict the Watson theorem. We have determined the

parameters of the K�ð892Þ0 meson and found, in particular,

a width smaller than the value quoted in [15]. Our result

agrees with recent measurements from FOCUS [13],

CLEO [9], and from � decays (for the charged mode)

[11]. Comparison between these measurements and

present world average values is illustrated in Table XVII.

Our measurements of the S-wave phase have large uncer-
tainties in the threshold region, and it remains to evaluate

how they can improve the determination of chiral parame-

ters using, for instance, the framework explained in

Ref. [18].
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APPENDIX: ERROR MATRICES

FOR THE NOMINAL FIT

The correlation matrix between statistical uncertainties

is given in Table XVIII for parameters fitted using the

nominal model. Statistical uncertainties are quoted on the

diagonal. The elements of the statistical error matrix are

equal to �ij�i�j, where �ij is an off diagonal element or is

equal to 1 on the diagonal.

In Table XI, systematic uncertainties quoted in lines

labeled III, VII, and XI are the result of several contribu-

tions, combined in quadrature. In Table XIX these compo-

nents are detailed because each contribution can induce a

positive or a negative variation of the fitted quantities.

TABLE XVII. Comparison between these measurements and present world average results. Values for BðDþ !
�K�ð1410Þ0= �K�

2ð1430Þ0eþ�eÞ are corrected for their respective branching fractions into K��þ.

Measured quantity This analysis World average [15]

mK�ð892Þ0 ðMeV=c2Þ 895:4� 0:2� 0:2 895:94� 0:22

�0
K�ð892Þ0 ðMeV=c2Þ 46:5� 0:3� 0:2 48:7� 0:8

rBW ðGeV=cÞ�1 2:1� 0:5� 0:5 3:4� 0:7 [5]

rV 1:463� 0:017� 0:031 1:62� 0:08

r2 0:801� 0:020� 0:020 0:83� 0:05

mA ðGeV=c2Þ 2:63� 0:10� 0:13 No result

BðDþ ! K��þeþ�eÞ ð%Þ 4:00� 0:03� 0:04� 0:09 4:1� 0:6

BðDþ ! K��þeþ�eÞ �K�ð892Þ0 ð%Þ 3:77� 0:04� 0:05� 0:09 3:68� 0:21

BðDþ ! K��þeþ�eÞS-wave ð%Þ 0:232� 0:007� 0:007� 0:005 0:21� 0:06

BðDþ ! �K�ð1410Þ0eþ�eÞ ð%Þ 0:30� 0:12� 0:18� 0:06 (< 0:6 at 90% C.L.)

BðDþ ! �K�
2ð1430Þ0eþ�eÞ ð%Þ 0:023� 0:011� 0:011� 0:001 (< 0:05 at 90% C.L.)
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The error matrix for systematic uncertainties on fitted

parameters is obtained using values of the variations given

in Tables XI and XIX. For each individual source of

systematic uncertainty we create a matrix of elements

equal to the product �i�j of the variations observed on

the values of the fitted parameters i and j. For systematic

uncertainties IX and X, which have a statistical origin, we

multiply these quantities by the corresponding elements of

the statistical correlation matrix (Table XVIII). These ma-

trices are summed to obtain the matrix given in Table XX.

TABLE XVIII. Correlation matrix for the Sþ �K�ð892Þ0 þ K�ð1410Þ0 nominal fit. On the diagonal, statistical uncertainties (�stat
i ) of

fitted quantities (i) are given.

�MK�ð892Þ0 ��K�ð892Þ0 �rBW �mA �rV �r2 �rS �rð1ÞS �a1=2S;BG �rK�ð1410Þ0 ��K�ð1410Þ0 �NS �NB

0:211 0.656 �0:842 �0:158 0.142 �0:131 0.116 �0:043 �0:673 0.899 �0:774 �0:254 0.304

0:315 �0:614 �0:002 0.020 0.007 0.007 0.024 �0:470 0.624 �0:632 0.027 �0:021

0:476 0.163 �0:165 0.141 �0:347 0.270 0.657 �0:907 0.846 0.334 �0:394

0:0972 �0:548 0.840 �0:045 �0:070 0.065 �0:080 0.087 0.099 �0:118

0:0166 �0:518 0.048 0.034 �0:060 0.101 �0:126 �0:124 0:136

0:0201 �0:016 �0:080 0.051 �0:058 0.080 0.116 �0:133

0:0286 �0:968 �0:157 0.191 �0:048 �0:136 0.159

0:0640 0.130 �0:133 �0:043 0.146 �0:173

0:138 �0:767 0.396 0.148 �0:179

0:0163 �0:721 �0:269 0.318

13:0 0.288 �0:336

713:0 �0:609

613:2

TABLE XIX. Systematic uncertainties on parameters fitted using a model for the signal which contains S-wave, �K�ð892Þ0, and
�K�ð1410Þ0 components, expressed as ðx½0� � x½i�Þ=�stat: (IIIa) uncertainty associated with electron identification, (IIIb) uncertainty

associated with kaon identification, (VIIa) pole mass changed by�30 MeV=c2 for the decay channel D0 ! K�eþ�e, (VIIb) pole mass

changed by�100 MeV=c2 for semileptonic decays ofD0 andDþ into a pseudoscalar meson, (VIIc) pole mass changed by 100 MeV=c2

for Ds-meson semileptonic decays, (VIId-j) D ! Veþ�e decays, (VIId) r2 changed from 0.80 to 0.85, (VIIe) rV changed from 1.50 to

1.55, (VIIf) mA changed from 2.5 to 2:2 GeV=c2, (VIIg) mV changed from 2.1 to 1:9 GeV=c2, (VIIh) rBW changed from 3.0 to

3:3 GeV�1, (VIIi) �K�ð892Þ0 varied by�0:5 MeV=c2, (XIa-d) K�ð1410Þ0 mass and width, and K�
0ð1430Þ0 mass and width, in this order,

and using the variations given in Table I, and (XIe) mV changed by 100 MeV=c2.

Variation �MK�ð892Þ0 ��K�ð892Þ0 �rBW �mA �rV �r2 �rS �rð1ÞS �a1=2S;BG �rK�ð1410Þ0 ��K�ð1410Þ0 �NS �NB

III

a 0.02 0.03 �0:03 0.70 �0:73 0.50 0.12 �0:07 0.30 0.07 �0:20 0.07 �0:08

b 0.00 �0:10 0.05 �0:07 �0:05 �0:17 �0:07 0.01 �0:28 0.05 0.10 �0:07 0.08

VII

a 0.06 0.06 �0:05 �0:10 �0:05 0.01 0.17 �0:15 0.01 0.07 0.02 0.05 �0:06

b 0.01 0.01 �0:01 0.00 �0:01 0.01 0.01 �0:01 0.00 0.01 �0:01 0.00 �0:01

c �0:01 0.00 0.01 �0:01 0.00 0.00 �0:01 0.01 0.00 �0:01 0.00 0.00 0.01

d �0:03 0.00 0.06 0.00 0.02 0.05 0.01 �0:02 0.02 �0:02 0.04 0.06 �0:07

e �0:03 �0:01 0.05 0.03 0.07 0.03 �0:02 0.01 0.01 �0:03 0.04 0.01 �0:01

f 0.00 0.03 0.07 �0:16 0.07 �0:03 0.01 �0:01 0.05 0.01 0.04 0.12 �0:15

g �0:04 �0:01 0.06 0.03 0.08 0.04 �0:02 0.01 0.02 �0:04 0.05 0.02 �0:03

h �0:06 �0:04 0.02 0.00 0.00 0.00 0.00 0.00 0.02 �0:04 0.06 0.00 0.00

i �0:02 �0:02 0.01 �0:00 0.00 0.01 0.00 �0:01 0.00 �0:00 0.00 0.01 �0:01

XI

a �0:08 �0:02 0.08 0.00 0.01 0.00 �0:35 0.34 �1:00 �0:34 �0:20 �0:04 0.05

b 0.20 0.09 �0:21 0.03 �0:03 0.03 0.44 �0:41 3.09 0.62 0.28 0.07 �0:08

c �0:06 �0:02 0.08 0.01 �0:01 0.01 0.08 �0:10 0.05 �0:39 �0:08 0.02 �0:02

d �0:16 �0:07 0.17 0.01 �0:01 0.01 0.05 �0:06 0.11 0.37 0.18 0.02 -0.03

e 0.00 0.00 �0:01 -0.06 �1:15 -0.07 0.04 �0:03 �0:01 0.00 0.00 0.01 -0.01
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[18] P. Büttiker, S. Descotes-Genon, and B. Moussallam, Eur.

Phys. J. C 33, 409 (2004).

[19] K.M. Watson, Phys. Rev. 95, 228 (1954); J. F. Donoghue,

E. Golowich, and B. R. Holstein, Dynamics of the

Standard Model (Cambridge University Press,

Cambridge, England, 1994).

[20] We thank A. Le Yaouanc for enlightening discussions

about this point, as it is usually considered that the

Watson theorem implies a strict equality of the phases

for the two processes.

[21] M. Jamin, A. Pich, and J. Portoleś, Nucl. Phys. B622, 279
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[39] T. Sjöstrand, Comput. Phys. Commun. 82, 74 (1994).

[40] E. Barberio and Z. Was, Comput. Phys. Commun. 79, 291

(1994).

[41] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 76,

052005 (2007).

[42] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 78,

051101 (2008).

[43] G. C. Fox and S. Wolfram, Phys. Rev. Lett. 41, 1581

(1978).

[44] The hemisphere mass is the mass of the system corre-

sponding to the sum of the four-vectors of particles con-

tained in that hemisphere.

[45] R. A. Fisher, Ann. Eugenics 7, 179 (1936).

[46] D. Scora and N. Isgur, Phys. Rev. D 52, 2783 (1995).

[47] J. D. Lange, Nucl. Instrum. Methods Phys. Res., Sect. A

462, 152 (2001).

[48] J. Y. Ge et al. (CLEO Collaboration), Phys. Rev. D 79,

052010 (2009).

[49] K. Cranmer, Comput. Phys. Commun. 136, 198 (2001).

[50] T. C. Andre, Ann. Phys. (N.Y.) 322, 2518 (2007).

[51] S. Dobbs et al. (CLEO Collaboration), Phys. Rev. D 77,

112005 (2008).

[52] S. Dobbs et al. (CLEO Collaboration), Phys. Rev. D 76,

112001 (2007).

ANALYSIS OF THE Dþ ! K��þeþ�e DECAY CHANNEL PHYSICAL REVIEW D 83, 072001 (2011)

072001-35

http://dx.doi.org/10.1016/0010-4655(94)90132-5
http://dx.doi.org/10.1016/0010-4655(94)90074-4
http://dx.doi.org/10.1016/0010-4655(94)90074-4
http://dx.doi.org/10.1103/PhysRevD.76.052005
http://dx.doi.org/10.1103/PhysRevD.76.052005
http://dx.doi.org/10.1103/PhysRevD.78.051101
http://dx.doi.org/10.1103/PhysRevD.78.051101
http://dx.doi.org/10.1103/PhysRevLett.41.1581
http://dx.doi.org/10.1103/PhysRevLett.41.1581
http://dx.doi.org/10.1103/PhysRevD.52.2783
http://dx.doi.org/10.1016/S0168-9002(01)00089-4
http://dx.doi.org/10.1016/S0168-9002(01)00089-4
http://dx.doi.org/10.1103/PhysRevD.79.052010
http://dx.doi.org/10.1103/PhysRevD.79.052010
http://dx.doi.org/10.1016/S0010-4655(00)00243-5
http://dx.doi.org/10.1016/j.aop.2006.11.014
http://dx.doi.org/10.1103/PhysRevD.77.112005
http://dx.doi.org/10.1103/PhysRevD.77.112005
http://dx.doi.org/10.1103/PhysRevD.76.112001
http://dx.doi.org/10.1103/PhysRevD.76.112001

