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ANALYSIS OF TRANSIENT HEAT TRANSFER THROUGH A COLL1SIONL;ESS 

GAS ENCLOSED BETWEEN PARALIEL PLATES 

by Morris Perlmutter 

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio 

ABSTRACT 

The problem of t r a n s i e n t  heat t r ans fe r  through a monatomic co l l i s ion le s s  

i d e a l  gas enclosed between p a r a l l e l  walls with w a l l  accommofiation coe f f i c i en t s  

of unity is analyzed f o r  t h e  case of a s t e p  change i n  one w a l l  temperature. 

The r e s u l t s  ind ica te  t h a t  s teady state hea t  t r a n s f e r  condition i s  ap- 

proached i n  an o s c i l l a t o r y  manner requir ing about 20 t o  30 crossings of t h e  

atoms across  t h e  channel a t  t h e  mean thermal ve loc i ty  based on t h e  i n i t i a l  

= (2R T .)1/2 , t o  achieve s teady s t a t e .  w a l l  temperature, Cwi g w 1  
The so lu t ion  is  obtained i n  terms of an a r b i t r a r y  quant i ty  Q t ransported 

across  a u n i t  elemental area some dis tance X from t h e  channel w a l l .  Resul ts  

f o r  o ther  t ransported quan t i t i e s  than energy i . e .  density,  temperature, can 

be  obtained from t h e  present formulation. The r e s u l t s  can be r ead i ly  extended 

t o  an a r b i t r a r y  change i n  w a l l  temperature as a funct ion of time. 

INTRODUCTION 

The i n t e r e s t  i n  r a re f i ed  gases has been increasing l a rge ly  due t o  t h e  

p o s s i b i l i t y  of f l i g h t  a t  high a l t i t u d e s  and high speeds. This i s  because 

t h e  mean f r e e  paths f o r  molecular co l l i s ions  increases  with increasing a l t i t u d e s .  

For instance (ref.  1) a t  an a l t i t u d e  of 62.5 miles t h e  mean free path 

i s  0.1 ft. The mean free path increases t o  100 feet a t  an a l t i t u d e ' o f  

120 miles. Thus, convective heat t r ans fe r  i n  a e a r t h  s a t e l i t e  open t o  t h e  

atmosphere would be through a ra ref ied  gas. 
X-52278 
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There has been very l i t t l e  consideration given t o  t r a n s i e n t  heat  t r ans -  

fer between surfaces  enclosing a co l l i s ion le s s  gas, i .e .  where intermolecular 

c o l l i s i o n  of t he  molecules are su f f i c i en t ly  rare so  t h a t  they can be neglected. 

The problem o f  t r a n s i e n t  heat t r a n s f e r  from a s ing le  p l a t e  t o  a c o l l i s i o n l ~ e s s  

gas has previously been t r e a t e d  by Yang and Lees ( r e f .  2 )  f o r  a s t e p  increase 

i n  w a l l  temperature. 

i n  w a l l  ve loc i ty  i n  a d i r ec t ion  i n  t h e  w a l l  plane. 

They a l so  included t h e  e f f e c t s  due t o  a s t e p  increase 

The present ana lys i s  considers t h e  e f f e c t  o f  a s t e p  change i n  one w a l l  

temperature on heat t r ans fe r  when the  co l l i s ion le s s  gas i s  enclosed between 

two w a l l s .  In  t h i s  case t h e  Yang and Lees so lu t ion  would apply f o r  e a r l y  

times before  the e f f e c t  due t o  t h e  second w a l l  would be f e l t .  In  t h e  ana lys i s  

we w i l l  determine how long and i n  what manner t h e  f i n a l  steady s t a t e  condition 

is  achieved. If t h e  t i m e  f o r  t h e  t r ans i en t  t o  be completed is  a s ign i f i can t  

p a r t  of t h e  time used i n  a heat  t r ans fe r  s i t u a t i o n  then t h i s  t r a n s i e n t  e f f e c t  

would have t o  be included i n  t h e  analysis.  

The present ana lys i s  can be r ead i ly  extended t o  t h e  case o f  an a r b i t r a r y  

change i n  wal l  temperature with time. 

t h e  w a l l  boundary temperature i s  small compared t o  the  t i m e  needed f o r  s teady 

state conditions t o  be a t ta ined  then the t r a n s i e n t  e f f e c t s  a l s o  would have 

t o  be  accounted f o r  i n  ca lcu la t ing  t h e  heat  t r ans fe r .  

convective heat  t r a n s f e r  is  s ign i f i can t  compared t o  t h e  rad ian t  heat t r ans -  

fe r .  The rad ian t  heat  t r a n s f e r  t r ans i en t  f o r  t h i s  same problem takes  place 

almost instantaneously so t h a t  t h e  t r ans i en t  can be neglected f o r  t h a t  case. 

The present ana lys i s  a l so  serves as a l imi t ing  so lu t ion  t o  t h e  more 

In t h i s  case i f  t h e  r a t e  o f  change i n  

This assumes t h a t  t h e  

general  and more d i f f i c u l t  problem of t r ans i en t  heat t r a n s f e r  i n  t he  case 
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of a rarefied gas where the intermolecular collisions are sufficiently 

numerous so that this effect must be included in the analysis. 

The present results show the time needed for steady state conditions 

to be achieved and the behavior of the heat flux as it changes in time from 

its initial value to its final steady state value. These results are shown ~. 

1 for several different values of the ratio of final to initial wall temperatures. 

Results for both step increases and step decreases in wall temperature are 

shown. It was assumed that the wall accommodation coefficient was unity and 

the gas was ideal and monatomic. 

The solution is obtained in general form so that various other quantities 

in the gas such as temperature and density could be obtained as was done in 

Ref. 2. These results were not carried out because it was felt .chat they 

would not be Significant in a collisionless gas. 

NOMENCLATlTRE 

C average thermal velocity (2RgT) 112 

D distance between walls 

M mass of a atom 

mass flux leaving the wall, (pV,), = (&Cw/2~1/2) 

Q molecular quantity 

q total energy flux 

R' ratio of wall temperatures, ( T  w,o /T w,1 . ) 
Rg gas constant 

r see fig. 1 

S see fig. 1 

T temperature 

u inverse dimensionless velocity, l/v 
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V molecular ve loc i ty  

V dimensionless ve loc i ty  , V/Ci 

X coordinate normal t o  w a l l  

8 

e* 

5 r a t i o  o f  dens i t i e s ,  p /p i  

P gas dens i ty  

T time 

@ dimensionless time, T C ~ / D  

0 r e f e r s  t o  averaged quant i ty  

I 
dimensionless quant i ty  , T C i  /X 

dimensionless quant i ty ,  aCi/( D - X )  

Subscripts : 

+? - t o  o r  from w a l l  wo 

i i n i t i a l  conditions before  t r ans i en t  occurs 

S s teady state 

wo,w1 r e f e r s  t o  w a l l  WO or w a l l  w l  

Superscript:  

r e f e r s  t o  quant i ty  leaving w a l l  a t  time T '  

ANALYSIS 

The problem t r e a t e d  here i s  t h e  heat t r a n s f e r  through a c o l l i s i o n l e s s  

gas enclosed between two i n f i n i t e  p a r a l l e l  p l a t e s  when the  temperature o f  one 

p l a t e  i s  changed i n  a stepwise manner. 

t r a n s f e r  between t h e  gas and wal ls  as a funct ion of time from t h e  i n i t i a t i o n  

Of prime i n t e r e s t  i s  t h e  ne t  heat  

of  t h e  t r a n s i e n t  u n t i l  steady s t a t e  heat t r a n s f e r  conditions a r e  achieved. 

The problem o f  t r a n s i e n t  heat t r ans fe r  from a s ing le  p l a t e  t o  a col-  

l i s i o n l e s s  gas has previously been t r ea t ed  by Yang and Lees (ref.  2 ) .  They 
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a l so  included t h e  e f f e c t s  due t o  a s t e p  increase i n  w a l l  ve loc i ty  i n  a 

d i r ec t ion  i n  i t s  own plane. The r e s u l t s  of reference 2 f o r  one w a l l  agree 

with t h e  present r e s u l t  f o r  t h e  w a l l  t ha t  has i t s  temperature suddenly 

changed a t  e a r l y  time before  t h e  e f f e c t s  due t o  t h e  opposite w a l l  are f e l t .  

The a n a l y t i c a l  model is  shown i n  figure 1. Two p la t e s  enclose a col-  

l i s i o n l e s s  monatomic ideal gas, i . e . ,  the mean free path t o  c o l l i s i o n  between 

molecules i n  t h e  gas i s  la rge  compared t o  t h e  dis tance across  t h e  channel. 

The p l a t e s  a re  assumed t o  have an accommodation coe f f i c i en t  of 1, t h a t  i s  

a l l  t h e  incident  molecules come t o  equilibrium with the  wall  during co l l i s ion .  

I n i t i a l l y  t h e  e n t i r e  system is  a t  temperature Ti. A t  time T = 0 the re  

is  a s t e p  change i n  t h e  w a l l  wo temperature from Ti t o  Two. The upper 

w a l l  temperature remains f ixed a t  Twl = Twi. 

The ana lys i s  of t h e  present problem proceeds as follows: The amount of 

some molecular quant i ty  Q(V) t ransported across an elemental a r ea  a t  X a t  

time T t h a t  o r ig ina ted  a t  t h e  lower surface elemental area dAwo a t  time 

T' ( f i g .  1) can be derived from reference 3 equation ( A l )  t o  be 

can be  rewr i t ten  as 
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c g  s 5 

The molecules t h a t  reach t h e  elementcl ? r e a  dA a t  X w i l l  be o f  two kinds. 

One group w i l l  have l e f t  t h e  w a l l  before t h e  change i n  the  wal l  temperature. 

The second group reaching the  elemental area w i l l  have l e f t  a f t e r  t h e  t r a n s i e n t  

is  i n i t i a t e d .  

reach dA a t  X a t  time T t h a t  have v e l o c i t i e s  less than X/z for a l l  

values of path length 

w a l l  temperature. 

@/X. 

cules  with path length S grea te r  than -cV w i l l  have l e f t  t he  surface before  

t h e  change i n  w a l l  temperature. 

Considering t h e  f irst  group, p a r t  of these  molecules t h a t  

S w i l l  have l e f t  t h e  surface before  the  change i n  

This term i s  given by p a r t  I i n  equation ( 3 )  where 8 = 

For t h e  molecules with ve loc i t i e s  grea te r  than X/T, only those mole- 

This term is  given by p a r t  I1 i n  equation (3) .  

Now consider t he  second group of molecules a r r i v i n g  a t  dA a t  time T. 

This group has l e f t  t h e  w a l l  after t h e  change i n  w a l l  temperature and w i l l  

cons is t  o f  molecules with v e l o c i t i e s  greater  than X/z and path length S 

less than TV. This term is given by p a r t  I11 i n  equation (3 ) .  

f 

I11 
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Transforming var iables ,  S = (@ - @')/u,  v = l / u  using t h e  Jacobean gives 

Combining equations (3) and (4) we obtain 

By changing the order  of i n t eg ra t ion  t h i s  can be wr i t t en  as 

S imi l a r ly  t h e  ne t  Q t ransported f r o m t h e  opposite w a l l  w l  a t  X of D 

ac ross  the d i f f e r e n t i a l  area dA a t  X i s  given by 
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- 3 :  3 (e* - e*?) u 

Then t h e  ne t  quant i ty  Q t ransported across the  elemental area a t  X i s  

given by 

( 7 )  

Calculation of mass f l u x  across the  channel. - Assuming Q = 1 w e  can 

obta in  t h e  mass f lux  t ransported across an elemental area from equations 

t o  (8). 

(6 )  

Carrying out  p a r t  of t he  in tegra t ion  i n  equations ( 6 )  and ( 7 )  gives 

Since a t  a w a l l  t he  incident  mass f l u x  i s  equal 

(P(VZ))+W = (P(v2))-w 

t o  t h e  r e f l ec t ed  mass f lux 

Then after t h e  w a l l  t r ans i en t  has occurred, T > 0, a, w a l l s  w 0  and w l  we 

have 



9 

Combining equations (sa) wi th  ( l l a )  and (9b) w i t h  ( l l b )  we obta in  a pa i r  o f  

simultaneous i n t e g r a l  equations 

These are solved by an i t e r a t i v e  numerical in tegra t ion  procedure on a high 

speed e l ec t ron ic  computer and the  r e s u l t s  are shown i n  f igu re  2. Also shown 

i n  f i g u r e  2 are the  l imi t ing  r e s u l t s  f o r  very la rge  times, h. 
case, equations (12a) and (12b)  can be shown t o  give 

For t h i s  

This l i m i t i n g  r e s u l t  f o r  la rge  time agrees w i t h  t he  s teady state c o l l i s i o n l e s s  

so lu t ion  given i n  reference 4. For very shor t  times, lks equations (12a) 

and (12b) become 

This l i m i t i n g  r e s u l t  f o r  small times agree with the r e s u l t s  of reference 2. 

Energy f l u x  from the channel w a l l  t o  the  gas. - For a monatomic gas the 



energy t ransported across t h e  channel i s  due t o  t r a n s l a t i o n a l  motion only 

(ref. 2 ) .  

given by 

The t o t a l  energy being t ransfer red  across t h e  channel i s  therefore  

Then i n  equations ( 6 )  t o  (8)  l e t t i n g  Q = V2/2 = Cf/2u2 we obtain 

To f i n d  t h e  t o t a l  heat f lux leaving t h e  w a l l s  w e  w r i t e  8 and e* i n  

terms o f  X and @ as given i n  t h e  nomenclature and take t h e  l i m i t s  f o r  

X = 0 and D. This gives a t  w a l l  wo the  r e s u l t  

S imi l a r ly  t h e  r e s u l t  a t  w a l l  wl is  given by 
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These r e s u l t s  are shown i n  figures 3(a) and (b) .  

The l imi t ing  so lu t ion  f o r  la rge  times, 1Jk.. is  the  f u l l y  developed 

c o l l i s i o n l e s s  r e s u l t  and agrees with the value given i n  reference 6. 

= R(R - 1) 
@=w, X=O , X=D 

For sho r t  times, 7Jko 
w a l l  wo which agree with reference 2 

w e  obtain t h e  l imi t ing  r e s u l t s  f o r  e a r l y  time f o r  

while a t  w a l l  w l  

i s  zero 

for e a r l y  times t h e  heat t r a n s f e r  from t h e  w a l l  t o  t h e  gas 

These results are shown i n  figure 3. 

RESULTS AND CONCLUSIONS 

The r e s u l t s  f o r  t h e  mass flux leaving the  walls a r e  shown i n  f igu re  2. 

I n i t i a l l y  t h e  mass flux leaving wal ls  wo and w l  remain constant after a 



12 

s t e p  increase i n  w a l l  wo temperature. Then t h e  mass f l u x  leaving t h e  w a l l  

w l  f irst  starts t o  change towards t h e  s teady state r e s u l t .  Somewhat later 

t h e  w a l l  wo a l so  begins t o  change towards t h e  s teady state r e s u l t .  The 

r e s u l t s  approach t h e  f i n a l  so lu t ion  i n  an o s c i l l a t o r y  manner. 

The mass f luxes  leaving t h e  wal ls  do not change f o r  a shor t  t i m e  a f t e r  

t h e  s t e p  change i n  w a l l  temperature because although the w a l l  

ature changes a t  z = 0 t h e  incident  mass f l u x  on t h a t  w a l l  remains constant 

and s o  t h e  mass f l u x  leaving t h e  wal l  remains constant from cont inui ty .  

However i n  t h e  case of t h e  s t e p  rise i n  w a l l  temperature t h e  molecules leaving 

t h e  heated w a l l  wo w i l l  t r a v e l  across t o  w a l l  w l  Tas te r  because of t h e i r  

higher thermal ve loc i ty  causing t h e  incident  mass f l u x  on w a l l  w l  t o  

increase as shown i n  figure 2. 

moving molecules from t h e  hot w a l l  wo now a r r iv ing  but  t h e  slower moving 

molecules t h a t  have le f t  w a l l  wo earlier a l so  continue t o  a r r i v e  a t  w a l l  

w l .  Then s ince  the  mass f l u x  incident  and therefore  a l so  leaving t h e  unheated 

w a l l  w i l l  now be grea te r ,  t he  mass flux incident  on t h e  heated w a l l  w i l l  

become g rea t e r  and t h e  mass f l u x  leaving t h e  heated w a l l  w i l l  now start  t o  

rise towards t h e  s teady s t a t e  r e s u l t .  

explaining how the  cooled w a l l  temperature case approach t h e  equilbrium mass 

flux. 

wo temper- 

This i s  because not only are t h e  faster 

Similar  arguments can be used i n  

The r e s u l t s  f o r  t h e  heat f l u x  from the w a l l  t o  t h e  gas i s  shown i n  

figure 3(a) fo r  t h e  case where t h e  w a l l  wo temperature i s  raised.  It can 

be seen t h a t  immediately after t h e  s t ep  change i n  w a l l  temperature the re  

i s  a hea t  t r a n s f e r  from t h e  heated surface wo t o  t h e  gas. The other  surface 

w l  wi th  i ts  temperature unchanged does not absorb any heat unti l  t h e  molecules 
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t h a t  have l e f t  t h e  heated surface reach surface w l .  Both walls approach t h e  

f i n a l  steady state value asymptotically and are within 1 percent o f  t h e  value 

by about dimensionless time @ N 10. 

The r e s u l t s  fo r  a w a l l  temperature decrease i s  shown i n  f igu re  3(b) .  

Heat i s  absorbed i n t o  the  walls a t  t h e  cooled surface wo immediately. The 

o ther  surface w l  with i t s  temperature unchanged does not t ransmit  any net  

heat t o  t h e  gas u n t i l  t h e  molecules leaving t h e  cooled w a l l  reach it. Both 

w a l l s  then approach t h e  s teady state r e s u l t  i n  a o s c i l l a t o r y  manner tak ing  

somewhat longer t o  reach t h e  f u l l y  developed r e s u l t  than i n  t h e  heat ing case 

i .e.  f o r  Two/Twi = 1/16 1 percent of f u l l y  developed heat t r a n s f e r  is  

reached i n  dimensionless time @ - 30. 

The present formulation of t h e  problem allows t h e  ca lcu la t ions  of various 

proper t ies  i n  t h e  body of t he  gas such as dens i ty  and temperature by choosing 

appropriate  proper t ies  of Q i n  equations ( 6 )  t o  (8) .  This w a s  done i n  

reference 2 f o r  t h e  heat  t r a n s f e r  from a s ing le  p l a t e .  

f o r  t h e  c o l l i s i o n l e s s  gas these propert ies  would not be useful.  

However it w a s  f e l t  

To i l l u s t r a t e  t h e  length of  t i m e  needed f o r  t h e  s t e p  t r a n s i e n t  t o  reach 

f i n a l  equilibrium w e  can run out a sample calculat ion.  

1 percent  of s teady s t a t e  i n  seconds, temperature i n  degrees rankine and 

Taking t i m e  t o  reach 

d is tance  i n  feet, from t h e  de f in i t i on  o f  qS w e  can write time T~ as 

Taking t h e  molecular weight, m.w., of  a i r  equal t o  29, t h e  dis tance between t h e  

p l a t e s  D as 2 feet  and t h e  i n i t i a l  wall  temperature Twi as 100' R then 
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if the dimensionless time 

is set equal to 30 we find from (eq. 21) a time 

time needed to achieve thermal equilibrium. 

$s needed to obtain fully developed conditions 

T - 0.1 seconds as about the 
This implies that for heat trans- 

fer changes on the order of seconds the transient collisionless heat transfer 

behavior can be significant. 

The times for the steady state heat transfer condition to be achieved 

could be significantly different if the mean free path to collision in the 

gas was smaller so that intermolecular collisions would have to be accounted 

for and also if the accommodation coefficient of the surface was not equal 1. 

The present results can be extended to arbitrary variations of wall tem- 

perature as a function of time by considering the dimensionless temperature ratio 

R as a function of time in the analysis. 2 
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Figure 3. - Oimensionless wall heat f lux for different wall  temperature ratios. 
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Figure 3. - Concluded. Dimensionless wall heat f lux for different wall temperature ratios. 


