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WlTII SIIOCK IVAVES? 

I I  

minimm compii tat ional e f f o r t ,  and p rov idc  v a l u a b l e  
t a g e  of y i e l d i n g  r e l a t i v c l y  s imp le  s o l u t i o n s  w i th  

i n s i g h t  i n t o  t h e  n a t u r e  o f  t r a n s o n i c  channel  f low, 
t h e y  do  no t  p rov idc  a gcnera l  s o l u t i o n  t o  t h e  "di-  
rect'' p r o b l m  of spec i f y ing  a r b i t r a r y  boundary and 

Abs t rac t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The i n v i s c i d ,  uns teady  flow i n  a two-dimensional Although s i m i l a r i t y  approaches have t h e  advan- I 

,channcl w i th  a s o n i c  t h r o a t  is  analyzed us ing  an as- 
b n p t o t i c  expansion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor the v c l o c i t y  p o t e n t i a l  i n  
perms of  a small parameter  E, which is  a measure of 
t h e  non-dimensional pe r tu rba t i on  v e l o c i t y .  The 
!ana lys is  i nc ludes  t h e  casc  h h r c  shock waves e x i s t  

. 

wi th  a r b i t r a r y  wall shape, w i th  a r b i -  i n i t i a l  cond i t ions  t o  c o n s t r u c t  a s p e c i f i c  s o l u t i o n .  
r a r y  d i s tu rbances  imposed a t  a givcn downstream ' The s o l u t i o n s  ob ta ined  a r c  s e l f - s i m i l a r ,  s a t i s f y -  

/ l oca t i on .  ing  s p e c i a l  boundary cond i t i ons  which may or  may 
pCrtulrat ion p o t c n t i a l s  are der i ved .  These o u t e r  not correspond t o  a g ivcn  p h y s i c a l  problem. For 

unsteady f low w i th  shock IIavcs, Adamson and Richcy p o l u t i o n s  arc no t  uni formly v s l i d  nea r  t h e  shock 
:s ince the, do no t  s a t i s f y  shock junp cond i t i ons  of po in t  ou t  t h a t ,  w i th  s i a i i l a r i t y  s o l u t i o n s ,  o n l y  
'second and h ighe r  o r d e r ,  r e q u i r i n g  t h c  ex i s tence  o f  s p e c i a l  wa l l  shapes can b e  cons ide red ,  and t h e  un- 
Ln i nne r  r e g i o n  vi  t h  s o l u t i o n s  vh ich  a r e  matched s tead iness  i s  assoc ia ted  iiit!, uns teady  n o t i o n  o f  
asympo t i ca l l y  t o  t h o s e  i n  thc  o u t e r  reg ion .  Nuceri- t h e  channel ~ a l l s .  Also, w i th  s i m i l a r i t y  s o l u t i o n s  PI r e s u l t s  f o r  t h e  f low f i c l d  i n  an  a c c e l e r a t i n g  f o r  t h o s c  cases  s h e r e  t h e  wal l  is  i n s t a n t a n e o u s l y  a 
pozz le  flow w i t h  a shock 'wave, where t h e  nozz le  back s t reaml inc ,  t h e  wall goes th rough a sma l l  change i n  
p r e s s u r e  is  osci l1a: ing s i n u s o i d a l l y ,  shok. t h e  re- slope whcre t h c  ob l i que  shock and t h e  t i a l l  i n t e r -  
i u l t i n g  shock tiave motion and unsteady floN do.wn- s e c t .  A snootlb wall Ki th  a cont inuous  slope v io -  
i t r e a m  of t h e  shock m v e .  The a n a l y s i s  is extended l a t e s  t h e  i n v i s c i d  flow t a n p n c y  c o n d i t i o n  a t  t h e  
t o  asymmetric channe ls  w i th  l a r g e  r a d i u s  of curva- shock. I t  i s  t hus  c l e a r  t h a t ,  f o r  d i r c c t  a p p l i c a -  

S o l u t i o n s  for  t h e  f i r s t  and second o rde r  

! 

I 

! t i o n s ,  i t  is nccessnry  t o  c o n c e n t r a t e  on proccdurcs  
i which car. apply t o  f lo i is  uhc re  t h e  wa l l  shape is  

I 

ture. i 

I .  I n t roduc t i on  ! ' spec i f i ed ,  and flow uns tcad iness  is  induced by t ime- 
dependent d i s tu rbances  icposcd on t h e  flobc. 

An a n a l y s i s  of uns teady  t r a n s o n i c  channel f low 
i t h  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa shock wave has  many important a p p l i c a t i o n s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

PO i n t e r n a l  aerodynamic problems i n  a i r  i n t a k e s  and t r a n s o n i c  channel f loirs has  been d i s c u s s e d  by 
$et eng ines .  Deco lc ra t ing  f lot is w i th  shock waves Szaniai iski  (4 )  , who expanded t h e  p c r t u r b a t i o n  veloc- 
hay occur  i n  t h e  t h r o a t  reg ion  of an i n l e t  which i t y  p o t e n t i a l  i n  an assuned poirer s e r i e s  i n  t h e  - . pas a s o n i c  o r  n e a r  s o n i c  t h r o a t ,  i n  i n t e r n a l  noz- t r a n s v e r s c  cho rd ina te .  S u b s t i t u t i o n  of t h i s  power 
z1e f lows,  or  i n  a t r a n s o n i c  cascade o f  a j e t  en- s e r i e s  i n t o  t h e  genera l  p o t e n t i a l  e q u a t i o n  and 

. k i n e  compressor. I n  t h e  t u r b i n e ,  where t h e  f lo:~.  boundary cond i t i ons  is s h o i a  t o  y i e l d  r e c u r s i o n  . i s  a c c e l e r a t i n g ,  shocks may or may not  occur ,  de- formulas f o r  t h e  terms i n  t h e  s e r i e s .  S i n c c  it is  
pen i i ng  on t h e  p r e s s u r e  r a t i o  ac ross  t h e  t r a n s o n i c  a d i r e c t  nethod, i t  should b e  advantnxcous w i th  
reg ion .  Uns tead iness  of t h e  flow i n  t h e s e  app l i ca -  respec t  t o  t h e  s i m i l a r i c y  approach. I lonevcr, t h e  
p ions  can r e s u l t  from a v a r i e t y  of causes  such a s  a p p l i c a b i l i t y  o f  t h e  nethod t o  uns teady  flair wi th  
g u s t s ,  changes i n  eng inc  power s e t t i n g ,  bypass /b le id  shock Yaves was not  c l z a r ,  no r  was i t  c l e a r  under  
;door a c t u a t i o n ,  and comhust ion / ign i t ion  p ressu re  what cond i t i ons  t h e  assuned poiier s e r i e s  would be 
p u l s e s  a s s o c i a t e d  w i t h  a f te rbu rne r  l i gh t -o f f  or  v a l i d .  
t e m i n a t  ion.  ' ;  
I 1 ~ I n  t h i s  paper it is shorn  that  t h e  Szaniah'ski 

1 The s tudy  o f  two-dimensional t r a n s o n i c  channel zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
flows has  g e n e r a l l y  bcen approached by search ing  f o r  
F i m i l a r i t y  s o l u t i o n s  h'hich g ive  nozz le - l i ke  floi;s 
bhen app l i ed  t o  t h c  t r a n s o n i c  smal l -d is tu rbance 
$quat ion.  S i c i i l a r i t y  s o l u t i o n s  f o r  s teady  f l o v  ing  unsteady flow i i i t h  shock ~ m v e s .  Thc de r i ved  
w i thout  shock k 'a~es (Tomotika and Tamada (1))  have 
peen extended to f lms  l i i t h  shock !caves by S ichc l  
:(2) and t o  unstcady t r a n s o n i c  chnnncl flows w i t h  
shock wavcs by Ad3nsan and l l ichey ( j ) .  The similar- 
f t y  t rans fo rma t ions  app l i cd  t o  i n v i s c i d  t r a n s o n i c  
channcl f low h a m  a l s o  been extended t o  inc lude 
l o n g i t u d i n a l  v i s c o s i t y  c f f c c t s  t o  s tudy  shocks w i th  
th i ckness  of t h c  ordc r  o f  t h e  t r a n s o n i c  reg ion  f o r  
ktcady flow by S i c h c l  and f o r  uns tcady  flow by 

An approach t o  t h e  d i r e c t  problem f o r  s t e a d y  

' 

. 

power s e r i e s  can b e  de r i ved  i n  a s y s t c n a t i c  fnsh io r . ,  
thereby  i n d i c a t i n g  t h e  l i m i t a t i o n s  and r c g i o n s  Of 
a p p l i c a b i l i t y  of  t h a t  s o l u t i o n .  
a procedure is  developcd which is  capah le  o f  t r c a t -  

asymptot ic expansions nay n o t  he un i fo rc l l y  v a l i d  os 

t h e  nozz le  t h r o a t  reg ion  is  appronchrd,  as d i s c u s s d  
by Adanson, !.!cssiter and Richcy (S), t h u s  reg l r i r ing  
t h e  ex i s tence  of 3n inne r  reg ion  nenr t h e  thrOl l t .  
Mere i t  i s  shown t h a t  t h e r c  must a lso  b c  an i n n c r  
reg ion  n c i r  t h c  shock \iavc, r cqu i r cd  bccnusc t h e  
b a s i c  (outer) s o l u t i o n s  do no t  satisf!' shock jU? 
cond i t i ons  of second 2nd h iEher  o r d e r .  So!lltiOnS 
are dcr ivcd  f o r  unsteady f low i n  t h i s  inncr rr!:ion 
showing ho:i t h c  shock motion i s  r c l a t c d  t o  t ime- 

Nore i n p o r t n n t l y ,  

, 

damson and Richcy. 
' ' 1 i lependent v a r i a t i o n s  icposed on thc  flow. 

1. ! I  
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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA11. Dcriv:ition o f  Equat ions 

7hc a n a l y s i s  of t r a n s o n i c  chonncl f low w i t h  1 
shock wavcs i s  t r c n t c d  by supcr i iq iosinp small t in ic- '  
,dependent p c r t u r b a t i o n s  on a uniform, s t e a d y  i r-  
k o t a t i o n a l  son ic  Clot<. Figurc  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAshows t h c  coord i -  
: i tate syzccm-?nd n o t a t i o n  uscd. 
;abies p.p.T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand ?he  l oca l  spccd o f  sound a a r c  
made non-dimcnsion:il by r c f c z r i y  ~ h c n  t o  t h o  con- 
Id i t i ons  i n  t h c  pa ren t  flow p',p*,T* and :* t o  
fforni I'.P.T and a. 'lhc cn tha lpy  i s  r e f c r r e d  t o  

' 

Thermodynmic v a r i -  

! 

i ' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(Z*) 2 .  

Non-dimcnsionnl spacc and t ime v a r i a h l e s  a r c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJe-  
[Mncd as x=F/i, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy-p/i and ~=i'/cB), where i 
lis t h c  nozz le  ha l f -w id th  af. t h c  t h r o a t  o f  t h c  two- 
/dimensional channcl ,  and L/a' i s  t h e  time rc- 
(qu i rcd  f o r  an a c o u s t i c  d i s t i i r h a n ~ c  t o  t r a v e r s e  t h i s  
p s t a n c e ,  Ve loc i t y  components U and V i n  t h c  
iX and Y directions a r e  made d is iens ion less  w i th  
i rcspcct t o  a*. 

' r S t r c t c l ~ ~ d "  non-dimensional v a r i a b l e s  x , y : t  
+ r e  in t roduced t o  f a c i l i t a t e  t h e  s tudy  of varxous 
(spacc and time r cg i rws  i n  t r s n s o n i c  flow, and a r c  
, r e l a t e d  t2 (,Y,T - b y  X=6x, Y=sy, -and TrTt 
iwhcrc 6=Lx/L, z=t)./L. and T=Tch/(L/a*). Hcre, 
'S *y , t  
!Lx and Ly a r c  t!ie ex ten t  o f  t h c  a x i a l  and t r a n s -  
Ivcrse r e g i o n s  i n  tlie channel where t h e  f low may hc 
'assumed t o  be n e a r l y  son ic ,  c c n s i s t c n t  w i t h  t h e  
!small p e r t u r b a t i o n  a n a l y s i s  errployed. 
! s t re t ched  by T r:hich is gauged by t h e  c h a r a c t c r -  
; i s t i c  t ime (Tch) of an iniposcd d i s t u r b a n c c  on thc 
'f low. 

I largc enough t h a t  v i scous  e f f e c t s  a r c  n e g l i g i b l e  
;to t h c  order  of a?prosimat ion cons idered hcrc .  
:add i t ion ,  s i n c e  t h e  p a r e n t  f l x  i s  i r r o t a t i o n a l ,  
'no e x t e r n a l l y  izposed v o r t i c a l  d i s t u r b a n c e s  are con- 
' s idc red .  and t h e  flow is t r a n s o n i c  t i i t &  KCak shot!< 
:waves, a v e l o c i t y  r o t e n t i a l  O(X,Y,T)=O/La* may b c  
! introduced. Ever)%herc i n  t h e  t r a n s o n i c  flow f i e l d  
;of i n t c r c s t .  t h e  v e l o c i t y  conponcnts and thermo- 
dynamic var iab les m e  w r i t t e n  i n  icrms of asymp- 
l t o t i c  expansions i n  E ,  whcre F: i s  a measure o i  
' t he  f low d e v i a t i o n  from i t s  s o n i c  va lue  so t h a t  for ,  
t r a n s o n i c  f l o v ,  E < < l .  Thus, because t h e  f l o u  
: f i e l d  is cons idered a s  a p c r t u r h a t i o n  from s o n i c  

i 

may: be cons idcred  t o  bc o f  o rde r  u n i t y  and 

Time i s  

~ 

TIic Reynolds n u 5 c r  based on is assumed t o  be 

In 

I 

$ i s ,  i n  s t r e t c h e d  v a r i a b l e s ,  ( i r .1 )  
D(X,Y,T)=E[x+E$+l (X,?,t)+E 2 $,(x.y,t)+. . .I 

U = ~ x = l + E ~ l s + E 2 ~ 2 a + ~ ~  . = ~ + E U ~ + E ~ U ~ + .  . . (11.2) 

T = ~ + E T ~ + E ~ T ~ + .  . . , ( 1 1 . 3  

ence ( s u b s c r i p t s  dcno tc  p a r t i a l  d i f f e r e n t i a t i o n ) ,  

v=oy.-[E;,,+E2~2yr. 6 f .]&[E" +& t.. . 
E 1 ' 2  1, 

E .  
/mi one can i i r i t c ,  f o r  example, fo r  t h e  tempcra turc  

I 
k i t h  s i m i l a r  exp ress ions  f o r  p and p .  

! 

J 

?'he governing cqi iat ion f o r  4 is t h c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA"Gas- 
Dynmic Equation" (Guderly zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 6 ) ) .  m' i t t en  i n  a 
/ s t a t i o n a r y  ( Inbora tory )  coo rd inn tc  system. Thus, I 2 2  -oY ) s ~ ~ - + ~ ~ - ~ + ~ ~ o ~ ~ ~  (11.4) 

-2OXoxT- 2c\."T=0. I 
! 

1111 t h i s  cqua t ion ,  t l ie di i i icnsionlcss spccd o f  sound 
;is obta incd  from t h c  Rcrnou l l i  equat ion .  

(11.5) '  

I 

I 

!whcre y 
' t e rm on t h c  r i g h t  s i d o  o f  t h i s  e q u a t i o n ,  which i n  
~ e n c r a l  is  a f unc t i on  o f  t ime ,  i s  cqua l  t o  
( y + l > / 2 ( y - l )  i f  a s t c a d y  s o n i c  s t r cam i s  used f o r  
re fe rence .  

' Using t h e  asymptot ic forms of Ox and 
i n  equat ions  (11 .2 ) ,  equa t ions  (11.4) and 2IE:;'en 
a r e  combincd t o  g ive  t l ie f o l l ow ing  govern ing  cqu3- 
t i o n :  

is  t h e  r a t i o  of s p e c i f i c  h e a t s ,  and t h c  

6 2  
-2-2[E0 Q I+ . . .  =o, 

S T  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1Y lyt 

where on ly  terms t o  o r d e r  E2 
crate t h c  ncthod. 

a r e  m i t t c n  t o  i l l u s -  

The s t r e t c h i n g  parameters  6 ,  E and T may noir 
b e  chosen t o  i n v c s t i g a t c  v a r i o u s  space  and t i n c  
v a r i a b l r  regimes i n  t r s n s o n i c  flo:;. In t h e  simi- 
l a r i t y  approach, Adanison and Richcy ( 3 )  took  
6/:<<l i ihich i n d i c a t e s  t h a t  a r c s i o n  c l o s e  t o  t h e  
t h r o a t  was cons idered,  s i n c e  s=O(l). Then, t h e  
f i rst o r d e r  pc r tu rba t i ons  a r c  governcd by t h e  non- 
l i n e a r  t r a n s o n i c  equat ion  ( scc ,  f o r  csn?ple,  
S i che l  (2 ) )  iihich has ,  as one c l a s s  of s o l u t i o n ,  
t h e  s i s i l a r i t y  s o l u t i o n s  d i s c u s s e d  by i d a c s o n  (71 
and Adaxson and Richey ( 3 ) .  

I n  t h i s  ana lys i s .  howcver, t h e  t r a n s o n i c  channcl  
flow is eaaaincd i n  a l a r g e r  r e g i o n .  Kc clioosc 
~ = 0 ( 1 )  f o r  channels uhc re  t h e  near -son ic  r c g i o n  
ex tends  f r o 3  i i a l l  t o  wa l l ,  and f o r  6.1 :ce con- 
s i d e r  a rcg ion  i n  t h e  channcl  which i s  approx i -  
mately square ,  i . e . .  t h e  r e g i o n  under c o n s i d e r a t i o n  
has  'an a x i a l  l eng th  o f  t h e  o r d e r  o f  t h c  t h r o a t  
he igh t .  

As i n  t h e  c a s e  of t h e  s i m i l a r i t y  s o l u t i o n s  (71,  
t h e r e  are t h r e e  "d i s t i ngu ished  l imits" f o r  c q u s t i o n  
(11.6) dcpcnding on i ihc thcr  ~ < < l ,  ? = O ( I )  or ~ > ) 1 .  

. From t h e  d e f i n i t i o n  of T, t h e s e  t h r e e  c a s e s  co r -  
respond t o  t h o s e  i n  !rhich t h e  C h a r a c t e r i P t i c  t i n c  
a s s o c i a t d  w i th  d i s tu rbances  on t h e  f l o v  i s  
much s?al lcr  than, on t h e  o r d e r  o f ,  01' ii:uch g r e a t e r  
t han  t h e  t i n e  requ i red  f o r  a s o n i c  d i s t u r b a n c e  t o  
c r o s s  t h e  t ranson ic  r e g i o n  Fy i n  t h e  S d i r e c -  
t i o n .  Thus t h c  inposcd d i s t u r b a n c e s  could r c p r c -  
s e n t  ve ry  high frcqucncy o s c i l l a t i o n s  ( K < < l )  or 
r a t h e r  s10:ily vary ing  phenomcna (?>>I) such as 
g u s t s ,  s t a r t i n g  and sropp ing  p roccsscs  i n  n o z z l c s ,  
chanjic.5 i n  a i r f l ow  demand i n  an  i n l e t  duc t o  an cn- 
g i n c  ~ O I \ P T  s c t t i n g  chansc. or t h c  a c t i o n  of 3 f low 
bypass door. This l a t t e r  r e g i n c  of T is C ~ i l l d  
t h e  "s lov ly  varying" t imc  rcgiinc f o r  t h c  d i s t u r b -  
ances  and is t l ic one n c n r e s t  t o  s t cndy  s t a t e  con- 
!d i r i ons .  I t  would also b e  cxpcc tcd  t o  yield t h e  
most ocan ing fu l  r p s u l t s  3s t h c  distur l ,n i ices d i e  O u t  

and t h e  flow r c t u r n s  t o  n s t c a d y  s t a t e  c o n d i t i o n  
as t-. T h i s  dist in:.uishcd liciit i s  c0nsidCri.d 
here by t ak ing  T = l / k C  whcre k = O ( l ) .  
i 

2 
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With zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6-c.1 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT=I/kE, equnt ion (11.6) can 1 1 Equation (11.12) may b c  combincd zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 8 )  with cqun- 
b c  simplified, poiicrs o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI! c o l l c c t c d  and cquatcd ' 
to  zero  (XI,, t o  y i c l d  t h c  fo l lowing governing equa- govcminp. cquat ion f o r  h ( x , t )  f o r  s)nimctric 
t i o n s  fo r  01, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6, and $3: i fhannc ls  w i t h  f ixed walls: 

' t i o n s  (11.10) ;ind (11.9) t o  y i e l d  t h c  fo l lowing 

62yys2k41xt* (Y+~)0~x91xx+201yblxy ('I")' +Kx ?!! + k q  4 )+km)I($l$ tdX+A(t) , 
I /  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 a t  y+ i  i t  I X  a ( y + ~ )  'i 

(11'9). ,The i n t c g r a t i o n  f u n c t i o n  A( t )  can b e  absorhcd in to  
which is o n l y  knom to w i t h i n  an a r b i t r a r y  func- 

0 , = f ( 4  Q,) ( s c c  r c f c r c n c e  8).  
5)Y 1. 

1 42 For sym-octric chonncls  whcrc V = O  on t h e  ccn- tion of Thus, cquaticns (IT,1J) and tl,c I- 



(UdUu+VdVu- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1) 1 - 
! 

+\' v zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA--(Uu zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 2  +V$-(U u 
Y' 1 d u  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd u  

\where s u b s c r i p t s  u and d denote  cond i t i ons  i m -  
~ m c d i a t c l y  up5trc:m and downstrc;l!!l o f  t h e  shock 
!wave. Subs t i t u t i 6 .n  oT t he  nsynp to r i c  expansions 
i f o r  U and V i n t o  equat ion  (111. 1) y i e l d s  t h o  
. s t e a d y  S t a t c  shock jump cond i t i ons  f o r  t h e  var ious 
;orders of t h e  v c l o c i t y  p r r tu rba t . ions .  
; d i t i o i i s  are, f o r  t h c  f i r s t  and second o rdc r  tenus: 

~ e s e  con- 

I 
u - -u (111.2) 

I 
I 

Id-  l u  

(V2d-vZU) 2 = (Y+l ) " lu(~ i2u( i i2d-~ i1, ,2)  ( I I I . 3 ) '  

;Equat ion (111.2) is  s a t i s i f i c d  by t h e  s teady  s t a t e  
' f o m  of  t h e  s o l u t i o n  Cor 
: s i n c e  i t  i s  doublc \w lucd.  Rccause t h c  tiall slopc 
: is cont inuous a t  t h e  shock, equat ion  (I I .1G) shows 
I , t h a t  v2d=y2u and t h u s  equat ion  (111.3) becomes 
juZd=itlu2 '-u 

;and ( I I . lS) ,  may bo w r i t t e n  as:  
! 

I 

(cquz t ion  (11.13)) 

I 
which, by us ing  cquat ion  (11.13) 2u 

~ 

2 
hxd (x)+hxu (x)= Y + i  [ f (x=r  S h  )- l lJ-[  f,, (x=xSh) 

, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 .  , h l t h  a cont inuous i f a l l  shape at 
!stream of tllr shock) and X = X &  ( j u s t  downstrean),  
j thc c o c f f i c i e n t  of t h e  y2 t e r n  i s  n m - z e r o  and t h e  

! 
; I 1  s a t i s f y  t h e  equat ion  o f  motion a::sy from t h e  
,shock, t h e  wal l  houndary cond i t i ons  2nd t h e  f i rst 
orde r  jump cond i t i on ,  they  do n o t  sa t i s f y  t h e  shock 
! jmp cond i t i ons  of  second (or h igher )  order. 
,Therefore, t h e s e  s o l o t i o n s  should be  regarded as 
' ou te r  s o l u t i o n s  (not oniforal ly \:a!iJ) t o  b e  matched 
w i th  inner  s o l u t i o n s  a p p l i c a b l e  near  t h c  shock. 
;Th is  s i . t ua t i on  ex i .s ts  ):!,ether t h o  flow is  s teady  
:Or unsteady. 
reg ion  is d iscussed  i n  t h e  ncx t  s e c t i o n .  

I' x&, ( j u s t  up- 

. . 
. iabovc expression cannot b r  s a t i s f i e d .  

v 
Thus, al though t h c  so1utio: is d& iveJ  i n  s e c t i o n  

. .  

The proper  formit lat ion o f  t h e  i nne r  

1 
choosini: a s t r c t c h c d  s-var iab lc  o f  t h e  form 

X =(X-Xsh)/E"2. 
:h lessi tcr  and Wanson  i n  the i r  s t u J y  of t h e  cor re -  
'sponding s tcndy  flow 1,roblc:a. Far unctcedy f lo l r ,  
x* i s  de f ined in telia:; o f  a p a r t i c u l a r  shock po- 
i s i t i o n  xol i ihich might be t h e  s t c s d y  state po- 
I . .  I S l t i o ~ ~  ( t h c  c s p ~ n s i o n  of xsl, h ' i l l  b e  def ined more 
i 
, p rec i se l y  l a t e r ) .  
:shock p o s i t i o n  sol nrc  ronsidarml.  t h e  variarions 

. !in shock p o s i t i o n  i f i l l  be of  ordcr E. Other prob- 
l lcnis can be coiisiilorcd icIwre x is r ise-dopend- 
I .  01 
cnt,  al loc ing t h e  on::tc:idv shock zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt o  be i n  any P O -  

,xol i.s s e t  by t h c  phys ica l  n a l w c  of t h c  problem 
111 ; \ m y  tr:!n!<cnic channel  prob- 

'lcais, t h e  shock inotion Aic t o  i8::posed d is tu rbn i tccs  
1.. . . . .  . .  . 

The i n n c r  reelon near  t h e  shock is  de f ined hy 

( *  
l he  S ~ ! I I C  f o n ~  \:as found by 

I f  perturb; i t ions fro:> a s t c : d y  

. ,  

' I .  . i s i t io t i  w i th in  tlic ch:inncL. l'hiis t h e  cho ice  f o r  
U' 

'.being coi:sidcrcd. 

- 1  

. .  xol = const.  
is f a i r l y  s n n l l .  and an analysis uhc re  

/ is  approp r in t c .  Thc f o l l o v i n ~  matcliing cond i t i ons  
i f o r  the iniirr rcgion arc dctcrmincd by expanding 
!the o u t e r  s o l u t i o n s  ( c q w t i o n s  (11.13, 11.15, 
111.16)) away from the shock p o s i t i o n  xol and ex- 

! p ress ing  tlic r e s u l t s  i n  terms o f  t h c  i n n e r  var i -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
ables 

c t t  
x = ( X - X ~ , ) / E ' / ~ ,  y =y.t  =t: 

(Xi'. 1) 

and. 

L 

The upper (+) s ign  applies t o  flow u p s t r c a z  o f  t h e  
shock (mtch ing  f o r  x'+--), t h e  loiier ( - ) s i g n  
nppl ics t o  flcw downstream o f  t h o  shock ( m t c h i n g  

' for  xi*+-), r u b s c r i p t  o deno tes  cvalo;.tian a t  
s=xol. and an independent v a r i a h l e  subscript de-  

notes p a r t i a l  d i i f e r e n t i a t i o n .  For  convenience. 

2 2 2 4k n (t)=[-f(x)+ -ll(t)- 4 
01 

Ytl y+ i  Y + l  1t 'x-x 

i s  i n t roduced.  The channcl  icalls are  cons idercd  
f i xed ,  desc r ibed  by yw=t ( l+E- f  ( x ) ) .  

t i e n s  (I\'.l) and ( IV.2)  t h a t  t h e  inncr s o l u t i o n  
nus t  con ta in  hxl f -poucrs of E. There  is  no need 
f o r  an zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEll2. term i n  t h e  i n n c r  s o l u t i o n  for  U 

s i n c e  t h e r e  is  no matching tcrm. Also, s i n c c  t h e  
i nnc r  region i s  cons t ruc ted  t o  allo:; s o t i s f a c t i o n  
of t h e  shock junp c o n d i t i o n s  i n  t e r m  of o r d r r s  
h igher  t h m  t h e  f i r s t .  t h c  i n n e r  reg ion  cspnns ions  
nay be a s s w e d  t o  b e  of t h e  form: 

? 

It i s  seen  from t h e  nn tch ing  c o n d i t i o n s  i n  q u a -  

U-1+E"t+E3/2u* 1 312  +E2u*1.E5/2";/2+. 2 . . (IV. 3) 

Th is  form of t h c  v e l o c i t y  expansions i n  t h e  
i nne r  re.sion nay b e  used ( 8 )  to d c r i v c  .?n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmpres-  
s i o n  fo r  t h e  shock p o s i t i o n  X ( Y , T )  and t h c  

hxve ve loc i . t y  axsl,/aT. I n  t h e  " s l o ~ l y  \wy ip . f  

time reE inc  t h c  s t cndy  s t a t e  shock jmp cond i t i ons  
( i n  ter::.? o i  r c l o t i v c  v c l a c i t i r s )  c a n  hc a p p l i c J  :I: 
any i n s t a n t ,  and t h c  shapc of  t h r  sltock can bo 
m i t t e n  as:  

s I1 

Xsh=XoCl.)+E3'2Xo.(Y.T)+. . . (I\'..l) 

tihere, for  n s> ixnc t r i c  chnnnc l ,  Xo(r) nay be t:ikcn 
as t h e  shoc:; p o s i t i o n  a t  t hu  c c n t c r l i n e .  l hc  shock 
K::\'c v e l o c i t y  i n  a d i r e c t i o n  nornnl  t o  t!,r curved 
shock froint is  dctcr!ninrd by t h e .  vanishin:. o i  t h e  
Cn ler ian  L c i i v a t i \ f e  of 

S=S-ISh (Y,T) 

This non!lnl iinve v c l o c i t y  has  x and y coi l~loncnts 
Us,, and Vsh : 

. . - 

-. . . 
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1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 ' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

u =ax zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( ~ + r i ' / ~ = l + ~ ( ~ ~ / ~ ) )  (1v.s:t) ' The i n n e r  r cg ion  v e l o c i t y  p o t e n t i a l ,  bnscd on 
ay ! /equat ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( I V . 3 ) ,  is,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsh 

aT 

ar 
vsh=ax ( I + E ~ / ~ Z ~ .  o(a3I2) , (IV.51,) j i  I. 

~ ~ I E 1 / 2 1 x ' + E O ; + E " 2 4 ~ , ~ + E * * ~ .  . . ] 
1 lwirh stretched i n n e r  r c x i o n  v a r i a b l e s  

a y  

h i t h  aX;hlaT=~(axsh/at) ,  

! s t i t u t c d  i n t o  cqu3t ions  (IV.5a. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb )  t o  g i ve  1 , It may b e  noted t h a t  cvcn thori$h t h e  shock is 

USh=kE dxo+O(ES'2) 

sh  

equat ion  ( I V . 4 )  is  sub- 
X*;E1/2X*,Y*=y*,T*;t'/kE . 'I . ,  

(Iv.a) moving j n  tlic inner region. tlie inner r r g i o n  i t s c l f  
does no t  mow;  t h e  l a b o r a t o r y  frame of  r c i e r c n c c  
is main ta ined.  

a? 

V '  

I 

. *  
The governing equa t ions  TOT 41,+312,$2.. * 

,and Vs h= - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 .  I I 
i 

x (T)'Xol+E~xo,a+l+... , i 

d t  

I der ived  from t h e  g3s dpa i : i i c  and Rc rnou l l i  equa- 
t i o n s  a r c ,  

I 
Using an n s ) n p t o t i c  expansion for Xo(T), 

t *  
I '  - ( ~ + l ) O l x * * l x * x .  +t;,*y*=O ( IV .9 )  

0 

one f i n d s  t h a t  cquai ion ( I V . 6 )  bccoines 
I U = k l i m + E a x  . *  

. I  sh d t  , .  -(Y+l) [m5/2x*0:,*x,+01x*63/2x.x.l (IV. 10) 

*+3,2y*y*-~~~;x, t*=o 

o, a 
+ . . . ) + o ( E ~ / ~ )  . 

I 
;The v e l o c i t y  of t h e  shock front T C S ~  is  induced by 
p e r t u r b a t i o n s  i n  t h e  o u t c r  reg ion ,  
' th rouzh t h e  inner  rcg ion .  Thus the orde rs  o f  t h c  and 
'shock v e l o c i t y  should be t h e  same a s  the v e l o c i t y  
expansion i n  t l ic i n n e r  reg ion .  I t  !vi11 bc s h o w  * Y + I  * 2 

i . t hus  a=I t o  correspond t o  d i s tu rbances  of orde r  s 

!E2. There fo re  equat ions  (IV.4) and (IV.6) beconc 
I ( IV.7) +$;y*y*- ( Y - ~ ) * 1 x * 0 1 y ' y * ' 2 + ~ y ~ 0 ~ x ~ ~ *  

t r ansmi t ted  

(IV. 11) 
< '  

' : l a t e r  t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu i I 2  goes t O  zero a t  t h e  shock, and -[(Y'1)O2,,+ -+*lx*) 10lx'x* 

- t Y + l ) ( m ; / 2 x ~ * 3 / 2 , * x . + 0 ~ X ~ ~ 2 s ~ x * )  

* *  
XSh (y,T)=Xol (t) +EsoZ (t)+C312h (y. t )+Xo  1 +. . . 

5/2 

, land dx d (IV.8) -2k03j2x*t*=0 . . I  

'. I 

USh=kE( oltE Xo2Jr.0(E5'?)+. . .], 
I t  can b e  shown (8) t h a t  t h e  i n s t a n t m c o u s  shock 

jump cond i t i ons  w i l l  app ly  f o r  t h c  "s1o:ily varyin." 
t jmc  r c g i n c  i f  one t a k e s  . the p o s i t i o n  o f  BTI obscrv -  
er on t h c  iihve and uses i nnc r  r e g i o n  v c i o c i t i r s  

shock. r e l a t i v e  t o  t h e  shock (U'=U'-USh). H o i w c r ,  s i n c e  

t h e  shock (and t h e  coordin?.te s y s t c n  a t t a c h e d  t o  
i t )  is croving i n  t h e  inner  r c g i o n ,  t h c  s t ;qn . i t ion  
enthalpy !<!rich i s  preserved a c ~ o s s  thc ii'ai'c i s  t!iat 

The assoc ia tcd  v ; i t h  tire rnovinc c o o r d i n a t e  systc'n r n t h c r  

I d t  d t  
W 

:Or 
, 

U =kEu rkE 2 uS2+O(E5'* )+. .~  s h  s 1  

! .  Equation 
is a rclatioli for 

wave veloci;:).. As mentioned e a r l i e r ,  the phys icn l  
pr0blc:n chosen f o r  s tudy  hc rc  i s  t h a t  Ploa f i e l d  
'where t h e  shock i w v e  o s c i l l a t e s  about a given 
' s teady  s t a t e  p o s i t i o n ,  des ignated  a s  

P e r t u r b a t i o n s  fron th is shock p o s i t i o n  (Exo2+ ... ) cnc nust for the of 

!me t ime  dcpendmt .  Thus usl=ds /dt=O, and cq i~a -  'shock tihen c!criving the shock p o l a r  equa t ion .  TI:? 
! 
 tio on ( I V . 6 )  b e c o x s  

Fu r the r ,  v i t h  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu sl=O , the first o r d e r  shock j u m p  

' cond i t i on  i s  uld+ulu*O a t  s'x I f  t h e  up- d u  d u  

01' t h a n  t h e  s t n t i o n n y  coordin: i te s y s t e x .  That i s ,  
x 

01 -modif ied forin of  thc  shock ~ I X T  used to dc r i ve  the 
U sh  =kE2u 52 t. .. . shock jump cond i t i ons  i n  t h e  i n n e r  region i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

[i..G*-+i.*] 2; ( ($) 2* (p) 2-ij;ij; ( I  v.  12)  

sh '  
" 

's t ream i low 'KCTC t o  b e  unsteady i n  f i rst  orde r ,  t h i s  
would i s j i l y  an a r t i f i c i a l  r c l s t i o n s h i p  ac ross  t l ic d u d u y + l  

, imply i l i a t  tlic dowxtre:!:,, Tlov shoiilrl  bc s tcady  i n  

-~~i.:}2.([ i r*~'+~' i . ' -1+2(yr_.)ki i?us ] 

+L' \: - I ) -z(=)kE?, .  1) -f irst o ~ ~ l c r .  I t  is  t h c r c f o r c  C ICZT t h a t ,  coiisist- II-(Uu Y + l  +Vu )-(uduu d " y*.l 

2 
:shock. Stc:idj' u p s ~ r c n s i  First ordcr f low would 

2 '  -,2 -,2 -*-e :*-* 

1 
k n t  w i t h  s = cons t  ( L I ~ ~ = O ) ,  .onc must conr idc r  

( i . c .  a t  
t h o  case  i n  i ihicfi t h o  f i r s t  o rde r  v e l o c i t y  pCTtil1.- 
b a t i o n  3 s  s tcady  throup:!iout ( i . c .  4 1 = + l ( x ) ) .  I h e  t h c  SIIOC~;). KOW> from t l > e  d e f i n i t i o n  o i  I* ;and 

seconil ordcr v e l o c i t y  p o t c n t i n l  p e r t u r b a t i o n  0, 
I 

may be unstcnJy  i n  rcs!'onse t o  a c o u s t i c  d i s t u r b -  
ances  ii:\posud on second o r d e r  flow vnr i ; ib lcs.  'This 
t y p e  0 1  f io\ i  is  1cr1:rccI "Scsood O ~ d c r  UnsteaJy 1:lo:i" 
.and is  t h c  f lov  aiodcl which i s  t r c a t c d  i n  d e t a i l  
:in t h e  fu l lowing sec t  ions.  
1 .. .. . 

01 which a p p l i e s  not  a t  x'=O, b u t  a t  "Eh 
equat ion  (1\'.7), onc can sho:i t h a t  . .  

I x-x =El /2X*- l l x  -... 

x" . E l / ? x  . *. . . 

' I  

s I, 02 

. So t h a t  :It t l i c  shock, 
. ,  

I .  
v' 

.I ! I  sh 02 , I . . " - - -  - ' .  

. . .  5 
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Sincc  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx *  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=O(E1/2), one can expand t t ic v c l o c i t y  cow' 

poncnts on c i t h c r  s i d c  of  t he  shock about x's0 ' 

I n  fact ,  as w i l l  bc sccn. t h o  prol,fcln zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcan f i n a l l y  

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsh 

' and d c r i v c  cqu ivn lcn t  jmp cond i t io i i s  a t  x'=O. 

. I  , bc rcduccd t o  an  c w i v n l c n t  s t cadv  flow nrohlcm 
w i t h  t h c  aliock a t  'x'=O. Thc j& cond i i i ons  a r c  

! 

Iwhcrc t h c  s u b s c r i p t s  u and d denote  cond i t ions '  

! 

! S o l u t i o n s  t o  t h e  flo:i i n  t h c  i nnc r  r e g i o n  near 
l t hc  s1:ock Iqhich are y p w m c d  by equat ions  ( IV .9 )  
:to (I\'. 111, matchiiig co::ditions from equat ions  
l(1V.l) end ( IV.2).  a p p x p r i a t c  r:all tangcncy con- 
!d i t i ons ,  and shock Ju:;" cond i t ions  givcn by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAequa- 
i t i ons  (IV.13) t o  (IV.lj), a r c  d i scusscd  i n  t h c  next 

1 ;a t  x+=O-  and x*=O' [u?strcam and doimstream oi . [ t h e  shock) rcspec t i . ve ly .  

. 

I . .  

. /secti .on. 

V. Solutio-_"Sccond Ordcr UnsteadJ;' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F 1  O l i  - ! , 

With $l=bl(x) i n  t h e  o u t e r  region, t h e  solu- ! 

t iQn f o r  u (x) comes d i r e c t l y  from equat ion  

(11.13) a s  

~ 

i 1 

;here H(t)=Cw . If C,<=O, t h e  t h r o a t  of t h e  

channcl is s o n i c  w i t h  f(o)=O . I n  cquat ion  ( V . l )  
t h e  oppcr ( + ) sign corresponds t o  l o c a l  supcr -  
s o n i c  f lw (upstrr; !n of t h c  shock) and t h o  l o v c r  
'( - ) s ign  corrcsponds t3  l o c a l l y  subson ic  flow. 
At t h e  shock, 

I 
' POT SCCOlld Ordcr unsteady f low zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( $ , * = O )  t h c  

La tch ing  cond i t i ons  fo r  t h c  i nnc r  s o l u t i o n s  a t  
> a r p  X *  g iven by cqunt iuns (IV.1) and (IV.2) 
s i m p l i f y  to:  

. . . . . . . . . . . . . . . . . . . . .  . i 

I 2cu' J I 

""E2fJy++E5/2x 0 .fay*+... " . (V. 3) 

2 
,and 

In t h c  inncr  reg ion  iq-strcam of t h e  sh:ck, i t  
can be show1 (8) t l int  s o l u t i o n s  fo r  

1,'3/2 and 0; which s a t i s f y  the governing e q u a t i o n s  (1v.g) 

t o  ( l V . l l ) ,  and match t c m  by tc rm u i t h  t h c  o u t e r  
s o l u t i o n s  i n  cqi inrions (V .2 )  and (V.5) a r c ,  i n  
f a c t ,  i d c n t i c a l  to t hosc  t e r n s .  That i 5 ,  t h e  i n n c r  
solution:: i:icrrly cnn t inu r  t h c  o u t c r  s o l u t i o n s  i n t o  
t l ic  i n n c r  rcj : ion, and t h u s  t h e  i nnc r  s o l u r i o n s  : ip- 

Stream of  thr sl,ock a r c  no t  rcqci i rcd i n  t h c  coin- 
y o s i t c  s o l u t i o n s  f o r .  U and V. 

3' 

i 

The s o l u t i c n s  i i p s t r c m  o f  t l ic shock (s'<O) 
which a r c  uscd i n  t h e  shock jw,ip c o n d i t i o n s  'at 
x*=O- are t 

4'lx.=cu> Q;/2,,=fo?* 

and 

(0') .=fox*y' . (V.5b) 

Do~wstrcani of the.shock i t  can b e  s!;o:;n ( 8 )  t h a t  
t h e  s o l u t i o n s  f o r  a?6 42 a r c  a l s o  simply 

con t inua t ions  o f  t h e  o u t c r  s o l u t i o n s  i n t o  t h c  i n n c r  
reg ion .  Thus, i n  t h e  i nnc r  reg ion ,  

2 Y' 

>I- 

* 
$,x*- -cu 03/2x'- -fox* - W.6) 

c, (Y' 1) 
t 

+5/2+=foY* 

.. Howvci', s i n c e  t h e  second o r d e r  ju?p c o n d i t i o n s  
arc not  s a t i s f i e d  by t h e  outct '  so1uiioT.s 

must be niorr than  a c o n t i n u a t i o n  of t h e s e  s o l u t i o n s .  
I t  is conv rn i rn t  to ; ; r i te  

t i n u a t i o n  s o l u t i o n  and a f u n c t i o n  

t o  bc found. Then, (for x*>O), 

$: 

<; a s  a si:::: o f  t h c  con- 

S;(s*,y*, t*)  

I . . . . . .  

...... 6..- 

... 
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I t i on  !V.7b) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( I r m  t h c  c o n t i n u ~ t i o n  o f  t h c  outer. 
s o l u t i o n )  sa t i s  f i c s  t l i r  flow tangency cond i t i on  

PJ.13b) 

Downstrcnm of t h e  shock wave a co-nposi tc solu- 
~~ . tat t h c  walls, yW=fl. 

' I  
< .  

~ 

: t  

iu3,2u=u3,2d -0. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.E3'' 
' Pu r thc reo rc ,  t he  sc:ond ordcr  jump cond i t i on ,  
!equat ion  (I\'. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA15) rcduccs t o  

From cqunt ions  ( V . 0  and (V.6),  i t  i s  seen  t h a t  
docs no t  c1i;ingc ac ross  t h e  wave and t h a t  

j?3/2 
Ilcncc, j unp  cond i t i ons  to order 

are s a t i s f i e d  ( c q w t i o n  (IV. 13) and (lV.14). 

j 
t h e  equat ion5 cs j xcss ing  t h c  wa l l  tangcncy con- 
d i t i o n ,  t h i .  j w p  cond i t i ons  a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx*=O (cquat ion 
\'.8), t h c  ::,.xtc!ling cond i t i ons  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
11.2, arid V . 3 1 ,  and Lhc govcmin: equations (IV.Il), 
'one can shoi' (3) t h a t  t h e  c a l c u l a t i o n  o f  

, rcduccs  to cons ido ra t i on  of t h e  f o l l o v i n g  boundary 
,va lue  problca of t h e  Scuzonn t ype :  

I 

is t h e  go:ernino c q u t i o n ,  w i t h  boundary cond i t i ons  
'as follw;:5: 

S u b s t i t u t i n g  equat ions  ( V . 7 a )  and (V.7h) i n t o  

xt?m (cqunt io-  

6; 

, 
5 --+< f -0  W.9) 2xx 2 > y  

l i m  5 - = O  
:.* 

2x 
W 

I 
' _  i 

(V. 10c) 

I -f ixd+hxu) . 
I 
Thus, wc n o t c  t h a t  t h c  d e r i v a t i v e s  are specified 
'on t h e  boundar ies  of a sc- i  i n f i n i t e  s t r i p .  
. t he  i n t e c r n l  cond i t i on  !ihich must bo met fo r  a 
Ncumann problem (IO), i t  is  cas)' t o  show t h a t  

Fron 

:so t h a t  cqnat icn  (V.lOd) becomcs 

S i n c c  t h e  boundary cond i t i ons  on t h c  Ncianann prob- 
; Ian arc not t i :~io-dep~iidr. i , t ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt h e  m: i t l im; i t i c~ l  rrcb- 
; lcr  dcsc r ibcd  b y  cqi iat iai ts (\'.9, \'.lZ), and (Y.1C.a 
t o  V.lOc), rc.duccs t o  t l ic pro1~1cis ?olvcd i n  t h e  

~ The solut ion i s  3s fo l lo i rs,  w r i t t e n  now i n  

. ' cqu ivn lcn t  s teady  s t : i t c  prublcia, (9). 
. .  

. .  
*i ........ .. .... -. ........ .... _-_ . .  _- - 

' t i o n  mny b c  foriwd by add ins  the i n n c r  an,< o i i t c r  
s o l u t i o n s  and r u b t r a c t i n s  t h e  coiinon t e r m  (i .e. 
t h o s c  used i n  nn tch inz  t h e  s o l u t i o n s ) .  T h i s  coni- 
p o s i t c  s o l u t i o n  is  c a s i I y  sh0.m t o  be, t o  second 
o rdc r :  

(V.14a) 

(V.14b) 

,where $,, and 6 a r c  g i vcn  b y  c q u a t i o n s  (11.15) 
2Y 

and (11.161. Upt ream of thc shock, t h e  s,me r e l a -  
t i o n s  ho ld ,  b u t  w i th  <;x,=c;y*=O. 
t h e  shock, 

i n g  X *  f r o 3  i ts  va lue  a t  t h e  shoc!:, as i l l u s t r n -  
t e d  i n  f i g u r c  (?) f o r  a s y m c t r i c  channcl which has 
a "nozzle type" contour .  

I t  is secn f r o o  equat ion  (V.13b)  t h a t  a l t hough  
(~;),,(x*,O)-o and (~;)y,(x*. l)=O a s  r e q u i r e d  

by boundary cond i t i ons ,  

U = l * E ~ l x + E  2 (02x+5;x.)+. e. 

V=E ('$2y*5*y')+. ... . 2 

Do:mstrca? of 

S i x *  decays exponen t ia l l y  with i n c r c a s -  

2 for  any y* a t  x'=O+. Th is  i s  t h e  change i n  v 

ac ross  t h e  shock. Thus we see tha: t h e r e  i s  a j unp  
i n  v2 cvcryi<hrre a long t h e  shock cxcc?t a t  y=O 

and y=l  and s o  t!ie shock a c t u a l l y  51s an i n -  
flection shnpc xh ich  will v?.ry zs f; c h a n ~ c s .  

' l l ~ e  summation t e r n  i n  eqaa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(Y.13) is  p o s i t i v e  
so t h e  j m p  i n  v z  is p ropor t i o -e l  t o  (-f;). 

I t  should b e  notcd t h a t  equat ion  (\ ' .]I) sl loas 
a c a l c u l a t i o n  o f  uS2 if t i re u p s t r e n  and dorw- 

s t ream va lues  o f  fL(xol t )  3re knohx. Thus, as a 

v a r i a t i o n  i n  (hxd+hxu) i s  cspc r ienced  a t  t h e  

shock. a shock v c l o c i t y ,  us2 is  induccd. The 

ins tan taneous  shock p o s i t i o n  i s  xsh=xol+Exo2+... 

wherc xoz is f o w d  by i n teg ra t i ng .  us2 w i t h  

r e s p c c t  t o  t iuic. 

I n i t i a l  \'aluc Problci f o r  h,(x, t )  

The unstnady c o n t r i b u t i o n  t o  u2 f o r  f i x c d  

wa l l s  i s  given by h ( x , t )  s i n c e  t h e  i n n c r  so lu -  
t i o n s  a r c  no t  t ine  JCFCI I~~WL ?or stcndy f i rs t  
order f lov .  l h e  governin6 q : t . t i o a  Tar h ( x , t )  
i s  cq iu t i on  (11.11) t<liich, for  <. l= ; l (x)  

, t o :  

s i r ! i ~ l i f i c s  

2k h t u  h =A( t ) -F(s )  (V. 15) i yri t 1 s  

wherc 

F ( x ) * ~ [ i i l f i s +  I (2y-3)1i1 3 I . 
I.--. . . . . . . . . . . . .  -. .. .~ . .  -- . . . . . . . . . .  
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AS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAnoted i n  s e c t i o n  I T .  cquatiorr zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(~.IS) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi s  i n  
charac tc r i : : t i c  Forin. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATlms oiic can d c f i n c  s and 

j f  v a r i a h l c s  such t h a t  cquxt ion (V.15) may bc 
lw r i t t cn  as a t o t a l  d i f f c r c n t i a l  wi th r c s p c c t  t o  
1s. 
!be only otic such "c!:ill.:ictcristic" a s  i l iscussed i n  
! sec t i on  11. Disturbanccs a r c  c a r r i r d  upstream 
i f e l a t i v e  to t lrc flow alon!: th is fami ly  o f  c l ia rac tc i~ -  
i s t i c s .  Thus aloni: l i n c s  of r=cons t , cqua t ion  

j(V.15) can h c  w i t t c n  as 

' 

For t h c  s lowly vctrying tinic r c~ i r i i e ,  t h c r c  w i l l  

=A(t)-F(x) (V. 16a) as r 

Jwhcrc (-1 ax =u 

i 
I 

as r 1, 

at  
as r (--.) =Zk/ (y+ l )  

j 
(V. 1Gb) 

(V .16~)  

'Now equat ion  (V.163) may h c  i n t e g r a t e d  along a 

:chosen r - c h a r a c t c r i s t i r  from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5'0 (the i n i t i a l  
cc i id i t ion)  t o  t l ic s -va luc  a t  which l i e  wish t o  
:cva lua tc  h (x , t )  t h ( r , s ) ,  as f o l l o ~ s :  

I 
I whcrc h (r,s=o) is  t h o  i ; i i t i a l  cond i t i on  i<hich is  

~ 

: t r ansmi t ted  w i th  i nc reas ing  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs (and t )  a long t h e  
: r - c h a r a c t e r i s t i c .  modif ied a s  i t  is  t ransra i t ted  hy 
' te rms i n  equat ion  (!'.li). 3ol-e t h a t  x is a 
. f unc t i on  of s s i n c e  ( 2 g r = u I .  

' L ines  of cons tan t  s are chosen t o  be l i n e s  of 
/consrant  t ,  

/ ( ~ ~ ) s ~ ~ ~ r , s )  can be stmm (8) t o  be: 

.. 
0 

i as 

i . e .  ho r i zon ta l  i n  the x , t  plnnc. 

Other  r e l a t i o n s h i p s  betriccn t h e  x . t  
o r d i n a t c s  a rc :  

and r ,s  co- 

Equatiot!s (V. 16b) and ' ;  '.16c) are also i n teg ra ted  
' a long  a choscn ,.=const c h a r a c t e r i s t i c  f?om s=o 
t o  g ive ,  since u =u (n), and for SIO a t  t = o ;  1 1  

...... .... 
I 
:the 
upstream o f  thc shock (ul>o) and a n c g a t i v c  s l o p c  

downstream of  t h c  shock (u1<o). A t y p i c a l  s e t  o f  

r i c o n s t  c h a r a c t e r i s t i c s  f o r  a p a r a b o l i c  cliarincl de- 
scribed by y,=?(1+EZCo2x2) is  showi i n  f i c i r r c  3. 

r - c h i r a c t r r i s t i c s  w i l l  have a p o s i t i v e  s l c p c  

'equat ion  (V.17) nay b e  d i f f e r c n t i a t c d  with 
r e s p e c t  t o  x by us ing  t h c  r c l a t i o n s h i p s  b c t w c n  

' x . t  and r . s  Qiven i n  equat ion  (v.19) and q p ~ y -  
i ng  L iehn i tz '  r u l e  t o  t h e  i n t c y r n l s  ( 8 ) .  n w s ,  

s h c r c ,  aga in ,  t h e  i n t e g r a t i o n s  are c a r r i c d  ou t  
a long r=cons t  curves .  

As shown $11 f i g u r e  1, whcn d i s t u r b a n c c s  b.cgin- 
n i n g  w i th  t h c  i n i t i a l  cond i t i on  aho(r.o) a r c  

propagated upstream t o  x=xol a long r - c o n s t .  

c h a r a c t e r i s t i c s  dormstream of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt he  shock, t h r  va1uc 
of hx(x , t )  at t h a t  p o i n t  i s  dcnotcd by 

hxd=hx(xol, t) .  I f  the u p s t r e a n  f l o w  i s  uns teady  i n  

second o rdc r ,  thcrc xi11 be a va lue  hm obta incd  

froai eqi iat iox (V.2i) by in tcgra t in :  a long r e c a n s t  
ups t rean  of t h e  shock, or  fron a reduced for:; of 
cqua t ion  (V .15 )  kl icrc ht=o i f  t h e  u p s t r u i n  flax 

,is s teady .  A t  t h e  shock. j u : q  condj . t ions csprcssd 
i n  expanded f o x  as bcundary co i id i t ions  a t  x*=o 
(equat ion lV.15) mst  bc s a t i s f i e d .  S i n c c  t l ic d i s -  
tu rbance a r r i l i n n  a t  t he  shock c r c a t c s  an i nL : i lmsc  
i n  h t h e  shack Dust cove i n  second o r d c r  w i th  

'shock v c l o c i i y  11 g iven by equat ion  (V.11). 

Thus i t  is seen  t h a t  t h e  shock K i l l  move o n l y  i n  
response i o  a l i s t u r b a n c e  t r a n s n i t t c d  alorlz an 
r - c h a r a c t e r i s t i c  reach ing  x=xol from e i t h e r  up- 

s t ream or dcxns t reax  i n  t h e  channel 

_I 

ar 

x, 

5 2  

As an e x n i p l e  o f  i n i t i a l  cond i t i ons  a t  t = o ,  wc 
cons idc r  a f10.x which is  i n i t i a l l y  s tcndg but i n  
which a d is tu rhnncc  f r o a  do:<nstrcam has prqi:!::ztcd 
upstrcam t o  s c x  p o s i t i o n  i n  t h e  channc l ,  say t o  
x- i .  Sincc ,  ~i t = o ,  X=T,  and & I ,  t h e  j r i -  
i t i a l  cond i t i on  d i s t u r b a n c e  

zI( t=- s (V.ZOa) i s  a t  k.?. The behav io r  of t h i s  "iiave train" is 
t h e n  esamired ns i t  p r o p s f a t c s  upstream t o  t h o  
shock and inAuccs shork  o s c i l l a t i o n s .  'The d i s t o r -  

x ~ u l d s + x o ( r , o )  hance is h i i t i c n  i n  tcri'ls of a v a r i a t i o n  i n  

Y' 1 

(y.201,) h.x 
; from i t s  s tcady  s t a t e  s o l u t i o n ,  (hxIss. Tor cx- 

I ample, hr(r,o)=(h,),S+E sin a(r-12) for r>?. Such 

rsx u1 0 ~ v a r i a t i o n s  3 r c  cqu iva l cn t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt o  3 p c r t u r b n t i o n  i n  t h c  
~ clianncl back p ressu re  of order EZ s i n r c  tiir 

, .  

J" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdx =yds;s, [V. 20c) 

i hc re  we hnve set 5'0 a t  t-0. i s t a t i c  prcssurr i n  t h e  channel can be w i t t c n  a s  

. .  , 2 . 0  2 2  
1 i 
: i s t i c s  c:m bc dotn.:nincJ i n  t hc  x - t  p lane for  a ~ VI  1 7 

With cr1u:itions (V.?O), t h c  r = c o n s t  chn rac tc i -  ' . p s ~ - ~ y r ) . l f ( x ) + ~ w  -E yf ( x ) ~  -E y i iX(x , t )  
1 -  - 

'given uI(x) { c h i d ,  i s  dr tcrni incd hy  the wall 

Ishnpc. S incc  t h c  slopc of tlic r - c h a r n c t c r i s t i c s  , . 

! :  I 
v' I 

f o r  f i rst ordc:r srcndy f loi i .  

! .. 111 tlic x , t  plant is (iLy.1 = Y + I  u The s o l u t i o n  for (hx)ss is ob ta ined  fru::i ctjlla- 

' , t i o n     IS) sr~ ic rc  , \( t)  is a cons tan t ,  A.  which 
<It 1. TI; 1, 

L..~... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  :. . _- .. . .! . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
8 

- ....... 



t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA=O upst rcnn o f  t h c  shock, i h i l c  do~mst rcam g ions .  onc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcan f i n d  i i 2 (x , y , t )  and v ( ~ , y )  fru:? 
'of the shuck, A can bc dctcrniincrl zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 8 )  froln t h c  
:s teady  s t a t c  shock zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAjunp cond i t i ons  as 

2 '  
, ,' equa t ions  (V. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI d a )  and (V. 14b). 

w '. i i Ad=$y (u lu) ', I 

i 

i 
? 'and t h u s  tlic s o l u t i o n s  for (hxIss a r e  as follows: 

(hX)ss= -F(x)=3-2ydl-4f"(x) 
2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Upstream of t h e  shock; 

wh i le  doirnstrcan o f  t h c  shock, 
6 

For t l ic i n i t i a l  cond i t i on ,  x is r t p l a c c d  by r .  

Equat ion (V .22)  can b c  app l i ed  a t  any p o i n t  i n  
t h e  chnnncl f o r  x>x , . I f  it i s  a m l i c d  a t  sone 

! ' If the llpStTCZ%l SCCOnd Order f l O h '  i s  UllStCJdg. 
' t h e  shoc.k j w p  cond i t i ons  and shock v e l o c i t y  w s t  
be c a l c u l a r c ~ l  a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe same time, 

t r a i n  p ropagat ing  upstrcam, we t h u s  f i n d  t h c  t i r w  
Khcrc a g i v r n  r - c h : i r a c t e r i s t i c  i n t c r s c c . t s  t h r  
l i n c  x=xol i n  t h e  x , t  p l a n c  and thcn  dctcr:: i inc 

t h e  appTOpTi3lC upstream c h a r a c t e r i s t i c  which in -  
t e r s e c t s  the  xol l i nc  a t  t h e  sainc time. I f  t h e  

upstream srcond ordcr flow i s  s teady ,  t ! ICTC i s  no 
need t o  detcr;. i inc t h i s  p a r t i c u l a r  upstrciun char -  
a c t e r i s t i c ;  ;hc s t s a d y  s t a t e  equa t ions  a r c  u s c d  
d i r e c t l y .  Following ca l cu l .a t i on  o f  u fro:! 

equat ion  (l'.l:), t h e  p e r t u r b a t i o n  i n  t h c  shock po- 
s i t i o n  xoz is given by t h c  i n t e g r a l  

tsh . For a I , ' ~ Y C  

s z  

As an cxar.tile s o l u t i o n ,  figures 4 throu$i  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS she:; 
t h e  r e s u l t s  f o r  a s i n u s o i d a l  {rave t r a i n  i m o s c d  .. s n  . .  dmnstrcn. :  of t h c  shock i n  3 s)inmctric "no:::c- 
l i ke "  chonnel di ich te r rn ina tcs  i n  a cons7r:it a rc?  

' f i n d s  hx(xb) and, from equat ion  ( \ ' .22) ,  deter- s e c t i o n .  7p.c case of  chokcd f low (Cw=O), a t  t h e  

. xb uhcrc  t h e  back p r e s s u r e  pb is s y e c i f i c d ,  onc 

~~ 

mines LI -u (x ) j u s t  upstrcari of t he  shock. t h r o a t  (:r=O) and s u y r s o n i c  flow a!imJ of t h c  

Thus t h e  s teady  s t a t e  shock p o s i t i o n  x can bc 01 
ca lcu la ted .  For a g ivcn  wa l l  con tour ,  then one can x.1, w i t h  cons tan t  arca f o r  x 5 = 2 . 0 ,  and 3 tran- 
f i nd  a curve  of sol VCTSUS pb. The i n i t i a l  si t ion s e c t i o n  i n  b c t w c n .  

shock is  cons idered.  The gC0:ictTy o f  t h e  ch:t!!wl zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
is sho,m i n  f i g u r e  2. The channel is p.12.3bOljC t o  

lo-  1 01 

Kith en i n i t i a l  shock l o c a t i o n  a t  xol=1.5, . ' va luc  of xoz i s  sct by t h e  x d c r  E3 term i n  the 

. I se r i cs  f o r  t h c  bzck p rossu re  Pb' Th is  is a s w n c d  a nKaYe at t=o beg inn ing  at :+=?.; W 
,to be c l m c n  svch t h a t  xo2=0 a t  . t.0. : desc r ibed  by ( 1 1 ~ ) ~ = ~ = ( h ~ ) ~ ~ + E ~ i n ( a ( r - r ^  ) )  i s  in- 

' ' Tne f a c t  that  t h e  shock iiave l o c a t i o n  is found 
here bv Drcscribii:? t cnas  o f  o r d e r  E2 s i e h t  a t  

. .  .' posed on t h e  f l ov  i n  t h c  dounstream r c g i o n  3f t h e  
channel .  . .  I 

f i r s t  appCaT qucs t i onab lc ,  s i n c e  f o r  ireak shocks, 
entropy chanscs a re  of  t h i r d  ordcr .  Homver ,  i t  
can be shown (8, 9) that t h e  impor tan t  p a r t  of the 
t h i r d  ordcr t e ras ,  i n s o f a r  as a s!iock l o c a t i o n  
ca l c i i l a t i on  i s  concemcd,  t h o s e  ~ C T ~ S ,  i nvo l v ing  
t h e  CTOSS produc ts  bctvccn f i r s t  ond second o r d c r  
v e l o c i t y  or p r e s s u r e  terms. Jlenco, the present 
r e s u l t  is  v a l i d .  

V l .  Syxnc t r i c  Channel S o l u t i o n s  

: FOT sornc wa l l  sha;)cs, t h e  i n i t i a l  v a l u e  problem 
f o r  hx (x , t )  d i scusscd  i n  s--* '  -~.io:i \' can b e  so lved 

a n a l y t i c a l l y .  
b o l i c  u311 channel (yl,=t(l+E-Co?xq]) are g iven  

by Richcy ( 8 ) .  
c u l a t i o n s  arc pcr fomcd by numerical i n t e g r a t i o n  
(quadrn ture)  o f  th;) cxprcss ions  in equet ion  (\', 21) 
a long r=const:i:it c ! in rnc . t r r i s t i cs .  Thc pa ths  o f  
t h c  r=cori+t curvet, i n  tlir x , t  p lanc  a r e  a ruuc- 
t ion of t l ie wa l l  sh:q'c ( through u l ( x ) )  and oey 

bc dctcrt;iincd fro,, cqtint ion (I'.?Oc). In add i t io r i  

Thrrcfnrc,  f unc t i ons  o f  x ,  t niny b e  ev;, luatcd f o r  

For eanr?yle, s q l u t i  ns f o f a  para- 

FOT ot l icr  $ ro l l  shaycs. t h e  cal- 

' s i s  given for any t fro:: cqu:ition (\'.16a). 

. choscn v:il:ics o f  T and s and i n t c n r a t c d  along 
' t hc  r . - C O i i ~ t .  CUTVCS. I:qilation ( I ; , ? ] )  is  uscd to  

calcu1:it.c It f o r  I ;pcc i r i c  p o i n t s  oF r and 5 ,  
X zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu/ 

* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ....... ..... 

Figure  C shoirs t h e  l i n e s  o f  c o n s t a n t  v e l o c i t y  
U = 1 + E U l + E 2 ~ 2  f o r  t h e  i n i t i a l  c o n d i t i o n ,  t = o .  

I n  t h e  rex ion  iihcrc t h c  i r a l l s  a r c  c u r \ w l ,  t l i c  
curvature of  t hese  l i n e s  i n d i c n t c s  t h c  tw-c!i:,cn- 
s i o n a l  n o t u r e  of t h e  floiu. The i n i t i a l  distu?b:lr,ce 
is cons idered t o  have a l ready  propagated to  x .2 .5 ,  
r e s u l t i n .  i n  t he  ~ ~ ~ S S U T C  and velocity v 3 r j n t i o n  
s h o m  i n  t h e  cons tan t  a r c a  s e c t i o n  o f  t l ic chmr.el. 

A t  t = @ . 4 ,  f i g u r e  2, t h e  KWC t r a i n  has  F I O Y C ~  

upstresa t o  x=1.85 ( s o l u t i o n  f o l d  by i;:tri:r?tiri 
alon: c h a r r c l e r i s t i c  curvcs t o  s=t=O.l),  l'c5>.>i:i:!: 
i n  a n a d i f i c a t i o n  of t h c  l i n c s  of cons tan t  Y r l o c i t y  
f r o 2  t h e  i n i t i a l  c o n J i t i o n .  Thc U =const  l i !?cs  
a c c o m t  f o r  L ~ L '  cx i s tence  of t h c  inllCT TCg:Oa ~oI,:I- 
s t r e a x  o r  t!>c shock. vh ich  rcnd t o  !:iakc l hcsc  l i n e ;  
s l i ~ h t l y  ?,arc v c r t i c n l  than i f  t h c y  were c ; i l c u l ~ t c d  
by t h o  o u t r r  s o l u t i o n  a lonc .  

I n  f i g u r c  4, t=@.6,  and t l ic  unrc f r n i n  has 
reached t!rc sRock ( x= l .S ) ,  so t lw  r n t i r c  f lci i 
f i c l d  Jc:instreai;i o f  t i ic shuck i s  i n f l u c n c c J  by  
t h e  wavc t r a i n  2nd i s  t i n e  dcj>cixlcnt, 
a t  t = @ . 6 ,  t h e  shock b q i n s  t o  L I ~ V C  for  :!ti, f i r s t  
t i -e .  TI,,- ~ a v c  t.r:iin iixposcJ i n i t i . t i l y  ?.i>. 
lowcr prr.;surc doi instrcan o f  t h c  s!,oik tit:.:) t l i : ~ t  
which csis:rd f'or t h e  stcady s t a t r .  2nd S O  t!);. 
shock i n i t  i , i l l y  I I I O \ , ~ S  domscrcam,  then b x k  iwtrc:ci 

'i'l\crct.o:.c, 

. . . . . . . . . . . . . . . . . . . . . . . . .  . . .  

. 9. . 
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I ! zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f a s  t.lic zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwavc f r o n t  b r i n g s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 rcj l ion of  i n c r c i s i n g  
I ~ T C S S U T C  n c n  the‘ shock. S'ot ica t l int cvcn tlix!;!, 
t l ic c h a m c l  s l i r i u l r l  I)c cl i i fusi l l i :  ( d ~ c l c r a t i n : :  flo:;) 
wi th  i nc rcns ing  X ,  tlic flow is  o c c c l e r a t i n g  bc- 

'hi ixl  tfic SIIDCII zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAup t o  X = Z . J  c~iic t o  tlic prcsrn:c 
;o f  t l ic  wavc i n  t h e  channc l .  
'n iodi f icd hy tlic p r t s c n c c  of t h c  chnnncl as i t  ai>- 
Iproachcs tlic shock; t l ic i n i t i a l  c rpans ion  wave i s  
wciikr:wxJ hy t h c  ch:tngo i n  charmel a r c 3  ( inc rca- ing  

' p r c s s u r c ) .  A co:op~cssion wavc 1ii.11 t c i i d ' t o  be r c -  
i n i o r c c d  as i t  e p p r o x h c s  t h c  shock. 

l'hc iiiivc t r a i n  is 

I 
1 
t l ic d r r i v a t i o n  of t h c  Xovcrning cqu:rtians i s  1111- 

.ch;~ngcd Cram s c c t i a n  11. Co:nhining t!Lc d c s c r i p t i o i i  
'o f  t l ic chnniicl walls i n t o  a shapo fonc t i on  

1 ' Yw=K+KEZf2(x,t)' i ihcrc K = l ,  f 2 = f u  f o r  t h e  

uppcr wall, and K= -1. f2= -f t  for  t h c  lowcr 

h'itli a n  asymmetric channcl  3s zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdcscribed above, 

w a l l ,  tlic wa l l  tmgcncy  cond i t i on  m y  b c  w r i t t c n  
(8) as 

\ Thc shock cont i i iucs t o  movc dol~nstre3m i n  t h i s  -KkE 3~ aL-KE2a f f.+... - K E 3 u 1 3  ( V I I . 1 )  
,cr;mqilc u n t i l  t . l . 6  wlicrc f l ic minimim p r c s s u r c  a t  -a? ax 
n o i n t  i n  t h c  i n i t i a l  wave t m i n  rcnches tho  s!:ock. . . . . . . . .  

,and  thc i nc rcas in ;  p rcssu rc  s t n t : i  t o  c m s c  t h e  
shock t o  raove b3ck upstream. Lincs o f  cons ts i i t  2 w ,  Y, 

+Evl(x,yw,t)+l: 2 \. ( r , y  t ) + E  3 V j ( X . Y  t )=O. 

v c l o c i t y  ond thc  ce: i l -cr l inc prcssurc are sho:n i n  The : f iCuvc a t  t ~ 1 . 6  I-hich corrcsponds t o  t h e  
'maximum Joiwstrcnal shock p o s i t i o n  I =1.595 w i th  f o r  t h o  s p m c t r i c  channe l ,  w h i l c  t h c  c r d c r  E 2  

,xo2=.9S. and E3 terms nod i fy  thc s o l u t i o n  o f  equa t ion  
( 1 1 . 8 )  and t hc  d c r i v a t i o n  o f  t h e  equ:.tion f o r  

'shock i s  now be ing  r c in fo rccd  by t h c  chaimel s i iq>c .  h x ( x , t )  as f o l l o i i s  (S) €or t h c . o u t c r  rcg ion .  l:roin 

~ Thc v a r i a t i o n  i n  shock v e l o c i t y ,  us2. i n  rc- 

E term r c q u i r ~ s  that CI=el(x, t )  

Sh 
The comprcssion w v c  downstream of t l i c  

--. 
: sponsc  t o  t h e  inposcd unstcady d i s tu rbance  is 
shorn i n  f i g u r c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5. 
t h e  wat'e t r a i n  ( i . c . ,  t h c  r̂  c h a r a c t c r i s t i c )  
rc:icltcs t h e  shock a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt.0.6. 7hc shock s t a r t s  t o  
movc r a p i d l y  do::ns:rcnr.. b u t  thcn  sloiis up as i t  
rcncl ics t h c  farthest d o i m s t r c m  p o s i t i o n  a t  
I t  then bcgins t o  r c t i i r n  t o  t h e  i n i t i a l  p o s i t i x  

! (nega t i ve  u ) and o s c i l l a t c s  bit;:cen x.l.5 

,and 1.6 as t h c  o s c i l l a t o r y  i iam t r a i n  is brouzht 
iupstrcam t o  thn  shock. 
' t h e  shock p o s i t i o n  xo2( t ) .  is dctcr in ined by i n -  

l t eg ra t i ng  u (t) w i t h  r e s p e c t  t n  t ime, and is  

jshom i n  f i g u r c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2.. 

Thcrc  is no shock motion unc i1  

t = l  . G ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
52 

'The t i n c  v a r i a n t  p a r t  cC 

. .  52 

where h ,  and h a r c  fu7;ct ions o f  i : i tegra t ian .  
S u b s t i t u t i n g  equz t ion  (V11 .2 )  f o r  v2(x,yw t )  i n t o  

t h e  O(E2)  
upper and loh'er wa l l ,  e n d  solv in:  f o r  

can she< t h a t  

term i n  e q x t i o n  (VI1.1) f o r  bLth t h c  
h l ( x , t ) ,  onc 

and 
V I I .  A s y x i c t r i c  Channels - .__I_-_ 

. ,  ! I  2 ' + l x t + + l x O l I I =  _L [ ( f u f x -  ( f2 lx1  
2 ( i + l )  

I 
Y + l  

,cliich, for stcad? f i rs t  order f lou  and fixed w a l l s  
may integrated imredi3tcly yield 

! 
'clianncl flow t o  asynimetric chnni!cls such as fs;md 
i n  t r a n s o n i c  co!:iprcrsor or  t u r b i n c  cascades,  is of 
cons idc rab lc  importance. 

a p p l i c a t i o n  oi t i ic a n a l y s i s  of t r a n s o n i c  

, .  , ,  

i R e l a t i v e  t o  t h o  symmctric channel a n a l y s i s  d i s -  $ lX =+ -JL(fK-fp,< (V I I .  5) 

4 symmetric channcl r c s u l t s  and hl(x)=O. 

cusscd s o  f a r ,  i ic cons ider  a s y m r t r i c  channc ls  Y*l 
I I t  may bc noted t h a t  if fi= - f u ,  one rccovc rs  t l ic  which havc a contour d c s c r i b n l  by 

. .  Yx.u=I*E 2 f , , (x, t )  

2 
'and 

Ywz= - 1 t E  f (Y,t) 
9,' 

for t h e  uppcr and lo i icr  walls, r e s p c c t i r e l y .  

i I n  this cnsc ,  i t  =:in be shovn ( 6 )  t h a t  t h c  
asynmctry a l t c r s  t h o  boundary condit i .on on t h c  
sccond o rdc r  t cnxs  in t h c  v e l o c i t y  cxpansion. O m  
'can 3150 shot: (S) tli:it i f  an  a r b i t r a r y  clinnncl I m s  

o f  t l ic okdcr of n r a d i u s  of curv:t turc, 
~ 

'and t h c  r a t i o  of t h c  chnngc in cl imncl  a r c a  t3 t h c  
' t h r o a t  a r m ,  siiy R~ , is  of ordcr  ~ 2 ,  SO t l12t 

't l ic prot1uc.t of R1 and R) i s  of or t l c r  1, thcn  

R1 ' 

j Thr cqont ion  f o r  h (6 , t )  is  found by i n t c g r a -  
x 

t i n g  eqiz$tion (11.9) 3nd s u b s t i t u t i n g  i n t o  t h e  
o r d c r  I:" t c m s  i n  e;!lir?tion ( v I l . 1 )  t o  y i e l d ,  i o r  
f i xed  i<alls and s t c a d y  f i r s t  o r d c r  flu;, 

. . . . . .  . . . . . . . . . .  \ ....... - . . . . . . . . . . . . . . . . .  :I ! . 
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! zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

uz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv 2  a r c  modjf iwl zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby tlic h l (x )  tcrm i n  ' 

cquot ions  (V11.2) and (VII.3). Thcrcforo, t h i s  
t y p e  o f  nsyiitinctric cli:inncl rcpTQscnt i  on ly  a s l i g h t  
Rcnc ra l i za t i un  of  tlic sywnct r i c  c l tmncl  problcm; 
t h c r c  i s  il s l i g h t  i nc ruasc  in algebraic complcxj ty 
b u t  no ncvi f c a t u r c s  arc  found. 

~ h c  shock junp i o n ~ i t i o n s  i n  s c c t i o n  I\' wcre de- 
rived i n  pci icral ,  aiid opplg hcrc .  f'quation 
(V11.5) s n t i s f i c s  t h e  f i r s t  ordcr  j m p  cond i t i ons  
wi thnut d i f f i c u l t y  and t h e  csp rcss ion  for  u2 is  

i n  t h e  snmc form a:; fo r  t h c  synmct r ic  chnnncl ex- 
cep t  f o r  an c s t r a  t C T m .  
t h a t  t i i csc  ou tc r  s o l u t i o n s  w i l l  no t  s n t i s f y  t h c  
sccond O T ~ C T  j m p  cond i t i ons ,  nnd an in i icr  reg ion  
w i l l  bc rcqu i r cd  doirnstrcntn nF t h c  shock as i n  
t h e  syminctric channel case.  

Thus one can a n t i c i p a t e  

The a n a l y s i s  fo r  t l ic i n n c r  rcg ion  fo l lo i rs  t h a t  
used fo? t h e  s j n m c t r i c  chonncl vc ry  c ) o s c l y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 8 ) .  
Thus. onc czan aga in  i i r i t c  composite ss lu t i o i i s ,  

* *  
wlicre 52x*=52y*=0 upstream, o f  t h e  shock wavc. 

Do~mstrcaia of t h e  shock iiai'c, i t  c i n  be shoicn (8 )  
t h a t  

"+1 

1 : (V11.7) n- -. [ n - ' s i n ( y y * ) ]  

I 

and 

! 

i 

I where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-0, ! 
fo= [fusx(., 1) 'fexx("ol) 1 ( v n . 9 )  

(VI1.10) 

i I n  add i t i on ,  t h e  shock v e l o c i t y  can b c  shown to  b c  

!. 

c"=J(T;i) 1 ( fu (xo l ) - 'e ( "o l~? .  

I 
I and 

', 
I I... .... . -1 ~ . , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~d 

(V11.11) 

~ Thc an; i lys is of tho  as)ntiact::ic chonncl  ~ T O C C C : ~ S  
cxact::; t t c  smic a s  for t h e  s)isi;:ctric channel i n  

! t h e  case  of "sccond O T ~ W  u n s t c d y "  Clo~r, U is tu r -  
'banccs arc inposcd os i n i t i a l  cond i t i ons  which :ire 
v a r i a t i o n s  i n  h x ( x , t )  from t l ic s t c z d y  r t a t c  solu- 

t i o n s .  I h c s e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsteady s t a t c  s o l u t i o n s  a r c ,  

The app l i ch t i on  of t h c s e  r c s i i l t s  t o  a s y i m c t s i c  
cl ianncls (8) y i e l d s  b a s i c a l l y  t h e  sane  r e s u l t s  ns 
f o r  sycmc t r i c  ckannels,  cxcept t h a t  t h c r c  i s  n 
d i f t e r o n c c  i n  t h c  p rcssu re  d i s t r i b u t i o n  alon:, t h e  
upper and 1o:icr ml ls ,  and t!ic l i n e s  of cons t .mt  
v c l o c i t y  ~ T C  n l t c r s d  as cou ld  bc cspcc tcd .  Fur  tlic 
problem being cons idered,  i . e .  f l o e  asyrmct ry  
a f f c c t i n g  2 r i n a r i l y  t h c  second o r d c r  tc rc is ,  tli? 
shock is s t i l l  a s t r a i z b t  l i n c  pe rpcnd icu ln r  t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt h e  
X-axis, t o  t h e  s c a l e  of t h e  o u t c r  s o l u t i o n .  

VI 11. Conclusions - 
I t  is bc l ievcd  t h a t  t h e  a n a l y t i c a l  p rocedures  

desc r ibed  i n  ? h i s  paper  g i ve  i n s i g h t  i n t o  t h e  
n a t u r e  of unstrady tT2nsOlliC f lox  w i thout  TC- 

course. t o  nor< co:,ipiicatcd n u n c r i c a l  so1u:io;:s of 
t h c  c0,uatio::s of m t i c n .  

pc rspcc t i ve  and i n d i c a t e s  t h e i r  u s c f u l n c s s  i n  
a n a l y s i s  o f  t l 'ansoxic f lox. The method d c s c r i b c d  
i n  t h i s  pspcr  pcrmi ts  c o n i i d e r a t i o n  o f  t h c  d i r c c t  
t r a n s o n i c  flo:i prooblan 5ihercas s i n i l a r i t y  so1 i ; t ions  
employed hc re to fo rc  cannot be uscd f o r  a r b i t r a r y  
i i a l l  shapes and i n i t i a l  cond i t i ons .  

The s y r t c m t i c  d e r i v a t i o n  
i t ype  of s o l u t i o n s  places E??:?. i n  

I n  t h i s  papcr t!ie c a s c  irlicre t h e  shock is  i n -  
i t i a l l y  i n  a f i xed  l o c a t i o n  (xol =cons t )  w i t h  

uns teady  sccond ordcr flux has becn considcrci l .  
Other cases ,  ~ h c x  the f loi< i s  unste:idy i n  f i r s t  
o r d e r  and xoI=xoI ( f )  should b e  an:ily:cd. :Also an 

' i n v c s t i g a t i o n  of novcable walls, f o r  a p p l i c a t i o n  
t o  p rob leas  such as C O : ~ ~ T C ~ S O ~  b l a d c  u ib ra t io ! l  n1:d 
f l u t t e r ,  should hc cons idcrcd .  

The au tho rs  wish t o  thank Professors .A. F. 
Moss i te r  nnd X. Sic5c1,  t h e  Un ivc rs i t y  oi Lljzhj>::in, 
fo r  t h e i r  xany h c l p f u l  and s t i n u l a t i n g  d i s c u s s i o n s  
concerning t h i s  irorlt. 
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