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Abstract. The parallel mean free path of cosmic ray particles in partially turbulent electromagnetic fields is a key input param-
eter for cosmic ray transport. Here the parallel mean free paths of cosmic ray protons, electrons and positrons are calculated for
two particular turbulence models: slab-like dynamical and random sweeping turbulence. After outlining the general quasilinear
formalism for deriving the pitch-angle Fokker-Planck coefficient in weak turbulence from the particle’s equation of motion,
the rigidity dependence and the absolute value of the mean free path for these specific turbulence models are calculated.
Approximations for the mean free path for realistic Kolmogorov-type turbulence power spectra which include the steepening at
high wavenumbers due to turbulence dispersion and/or dissipation are given.
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1. Introduction

Besides field line random walk, drifts and non-resonant inter-
actions, resonant wave-particle interaction in the partially ran-
dom heliospheric magnetic field is regarded as one of the im-
portant mechanisms of cosmic ray transport in the heliosphere.
In the presence of low-frequency magnetohydrodynamic
electromagnetic field fluctuations, whose magnetic field com-
ponents are much larger than their electric field components,
the particle’s phase space density adjusts rapidly to a quasi-
equilibrium through pitch-angle diffusion, which is character-
ized by a nearly isotropic distribution. The isotropic part of the
phase space distribution function F(x, p, t) obeys the diffusion-
convection equation including as dominant terms spatial dif-
fusion in the partially irregular magnetic field as well as
spatial convection and adiabatic deceleration in the expanding
solar wind plasma. Since the pioneering work of Parker (1965),
Axford & Gleeson (1967) and Jokipii & Parker (1969) this
diffusion-convection transport equation has been the theoretical
basis to describe the modulation of galactic cosmic rays by the
Sun. In these studies the heliosphere is regarded as residing in a
constant, isotropic bath of galactic cosmic rays, and the electro-
magnetic fluctuations carried by the outflowing solar wind act
to partially exclude these particles from the inner heliosphere
in phase with solar activity. Then, the solar modulation may
be regarded as a balance between the inward random walk or
diffusion, the outward convection by the solar wind, gradient
and curvature drifts caused by the large-scale structure of the
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heliospheric magnetic field, and the adiabatic cooling to the
radial expansion of the solar wind (Jokipii 1983). Besides ana-
Iytical solutions to the transport equation for idealized flow and
diffusion coefficient variations (e.g. Stawicki et al. 2000) so-
phisticated fully three-dimensional numerical solutions of the
transport equation (Kota & Jokipii 1983; Burger & Hattingh
1995) have been developed, incorporating the interplanetary
distribution of the solar wind and its entrained magnetic field,
which were successfully applied not only to the modulation of
galactic cosmic rays but also to the modulation of anomalous
cosmic rays (for review see Fichtner 2001) and Jovian electrons
(Ferreira et al. 2001a, 2001b).

A key input parameter for the cosmic ray transport is the
parallel spatial diffusion coeflicient k; = vA/3 which is conven-
tionally expressed in terms of the mean free path A along the
background magnetic field and the particle speed v. In many
studies the parallel mean free path also controls the perpen-
dicular spatial diffusion coefficient k, = ax), which, due to the
lack of a rigorous theory of perpendicular diffusion, is assumed
to be proportional to «;. Numerical simulations of perpendicu-
lar transport (e.g. Giacalone & Jokipii 1999) indicate values of
a = 0.02-0.04.

Within quasilinear theory the parallel mean free path results
from the pitch-angle-cosine (u = p;/p) average of the inverse

of the pitch-angle Fokker-Planck coefficient D,, as (Jokipii
1966; Hasselmann & Wibberenz 1968; Earl 1974)
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The pitch-angle Fokker-Planck coefficient is calculated from
the ensemble-averaged first-order corrections to the particle or-
bits in the weakly turbulent magnetic field (Hall & Sturrock
1968)

Dyt = Re [ de <oyt +)> @
and depends on the nature and statistical properties of the
electromagnetic turbulence and the turbulence-carrying back-
ground medium.

It is the purpose of this paper to calculate the parallel mean
free path of cosmic ray protons, electrons and positrons in two
particular turbulence models: slab-like dynamical and random
sweeping turbulence (Bieber et al. 1994). In Sect. 2 we present
the general quasilinear formalism for deriving the pitch-angle
Fokker-Planck coefficient in weak turbulence from the parti-
cle’s equation of motion. In Sect. 3 we specify to the paral-
lel propagating slab-like dynamical and random sweeping tur-
bulence models: analytical expressions for the parallel mean
free paths are derived for realistic Kolmogorov-type turbulence
power spectra which include the steepening at high wavenum-
bers due to turbulence dispersion and/or dissipation. The gen-
eral formalism given in Sect. 2 allows us to generalise to more
general (than slab-like) turbulence geometries which will be
the subject of forthcoming work.

2. Calculation of the cosmic ray Fokker-Planck
coefficient D,

To obtain an equation for D,, we must calculate the derivative
of the pitch angle cosine u. To do this we start with the equation
of motion

B
e[E+v><

c

dr _
dr

: 3)

Now we split the fields in a background and a turbulent
component:

B =
E =

By + 6B

SE “)

assuming magnetic turbulence and an ordered magnetic field:

oE = 0

oB # O (5)
BO = Boez.

We obtain for the individual components in Cartesian

coordinates:

o
<
B

|

T B% [Py(BO +0B;) — pzéBy]

dp,
ddli = B% [-p<(Bo + 6B;) + p.6B] (6)
% = B% [px(SBy - pyéBx]
with the gyrofrequency

B
Q=20 -
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where m is the particle mass and vy is the Lorentz factor. Using
spherical momentum coordinates

px = pAJ1—p2cos®

py = pyl—p*sin® 3
pP: = PH

(with the pitch angle cosine u) we obtain

c_du QY142 .

1= i T [6By cos ® — 5B, sin CD] )
with

cos® = 1 |e® +e7® (10)
sin® = 4. [ — e

and using left-handed and right-handed components for the tur-
bulence field

0B = = (0B, +i0B,)

v . (1
SBr = 5 (6B, — isB,)
we find
. i iD —id
= I -2 [SBr(x()e” — SBL(x(ee ™. (12)
V2B,

Now we are using the quasilinear approximation:

1Q = =
fr= —— 1= 22 [BrGane™ - 6BLE0)™]  (13)

V2B,

with the unperturbed orbit (X, 7, 7), which is the orbit with 6B =
0, i.e.

21— 2 sin (@ — Q1)

x=-3
v
j = 5 1 — 2 cos (®y — Q)
Z =yt with v =uvu (14)
for the orbit and
p=0 = p=py=-const
=0 = [=pp=-const (15)

O=-0=> O=0)-

for the momentum. Introducing the Fourier-transforms of the
turbulent magnetic fields

SBLr(X,1) = f d3k6BL r(k, t) exp [ik - &] (16)
with spherical coordinates for the wave vector

k, = k, cos¥ = ksin® cos ¥

ky = k. sin¥ = ksin®sin¥ (17)
k, = ky =kcos®

we derive

k% = MO Gn @0 + kgt (18)
with

Q) =¥ - Dy + Q. (19)



A. Teufel and R. Schlickeiser: Cosmic ray parallel mean free path. 1.

Using the identity with the Bessel functions J,,

+00
eiZ sin @ - Z Jn(z)ein@l (20)

n=-—o00

we obtain

l(kHv”+nQ)l+zn(‘I‘ D)

1—u2 | &k

n=-co

:_:l) e,’\y_é‘BL(k’ I)J -1 (%) —l‘P} (21)

OBRr(k,1)J 41 (k

Now we are able to calculate the Fokker-Planck-coefficient
(see Eq. (2)). To do this, we introduce the correlation tensor
of the magnetic field fluctuations

(6Bo(k,)0Bp(k', 1+ &)) = 6(k — k') Pop(k, ) (22)

where we have made the assumption that Fourier compo-
nents at different wave vectors are uncorrelated. So, we obtain
for Dy,

2
Dy = Q(l— QA Z f d f P re-itone

n=-—o0o

10

kv kv
X J§+,( lQL)PRR(k,f)+Jﬁ_,( o

) Pri(k, &)

kJ_ 1 kJ_ 1 -
= Jus1 (T”) J,,_l( - )(Pmk £)e + Pr(k, e 2“’)]@3)

where we also have averaged over the initial phase ®y. To do
the time-integration & we have to specify the time dependence
of the tensor Pyg. Using

Pop(k,&) = PO,(K)F (£, k)

we obtain

Q21 —12) & ”
D = 232 Z fd

kJ_ 1
[

k,v k,v ; 2
—Jus1 (%) Jn-t ( LQL) (PR (R)e™™ + P (K)e™ “’)] - Ri(25)

(24)

J2

n+1

kiv
) e

with

R; = Re f B déeCim e . F k). (26)
0

To proceed we must specify the function F;(¢, k) and the ten-
sor P° o).

3. Slab-like dynamical and random sweeping
tubulence

3.1. Equations for D,

For F; we examine two different models. This first model is
called the damping model of dynamical turbulence, the second
model is called the random sweeping model.
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3.1.1. Damping model of dynamical turbulence
In this model we use (Bieber et al. 1994)
Fi(§) = e @7
with
1
w=—r O<as<l (28)
QU | k|| |

According to Eq. (26) we must solve the integral
R =% f dge~anrmeelap ab -9

! 0 3 1+ qé(kul}u + I’lQ)2 29
3.1.2. Random sweeping model
In this model we use (Bieber et al. 1994)
Fa(é) = e—(af/qn)2 (30)

with the same gp as for the damping model of dynamical tur-
bulence (Eq. (28)). In this case we find for the integral (26)

R2 — Ref dé‘;e—i(kuUH+nQ)§_(§/CID)2 — que—(k\\UH‘*‘nQ)zq%)/‘t. (31)
0

3.1.3. Slab turbulence and Kolmogorov-type
turbulence spectrum

Next we also need to specify the geometry and polarisation of
the field fluctuations (the tensor Pgﬁ). We use slab-turbulence,
i.e. that the wave vectors of the fluctuations are all parallel or
antiparallel to the background magnetic field (e.g. Jaekel &
Schlickeiser 1992):

P = (k) S (S + i €13 ] 32)
" 0 for Lm=3.
So we obtain for the turbulence tensor components:
o(ky)
Pre = (1= 0)glhp—=
(k )
P o= (1+ gl — =
Pp = Plg =0. (33)

With Eq. (25) and using J,(0) =
Planck-coefficient

71'92(1 —,u2) +0o
Dy, = B a— f dkyg (k)
0 —0o0

x[(1 =) Rn=-1)+(1+)R(n = +1)]

0,0 we obtain for the Fokker-

(34)

with the damping model of dynamical turbulence (DT) and
gtk =gl &y D
27Q%(1 — u?)

2
BO

X f dkyg(l ky gp
0

D,,(DT) =

1
1+¢3 (kyy +Q)°

(33)

2 2 +
L+q;, (kv — Q)
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and for the random-sweeping model (RS) with the rigidity r = pc/ | q |. Rewriting Eq. (38) as
wPQ2 (1 - ) oo (s - DQ(1-12) 5B\
DyRS) = ——— | dkg (I k D,,(DT) = — | &5
/1/1( ) B% f(; g (| Il |) qp /J[l( ) dav, (BO) ‘min
X [e—(kuvu’fﬂ)zqzn/“ + e_(k\\u\\_Q)zqu/4:| . (36)

o 1 1

X dk k! S+ >
For g(k) we assume a Kolmogorov-type turbulence spectrum Kanin 1+ (@) 1+ (%)
(see Fig. 1): o o

f < kmin 0 o 1 1
’ o _f dick™ o i 92]
gl =3 go Ly I for  kuin <| Ky I< kg ka L+ (Me2) 14 ()
g1l k|7 for |k 1= ka

e 1 1
with g = gok? ™, 1 < 5 < 2,2 < p and kyin < kg. Forgowe kg fkddkkpl[l ( + )2]} (40)

) ) kou—Q )2 1 (kup+Q
can use the total fluctuating magnetic field strength: N N

3 ‘ and substituting x = ki, /k in the first integral and x = k;/k in
(6B)* = Z (6B,)* = f &’k f d3k’6Bm(k)6Bf;1(k/)e’(k_k/)x the second and third integral we find
m=1
(s=Do(l-u?)a (sB\2
2 3 i g (7 Dy, (DT) = ( 2 ) (_)
= Z f d°kP (k) =8mgg f dkk™ + = f dkk™? AeminRY By
m=1 Kkmin 90 kq
8 ka0 s—1 g K5 x{fl dx x*! ! + ! }
= goklﬁ;g[p( “““) + g m_”;} 0 1+a®u—-x/R* 1+a*(u+x/R?
s—1 kd p_IQOkg RS 1 1 1
- f dxx*! > >+ 5 2]
N Sﬂgokl_s 37) 0° Jo 1+a(u—x/0¥ 1+a2(u+x/0)
~ s—1 min
. . R (! O 1 1
with gp = 1/auva | kj | we derive +§ dx x? @ /0P + @ G nI 0P - (41)
0 +a? (u—x +a® (u+x
_ 2(1_,2 2
_ (s —DQ (1 H ) ﬁ s—1 Now we do the same calculation for the RS - model:
D/J[l(DT) - 4avA BO kmin
V(s = D (1-42) (5B\ |
k Dy (RS) = — | &k
d 1 1 1 8(ZUA BO min
X f dkk™* o0 + 0
. U —, v+
fnin 1 +( llllek ) 1 +( llllek ) ka ) 2, 2,
X {f dk k=1 [e—(knvu—ﬂ) apl4 4 o~ (kmi+Q) qD/4]
Kmin

s [ e 1 1
+k, dkk Y + prvl I (38) .
ki 1 +( avpak ) 1+ ( avpak ) +k5_sf dk k_p_l [C_(k”U”_Q)Z(fD/A + C_(kvl-'—Q)zqéM]} (42)
k
Now it is useful to introduce the following parameters: ‘

what can be written as

[N
€= — 2
v V(s = Do(1 = y®)b (6B
DﬂH(RS) = ) B_
gz to v Hniny ’
€ avp 1
X dx x*~! [e P Wx/R? 4 o=b(utx/R)?
ol o {[[are] |
2 2avs 2 |
N
v pc r _R_ do ! [e—bz(ll—X/Q)2 + e—bz(ﬂﬂ/Q)z]
RL = — = = — Qs 0
Q Bolgl Bo
R (! > 2
R=Ri k- = rkmi“ +— dx xP! [e‘b (u=x/Q 4 o=b ("+"/Q)2]}'(43)
LAmin BO Q 0
ky Note that both expressions (41) and (43) for D,,, do not de-
Q=Rpks=r— (39)

Bo pend of the charge sign. So we obtain the same A for electrons
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Fig. 1. Power spectrum of slab model used in our calculations. For kj < knyin we set g(kj) = 0.

and positrons. Moreover, we notice that the D,,, are symmetric

functions of u:

Dyﬂ(_ﬂ) = Dyu("'ﬂ)'

Here D,,,(DT) can be written as

D, (DT) = (-

with

R s
1 =A —
® +(Q)

where

A

cally in different pitch-angle regimes and we obtain

(449 A@R>1) = 2_1

s1+a?
i i R* 2 R?
3.1.4. The damping model of dynamical turbulence AWR < 1,au> 1) = 1—p - R
a 2—sa?
T RS 2 R?
AR <« 1 l,a/R>1) = — - —
1>v<1—u2>a(§)2 1w T TC P R
) 2
AhminR} Bo AWR < 1,au < 1,a/R < 1) =2/s
2 1
B >1)=—-———
uQ ) s 1+a?u?
[C - B] (46)
_ Qo 2@
B < lyau>1)=n=—p " - —
a 2—s a?
K 2 2
1 | BuQ < lau<1,a/Q>1)= —— g %
5+ 5 sin($)a* 2-sa
1+a%(u—-x/R) 1 +a?(u+x/R)

1
f dxx!
0
1
L
1
f dxxP!
0

dxx*!

C

1 .\ 1 ]
l+a2(u—-x/0? 1+a®u+x/0)
1
1+a2u

—x0r 1 +a2<u+x/Q>2]'(

So we must solve integrals of the type

1 1

1
M:f dxx®!
0

+
1+a2/R? (uR-x)*  1+a*/R? (uR+x)?

. (48

BuO<xl,aquxl,a/Q<x1)=2/s

) Cuo < 1au<1,a/0 < 1) =2/p.

2 1
CuO>1)=~—
0> 1= =
2 @2 or
47) Cwo<lau>1)= 2 Q2 71'Q—,u‘”_1
p-2d? a
2 0
Cu< l,aqux l,a/0>1)= ——=
p—2a?
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As shown in Appendix A these integrals can be solved analyti-

(49)
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With Eq. (46) we obtain 8 different cases for I (and therefore
8 different cases for D,,,) which are shown in Table 1.

3.1.5. The random sweeping model

In the RS -model D, can be written as

V(s = (1 - 2)b (5B
D, (RS) = 21 g 50
(RS = 4kminRi (BO) (W (50)
with
R N
= +(_) i 51)
0
where
1
A= f dxxs_] [e_bz(ﬂ_x/R)z +e—b2(y+x/R)2]
0
1
B = f dxx*! [e—bz(u—x/Q)2 +e—b2(;1+x/Q)2]
0
1
C = f dx 11 [e—bz(ﬂ—x/Q)z +e—b2(y+x/Q)2]. (52)
0
The integrals of the type
M = f dx x*~ ] l‘ X/R] + —bz[u+x/R]]
= f dx x*~ [ —b? /|R*[uR~ x] +e—b2/R2[yR+x]2] (53)
0

will be solved by approximations for special cases again. This
is done in Appendix B and we obtain

_ﬂ 2p2

AER>1) =

2
AWR < 1,h/R< )= =
S

AWR < 1b/R> 1 bu< 1) = 25\/1?((2)1;
nl'(s) 1 R
A 1,b 1,b )=——""7"—""(b —
WR < 1,b/R> 1,bu>1) 2S—‘F(§)F(%1)('u) =
BuQ > 1)="e*?
B(uQ < 1,b/Q < 1)=%
BQ < 1,b/0> 1,bu < 1) = Y25 VAl o
’ ’ 25— ]F(S+1) bs
nl'(s) 1 QS
B < 1,b/Q> 1,bu> 1) = ————— (bu)
WO < Lb/e=Lhu= 1= s
CuO>1)= —e‘”
Cuo<x 1,h/lO0x1)= %
CuO < 1,b/0> 1,bu<1)= ‘/_F(p)l il
2r- lr(P"‘ )bﬁ
CuO<1,b/QO>1,bu>1)= (p) (P! Q (54)

2N
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With Eq. (51) we obtain 8 different cases for I (and therefore
for D,,,) which are shown in Table 2.

3.2. Equations for the mean free path

With the above equations for D,,(DT) and D,,(RS) we are
able to calculate the parallel mean free path (1).

3.2.1. Damping model of dynamical turbulence
With Egs. (1) and (44) we obtain

2 2
v (! (1 _#2) v (! (1 _qu)
A=— dy—— = — dy——=—- (55)
8 -1 D;lu(;u) 4 0 Dllﬂ(:u)
With
Bo\?
Ao =|— 56
0 (53) (56)
and
(s = Dkminav (6B )
e = T(B_o) (1=12) 100 (57)
we derive
A 3 R
z . 58
/10 s—1 kmin -a ( )
with the integral
1 1 -
K= f d (59)
o TG T

For K we obtain the 12 different cases listed in Table 3. With
Eq. (58) these yield the analytical approximations for the mean
free path. With the parameters defined in Eq. (39) itis very easy
to simplify the results for 1 < s < 2,2 < pand R < Q, using
approximations like

L 1/a 1— 42 1 1— 42

S R e T
The first three cases of Table 3 apply to large particle rigidities
(R = Ry kmin > 1). If we calculate the mean free path for typical
heliospheric parameters, we find that the value of the mean free
path formally becomes larger than the size of the heliospere in
which case the diffusion approximation to cosmic ray transport
no longer is justified. The reason for this is the sharp cut-off of
the turbulence power spectrum at k. The second three cases
are not relevant for typical heliospheric parameters. So only
the last six cases are important for calculating the mean free
path and fulfil the restriction Ry kpi, < 1. To demonstrate what
happens at high rigidities, we consider this limit for special pa-
rameters in Appendix C.

3.2.2. Random sweeping model

For this model we can do similar approximations. But now we
have

2
D = ﬁ(s_l)kminbl} (@) (1 (61)

e 4R? By

1) 1)
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Table 1. This table shows the the function /(i) for the DT-model, where we have introduced the functions fi(s, p) =

55 +5 and fo(s) =

Table 2. This table shows the function /(u) for the RS-model.

case I(w)
UR > 1,u0>1 %leﬂz
UR < 1,10 > 1,au> 1 LT
UR < 1,40 < 1,au > 1 f]R’\aQ;ﬂ A
UR < 1,10 > l,au < 1,a/R > 1 L&
UR < 1,40 < l,au < 1,a/R> 1,a/Q > 1 fi Ran;_v
UR < 1,0 < l,au < 1,a/R > 1,a/0 < 1 L&
UR < 1, uQ > l,aqu < 1,a/R <« 1 2/s
MR < L,y < l,au <« 1,a/R< 1,a/0 <« 1 2/s
case I(u)
UR > 1,u0 > 1 2wt
UR < 1,b/R < 1,uQ > 1 2/s
MR < 1,b/R< 1, uQ < 1,b/0 <« 1 2/s
UR < 1,b/R> 1,bu < 1,u0 > 1 2*@:&)’;—
UR < 1,b/R> 1,by < 1,u0 < 1,b/0 < 1 zﬁfg)’b‘—
VAT(p) QPR

UR < 1,b/R> 1,buy < 1,uQ < 1,b/Q0 > 1
UR < 1,b/R> 1,bu> 1,uQ > 1
UR < 1,b/R> 1,bu> 1,u0 < 1,b/Q0 > 1

211—1]"(%) bP

al(s) Ruw?*
27 bu
L(p) Ropr!

i) 27
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s
sin ()

so that to test the approximations we have done. We use the follow-
Pl 3 R? 0 ing set of parameters appropriate for interplanetary conditions
- - = K : .
o V(s — 1) bkonin (62) (Bieber et al. 1994):
with the integral
1 2
1-— By =4.12nT
K- f Pl ©3) o -
0 I(ﬂ) kmin = 1077 m”~

For K we obtain the 12 cases listed in Table 4, where we have  f, =2.107 m™!
used the same approximations as for the damping model. We s=5/3
can use these approximations for valuesof 1 < s < 2,2 < p
and R < Q. p=3

For the random sweeping model we also notice that for the v4 = 33.5km s~
first three cases of Table 4 (R = Rpkmin > 1) the mean free o = |. (64)

path is unphysically large. The second three cases are not rele-
vant for typical heliosperic parameters again. Like for the DT-
model, only the last six cases are important for calculating the
mean free path in the limit Ry ky,, < 1.

3.3. Calculating the mean free path for special
parameters

Here we calculate A for electrons, positrons and protons for
special parameters and compare it with numerical solutions

With these parameters and with Eq. (39) it is very easy to cal-
culate R, Q, a and b as functions of the rigidity r, and to derive
the parallel mean free path for the damping model of dynam-
ical turbulence (using Table 3) and for the random sweeping
model (using Table 4). For these special parameters, the restric-
tion Ry kpin < 1 corresponds to rigidities r < 1.23 X 10*MV ~
10*MV, but for the dynamical turbulence model we have also
calculated the mean free path at high rigidities in Appendix C.
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Table 3. These are the expressions for K and therefore the formulas for the mean free path for the DT-model. The functions f; and f, are

defined in Table 1.

case K
l<xa<R<Q Ed
l<«xR<xQ0<a =a
l<R<a<Q =a

24+
a<l<R<«Q 5a” + 55

S
a<R<x(QOx1 3

S
a<R<x1xQ 3

e { AL p _mpp2)_ 1 3 p2 Mp—2}

R<(QO<xl<a g 2F1(1,p,1,p,, Y ) 32F1(1,p1 =t % )
R<QO<ax1 = L

3fi RSQ>S

1 1 1 a
R<xl<xaxQ p [2—.\' - 4_5] I3

11 1 ]a a 1 p _ ma
R<<1<<Q<<a ”[27_v 4,5] R“'+f1R“'Q3" 2Fl (171),171,,1’ A )
R<xaxlxQ Z o

3f; B

2 af
Rxax(Ox1 35 R

Table 4. These are the expressions for K and therefore the formulas for the mean free path for the RS -model.

case K
l<xb<xR<xQ %(1 #)erf(tb)+ 4bus
l<R<Q<xb %(1 L)erf(zb)+ 4bze
l<xR<bxQ %(1 #)erf(tb)+ b7e
b<l<R<<xQ %(1 %)erf(zb)+ 4bze
b<R<x(QOx1 s/3
b<R<x1lxQ s/3
) rp/2) ] _prt
R« 0Oxl1lxb VD) [ (1,,2)ﬁ] R
20’ e
R« 0O<xbx1 VAT ) O R

27Irgsresh 1o 115
R<<1<<b<<Q nr—(i)[Z__E]F
2P 25 r(p/2) 1 b 2710/ 1 11
R<l<Q<b VaT(p) [+ w5 | #om s E= Rl b
25T(55) ps
R<bxlxQ TG B
R<b 1
<bx O T B

3.3.1. Damping model of dynamical turbulence

For protons we obtain two different ranges of A:

Q

% (10‘1MV <r< 104MV)

T
0.0106 AU-(—)
0 MV

Q

4 (r<107'mV)

0.0062 AU - ( L)
) MV

(65)

with ro = 938 MV. For electrons and positrons we also obtain
two ranges:

p
- (10-1Mv <r< 104Mv) ~ 0.0106 AU

0
( r )1/3 3.57
x|[—| +
MV

Ai (r < 10-1Mv) ~ 0.0337 AU

0
{[ (0.003Mv)2
|1+ [ =2
"

with ro = 0.511 MV. Figure 2 shows that the approximations
agree very well with the exact numerically integrated results
(crosses) for small and medium rigidities.

arctan (

r ) _ 0.003MV
0.003MV r

3.3.2. Random sweeping model
For protons we obtain two ranges of A:

1/3
MV

X

Ai (10-1Mv <r<10*MV)

0.0107 AU - (
0

X

%0 (r < IO‘IMV)

0.0123 AU - (L (66)
MV
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The Mean Free Path for the DT-model
10

Mean Free Path (AU)

0™ 107° 107 10™ 10° 10" 107 10° 10*

Rigidity (MV)

Fig. 2. Parallel mean free paths for electrons, positrons and protons in the damping model of dynamical turbulence. The crosses are the numerical
results, the lines are our approximations.

The Mean Free Path for the RS—-model
10 T

Mean Free Path (AU)

Rigidity (MV)

Fig. 3. Parallel mean free paths for electrons, positrons and protons in the random sweeping model. The crosses are the numerical results, the
lines are our approximations.
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The spatial diffusion coefficient for the DT-model

0
10 e

K/ Ko (AU)

~14 N R BT

10

T T T T

il il PR | il

-4 -3 -2 -1

10 10 10 10

10° 10 10> 10° 10*

Rigidity (MV)

Fig. 4. The parallel spatial diffusion coefficient «; for the damping model of dynamical turbulence.

with rp = 938 MV. For electrons we also obtain the two ranges:

%(10‘4MV <r<10'MV) ~ %
0 (57 + (57v)

F 13
+0.0107 AU-(—)
My

Q

% (r<107*MmV)

10.4 % 107 - (L)
0

MV

with rg = 0.511 MV. Figure 3 shows the analytic approxima-
tions in comparison with numerical results (crosses) for small
and medium rigidities. For both models (DT and RS) we have
very good agreement between the approximations and the nu-
merical results for the parallel mean free path. To obtain the
approximations for the mean free path we have only made the
assumptions that kp;, is much smaller than k;, 1 < s < 2,2 < p
and Ry kmin < 1.

(67)

3.3.3. The parallel spatial diffusion coefficient

In this section we calculate the parallel spatial diffusion coeffi-
cient k. With the equations for the mean free path and

v

==-A 68
K| 3 ( )
we can write the parallel spatial diffusion coefficient as
K| A
L (69)
koo [t +r? Ao
with

A

k= 20 (70)

3

Figures 4 and 5 show «/«o for the DT- and the RS-model,
respectively.

If we would adopt as in many previous studies the simple
relation k;, = ak; with constant «, Figs. 4 and 5 also show
the rigidity dependence of the perpendicular spatial diffusion
coefficient for the dynamical turbulence and random sweeping
turbulence model.

4. Summary and conclusion

The parallel mean free path of cosmic ray particles in par-
tially turbulent electromagnetic fields is a key input parameter
for cosmic ray transport. In this work we have calculated the
parallel mean free path of cosmic ray protons, electrons and
positrons in two particular turbulence models: slab-like dynam-
ical and random sweeping turbulence. After outlining the gen-
eral quasilinear formalism for deriving the pitch-angle Fokker-
Planck coefficient in weak turbulence from the particle’s
equation of motion, we explicitly determine the rigidity depen-
dence and the absolute value of the mean free path for differ-
ent cosmic ray particles for these specific turbulence models.
Besides illustrating the results we also derive approximations
for the mean free path for realistic Kolmogorov-type turbulence
power spectra which include the steepening at high wavenum-
bers due to turbulence dispersion and/or dissipation.
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The spatial diffusion coefficient for the RS—-model

10 M B NEARSN

T T T — T
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Fig. 5. The parallel spatial diffusion coefficient «; for the random sweeping model.

Appendix A: Solving the integrals for the damping
model of dynamical turbulence

For the damping model of dynamical turbulence we must solve
integrals of the type

1
M:f dxx*!
0

While this integral can be solved exactly, for the u-integration
we must employ approximations for three special cases.

1 1
+ .
1+a?/R? (uR—-x)> 1+a*/R? (uR+x)?

(A1)

A.1. The case uR > 1

In this case we can use uR > x

1
1 2 1
M, ~2 f dxx*! == . (A.2)
0 1+a??  s1+a%u?
A.2. Thecase uR <« 1 and a/R <« 1
In this case we can use au < 1 so that
1
>~ 1 (A.3)
1 +a?/R? [uR F x|
Hence we obtain
! 2
M, = 2f dex™' ==, (A4)
0 S

A.3. Thecase uR < 1 and a/R > 1

In the last case we write down the exact solution of the inte-
gral M

1 1 s s+2 4 1
M; = - — o F |1, =, e~ —
s | 1 —iau 272 R (1 — iau)

s s+2 a2 1

— - A5
27 27 R2(1+iau>2)} (A

in terms of confluent hypergeometric functions ,F;. To con-
tinue with the calculations, we look at three special cases of
the integral M3. The first case is au < 1. Here we find

+ - 2F1(
1 + iau

2 s s+2 42
My~ =,F(1,=-,—,—-— A.6
3 SZI(’Z’Z’RZ) (A.6)
what can be approximated as
Ms(au < 1,1<s<2) n B2 K
aq , s X — = —
3 sin(8)a* 2-sa?
2 R?
M;(au<1,2<s) ~ —- (A7)
s—2a?

In the other case we transform the hypergeometric functions
to obtain

RS, 2 R
M;(au> 1)~ n1—p' " + —-
a s—2a?

(A.8)
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Appendix B: Solving the integrals for the random
sweeping model

For the RS-model we must solve integrals of the type

1 R 5 )
M f dxxs—l [e—bz[y—x/R]“ + e—b“[y+x/R] ]
0

1
f ! [e—bZ/RZ[uR—xF N e—bZ/RZ[uRHF]. B.1)
0

The integrals can not be solved exactly, but we can again em-
ploy approximations for three special cases.

B.1. The case uR > 1

In this case we can use R > x so that

My ~2 fo e %e—ﬂzbz. (B.2)
B.2. The case uR <« 1 and b/R <« 1
In this case we can use ub < 1 so that
eV luExR) _ o-[buwxb/R] (B.3)
and we obtain for the integral
: 2

M, = 2f0 dxx*! = > (B.4)
B.3. The case uR < 1 and b/R > 1
For x = 1 we have
o luFR) bR [uRF) bR (B.5)
So we can use
M; = I;—z j:ﬂk dx x*! [e_[b"_"]2 + e_[b“+x]2]

A ] (B.6)

The integrals can be solved in terms of parabolic cylinderfunc-
tions D_g

R_Se—bzyz foo dx xs—l A e—x2 A eiZbyx —
b’ 0
R¢ F(S) _b2 2
FW@ # /zD_5(¢ \/Ebﬂ) (B7)
what can be expressed as Kummer’s functions:
R_Se—bzyz foo dxxs—l X e—x2 A eiZbyx — R_S \/7_TF(S) e_bzﬂz
b 0 b* 2T ()
s 1 2r(+4) s+1 3
x| 1Fi |2, 530707 | £ ——2"bu | Fi | ——, S: b7 )| .(B.8
{11(22 ,U) TG) ﬂllzzﬂ (B-8)

So we approximately obtain for the integral M3

R* T 2,2 1

3~ S As— 1 ’ ’ (B'9)
b 2511 (22 2’2

A. Teufel and R. Schlickeiser: Cosmic ray parallel mean free path. 1.

To continue the calculations we must look at two special cases
of the integral M3. The first case is bu < 1. Here we can use
the approximation

s 1
1Fy

: E;bw) “ 1 (B.10)

In the case bu > 1 we can use

F l 2 2
P (s l-b%) o 23 e e (B.11)

27’ TTR)
so that we obtain:
R NAT(S) e R _VAL(s)
b* 25-11() b® 25-1r(H)
%% (b

Misbu < 1) =

Ms(bu>1) ~ (B.12)
Appendix C: The mean free path for high rigidities

If we calculate the mean free path for R > 1 and for the damp-
ing model of dynamical turbulence we find with Table 3

A 3 R
LR= D> = Al (C.1)

s— 1 hkmna 15
and for the special parameters of Sect. 3.3 we find for protons,
positrons and electrons

A 2
= (r> 10'MV) = 196 10° AU-(L) : (C2)

0 MV
Figure C.1 shows the analytical results in comparison with the
numerically integrated results (crosses). Using 6B ~ 0.33B
so that 1o = 10, Eq. (C.2) becomes

2
A(r> 10°MV) ~ 2107 AU(L) (C3)

MV

and we note that for rigidities larger than 10* MV, Eq. (C.3) im-
plies values of the mean free path 4 > 2000 AU which is much
larger than the size of the heliosphere (L ~ 100 AU). Although
formally mathematicaly correct, such large values of the mean
free path are unphysical because the diffusion approximation of
cosmic ray transport breaks down when the condition 1 <« L is
violated. In the random sweeping model we obtain even larger
values of the mean free path of high rigidities.
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