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Résumé. — Nous partons des calculs théoriques d’Alt’shuler et al. et de Lee et Ramakrishnan sur les contributions
a la magnétorésistance de la localisation faible et des interactions électron-électron dans un systéme désordonné.
Nous en donnons des formes analytiques d’utilisation facile pour les expérimentateurs. Nous présentons nos
résultats expérimentaux sur les alliages amorphes La;Al et La,Ga et nous les interprétons a partir des équations

que nous avons obtenues.

Abstract. — We start from the theoretical calculations of Alt’shuler et al. and Lee and Ramakrishnan for the
contributions to magnetoresistance from weak localization and electron-electron interactions in a disordered
system. We give analytic expressions which can be more easily handled by experimentalists. Our results on the
amorphous alloys La;Al and La,Ga are presented and interpreted using these equations to get the best fit.

1. Introduction.

Weak localization effects in a disordered system were
predicted by Anderson [1] in 1959. They have been
widely studied during the last years in two-dimensional
systems [2-4]. More recently they were observed in
three-dimensional systems [5-7] and the amorphous
metallic alloys [8-10] constitute an appropriate tool
for these studies. Simultaneously theoretical models
were developed and they allow the calculation of the
magnetoresistance arising from weak localization [11,
12], superconducting fluctuations [13], and electron-
electron interactions [12, 14]. Mathematical expres-
sions have been established including functions of the
magnetic field that are not easy to use by an experi-
menter who wants to interpret his results.

In section 2 we give the analytic forms of these
expressions concerning three-dimensional systems,
specifying the magnetic field range in which they
constitute a very good approximation of the original
equations. In order to illustrate these calculations we
present, in section 3, the experimental results we have
obtained by measuring the magnetoresistance of the
amorphous metallic alloys La;Al and La,Ga con-
taining praseodymium impurities. An important con-
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tribution from superconducting fluctuations and a
strong spin-orbit scattering on lanthanum sites are
observed.

In conclusion, we express some reserves concerning
the validity of the theoretical models developed at
time, in the presence of a high magnetic field. We shall
discuss these problems in a further publication.

2. Expressions of the magnetoresistance

2.1 WEAK LOCALIZATION AND SUPERCONDUCTING
FLUCTUATIONS. — The expression of the magneto-
resistance due to weak localization and superconduct-
ing fluctuations (Maki-Thompson contribution) has
been established by Alt'shuler ez al. [12], Kawabata
[11], and Larkin [13]. In the presence of strong spin-
orbit coupling [12, 8, 15] the equation takes the follow-
ing form :

Ap e* (eH\'?
_=p 3 —_— X
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with :
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where t; and 1, are the electron relaxation times for
inelastic and spin-orbit scattering, respectively. D
is the diffusion constant.

The term proportional to f arises from the quench-
ing of the superconducting fluctuations.

The function f;(h) is given by Kawabata [11] :
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f3 is a slowly converging series.
We remark that :
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So using the Euler-Mac Laurin formula :

1 1\'/? 1
f3=2'(s+-2'+z> ——1/2—7
2(s+ + )
2
s—1 1
_; 1/2"'2

w141
"TITh

12 1
<% B»(zp)( ¢

8

n + 3 + 7
for s = 2, if limiting the series to p = 2, f; is determin-
ed with an accuracy better than 5 x 1077 in all the
magnetic field range :

i) = =2 m = 4
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with u? = 10 + 4/h.

In the low and high-field limit, with an accuracy
better than 10”3 we propose :

BRI 9,
Jst) = "@'(1 ~ & tromt T 160) @®
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forh < 0.6
2 2389 2 355
So(h) = 0.6049 — 7 + =
forh > 25

2.2 ELECTRON-ELECTRON INTERACTION. ORBITAL PART.
— The magnetoresistance arising from electron-
electron interaction has been calculated by Alt’shuler
et al. [12]. It is worth noting that these authors only
take into account the orbital part of this interaction.
They obtain the following expression :

Ap e [(eH\'?_(2De
80 _ oy, el )"y, (22eH)
Z ~ o mgnzh(,i> %(nkT”') (10)

The temperature dependence of the coupling cons-
tant g was published by Larkin [13] a few years ago,
and more recently its magnetic field dependence has
been given by McLean and Tsuzuki [16] :

T 1 1 DeH
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where YP(x) is the digamma function.
Writting (1)

1 > (1 x
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and using the Euler-Mac Laurin formula, we propose :
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For s = 2, if limiting the series to the first term, the
sum gives ¥(1/2) — ¥(1/2 + x) with an accuracy
better than 7.3 x 10~ 3 for any value of x. So for an

easy computation we recommend the use of the
formula :

I 1
o(l)-vfir )=
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(Y) L. Schwartz, Meth. Math. pour les Sciences Physiques
(Herman Editeur, Paris) p. 360.
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The function @,(k) has the form :

1/2 [® 1/2 ht
o, (k) = (= ! - dt.
) <2h> J sinhzt{l sinh ht} (15)

0

With an accuracy better than 2.5 x 1074, we pro-
pose for ¢, three formulae to be used for the low field,
for the high field, and for the medium range field,
respectively.

For h < 1, @, is represented by the series

o (h) = 2(— )7.2n + 1)1 — 21~2").B,,

—1/2
X Eomirpa <2n _'{ 1) < B2 (16)

So limiting the formula to four terms, with the last
one adapted to obtain the announced accuracy, for
h<07:

@,(h) ~ 0.32925 h32 — 0.11894 "% +

+ 0.10753 A*'/2 — 0.0636 h5-%*. (17)

For h > 1, @, is represented by a series of the form :
a, © a

Dy(h) = @3, — —= — —1rP=L. (18
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So limiting the formula to four terms and adjusting
the last one, we recommend

@,(h) ~ 1.900344 — 2.29392/ /h
+ 1.2266/h* — 0.826/h>5 (19)

forh > 24:

@,4(h) ~ — 0.03043 + 0.22616 h

+ 0.14104 h> — 0.1029343
+ 0.02759 h* — 0.00028 A#° . (20)

For0.7 < h < 24

2.3 ELECTRON-ELECTRON INTERACTION. SPIN EFFECTS.
— The magnetoresistance of a weakly disordered
electron gas, arising from spin-splitting of conduc-
tion electron energies, has been calculated by Lee
and Ramakrishnan [14] in the case of a three-dimen-
sional system :

Ap e’ kT \V2  (gusH

T —p+—F- 21

o P awn (2hD) 95\ T ) @D
F is the screening parameter for the Coulomb interac-
tion and g,(h) is given by

ood dz
gs(h) = J; Q@

x(/Q+h+/1Q—-hl-2/Q) (22
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where
N@Q) = {exp(Q) — 1}7*. (23)

As for &,, we could not reach unique analytic
form for g,. First of all we remark that, for low 4, g,
is represented by a series of the form

24)

gs(h) = Y, (= 1)P*'a, h?®
p=1
and for the high values of 4 :
2 B
gs(h) = k' — By — 3 'hZT—pm' 25)

p=1
So with an accuracy better than 2.5 x 10™% we
propose :

g5(h) ~ 5.6464 x 10-2 k2
— 14759 x 1073 h* + 42747 x 1075 kS

— 1.5351 x 107%h® + 6 x 1078 p1° (26)
forh <3
n? n*
gs(h) ~ h'2 — 1.2942 — W - W
57
~ . @D
forh > 8
— and the polynomial :
g3(h) ~ 0.64548 + 0.2355 — 7.45 x 1074 §2
— 294 x 1073 8% + 6.32 x 1074 6*
— 522 x 1073 4% 2%

for 3<h<8withd=h—4

3. Experimental results on the amorphous alloys La,Al
and La,Ga.

The magnetoresistance of amorphous alloys La Al, _,
has already been measured by Lu and Tsai [17] at
42K and interpreted in terms of electron-electron
interactions. However the effect of superconducting
fluctuations is very important in these systems. We
have measured T, = 3.9K [18] for amorphous
La;Al In order to lower the superconducting tran-
sition temperature and also the contribution of
superconducting fluctuations we have introduced a
few percent of praseodymium atoms in our alloys
and then studied the systems LaggPr,Al,; and
LagoPr¢Ga,;. The materials were quenched in the
amorphous state by the piston-and-anvil technique
at the University L. Pasteur (Strasbourg, France).
Magnetoresistance measurements were performed on
the one hand in a superconducting coil in Grenoble
in collaboration with O. Laborde and on the other
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hand in a pulsed field in Toulouse. The two types of
measurements gave the same results in the common
field region. We have only interpreted those common
results to avoid any additional contribution from
normal magnetoresistance in higher fields.

In figure 1 we present the experimental curves
(full lines) obtained on the alloy LaggPr,Al,;. We
have calculated the magnetoresistance arising from
interactions in the two systems. The contribution
due to spin splitting of conduction-electron energies
(Eq. (21)) is proved to be negligible even if large
values for the screening parameter F(0 < F < 1),
are used while the orbital contribution (Egs. (10)
and (11)) is represented by the broken lines in figure 1.

To determine the coupling constant g(T, H) we
have used the values of T, measured on the systems
La,;_,Pr,Al,; and La,,_ Pr Ga,, [I18 (T, =11K
for LaggPr,Al,; and T, = 1.6 K for Lag,PrsGa,;).
The values of the diffusion constant were deduced
from resistivity measurements (D = 9.4 x 107° m?/s
for Al alloys and D = 129 x 1075 m?/s for Ga
alloys).

We have then tried to fit the magnetoresistance
due to weak localization and superconducting fluc-
tuations using equation (1) and the analytic forms
of the function f;(h). So we could give the parameters
H, and H_, corresponding to the best fit (Fig. 2 and 3).
An unresolved problem is the determination of
B(T, H) because Larkin [13] has only tabulated
B(T) as a function of g(T). We know, now how to
calculate g(T, H), using the expression of McLean
and Tsuzuki [16], but not B(T, H). Nevertheless
we have used the tabulations of Larkin, in the absence

42K

Af . 105

Fig. 1. — Experimental magnetoresistance (full lines) and
calculated contribution arising from electron-electron inter-
actions (broken lines) for the amorphous alloy LagzPr,Al, ;.
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Fig. 2. — Magnetoresistance arising from localization and
superconducting fluctuations for a LaggPr,Al, ;. The points
correspond to the best fit obtained from theoretical cal-
culations.
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Fig. 3. — Magnetoresistance arising from localization and
superconducting fluctuations for a Lag,Pr¢Ga,;. The
points correspond to the best fit.

of a more comprehensive theory. In table I, we give
the values of ¢, ! and 7' deduced for our alloys.
It is remarkable we found the same ! in alloys of
same concentration of lanthanum, that characteristic
of a strong spin-orbit scattering on lanthanum sites.
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Table I. — Values of 1! as a function of the tempe-
rature and t.," for the two studied alloys.

LaggPriAl,; Lag PrgGa,,

T=42K 241 x 10** 290 x 10!

! T=6K 294 x 10! 3.54 x 10!
(™) T=8K 401 x 10** 417 x 10!
Tt (s™Y 3.33 x 10'* 336 x 10!

The values of 7, can be considered as a good appro-
ximation of the inelastic relaxation times because,
although, the superconducting fluctuations were pre-
dominant in these systems (higher by a factor 4 than
localization effects for LaggPr,Al,; at T = 42K
and H = 3 T), their contribution also includes the
parameter H,, We could not clearly establish a
temperature dependence of the form ¢! ~ T* in the
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case of the alloy containing aluminium while for
gallium alloy we find a value for « about 0.75. The
temperature range is however too small to discuss
this variation in detail.

4. Conclusion.

In the present paper we have reviewed the anormal
magnetoresistance effects observed in metallic
disordered systems and given analytic expressions
in order to simplify the interpretation of experi-
mental results in any range of magnetic field values.
So we could deduce with a reasonable precision both
inelastic and spin-orbit relaxation times in the case
of amorphous La;Al and La,Ga containing praseody-
mium. A good agreement is obtained between theory
and experiments. However discrepancies appear when
measuring the magnetoresistance up to higher fields.
We shall discuss these problems in a further publi-
cation.
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