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Analytic modelling of Quantum Capacitance and Carrier Concentration for β12 - Borophene FET

based Gas Sensor
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Department of Physics, Dibrugarh University, Dibrugarh 786 004, Assam, India,

In this work, we investigate the physical and electronic properties of β12 - borophene FET-based gas sensor

using a theoretical quantum capacitance model based on tight - binding approach. We study the impact of ad-

sorbed NH3, NO, NO2 and CO gas molecule on its density of states, carrier concentration, quantum capacitance

and I-V characteristics. We found a remarkable variation in the energy band structure and the density of states

(DOS) of the β12 - borophene in the presence of the adsorbed gas molecule. The appearance of non-identical

Van-Hove singularities in the DOS in the presence of adsorbed gas molecules strongly indicates the high sen-

sitivity of β12 - borophene. We found a significant increase in the carrier concentration for NH3 gas while it

decreases for all other gases. Moreover, a drastic change in quantum capacitance and current-voltage relation

is also observed in adsorbed gases. The different properties of the given gas molecules are compared with the

pristine borophene and found to exhibit distinct wrinkles in each case, thereby indicating the strong selectivity

of our proposed gas sensor. Though β12 - borophene is found to be highly sensitive for all studied gases, the

NO gas is found to be most sensitive compared to the others.

PACS numbers: 72.80.Vp, 84.37.+q, 73.63.-b

I. INTRODUCTION

During the last two decades, two-dimensional (2D) mate-
rial has garnered enormous interest due to their unique phys-
ical properties, making them a promising candidate for next-
generation electronics and energy conversion devices [1–9].
As the first 2D material with significantly different electronic
[10–13], thermal [13, 14], mechanical [15] and optical proper-
ties [15], graphene-based devices have been widely explored.
However, the absence of band gap, low on/off ratio and ex-
tremely high carrier mobility in graphene restrict its use as
a semiconducting system [16–18]. So, there is a need for
new alternative materials with similar but more advanced elec-
tronic properties than graphene. Thus a class of new 2D mate-
rials, like phosphorene [19], silicene [20], stanene [21], anti-
monene [22], bismuthene [23], germanine [24], molybdenum
disulfide [25] etc., have been synthesized as alternate candi-
dates for graphene in recent times. Depending on their stack-
ing and composition, these 2D materials can possess distinc-
tive physicochemical properties, such as electrical conductiv-
ity, thermal conductivity, and band structure around the Fermi
level, making them suitable for various applications [19–25].

Alongside the other promising candidates, Borophene, a
single element 2D sheet of boron, has also been synthe-
sized on Ag (111) substrate in recent times [26–28]. Unlike
graphene, borophene has a triangular and hexagonal array of
atoms exhibiting in-plane elasticity and can be more flexible
in some configurations. Apart from that, borophene has high
mobility, electrical and thermal conductivity and also pos-
sesses high mechanical strength, with Young’s modulus much
higher than its rivals [29–31]. Thus borophene has excellent
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potential in advanced electrical information, sensing and other
optical, mechanical and thermal applications [32]. Moreover,
previous works indicate that the borophene-based systems
are active to hazardous gases, thus making them suitable for
gas sensing applications [33–35]. Significant attention also
has been given to the optimization of the borophene/MoS2

heterostructure using density functional theory (DFT) imple-
mented in the VASP package [36]. Although there exist sev-
eral boron clusters with fascinating properties, it was found
that the allotrope β12 - borophene is thermodynamically most
stable as compared to the other members of the borophene
family [28, 37]. It is observed that β12 - borophene can dis-
play semiconducting and semi-metallic properties in the pres-
ence of an applied electric field and charged impurity [38].
Furthermore, this boron cluster can also display anisotropic
Kubo conductivity [39] in the presence of an applied elec-
tric field, making them unique from other members. Though
several attempts have been made to understand the adsorption
properties in different boron-based clusters both theoretical as
well as experimentally [33–35, 40], the study of gas sensing in
β12 - borophene is limited. So, in this work, we have focused
on β12 phase of borophene to investigate the adsorption of the
gas molecules.

Recently, quantum capacitance has gained much attention
in studying 2D electron systems to reveal interesting many-
body effects [41–43]. It also carries information regard-
ing the ground state of the system, revealing the effect of
electron-electron interaction and quantum correlation. The
Quantum capacitance of a system carries essential informa-
tion regarding the density of states. Recently quantum capac-
itance model has been used to measure the Van-Hove singu-
larities and Luttinger parameters in a one-dimensional system
[44, 45]. Moreover, the quantum capacitance measurements
have also shown the linear density of states of topological in-
sulator Bi2Se3 [46] and monolayer graphene [47–49]. Thus,
it is necessary to have knowledge about the quantum capac-
itance for understanding the system properly. Though quan-
tum capacitance has been widely studied theoretically and ex-
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perimentally in graphene, such studies have been limited to
borophene until now. An attempt has been made to explore
the quantum capacitance effect in graphene chemical sensors
and δ6 - borophene [50, 51] to induce changes in the capaci-
tance values upon the adsorption of molecules on the surface.
But quantum capacitance of β12 - borophene has not been ex-
plored so far. Therefore, in this work, we investigated the
quantum capacitance of β12 - borophene in the presence of
adsorbed gas molecules.

The organisation of the paper is as follows: we present a
theoretical framework based on tight-binding (TB) Hamilto-
nian and also present a quantum capacitance model of β12 -
borophene-based FET based gas sensor in Section II. In Sec-
tion III, we study the density of states, carrier concentration,
quantum capacitance and I-V characteristics to understand the
gas sensing property of β12 - borophene-based FET. A sum-
mary of our work is presented in Section IV.

II. THEORETICAL FRAMEWORK

The schematic illustration of β12 - borophene field effect
transistor-based gas sensor is shown in Fig. 1(a). The honey-
comb lattice arrangement and the unit cell of β12 - borophene
is shown in Fig. 1(b). The unit cell comprises of five boron
atoms labelled a, b, c, d and e. The β12 - borophene lat-

tice can be generated using the lattice basis vectors (~a,~b)
= (

√
3a0êx, 3a0êy) where a0 = 1.74Å is the boron-boron

atom distance [42]. It is to be noted that borophene does not
allow the formation of in-plane σ bonds due to the lack of one
electron in the boron atom compared to the carbon atom. So,
the C-atoms can be treated as a perfect donor in filling the in-
plane hexagonal σ-bonds. Borophene has the energy levels
involving s, px, py and pz orbitals which are sp2 - hybridized.
However, only pz - orbitals can contribute to the carrier dy-
namics. It is due to the reason that the wave function at the
Fermi energy has a vanishing amplitude at site c resulting in
phase cancellation at the six-fold B-atoms. The band structure
of β12 - borophene in the presence of adsorbed gas molecules
can be obtained using the tight binding approach consider-
ing only the nearest neighbour approximation. To model the
molecular adsorption effect, we consider a β12 - borophene
sheet consisting of N sites. The gas adsorption in the β12 -
borophene lattice and the nth unit cell with its nearest neigh-
bours is shown in Figs. 1(c) and 1(d).

The matrix equation for the nth unit cell according to tight
binding model can be written as [48, 49]

∑

m

[Hnm] {Ψm} = E{Ψn} (1)

where {Ψn} is a (b × 1) column matrix corresponds to the
wavefunction in the unit celln. It is to be noted that the Hamil-
tonian matrix for pristine β12 - borophene with five atoms in
its unit cell will be a (5× 5) matrix. To characterize the effect
of gas adsorption, we consider that each gas molecule is ad-
sorbed only in each A site of the unit cell of β12 - borophene
as shown in Fig. 1(d). Thus, the Hamiltonian of the β12 -

FIG. 1: (a) Schematic illustration of β12 - borophene field effect tran-

sistor (FET) based gas sensor. (b) Top view of the geometry struc-

ture of β12 - borophene. The unit cell (shaded green region) is one-

half of the honeycomb lattice and consists of five boron atoms. The

lattice parameters of β12 - borophene are a = |~a| =
√
3a0 and

b = |~b| = 3a0 where a0 is the boron-boron atom distance. (c) Top

view of the adsorption of the gas molecule on β12 - borophene ge-

ometry. (d) 3D arrangement of the adsorption gas molecule on a site

of β12 - borophene unit cell.

borophene in the presence of a gas molecule will be a matrix
of (6× 6) dimension.

We consider a plane waveform of the wave function, i.e.,

Ψn = Ψ0e
i~k.~dn , with ~k and ~dn being the plane wave vector

and distance between a source with the nth unit-cell respec-
tively. The band structure of the β12 - borophene can be cal-
culated by solving a matrix eigenvalue equation of the form
[48, 49]

[h(k)] =
∑

nm

[Hnm] ei
~k.(~dn−~dm) (2)
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where {Ψn} is a (b × 1) column matrix corresponding to the
wavefunction in the unit celln. It is to be noted that the Hamil-
tonian matrix for pristine β12 - borophene with five atoms in
its unit cell will be a (5× 5) matrix. To characterize the effect
of gas adsorption, we consider that each gas molecule is ad-

sorbed only in each A site of the unit cell of β12 - borophene
as shown in Fig. 1(d). Thus, the Hamiltonian of the β12 -
borophene in the presence of a gas molecule will be a matrix
of (6× 6) dimension.

[h(k)]nm =















0 tabδk 0 0 0 0
0 0 0 0 0 0
0 tcbδk 0 tcdδk 0 0
0 0 0 0 0 0
0 0 0 tedδk 0 0
0 0 0 0 0 0















+















0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
tea 0 0 0 0 0
0 0 0 0 0 0















+















0 0 0 0 0 0
tbaδ

∗
k 0 tbcδ

∗
k 0 0 0

0 0 0 0 0 0
0 0 tdcδ

∗
k 0 tdeδ

∗
k 0

0 0 0 0 0 0
0 0 0 0 0 0















+















0 0 0 0 tae 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0















(3)

where, m = 1, 2, 3, 4 correspond to the four nearest unit cells
of the nth unit cell. Here, tij are the hopping energy param-
eter of ith and j th boron atoms. The hopping parameters for
the homogeneous model are tij = −2 eV [34], while in the
inversion non-symmetric (INS) model, the hopping parame-
ters are: tab = tde = −2.04 eV, tac = tce = −1.79 eV,
tbc = tcd = −1.84 eV, tbd = −1.91 eV, tad = 0 eV and
tae = −2.12 eV [34]. Here, we define δk ≡ exp

[

− ia0kx

2

]

.

It is to be noted that one may use the lattice parameters (~a,~b)

for the calculation of distance ~dn. However, in this work, the
distance between the lattice points (~dm − ~dn) are obtained by
converting the lattice parameters in terms of bond length a0
for simplicity of the calculations.

In a similar way, the interaction of the nth unit cell with the
adsorbed gas molecule can be written as

[h(k)]nn =















εa tab tac 0 0 t′

tba εb tbc tbd 0 0
tca tcb εc tcd tce 0
0 tdb tdc εd tde 0
0 0 tec ted εe 0
t′ 0 0 0 0 ε′















(4)

where, εi are the corresponding on-site energy of the ith atom.
The on-site energies in homogeneous model are εi = 0 eV
while in the INS model on-site energies are: εa = εd = 0.196
eV, εb = εe = −0.058 eV and εc = −0.845 eV [34]. The
parameters t′ and ε′ characterize the hopping energy between
the Boron atom and the adsorbed molecule and the on-site
energies, respectively.

Thus, the total tight binding Hamiltonian of the β12-
borophene system in presence of adsorbed gas in view of Eq.
(3) and Eq. (4) can be expressed as

[h(k)] =















εa f∗
k tab tac 0 tae t′

fktab εb fktbc tbd 0 0
tac f∗

k tbc εc f∗
k tcd tce 0

0 tbd fktcd εd tdefk 0
tae 0 tce f∗

k tde εe 0
t′ 0 0 0 0 ε′















(5)
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FIG. 2: Band structure of β12 - borophene using (a) homogenous and

(b) the INS model. The plot (c) represents the band structure of β12

- borophene in presence of NH3 using the INS model.

where, fk ≡ 1 + exp
[

ia0kx

2

]

. The band structure and elec-
tronic dispersion of pristine β12 - borophene can be obtained
by diagonalizing the Hamiltonian.

For non-trivial solutions, we can write,

det[h(k)− Ek Î] = 0, λ ∈ {1, ....5} (6)

where, Ek are the energy eigen values of the [h(k)]. The de-
terminant of the matrix can be expressed for pristine β12 -
borophene as

E5
k +Q4E

4
k +Q3E

3
k +Q2E

2
k +Q1Ek +R = 0 (7)

where Q1, Q2, Q3, Q4 and R are the k - dependent variable.
An extensive form of the same is displayed in Appendix A.
The energy band and the brillouin zones of β12 - borophene
can be obtained by solving the dispersion relation Eq. (7).
Fig. 2, presents the band structure of β12 - borophene in both
homogeneous and the INS model. It is evident from Fig. 2
that β12 - borophene has three conduction and two valence
bands. So, β12 - borophene has five bands. It is to be noted
that the band edges touch at the high symmetry K ′ and K
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FIG. 3: DOS for β12 - borophene using INS model in absence and in presence of (a) NH3, (b) NO (c) NO2 and (d) CO gases.

points with coordinates (−2π/3a0, 0) and (2π/3a0, 0) indi-
cating the presence of Dirac fermions at Ek = 0. Also, triplet
fermions at X and M points appear at Ek 6= 0. Moreover,
a direct energy gap exists between ∼ 0.25 eV at K ′ and K
points for the INS model of β12 - borophene. To understand
the molecular gas adsorption effect on borophene energy, we
have plotted the band structure of β12 - borophene in the pres-
ence of NH3 gas in Fig. 1 (c). It is evident that the band gap
at K ′, K and X points increases in the presence of adsorbed
NH3 molecule. Moreover, it is to be noted that the widening
of the band gap is dependent on the hopping energy t′ of the
boron atom with the adsorbed gas molecule.

The hopping energies can be calculated by using the rela-
tion [49]

txy = t

(

a0
dxy

)

(8)

where, txy and dxy are the hopping energy and the distance
between β12 - borophene surface and the gas molecule respec-
tively.

The density of states (DOS) has an energy dependence
which signifies the number of allowed states per unit area at
a given energy range E and E + dE and can be obtained by
using the relation [48].

D(E) =
∆n

A∆E
(9)

where, A is the area of the β12 - borophene surface and n is the
carrier concentration of the electrons. Although we obtain an
analytic expression for the DOS using Eq. (7) and Eq. (9), in
presence of adsorbed gas molecules it is too large to represent.

The carrier concentration in the β12 - borophene based gas
sensor can be obtained by using the standard relation [48]

n(E) =

∫ ∞

0

D(E)f(E)dE (10)

where, f(E) = 1

1+exp
(

E−EF
kBT

) is the Fermi-Dirac distribution

function, EF is the Fermi energy and kB is the Boltzmann con-
stant.

TABLE I: Hopping parameter for gas molecules adsorbed on β12 -

Borophene surface

Adsorbed Adsorbate distance Hopping energy On-site Energy

Molecule from Borophene txy (eV) ε′ (eV)

surface dxy (Å)

NH3 1.63 -2.113 1.11

NO 1.38 -2.496 0.95

NO2 1.57 -2.194 1.75

CO 1.48 -2.167 1.19

III. RESULTS AND DISCUSSIONS

A. Density of states

The density of states (DOS) of β12 - borophene in presence
of adsorbed gas molecules is studied using Eq. (10) in Fig.
3. The hopping parameters for different gases are calculated
using Eq. (6) and given in Tab. I. We observe a significant
change in the DOS spectra due to the adsorption of different
gases. It is to be noted that the peak position in DOS spectra
correspond to the flatter band energies in the E − k diagram.
Moreover, each extremum point can also be visualized as a
Van-Hove singularity (VHS) in the DOS. At the same time,
the smooth zones in the band structure depict the presence of
localized electrons. As observed earlier from Fig. 2(c) that
the presence of adsorbed NH3 molecule drastically changes
the band structure resulting in a significant change in DOS
also. The change in the peak positions in DOS indicates the
high sensitive gas sensing performance of β12 - borophene. A
similar characteristic is also observed for the DOS for pristine
β12 - borophene in the presence of adsorbed gases as depicted
in Fig. 3. We consider the INS model for all our analysis,
and the effect of the adsorbed gas molecule on DOS can be
understood via the hopping energy parameter txy from Eq.
(8). It is to be noted that the presence of more number of bands
in theE−k diagram indicates the presence of more degenerate
bands in the DOS spectra. A similar characteristic in DOS
is also for β12 - borophene in the presence of NO molecule.
However, in this case, the VHS at E ∼ 6.5 eV shifted towards
a higher energy region, as seen from Fig. 3(b). However, the
DOS is found to be quite identical with β12 - borophene for
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FIG. 4: (a) Variation of carrier concentration with Vds of β12 - borophene in absence and in presence for different adsorbed gases. (b) Quantum

conductance of β12 - borophene as a function of Vgs in absence and in presence of adsorbed gas molecules.

E < 0 regions. The adsorption of NO2 molecule significantly
changes the band structure, resulting in a significant change
in the DOS. In this case, the VHS at E ∼ 3.5 eV disappears
completely, as seen in Fig. 3(c). The DOS for β12 - borophene
in the presence of CO molecule is similar to that for β12 -
borophene with adsorbed NO molecule. However, the peak
positions shifted towards higher energy for adsorption of CO
molecule, as seen from Figs. 3(d).

B. Carrier Concentration and Quantum Capacitance

To obtain an expression for quantum capacitance we con-
sider the device is in quasi-equilibrium and the carrier distri-
bution shifted by the local electrostatic potential. Then the
charge density Q of the electrons can be written as [48]

Q = q

∫ ∞

0

D(E)f (E + Eg + qVa) dE (11)

where, q is the magnitude of the electronic charge and Va is
the local electrostatic potential and Eg is the band gap. The
quantum capacitance CQ of the system is defined as [43–45]

CQ =
∂Q

∂Va

=
q

4kBT

∫ ∞

0

D(E)sech

(

E + Eg + qVa

2kBT

)

dE (12)

In Fig. 4(a), we plot the quantum capacitance (CQ) of β12 -
borophene FET against the gate-source voltage (Vgs) for var-
ious adsorbed gas molecules, considering their different hop-
ping energy parameters. It is observed that at zero gate volt-
age the CQ is minimum while it increases gradually with in-
crease or decrease in Vgs. The charge transfer from the ad-
sorbed molecules results in the modification of the DOS of β12

- borophene resulting in the change in the number of charge
carrier concentration. This change in charge carrier in turn
can change the CQ between the gate electrode and the β12

- borophene surface. It is seen from the Fig. 4(b) that the

CQ slightly increased when the adsorbed molecule was NH3

while it decreased for NO, NO2 and CO. This change in CQ

will result in the variations in I-V characteristics of the β12 -
borophene.

C. I-V characteristics

The I-V characteristics of the β12 - borophene FET based
sensor can be understood from quantum capacitance using the
expression [43–45]

I = µCQVdsE (13)

where, µ is the mobility of the electrons and Vds is the drain-
source voltage. The FET based gas sensors respond to gas
adsorption by adjusting the gate bias which controls the carrier
concentration in the channel thus tuning the amount of charge
carriers in exchange with the absorbed gas molecules. In order
to confirm the influence of carrier concentration on the gas
response, the response curves of FET-based sensors with Vds is
shown in Fig 5. It has been clearly seen that the NO response
on the surface, increases with the increase of Vds.

The current – voltage (I-V) characteristics are calculated
using our developed formalism, the results being shown in Fig
5. It reflects the effect of molecular adsorption of NH3, NO,
NO2 and CO on the quantum capacitance of borophene. The
sensitivities of the proposed FET-based sensor for NH3, NO,
NO2 and CO increases with the increase in Vds. Among the
four gas molecules, the sensitivity of NH3 is found to be high-
est for given Vds, showing better sensing performance. The
change in current has been observed after the adsorption of
the gas molecules. The adsorption of the gas molecules on the
β12 - borophene surface could also change the energy bandgap
of the β12 - borophene which in turn would change the con-
ductivity of the β12 - borophene sensor. On the other hand,
the modulation of the concentration of the charge carriers on
the borophene surface occurs due to the charge transfer be-
tween borophene and gas molecules. The I-V characteristics
are calculated for pristine β12 - borophene and in presence
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FIG. 5: I-V characteristics of the β12 - borophene FET in absence

and in presence of different adsorbed gas molecules.

of adsorbed gas molecules using Eq. (13) and the results are
shown in Fig. 5. It reflects the effect of molecular adsorp-
tion of NH3, NO, NO2, CO on the quantum capacitance of
borophene. The sensitivities of the proposed FET-based sen-
sor for NH3, NO, NO2, CO increase with the increase in Vds.
Among the four gas molecules, the sensitivity of NO is found
to be highest for given Vds, showing better sensing perfor-
mance. The change in current has been observed after the
adsorption of the gas molecules. The adsorption of the gas
molecules on the borophene surface could also change the en-
ergy bandgap of the borophene which in turn would change
the conductivity of the borophene sensor. On the other hand,
the modulation of the concentration of the charge carriers on
the borophene surface occurs due to the charge transfer be-
tween borophene and gas molecules.

IV. CONCLUSIONS

In this work, we have studied the effects of molecular ad-
sorption on the physical and electrical properties of β12 -
borophene. We propose a theoretical model based on tight
binding technique to study the impact of various adsorbed
gases on the number concentration, quantum capacitance and
I-V characteristics of the FET based β12 - borophene gas sen-
sor. The study reveals the variation of borophene energy band
gap near Fermi energy influenced by the adsorption of gas
molecules. Furthermore, we study the density of states in the
presence of different gases through the carrier concentration
and developed the quantum capacitance model of FET based
β12 - borophene gas sensor. The existence and shifting of the
Van-Hove singularities at different energy sites in presence of
gas molecules indicate the sensing performance of ability of
β12 - borophene. The study was mainly focused on the adsorp-
tion of NH3, NO2, NO and CO gas molecules and the effects
on the quantum capacitance and the I-V characteristics of the
borophene sensor was investigated. The present study speci-
fies a significant variation in the band gap and quantum capac-
itance after gas adsorption contributing a change in the con-
ductance, carrier concentration and current in the borophene
gas sensor. This work paves the way for future studies of
borophene as gas sensor due to its attractive gas sensing prop-
erties.

Appendix A: Extended form of Q’s and R

In this section we present an extended form of Q’s and R
appearing in Eq. (7). For a pristine β12 - borophene i.e., for
t′ = 0 and ε′ = 0, the Q’s and R are defined as

Q1 = {16t2ab(t
2
cd+ t2de)+16t2bct

2
de} cos4

(

ka

4

)

+[8tabtac{tbc(εd+εe)− tbdtcd}−4εaεbt
2
cd−4εaεbt

2
de +8εatbctbdtcd−4t2bcεe(εa

+εd)−4εat
2
bcεd−4εaεct

2
de+8εatcdtcetde−4εat

2
cdεe−8tabtae(tbctce+tbdtde)−4t2abεe(εc+εd)−4t2abεcεd+4t2abt

2
ce−8tactaetcdtde+4t2act

2
de

+4t2ae(t
2
bc+t2cd)−4εbεct

2
de+8εbtcdtcetde−4εbt

2
cdεe+8tbctbdtcdεe−8tbctbdtcetde] cos

2

(

ka

4

)

−[εdεe{εc(εa+εb)+εaεb}+εaεbεcεd

+εaεbεcεe+εaεbt
2
ce−t2bdεe(εa+εc)−εat

2
bdεc−εat

2
ceεd+2tactaetce(εb+εd)−t2act

2
act

2
bdεe−(εb+εd)−t2acεbεd−t2aeεd(εb+εc)−t2aeεbεc

+ t2aet
2
bd − εbt

2
ceεd + t2bdt

2
ce] (A1)

Q2 = {4t2bc(εa + εd + εe)+4εat
2
cd +4εat

2
de − 8tabtactbc +4t2ab(εc + εd + εe)+4εbt

2
cd +4εbt

2
de − 8tbctbdtcd +4εct

2
de − 8tcdtcetde

+4t2cdεe} cos2
(

ka

4

)

−εaεe(εb+εc+εd)−εaεbεc−εaεbεd+t2bd(εa+εc+εe)−εaεcεd+εat
2
ce−2tactaetce+t2ac(εb+εd+εe)+t2ae(εb

+ εc + εd)− εdεe(εb + εc)− εbεcεd − εbεcεe + εbt
2
ce + t2ceεd (A2)

Q3 = −4 cos2
(

ka

4

)

(

t2ab + t2bc + t2cd + t2de

)

− t2ac− t2ae− t2bd− t2ce+εaεb+εaεc+εaεd+εaεe+εbεc+εbεd+εbεe+εcεd+εcεe

+ εdεe (A3)
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Q4 = − (εa + εb + εc + εd + εe) (A4)

R = cos2
(

ka

4

)

{4εaεbεct
2
de − 8εaεbtcdtcetde + 4εaεbt

2
cdεe − 8εatbctbdtcdεe + 8εatbctbdtcetde + 4εat

2
bcεdεe − 8tabtactbcεdεe

+8tabtactbd(tcdεe−tcetde)+8tabtaetbctceεd+8tabtaetbd(εctde−tcdtce)−4t2abεd(t
2
ce−εcεe)+8tactaeεbtcdtde−8tactaetbctbdtde−4t2acεbt

2
de

−4t2aeεbt
2
cd+8t2aetbctbdtcd−4t2aet

2
bcεd}+cos2

(

ka

4

)2

−16εat
2
bct

2
de+32tabtactbct

2
de−32tabtaetbctcdtde−16t2abεct

2
de+32t2abtcdtcetde

− 16t2abt
2
cdεe)+ εaεcεe(t

2
bd − εbεd)+ εaεbt

2
ceεd − εat

2
bdt

2
ce − 2tactaeεbtceεd +2tactaet

2
bdtce + t2acεe(εbεd − t2bd)+ t2aeεc(εbεd − t2bd).

(A5)
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