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❉❡♣❛rt♠❡♥t ♦❢ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❚❤❡♦r❡t✐❝❛❧ P❤②s✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢
❈❛♠❜r✐❞❣❡✱ ❲✐❧❜❡r❢♦r❝❡ ❘♦❛❞✱ ❈❇✸ ✵❲❆✱ ❯❑

✭❘❡❝❡✐✈❡❞ ✶✽ ▼❛② ✷✵✶✽✮

❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛♥ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❢♦r ❛❡r♦❞②♥❛♠✐❝ ♥♦✐s❡ ❣❡♥❡r❛t❡❞ ❜② ❛♥ ✉♥✲
st❡❛❞② ✇❛❧❧ ♣r❡ss✉r❡ ❣✉st ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❛ s♣❛♥✇✐s❡ ✈❛r✐❛❜❧❡ tr❛✐❧✐♥❣ ❡❞❣❡ ✐♥ ❛ ❜❛❝❦✲
❣r♦✉♥❞ st❡❛❞② ✉♥✐❢♦r♠ ✢♦✇✳ ❱✐s❝♦✉s ❛♥❞ ♥♦♥✲❧✐♥❡❛r ❡✛❡❝ts ❛r❡ ♥❡❣❧❡❝t❡❞✳ ❚❤❡ ❲✐❡♥❡r✲
❍♦♣❢ ♠❡t❤♦❞ ✐s ✉s❡❞ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ ❛ ♥♦♥✲♦rt❤♦❣♦♥❛❧ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥
❛♥❞ s❡♣❛r❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s t♦ ♣❡r♠✐t ❛♥❛❧②t✐❝❛❧ ♣r♦❣r❡ss✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✐♥
t❡r♠s ♦❢ ❛ t❛✐❧♦r❡❞ ♠♦❞❛❧ ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ s♣❛♥✇✐s❡ ❝♦♦r❞✐♥❛t❡✱ ❤♦✇❡✈❡r ♦♥❧② ✜♥✐t❡❧②
♠❛♥② ♠♦❞❡s ❛r❡ ❝✉t♦♥✱ t❤❡r❡❢♦r❡ t❤❡ ❢❛r✲✜❡❧❞ ♥♦✐s❡ ❝❛♥ ❜❡ q✉✐❝❦❧② ❡✈❛❧✉❛t❡❞✳ ❚❤❡ s♦❧✉✲
t✐♦♥ ❣✐✈❡s ✐♥s✐❣❤t ✐♥t♦ t❤❡ ♣♦t❡♥t✐❛❧ ♠❡❝❤❛♥✐s♠s ❜❡❤✐♥❞ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ♥♦✐s❡ ❢♦r ♣❧❛t❡s
✇✐t❤ s❡rr❛t❡❞ tr❛✐❧✐♥❣ ❡❞❣❡s ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ✇✐t❤ str❛✐❣❤t ❡❞❣❡s✳ ❚❤❡ t✇♦ ♠❡❝❤❛♥✐s♠s
❜❡❤✐♥❞ t❤❡ ♥♦✐s❡ r❡❞✉❝t✐♦♥ ❛r❡ ❛♥ ✐♥❝r❡❛s❡❞ ❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ✐♥ t❤❡ ❢❛r ✜❡❧❞✱ ❛♥❞
❛ r❡❞✐str✐❜✉t✐♦♥ ♦❢ ❛❝♦✉st✐❝ ❡♥❡r❣② ❢r♦♠ ❧♦✇ ❝✉t♦♥ ♠♦❞❡s t♦ ❤✐❣❤❡r ❝✉t♦✛ ♠♦❞❡s✳ ❋✐✈❡
❞✐✛❡r❡♥t t❡st ❝❛s❡ tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr✐❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ✐❞❡♥t✐✲
✜❡s ✇❤✐❝❤ ❣❡♦♠❡tr✐❡s ❛r❡ ♠♦st ❡✛❡❝t✐✈❡ ✐♥ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝② r❛♥❣❡s❀ ❣❡♦♠❡tr✐❡s ✇❤✐❝❤
♣r♦♠♦t❡ ❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ❛r❡ ❜❡st ❛t ❧♦✇ ❢r❡q✉❡♥❝✐❡s✱ ✇❤✐❧st ❣❡♦♠❡tr✐❡s ✇❤✐❝❤
♣r♦♠♦t❡ ❛ r❡❞✐str✐❜✉t✐♦♥ ♦❢ ❡♥❡r❣② ❛r❡ ❜❡tt❡r ❛t ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚r❛✐❧✐♥❣✲❡❞❣❡ ♥♦✐s❡✱ t❤❡ ♥♦✐s❡ ❣❡♥❡r❛t❡❞ ❜② ❛ t✉r❜✉❧❡♥t ❜♦✉♥❞❛r② ❧❛②❡r s❝❛tt❡r✐♥❣ ♦✛
t❤❡ s❤❛r♣ tr❛✐❧✐♥❣ ❡❞❣❡ ♦❢ ❛ r✐❣✐❞ str✉❝t✉r❡✱ ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦✉r❝❡ ♦❢ str✉❝t✉r❛❧ ♥♦✐s❡ ❢♦r
❛✐r❝r❛❢ts ❛♥❞ ✇✐♥❞ t✉r❜✐♥❡s✳ ❚❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝t ❛♥❞ ❧♦❝❛❧ ❞✐st✉r❜❛♥❝❡ ♦❢ t❛❦❡✲♦✛
♥♦✐s❡ ✐s ♦❢ ♣❛rt✐❝✉❧❛r ❝♦♥❝❡r♥❀ t❤❡ ❆❞✈✐s♦r② ❈♦✉♥❝✐❧ ❢♦r ❆❡r♦s♣❛❝❡ ❘❡s❡❛r❝❤ ✐♥ ❊✉r♦♣❡
✭❆❈❆❘❊✮ s❡t t❛r❣❡ts ✐♥ ✷✵✵✶ t♦ r❡❞✉❝❡ ♣❡r❝❡✐✈❡❞ ♥♦✐s❡ ❧❡✈❡❧s ❜② ✺✵✪ ❜② ✷✵✷✵✱ ✇❤✐❝❤ ❤❛✈❡
❜❡❡♥ ❡①t❡♥❞❡❞ ✐♥ t❤❡ ♥❡✇ ❋❧✐❣❤t♣❛t❤ ✷✵✺✵ ✈✐s✐♦♥ t♦ ❛ r❡❞✉❝t✐♦♥ ♦❢ ✻✺✪ ✭r❡❧❛t✐✈❡ t♦ ♥♦✐s❡
❧❡✈❡❧s ✐♥ ✷✵✵✵✮ ❜② ✷✵✺✵ ✭❊✉r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥ ✷✵✶✶✮✳ ❙✐♠✐❧❛r❧②✱ ✐♥❝r❡❛s✐♥❣ ❞❡♠❛♥❞s
♦♥ s✉st❛✐♥❛❜❧❡ ❡♥❡r❣② r❡q✉✐r❡ ♠♦r❡ ✇✐♥❞ ❢❛r♠s t♦ ❜❡ ❝♦♥str✉❝t❡❞✱ ❜✉t ❧♦❝❛❧ r❡s✐❞❡♥ts✬
❝♦♠♣❧❛✐♥ts ❛❜♦✉t ♥♦✐s❡ ♦❢t❡♥ ❜❧♦❝❦ t❤❡s❡ ♣❧❛♥s✱ ❤❡♥❝❡ ❞❡s✐❣♥s ❝❛♣❛❜❧❡ ♦❢ r❡❞✉❝✐♥❣ t❤✐s
♥♦✐s❡ ❛r❡ r❡q✉✐r❡❞✳ ❈✉rr❡♥t❧② ♠❛♥② ✇✐♥❞ t✉r❜✐♥❡s ❛r❡ ❜r❛❦❡❞ t♦ ❝♦♥tr♦❧ ♥♦✐s❡ ❧❡✈❡❧s✱
❧❡❛❞✐♥❣ t♦ ✉♣ t♦ ❛ ✷✺✪ ♣♦✇❡r r❡❞✉❝t✐♦♥❀ ♥❡✇ ♥♦✐s❡ r❡❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s ❝♦✉❧❞ ✐♠♣r♦✈❡
♣♦✇❡r ♦✉t♣✉t ✇✐t❤♦✉t ✐♥❝r❡❛s✐♥❣ ♥♦✐s❡ ❧❡✈❡❧s✳
❆ ❣r❡❛t ❞❡❛❧ ♦❢ r❡❝❡♥t ✇♦r❦ ♦♥ tr❛✐❧✐♥❣✲❡❞❣❡ ♥♦✐s❡ ❝♦♠♣r✐s❡s ♦❢ ♥♦✈❡❧ ❞❡s✐❣♥ ✐❞❡❛s ❛✐♠❡❞

❛t r❡❞✉❝✐♥❣ tr❛✐❧✐♥❣✲❡❞❣❡ ♥♦✐s❡✳ ❚❤❡s❡ ♥❡✇ ❞❡s✐❣♥s✱ t②♣✐❝❛❧❧② ✐♥s♣✐r❡❞ ❜② t❤❡ s✐❧❡♥t ✢✐❣❤t
♦❢ ♦✇❧s ✭●r❛❤❛♠ ✶✾✸✹✮✱ ❛r❡ ✇✐❞❡❧② ✈❛r✐❡❞✳ ❙✉❝❤ ❞❡s✐❣♥s ✐♥❝❧✉❞❡❀ s❡rr❛t❡❞ tr❛✐❧✐♥❣ ❡❞❣❡s
✭▲②✉ ❡t ❛❧✳ ✷✵✶✻❀ ❖❡r❧❡♠❛♥s ✷✵✶✻❀ ❈❤♦♥❣ ✫ ❱❛t❤②❧❛❦✐s ✷✵✶✺❀ ❍✉❛♥❣ ✷✵✶✼✮✱ ♣♦r♦✉s ❛♥❞
✢❡①✐❜❧❡ tr❛✐❧✐♥❣ ❡❞❣❡s ✭❙❝❤❧❛♥❞❡r❡r ✫ ❙❛♥❞❜❡r❣ ✷✵✶✻❀ ❈❛✈❛❧✐❡r✐ ❡t ❛❧✳ ✷✵✶✻❀ ❏❛✇♦rs❦✐ ✫

† ❊♠❛✐❧ ❛❞❞r❡ss ❢♦r ❝♦rr❡s♣♦♥❞❡♥❝❡✿ ▲✳❏✳❆②t♦♥❅❞❛♠t♣✳❝❛♠✳❛❝✳✉❦
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P❡❛❦❡ ✷✵✶✸❀ ❍❡rr ✷✵✵✻✮✱ tr❛✐❧✐♥❣✲❡❞❣❡ ✜♥❧❡ts ✭❈❧❛r❦ ❡t ❛❧✳ ✷✵✶✻✮✱ ❛❝t✐✈❡ ❜♦✉♥❞❛r② ❧❛②❡r
✢♦✇ ❝♦♥tr♦❧ ✭❲♦❧❢ ❡t ❛❧✳ ✷✵✶✹✮✱ r♦✉❣❤ s✉r❢❛❝❡s ♥❡❛r t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡ ✭❈❧❛r❦ ❡t ❛❧✳ ✷✵✶✹✮✳
❲❤✐❧st tr❛✐❧✐♥❣✲❡❞❣❡ s❡rr❛t✐♦♥s s❡❡♠ t♦ ❜❡ ❛ s✐♠♣❧❡ ❛❞❛♣t❛t✐♦♥✱ t❤❡r❡ ❛r❡ ❤✉❣❡❧② ✈❛r②✐♥❣
❞❡s✐❣♥ ✐❞❡❛s✱ ❢r♦♠ ❛ s✐♠♣❧❡ s❛✇t♦♦t❤ s❡rr❛t✐♦♥ ✭▲②✉ ❡t ❛❧✳ ✷✵✶✻✮✱ t♦ ❛ s❛✇t♦♦t❤ s❡rr❛t✐♦♥
✇❤✐❝❤ ✈❛r✐❡s ❛❧♦♥❣ t❤❡ s♣❛♥ ♦❢ t❤❡ ❜❧❛❞❡ ✭❑♦❡❣❧❡r ❡t ❛❧✳ ✷✵✵✾✮✱ t♦ s❡rr❛t✐♦♥s ❝♦♠♣r✐s✐♥❣
♦❢ st✐✛❡♥✐♥❣ r✐❜s ✭❖❡r❧❡♠❛♥s ✫ ❖❧s❡♥ ✷✵✶✹✮✱ ❛♥❞ ♥♦✈❡❧ ✐r♦♥✲s❤❛♣❡❞ s❡rr❛t✐♦♥s ✭❆✈❛❧❧♦♥❡
❡t ❛❧✳ ✷✵✶✼✮✳ ■♥ ♣❛rt t❤✐s ✐s ❞✉❡ t♦ ❛ ❧❛❝❦ ♦❢ ❢✉❧❧ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♠❡❝❤❛♥✐s♠s ❜❡❤✐♥❞
t❤❡ ♥♦✐s❡ r❡❞✉❝t✐♦♥✱ ❤❡♥❝❡ ♥♦ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ❡①✐sts✳ ■t ✐s t❤✐s ❛❞❛♣t❛t✐♦♥✱ t❤❡ s❡rr❛t✐♦♥✱
✇❤✐❝❤ ✇❡ ❢♦❝✉s ♦♥ ✐♥ t❤❡ ♣❛♣❡r✳
Pr❡❞♦♠✐♥❛♥t❧② t❤❡ ✇♦r❦ ♦♥ ♥♦✐s❡ r❡❞✉❝t✐♦♥ t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ s❡rr❛t❡❞ tr❛✐❧✐♥❣ ❡❞❣❡s

✐s ❡①♣❡r✐♠❡♥t❛❧ ✭▼♦r❡❛✉ ✫ ❉♦♦❧❛♥ ✷✵✶✸❀ ❖❡r❧❡♠❛♥s ✷✵✶✻❀ ❈❤♦♥❣ ❡t ❛❧✳ ✷✵✶✸❀ ❈❤♦♥❣ ✫
❱❛t❤②❧❛❦✐s ✷✵✶✺✮ ♦r ♥✉♠❡r✐❝❛❧ ✭✈❛♥ ❞❡r ❱❡❧❞❡♥ ❡t ❛❧✳ ✷✵✶✼❀ ❏♦♥❡s ✫ ❙❛♥❞❜❡r❣ ✷✵✶✵✱
✷✵✶✷❀ ❑❛r✐♠✐ ❡t ❛❧✳ ✷✵✶✼❀ ❙❛♥❥♦s❡ ❡t ❛❧✳ ✷✵✶✹✮✳ ❲✐t❤ ♦♥❧② t❤❡s❡ ❛♣♣r♦❛❝❤❡s ✐t ✐s ✈❡r②
❞✐✣❝✉❧t t♦ ❛s❝❡rt❛✐♥ ♥♦✐s❡✲r❡❞✉❝t✐♦♥ ♠❡❝❤❛♥✐s♠s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇✐t❤✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧
r❡s✉❧ts✱ t❤❡r❡ ✐s ❛ ❧❛r❣❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❧❡✈❡❧ ♦❢ ♥♦✐s❡ ♣r❡❞✐❝t❡❞ ❢r♦♠ s❡rr❛t❡❞ tr❛✐❧✐♥❣ ❡❞❣❡s
❞❡♣❡♥❞❡♥t ♦♥ ❛❡r♦❢♦✐❧ ❣❡♦♠❡tr②✱ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦✱ ❛♥❞ ❤♦✇ t❤❡ s❡rr❛t✐♦♥s ❛r❡ ✜tt❡❞ t♦ t❤❡
❜❛s❡❧✐♥❡ ❛❡r♦❢♦✐❧ ✭❉❛ss❡♥ ❡t ❛❧✳ ✶✾✾✻❀ ▲❡♦♥ ❡t ❛❧✳ ✷✵✶✼✮✳ ❚❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤❡s s❤♦✉❧❞
❛❧❧♦✇ ❢♦r ❛ ❣r❡❛t❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ s♣❛♥✇✐s❡ ♣❧❛t❡ ❣❡♦♠❡tr②
❛t t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡ ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ❧❡✈❡❧s ♦❢ ❢❛r✲✜❡❧❞ ♥♦✐s❡ t❤r♦✉❣❤ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ♦❢
t❤❡ ❢❛r✲✜❡❧❞ ♥♦✐s❡✳ ❉❡s♣✐t❡ ❡❛r❧② t❤❡♦r❡t✐❝❛❧ ✇♦r❦ ❜② ❍♦✇❡ ✭✶✾✾✽✮ ❢♦r t❤❡ ♥♦✐s❡ ❣❡♥❡r❛t❡❞
❜② ❛ ✇❛❧❧ ♣r❡ss✉r❡ s♣❡❝tr✉♠ s❝❛tt❡r✐♥❣ ♦✛ ❛ s✐♥✉s♦✐❞❛❧ ✭❍♦✇❡ ✶✾✾✶❛✮ ♦r s❛✇t♦♦t❤ ✭❍♦✇❡
✶✾✾✶❜✮ tr❛✐❧✐♥❣ ❡❞❣❡✱ ✐t ✐s ❦♥♦✇♥ t❤✐s ❛♣♣r♦❛❝❤ ❣r❡❛t❧② ♦✈❡r ♣r❡❞✐❝ts t❤❡ ♣♦t❡♥t✐❛❧ ♥♦✐s❡
r❡❞✉❝t✐♦♥s ✭▲②✉ ❡t ❛❧✳ ✷✵✶✻❀ ❲✐♥❦❧❡r ❡t ❛❧✳ ✷✵✶✵✮✱ ❤❡♥❝❡ ❣r❡❛t❡r ❛♥❛❧②t✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥
✐s r❡q✉✐r❡❞✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✉s❡❞ ❜② ❍♦✇❡ ✐s ♦♥❡ ✉s✐♥❣ ❛ ●r❡❡♥✬s ❢✉♥❝t✐♦♥✱ ❛♥❞ s✐♥❝❡ t❤❡s❡
r❡s✉❧ts ❛r❡ ❦♥♦✇♥ t♦ ❜❡ ✐♥❛❝❝✉r❛t❡✱ ❞✐✛❡r❡♥t ❛♥❛❧②t✐❝ ♠❡t❤♦❞s s❤♦✉❧❞ ❜❡ s♦✉❣❤t✳
❖t❤❡r ❡❛r❧② t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤❡s t♦ str❛✐❣❤t✲❡❞❣❡ ✐♥t❡r❛❝t✐♦♥ ♣r♦❜❧❡♠s ❤❛✈❡ ✉s❡❞ t❤❡

❲✐❡♥❡r✲❍♦♣❢ ♠❡t❤♦❞✱ s✉❝❤ ❛s t❤❡ ❙♦♠♠❡r❢❡❧❞ ❞✐✛r❛❝t✐♦♥ ♣r♦❜❧❡♠ ✭❈r✐❣❤t♦♥ ❡t ❛❧✳ ✶✾✾✻✮✱
♦r ❙❝❤✇❛rt③❝❤✐❧❞ t❡❝❤♥✐q✉❡✱ ✉s❡❞ ❜② ❆♠✐❡t ✭✶✾✼✻✮ ✐♥ ♣❡r❤❛♣s t❤❡ ♠♦st ❢❛♠♦✉s r❡s✉❧t
❢♦r ✉♥st❡❛❞② ❞✐st✉r❜❛♥❝❡s ❝♦♥✈❡❝t❡❞ ♣❛st ❛ ✭str❛✐❣❤t✮ tr❛✐❧✐♥❣ ❡❞❣❡✳ ❘❡❝❡♥t t❤❡♦r❡t✐❝❛❧
❛♣♣r♦❛❝❤❡s t♦ s❡rr❛t❡❞ ❡❞❣❡s✱ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮ ❛♥❞ ❍✉❛♥❣ ✭✷✵✶✼✮✱ st✐❧❧ ✉s❡ ❙❝❤✇❛rt③❝❤✐❧❞
❛♥❞ ❲✐❡♥❡r✲❍♦♣❢ ❛♣♣r♦❛❝❤❡s r❡s♣❡❝t✐✈❡❧②✱ ❤♦✇❡✈❡r ❞✉❡ t♦ t❤❡ s♣❛♥✇✐s❡ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡
❡❞❣❡✱ ❜♦t❤ ✉s❡ ❛ ❋♦✉r✐❡r s❡r✐❡s t♦ ❡♥❛❜❧❡ ❛♥❛❧②t✐❝ ♣r♦❣r❡ss✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❜② ❞❡❝♦♠♣♦s✐♥❣
t❤❡ ♣r♦❜❧❡♠ ❛s ❛ ❋♦✉r✐❡r s❡r✐❡s✱ ❜♦t❤ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮ ❛♥❞ ❍✉❛♥❣ ✭✷✵✶✼✮ ♦❜t❛✐♥ ❡q✉❛t✐♦♥s
✇❤✐❝❤ ❝❛♥♥♦t ❜❡ s♦❧✈❡❞ ❡①❛❝t❧②❀ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮ ✐♠♣❧❡♠❡♥ts ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡✱
✇❤✐❧st ❍✉❛♥❣ ✭✷✵✶✼✮ ♠✉st ✉s❡ ❛ ♣♦❧❡✲r❡♠♦✈❛❧ t❡❝❤♥✐q✉❡ ✭◆♦❜❧❡ ✶✾✺✽✮ t♦ ❢❛❝t♦r✐s❡ ❛♥
✐♥✜♥✐t❡ ♠❛tr✐①✳ ❇♦t❤ ✜♥❛❧ s❡♠✐✲❛♥❛❧②t✐❝ s♦❧✉t✐♦♥s ❛❧s♦ ✐♥✈♦❧✈❡ ✐♥✜♥✐t❡ s✉♠s ❞✉❡ t♦ t❤❡
❋♦✉r✐❡r s❡r✐❡s✳ ❆s t❤❡ s♦❧✉t✐♦♥s ❛r❡ ♥♦t ❣✐✈❡♥ ✐♥ ❝❧♦s❡❞ ❛♥❛❧②t✐❝❛❧ ❢♦r♠s ✐t ✐s st✐❧❧ ❞✐✣❝✉❧t
❢r♦♠ t❤❡s❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ tr✉❡ ♠❡❝❤❛♥✐s♠s ❢♦r ♥♦✐s❡ r❡❞✉❝t✐♦♥✳
❚❤✐s ♣❛♣❡r ✇✐❧❧ t❤❡r❡❢♦r❡ ♣r❡s❡♥t ❛ ♥❡✇ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤✱ ❜❛s❡❞ ♦♥ t❤❡ ❲✐❡♥❡r✲❍♦♣❢

t❡❝❤♥✐q✉❡✱ ❢♦r tr❛✐❧✐♥❣✲❡❞❣❡ ♥♦✐s❡ ❣❡♥❡r❛t❡❞ ❜② ❛ ✢❛t ♣❧❛t❡ ✇✐t❤ ❛ s❡rr❛t❡❞ tr❛✐❧✐♥❣ ❡❞❣❡✳
❲❡ ❞♦ s♦ ❜② ❛❞❛♣t✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ✉s❡❞ ✐♥ ❆②t♦♥ ✫ ❑✐♠ ✭✷✵✶✽✮ ❢♦r ❧❡❛❞✐♥❣✲❡❞❣❡ ♥♦✐s❡
❢r♦♠ ❛ s❡rr❛t❡❞ ♣❧❛t❡✱ t♦ ❛ tr❛✐❧✐♥❣✲❡❞❣❡ ♣r♦❜❧❡♠✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t ✉s❡ ❛ ❋♦✉r✐❡r
s❡r✐❡s ❡①♣❛♥s✐♦♥✱ ✐♥st❡❛❞ ✈✐❛ ❛ ♥♦♥✲♦rt❤♦❣♦♥❛❧ ❝❤❛♥❣❡ ♦❢ ❝♦♦r❞✐♥❛t❡s s❡❡❦s ❛ s❡♣❛r❛❜❧❡
s♦❧✉t✐♦♥ ✐♥ t❤❡ s♣❛♥✇✐s❡ ❛♥❞ ♥♦r♠❛❧ ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ❜❡♥❡✜t ♦❢ t❤✐s ✐s ♠♦❞❡s ❛r❡ ♥♦t
✐♠♣♦s❡❞ ♦♥ t❤❡ s♦❧✉t✐♦♥✱ ❜✉t ❛r❡ s♦❧✈❡❞ ❢♦r ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤❡
❛♣♣r♦❛❝❤ ✇❛s ✜rst ✉s❡❞ ❜② ❊♥✈✐❛ ✭✶✾✽✽✮ ✇❤♦ ❝♦♥s✐❞❡r❡❞ ❛ s✇❡♣t ❡❞❣❡ ✐♥ ❛ ✜♥✐t❡✲s♣❛♥
❝❤❛♥♥❡❧✳
■♥ ❛❞❞✐t✐♦♥✱ ❞✉❡ t♦ t❤❡ ❣r❡❛t ✈❛r✐❛t✐♦♥ ✐♥ s❡rr❛t❡❞ tr❛✐❧✐♥❣✲❡❞❣❡ ❞❡s✐❣♥s✱ ✇❡ ✇✐❧❧ ❛❧❧♦✇

❢♦r ❛♥ ❛r❜✐tr❛r② s♣❛♥✇✐s❡ tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr②✱ ❛❧❧♦✇✐♥❣ ✐♥✈❡st✐❣❛t✐♦♥ ✐♥t♦ ❛♥ ♦♣t✐✲
♠❛❧ ❣❡♦♠❡tr② ❛♥❞ ❛ ❣r❡❛t❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❤♦✇ ❞✐✛❡r❡♥t ❣❡♦♠❡tr✐❡s ❝❛♥ ❛✛❡❝t t❤❡



❚r❛✐❧✐♥❣✲❊❞❣❡ ❙❡rr❛t✐♦♥s ✸

✭❛✮ ❙❛✇t♦♦t❤ ✭❜✮ ❙❧✐tt❡❞ ✈✲r♦♦t ✭❝✮ ❙❧✐tt❡❞ ✉✲r♦♦t

✭❞✮ ❈❤♦♣♣❡❞ ♣❡❛❦ ✭❡✮ ❙q✉❛r❡ ✇❛✈❡ ✭❢✮ ❈♦♦r❞✐♥❛t❡ s②st❡♠

❋✐❣✉r❡ ✶✿ ❚r❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr✐❡s✳ ❚❤❡ s❤❛❞❡❞ ❛r❡❛ ❞❡♥♦t❡s t❤❡ r✐❣✐❞ ♣❧❛t❡✱ ✇✐t❤ ❜♦r❞❡r
x = c̃F (z)✱ ❛♥❞ t❤❡ ❞♦tt❡❞ ❧✐♥❡ ✐♥ ❡❛❝❤ ✜❣✉r❡ ❞❡♥♦t❡s x = 0✳

t♦t❛❧ ❢❛r✲✜❡❧❞ ♥♦✐s❡✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❢♦❝✉s ♦♥ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ♣❡r✐♦❞✐❝ tr❛✐❧✐♥❣✲❡❞❣❡s
❛❧t❤♦✉❣❤ ❛♥② ♣❡r✐♦❞✐❝ s♠♦♦t❤ ✭s✐♥❣❧❡✲✈❛❧✉❡❞✮ tr❛✐❧✐♥❣ ❡❞❣❡ ✇♦✉❧❞ ❛❧s♦ ❜❡ ❛♣♣r♦❛❝❤❛❜❧❡
✈✐❛ t❤✐s t❡❝❤♥✐q✉❡✳ ❚❤❡ ♠❡❝❤❛♥✐s♠s ❢♦r ♥♦✐s❡ r❡❞✉❝t✐♦♥ ✇✐❧❧ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❛♥❛❧②t✐❝
s♦❧✉t✐♦♥s✳
❚❤❡ ❧❛②♦✉t ♦❢ t❤✐s ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧

♠♦❞❡❧ ❢♦r ❛ tr❛✐❧✐♥❣✲❡❞❣❡ ❣✉st s❝❛tt❡r✐♥❣ ♦✛ ❛ s❡rr❛t❡❞ ❡❞❣❡✱ ✇✐t❤ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ♣❡r✐♦❞✐❝
❣❡♦♠❡tr②✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ♦❜t❛✐♥ ❛♥ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ t♦ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❜② ✉s✐♥❣
t❤❡ ❲✐❡♥❡r✲❍♦♣❢ ♠❡t❤♦❞✳ ❙❡❝t✐♦♥ ✹ ❝♦♥t❛✐♥s ❢❛r✲✜❡❧❞ ♥♦✐s❡ r❡s✉❧ts ❢♦r ✜✈❡ s♣❡❝✐✜❝ t❡st
❝❛s❡ ❣❡♦♠❡tr✐❡s✱ ❛♥❞ ✉s❡s t❤❡ s♦❧✉t✐♦♥s t♦ ✐♥❢❡r ♥♦✐s❡✲r❡❞✉❝t✐♦♥ ♠❡❝❤❛♥✐s♠s✳ ❋✐♥❛❧❧② ✇❡
♣r❡s❡♥t ❝♦♥❝❧✉s✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✺✳

✷✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❜❧❡♠

❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛♥ ✉♥st❡❛❞② ✇❛❧❧ ♣r❡ss✉r❡ ❣✉st ❝♦♥✈❡❝t❡❞ ❛t ✈❡❧♦❝✐t②
Uc ✐♥ ✉♥✐❢♦r♠ ✢♦✇ ♦❢ ▼❛❝❤ ♥✉♠❜❡r M ♦✈❡r ❛ s❡♠✐✲✐♥✜♥✐t❡ ✢❛t ♣❧❛t❡ ✇✐t❤ ❛ s♣❛♥✇✐s❡
♣❡r✐♦❞✐❝ tr❛✐❧✐♥❣ ❡❞❣❡✳ ❚❤❡ s❡♠✐✲✐♥✜♥✐t❡ ♣❧❛t❡ ❛ss✉♠♣t✐♦♥ ✭✇❤✐❝❤ ✐s ✐❞❡❛❧ ❢♦r ❛♣♣❧②✐♥❣
t❤❡ ❲✐❡♥❡r✲❍♦♣❢ t❡❝❤♥✐q✉❡✮ ✇✐❧❧ ❜❡ ❛❝❝✉r❛t❡ ❛t ♠✐❞✲ ❛♥❞ ❤✐❣❤✲r❛♥❣❡ ❢r❡q✉❡♥❝✐❡s s✐♥❝❡
❛♥② ❧❡❛❞✐♥❣✲❡❞❣❡ r❡s❝❛tt❡r✐♥❣ ✭❛❧s♦ ❦♥♦✇♥ ❛s ❜❛❝❦s❝❛tt❡r✐♥❣✮ ✐♥ t❤❡s❡ ❝❛s❡s ✇✐❧❧ ❜❡ s♠❛❧❧
✭❘♦❣❡r ✫ ▼♦r❡❛✉ ✷✵✵✺✱ ✷✵✵✾✮✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♣r♦❜❧❡♠ ✇❡ ❝♦♥s✐❞❡r ❛ s✐♥❣❧❡ ✇❛✈❡❧❡♥❣t❤
♦❢ t❤❡ tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr②✱ ❛♥❞ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✐s❡ ❧❡♥❣t❤s ❜② t❤✐s ✇❛✈❡❧❡♥❣t❤✱ t❤✉s
r❡str✐❝t t♦ t❤❡ s♣❛♥✇✐s❡ r❡❣✐♦♥ 0 6 z 6 1✳ ❲❡ ✐♠♣♦s❡ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛❝r♦ss
z = 0, 1✳ ❚❤❡ ❜❧❛❞❡ ❧✐❡s ✐♥ r❡❣✐♦♥ x < c̃F (z)✱ y = 0✱ ✇✐t❤ x ❞❡♥♦t✐♥❣ t❤❡ str❡❛♠✇✐s❡
❞✐r❡❝t✐♦♥✱ ❛♥❞ c̃ ♣❡r♠✐tt✐♥❣ ❛ ✈❛r✐❛❜❧❡ ❵t✐♣✲t♦✲r♦♦t✬ r❛t✐♦✱ ✐✳❡✳ ❛ ✈❛r②✐♥❣ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡
❤❡✐❣❤t ♦❢ t❤❡ tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr②✳ ❲❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✐s❡ ✈❡❧♦❝✐t✐❡s ❜② t❤❡ ❢❛r ✉♣str❡❛♠
st❡❛❞② ✈❡❧♦❝✐t②✱ U = Mc0✱ ✇❤❡r❡ c0 ✐s t❤❡ s♣❡❡❞ ♦❢ s♦✉♥❞✳
❲❡ r❡str✐❝t t❤❡ tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr② s✉❝❤ t❤❛t F (z) ✐s ❛ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥✱

❛♥❞ ✇❡ s♣❡❝✐✜❝❛❧❧② ❢♦❝✉s ♦♥ ✜✈❡ ❞✐✛❡r❡♥t t❡st ❝❛s❡s❀ s❛✇t♦♦t❤ s❡rr❛t✐♦♥✱ s❧✐tt❡❞ ✈✲r♦♦t
s❡rr❛t✐♦♥✱ s❧✐tt❡❞ ✉✲r♦♦t s❡rr❛t✐♦♥✱ ❝❤♦♣♣❡❞ ♣❡❛❦ s❡rr❛t✐♦♥✱ ❛♥❞ sq✉❛r❡ ✇❛✈❡✳ ❖✉r t❡st ❝❛s❡
❣❡♦♠❡tr✐❡s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✱ ❛❧t❤♦✉❣❤ t❤❡ r❡s✉❧ts ❛r❡ ❛♣♣❧✐❝❛❜❧❡ t♦ ❛♥② ♣✐❡❝❡✇✐s❡
❧✐♥❡❛r ♦r s♠♦♦t❤✱ s✐♥❣❧❡✲✈❛❧✉❡❞ ❣❡♦♠❡tr②✳ ◆♦t❡ ✐♥ ❛❧❧ ❣❡♦♠❡tr② ❝❛s❡s✱ t❤❡ z = 0, 1 ❜♦✉♥❞✲
❛r✐❡s ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ❛r❡ ❝❤♦s❡♥ t♦ ❜❡ ❛✇❛② ❢r♦♠ ❛♥② r❡❣✐♦♥ ♦❢ ❞✐s❝♦♥t✐♥✉✐t② ♦❢
t❤❡ ❡❞❣❡✳ ❚❤✐s ❡♥s✉r❡s t❤❡ s♦❧✉t✐♦♥ ❝❛♣t✉r❡s ❛♥② ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s✳



✹

■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ♠♦❞❡❧ ❜② ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮✱ t❤❡ ✇❛❧❧ ♣r❡ss✉r❡ ❣✉st ❤❛s ♣r❡s❝r✐❜❡❞
♣r❡ss✉r❡

pi = Pi❡
✐(k1x+k3z−ωt), ✭✷✳✶✮

✇❤❡r❡ Pi ✐s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ♣r❡ss✉r❡✱ ❛♥❞ k1,3 ❛r❡ t❤❡ ✇❛✈❡♥✉♠❜❡rs ✐♥
t❤❡ str❡❛♠✇✐s❡ ❛♥❞ s♣❛♥✇✐s❡ ❞✐r❡❝t✐♦♥s r❡s♣❡❝t✐✈❡❧②✳ ❋♦r s✐♠♣❧✐❝✐t②✱ s✐♥❝❡ t❤❡ s❝❛tt❡r❡❞
s♦❧✉t✐♦♥ ❞❡♣❡♥❞s ❧✐♥❡❛r❧② ♦♥ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞✱ ✇❡ s❡t Pi = 1✳
❚❤❡ s❝❛tt❡r❡❞ ♣r❡ss✉r❡✱ p❡−✐ωt✱ s❛t✐s✜❡s t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ❝♦♥✈❡❝t✐✈❡ ❍❡❧♠❤♦❧t③ ❡q✉❛✲

t✐♦♥✱

β2 ∂
2p

∂x2
+

∂2p

∂y2
+

∂2p

∂z2
+ 2✐kM

∂p

∂x
+ k2p = 0, ✭✷✳✷✮

s✉❜❥❡❝t t♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ③❡r♦ ♥♦r♠❛❧ ✈❡❧♦❝✐t② ♦♥ t❤❡ r✐❣✐❞ s✉r❢❛❝❡

∂p

∂y

∣

∣

∣

∣

y=0

= 0 x < c̃F (z), ✭✷✳✸✮

❛♥❞ ③❡r♦ ♣r❡ss✉r❡ ❥✉♠♣ ❛❝r♦ss t❤❡ ✇❛❦❡ ❞♦✇♥str❡❛♠ ♦❢ t❤❡ ♣❧❛t❡

∆p|y=0 = −❡✐(k1x+k3z) x > c̃F (z), ✭✷✳✹✮

✇❤❡r❡ ∆ ❞❡♥♦t❡s t❤❡ ❥✉♠♣ ✐♥ ✈❛❧✉❡ ❛❝r♦ss y = 0+ ❛♥❞ y = 0−✳ ❍❡r❡ β2 = 1 −M2 ❛♥❞
k = ω/c0✳ ❲❡ s✉♣♣♦s❡ t❤❡ ✇❛❦❡ ❝♦♥s✐sts ♦❢ ❛ ✢❛t ✈♦rt❡① s❤❡❡t ❛❧♦♥❣ y = 0, x > c̃F (z)✳
❲❡ ✜♥❛❧❧② ✐♠♣♦s❡ ❛ s♣❛♥✇✐s❡ ♣❡r✐♦❞✐❝✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥❀

p|z=1 = p|z=0❡
✐k3 ,

∂p

∂z

∣

∣

∣

∣

z=1

=
∂p

∂z

∣

∣

∣

∣

z=0

❡✐k3 . ✭✷✳✺✮

❚♦ s✐♠♣❧✐❢② t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ❢♦❧❧♦✇✐♥❣ ❘♦❣❡r ❡t ❛❧✳ ✭✷✵✶✸✮ ✇❡ ✉s❡ ❛ ❝♦♥✈❡❝t✐✈❡
tr❛♥s❢♦r♠

h = p(x, y, z)❡✐kMx/β2

. ✭✷✳✻✮

❚❤✐s r❡s✉❧ts ✐♥

β2 ∂
2h

∂x2
+

∂2h

∂y2
+

∂2h

∂z2
+

(

k

β

)2

h = 0, ✭✷✳✼❛✮

∂h

∂y

∣

∣

∣

∣

y=0

= 0 x < c̃F (z), ✭✷✳✼❜✮

∆h|y=0 = −❡✐(k̃1x+k3z) x > c̃F (z). ✭✷✳✼❝✮

h|z=1 = h|z=0❡
✐k3 ,

∂h

∂z

∣

∣

∣

∣

z=1

=
∂h

∂z

∣

∣

∣

∣

z=0

❡✐k3 , ✭✷✳✼❞✮

✇❤❡r❡ k̃1 = k1 + kMβ−2✳
❲❡ ♥♦✇ ✉s❡ ❛ ♥♦♥✲♦rt❤♦❣♦♥❛❧ ❝❤❛♥❣❡ ♦❢ ❝♦♦r❞✐♥❛t❡s ❛s ❞♦♥❡ s♦ ❜② ❘♦❣❡r ❡t ❛❧✳ ✭✷✵✶✸✮ t♦

♠❛❦❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♠♦r❡ ❛♠❡♥❛❜❧❡ t♦ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ t❡❝❤♥✐q✉❡ ❜② r❡♠♦✈✐♥❣
t❤❡ z ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ❤❛❧❢✲r❡❣✐♦♥s ♦♥ ✇❤✐❝❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♣r❡s❝r✐❜❡❞
✭✐✳❡ r❛t❤❡r t❤❛♥ ❤❛✈❡ x ≷ c̃F (z)✱ ❤❛✈❡ s♦♠❡ ξ ≷ 0✮✳
❲❡ ❝❤♦♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s

ξ =
x

β
− cF (z), ✭✷✳✽❛✮

η = y, ✭✷✳✽❜✮

ζ = z, ✭✷✳✽❝✮



❚r❛✐❧✐♥❣✲❊❞❣❡ ❙❡rr❛t✐♦♥s ✺

✇❤❡r❡ c = c̃/β✳ ❚❤✐s ❝♦♥✈❡rts t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✭✷✳✼✮ t♦

(

1 + c2F ′(ζ)2
) ∂2h

∂ξ2
+

∂2h

∂η2
+

∂2h

∂ζ2
− 2cF ′(ζ)

∂2h

∂ξ∂ζ
− cF ′′(ζ)

∂h

∂ξ
+ (

k

β
)2h = 0, ✭✷✳✾❛✮

∂h

∂y

∣

∣

∣

∣

η=0

= 0 ξ < 0, ✭✷✳✾❜✮

∆h|η=0 = −❡✐δξ+✐k̃1cF (ζ)+✐k3ζ ξ > 0, ✭✷✳✾❝✮

h|ζ=1 = h|ζ=0❡
✐k3 , ✭✷✳✾❞✮

∂h

∂ζ

∣

∣

∣

∣

ζ=1

=
∂h

∂ζ

∣

∣

∣

∣

ζ=0

❡✐k3 , ✭✷✳✾❡✮

✇❤❡r❡ δ = k̃1β✳
❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✳

✸✳ ❆♥❛❧②t✐❝ s♦❧✉t✐♦♥

❲❡ ♣r♦❝❡❡❞ t♦ s♦❧✈❡ ✭✷✳✾✮ ❜② s❡❡❦✐♥❣ ❛ s❡♣❛r❛❜❧❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ η ❛♥❞ ζ ❝♦♦r❞✐♥❛t❡s✳ ❲❡
♥♦t❡ t❤❛t ✐♥ ❘♦❣❡r ❡t ❛❧✳ ✭✷✵✶✸✮ t❤❡ ❛✉t❤♦rs ❝♦rr❡❝t❧② ✐❞❡♥t✐❢② t❤❛t t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ ❣♦✈✲
❡r♥✐♥❣ ❡q✉❛t✐♦♥✱ ✭✷✳✾✮✱ ❝❛♥♥♦t ❜❡ s❡♣❛r❛t❡❞ ❛s t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ξ ❞❡r✐✈❛t✐✈❡s ❞❡♣❡♥❞
♦♥ ζ✳ ❍♦✇❡✈❡r ❢♦❧❧♦✇✐♥❣ ❆②t♦♥ ✫ ❑✐♠ ✭✷✵✶✽✮ ✇❡ s❡❡ t❤❛t ✐♥ ❋♦✉r✐❡r s♣❛❝❡ ✭tr❛♥s❢♦r♠✐♥❣
t❤❡ ξ ✈❛r✐❛❜❧❡✮✱ t❤❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s s❡♣❛r❛❜❧❡✳
❲❡ t❤❡r❡❢♦r❡ ✜rst ❛♣♣❧② ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ t❤❡ ξ ✈❛r✐❛❜❧❡✱

H(λ, η, ζ) =

∫ ∞

−∞
h(ξ, η, ζ)❡✐λξdξ, ✭✸✳✶✮

t❤❡♥ s❡♣❛r❛t❡ t❤❡ s♦❧✉t✐♦♥ ✐♥t♦ η ❛♥❞ ζ ❞❡♣❡♥❞❡♥❝✐❡s✱ H(λ, η, ζ) = Y (λ, η)Z(λ, ζ)✱ ✇✐t❤
s❡♣❛r❛t✐♦♥ ❝♦♥st❛♥t χ✳ ❚❤✐s r❡s✉❧ts ✐♥ ❡q✉❛t✐♦♥s

Y ′′ +

(

(

k

β

)2

− λ2 − χ2

)

Y = 0, ✭✸✳✷✮

❛♥❞

Z ′′ + 2✐λcF ′Z ′ +
(

✐λcF ′′ − λ2c2(F ′)2 + χ2
)

Z = 0. ✭✸✳✸✮

❊q ✭✸✳✷✮ ❤❛s s♦❧✉t✐♦♥s

Y (λ, η) = s❣♥(η)❡−|η|
√
λ2−w2

, ✭✸✳✹✮

✇❤❡r❡

w2 =

(

k

β

)2

− χ2, ✭✸✳✺✮

❛♥❞ ✇❡ ❤❛✈❡ ❡♥❢♦r❝❡❞ ❛ r❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❛s y → ∞✳
❊q ✭✸✳✸✮ ❤❛s s♦❧✉t✐♦♥s

Z(λ, ζ) = ❡−✐λcF (ζ) (A(λ) cos(χζ) +B(λ) sin(χζ)) . ✭✸✳✻✮

❲❡ ✐♠♣♦s❡ t❤❡ ♣❡r✐♦❞✐❝✐t② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ Z t♦ s♦❧✈❡ ❢♦r χ ❛♥❞ ❡❧✐♠✐♥❛t❡ ♦♥❡ ♦❢
A,B✳ ❚❤✐s ②✐❡❧❞s ❛❧❧♦✇❛❜❧❡ ♠♦❞❡s❀

Zn(λ, ζ) = ❡−✐λcF (ζ)❡−✐k3ζ+2nπ✐ζ , ✭✸✳✼✮



✻

❛♥❞ ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜②

H(λ, η, ζ) =

∞
∑

n=−∞
An(λ)s❣♥(η)❡

−|η|
√

λ2−w2
nZn(λ, ζ), ✭✸✳✽✮

✇❤❡r❡

w2
n =

(

k

β

)2

− χ2
n, χn = ±k3 + 2nπ. ✭✸✳✾✮

■♠♣♦rt❛♥t❧②✱ r❛t❤❡r t❤❛♥ ❛♣♣❧②✐♥❣ ❛ ❋♦✉r✐❡r s❡r✐❡s t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ζ ✈❛r✐❛❜❧❡✱ ✇❡ ❤❛✈❡
❛❧❧♦✇❡❞ ❢♦r ❛♥② ♣❡r♠✐tt❡❞ s❡♣❛r❛❜❧❡ s♦❧✉t✐♦♥✳ ❚❤✐s ❤❛s s❤♦✇♥ s♣❡❝✐✜❝ s♣❛♥✇✐s❡ ♠♦❞❡s
❛r❡ ❛ ❞✐r❡❝t r❡s✉❧t ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥✳
◆♦✇ ✇❡ ❤❛✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ✭✸✳✽✮✱ ✇❡ ❝❛♥ ✉s❡

t❤❡ η ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✭✷✳✾❜✮ ❛♥❞ ✭✷✳✾❝✮✱ ❛♥❞ ❛♣♣❧② t❤❡ ❲✐❡♥❡r✲❍♦♣❢ t❡❝❤♥✐q✉❡ t♦
s♦❧✈❡ ❢♦r An(λ)✳
❋✐rst ✇❡ tr❛♥s❢♦r♠ ✭✷✳✾❜✮ t♦ ♦❜t❛✐♥

−
∞
∑

n=−∞
An(λ)

√

λ2 − w2
nZn(λ, ζ) = U+(λ, ζ), ✭✸✳✶✵✮

✇❤❡r❡ ❛ s✉❜s❝r✐♣t + ❞❡♥♦t❡s ❛ ❢✉♥❝t✐♦♥ t❤❛t ✐s ❛♥❛❧②t✐❝ ✐♥ t❤❡ ✉♣♣❡r ❤❛❧❢ λ✲♣❧❛♥❡✳ ❆s✐❞❡
❢r♦♠ ✐ts r❡❣✐♦♥ ♦❢ ❛♥❛❧②t✐❝✐t②✱ t❤❡ ❢✉♥❝t✐♦♥ U+ ✐s ❢♦r♠❛❧❧② ✉♥❦♥♦✇♥✳
❙❡❝♦♥❞ ✇❡ tr❛♥s❢♦r♠ ✭✷✳✾❝✮ t♦ ♦❜t❛✐♥

2

∞
∑

n=−∞
An(λ)Zn(λ, ζ) = U−(λ, ζ) +

(

❡✐k̃1cF (ζ)+✐k3ζ

✐(λ+ δ)

)

+

, ✭✸✳✶✶✮

✇❤❡r❡ ❛ s✉❜s❝r✐♣t − ❞❡♥♦t❡s ❛ ❢✉♥❝t✐♦♥ t❤❛t ✐s ❛♥❛❧②t✐❝ ✐♥ t❤❡ ❧♦✇❡r ❤❛❧❢ λ✲♣❧❛♥❡✳ ❆s✐❞❡
❢r♦♠ ✐ts r❡❣✐♦♥ ♦❢ ❛♥❛❧②t✐❝✐t②✱ t❤❡ ❢✉♥❝t✐♦♥ U− ✐s ❢♦r♠❛❧❧② ✉♥❦♥♦✇♥✳
❙✐♥❝❡ t❤❡ Zn ❛r❡ ❛ ❝♦♠♣❧❡t❡ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s ✇❡ ❝❛♥ ❡①♣❛♥❞ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡s ♦❢

✭✸✳✶✵✮ ❛♥❞ ✭✸✳✶✶✮ ✐♥ t❡r♠s ♦❢ t❤✐s ❜❛s✐s✳ ❋✉rt❤❡r♠♦r❡ t❤❡ Zn ❛r❡ ❡♥t✐r❡ ❢✉♥❝t✐♦♥s ♦❢ λ t❤✉s
❞♦ ♥♦t ❛✛❡❝t t❤❡ ❞♦♠❛✐♥s ♦❢ ❛♥❛❧②t✐❝✐t② ♦❢ ❛♥② ❢✉♥❝t✐♦♥s✳ ❲❡ t❤❡r❡❢♦r❡ ✇r✐t❡

U±(λ, ζ) =
∞
∑

n=−∞
Un
±(λ)Zn(λ, ζ), ✭✸✳✶✷❛✮

(

❡✐k̃1cF (ζ)+✐k3ζ

✐(λ+ δ)

)

+

=

(

1

✐(λ+ δ)

)

+

∞
∑

n=−∞
En(λ)Zn(λ, ζ). ✭✸✳✶✷❜✮

❚❤❡ Un
± ❛r❡ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❛♥❛❧②t✐❝ ✐♥ t❤❡ ✉♣♣❡r✴❧♦✇❡r ❤❛❧❢ ♣❧❛♥❡✱ ✇❤❡r❡❛s

t❤❡ En ❛r❡ ❦♥♦✇♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ✈✐❛

En(λ) =

∫ 1

0

❡ik̃1cF (ζ)+✐k3ζZ̄n(λ̄, ζ)dζ. ✭✸✳✶✸✮

❲❡ ✉s❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ Zn t♦ ❝♦♥s✐❞❡r ❡❛❝❤ ♠♦❞❡ s❡♣❛r❛t❡❧②✱ ❛♥❞ ❝♦♠❜✐♥❡ ✭✸✳✶✵✮
❛♥❞ ✭✸✳✶✶✮ t♦ ❢♦r♠ ❛ s✐♥❣❧❡ ❲✐❡♥❡r✲❍♦♣❢ ❡q✉❛t✐♦♥ ❢♦r t❤❡ nt❤ ♠♦❞❡❀

2
(

An(λ)
√

λ− wn

)

+
=
(

Un
−(λ)

√

λ− wn

)

−
+

En(λ)
(√

λ− wn

)

−
✐(λ+ δ)+

. ✭✸✳✶✹✮

❲❡ ❛❞❞✐t✐✈❡❧② ❢❛❝t♦r✐s❡ t❤❡ ✜♥❛❧ t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ t♦ ❣✐✈❡

2
(

An(λ)
√

λ− wn

)

+
=
(

Un
−(λ)

√

λ− wn

)

−



❚r❛✐❧✐♥❣✲❊❞❣❡ ❙❡rr❛t✐♦♥s ✼

+ En(λ)

([(√
λ− wn

)

−
✐(λ+ δ)+

−
(√

−δ − wn

)

−
✐(λ+ δ)+

]

−
+

[(√
−δ − wn

)

−
✐(λ+ δ)+

]

+

)

,

✭✸✳✶✺✮

✇❤✐❝❤ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❛♥❛❧②t✐❝ ✐♥ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❤❛❧❢ ♣❧❛♥❡s✳
❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ ♠❡t❤♦❞✱ ✇❡ ♠✉st ❛♣♣❧② ▲✐♦✉✈✐❧❧❡✬s t❤❡♦r❡♠ t♦ ❞❡t❡r♠✐♥❡
❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❜♦t❤ + ❛♥❞ − ❝♦♥tr✐❜✉t✐♦♥s t♦ ✭✸✳✶✺✮ ❡q✉❛❧ ✭❜② ❛♥❛❧②t✐❝ ❝♦♥✲
t✐♥✉❛t✐♦♥✮✳

❚♦ ❡♥❛❜❧❡ t❤❡ ✉s❡ ♦❢ ▲✐♦✉✈✐❧❧❡✬s t❤❡♦r❡♠ ✐♥ t❤❡ ❲✐❡♥❡r✲❍♦♣❢ ♠❡t❤♦❞ ✇❡ ♠✉st ❝♦♥✲
s✐❞❡r t❤❡ ❧❛r❣❡ λ ❜❡❤❛✈✐♦✉r ♦❢ ❡❛❝❤ t❡r♠ ✐♥ ✭✸✳✶✹✮✳ ▲❛r❣❡ λ ❝♦rr❡s♣♦♥❞s t♦ s♠❛❧❧ x
t❤r♦✉❣❤ ✐♥✈❡rt✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ t❤❡r❡❢♦r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❤②s✐❝❛❧ ♣♦ss✐❜✐❧✐✲
t✐❡s ❢♦r An(λ)

√

λ2 − w2
n ❛♥❞ Un

−(λ)✱ ✇❤✐❝❤ ❛r❡ ♠♦❞❛❧ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ s❝❛tt❡r❡❞ ♥♦r♠❛❧
✈❡❧♦❝✐t② ❥✉st ❛❜♦✈❡ t❤❡ ✇❛❦❡ ✭x > 0✮✱ ❛♥❞ t❤❡ s❝❛tt❡r❡❞ ♣r❡ss✉r❡ ❥✉♠♣ ❛❝r♦ss t❤❡ s✉r❢❛❝❡
♦❢ t❤❡ ♣❧❛t❡ ✭x < 0✮ r❡s♣❡❝t✐✈❡❧②✳

❋✐rst ✇❡ ❝♦♥s✐❞❡r t❤❡ s♣❛♥✇✐s❡ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ λ ❞❡♣❡♥❞❡♥❝✐❡s
❛r✐s✐♥❣ ❢r♦♠ t❤❡ Zn ❜❛s✐s ❡①♣❛♥s✐♦♥✱ ❛s ❞♦♥❡ ❜② ❊♥✈✐❛ ✭✶✾✽✽✮✳ ❲❡ ❦♥♦✇ t❤❡ ♣❤②s✐❝❛❧
s♣❛♥✇✐s❡ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ s❝❛tt❡r❡❞ ♣r❡ss✉r❡ ❥✉♠♣ ❥✉st ❞♦✇♥str❡❛♠ ♦❢ t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡
✐s ∼ ❡✐k1cF (ζ)+✐k3ζ ✳ ❇② ❧✐♥❡❛r✐t② t❤❡ s♣❛♥✇✐s❡ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ♣r❡ss✉r❡ ❥✉st ✉♣str❡❛♠ ♦❢
t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡ ❛♥❞ t❤❡ ✈❡❧♦❝✐t② ❥✉st ❞♦✇♥str❡❛♠ ♦❢ t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡ ♠✉st ❜❡ ✐❞❡♥t✐❝❛❧✳
❚❤❡r❡❢♦r❡ ✉♣♦♥ ❡①♣❛♥❞✐♥❣ t❤❡ ✉♥❦♥♦✇♥ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♦❢ t❤❡ s❝❛tt❡r❡❞ ♣r❡ss✉r❡
❥✉♠♣ ❛♥❞ ♥♦r♠❛❧ ✈❡❧♦❝✐t② ✐♥ t❤❡ Zn ❜❛s✐s ✇❡ ♠✉st ♦❜t❛✐♥ ❢❛❝t♦rs ♦❢ En(λ) ✐♥ An(λ) ❛♥❞
Un
−(λ) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡✐r ζ ❞❡♣❡♥❞❡♥❝✐❡s✳ ■♥ ✭✸✳✶✹✮ ✇❡ t❤❡r❡❢♦r❡

❢❛❝t♦r ♦✉t En(λ) ❜② ✇r✐t✐♥❣ An(λ) = Ãn(λ)En(λ) ❛♥❞ Un
−(λ) = Ũn

−(λ)En(λ)✳

❇♦t❤ Ãn(λ) ❛♥❞ Ũn
−(λ) ❝♦✉❧❞ st✐❧❧ ❝♦♥t❛✐♥ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s ♦❢ λ ❞✉❡ t♦ str❡❛♠✇✐s❡

❞❡♣❡♥❞❡♥❝✐❡s✳ ❚♦ ❝♦♥s✐❞❡r t❤❡ str❡❛♠✇✐s❡ ❞❡♣❡♥❞❡♥❝✐❡s ✇❡ ✉s❡ t❤❡ ✉♥st❡❛❞② ❑✉tt❛ ❝♦♥✲
❞✐t✐♦♥ ✇❤✐❝❤ ❡♥❢♦r❝❡s t❤❛t t❤❡ ♣r❡ss✉r❡ ✐s ♥♦t s✐♥❣✉❧❛r ♦♥ ❛♣♣r♦❛❝❤ t♦ t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡
x → 0✱ t❤❡r❡❢♦r❡ Ãn(λ)

√

λ2 − w2
n ∼ λ−1/2 ❛♥❞ Ũn

−(λ) ∼ λ−1 ❛s λ → ∞✳

❲❡ t❤❡r❡❢♦r❡ s❡❡ ❜♦t❤ t❤❡ + ❛♥❞ − ❝♦♥tr✐❜✉t✐♦♥s t♦ ✭✸✳✶✺✮✱ ❛❢t❡r ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ En✱
❞❡❝❛② t♦ ③❡r♦ ❢♦r ❧❛r❣❡ λ✱ t❤✉s t❤❡ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ t❤❡② ❡q✉❛t❡ t♦ ♠✉st ❜❡ ③❡r♦✳ ❲❡ t❛❦❡
t❤❡ + ❢✉♥❝t✐♦♥s ❢r♦♠ ✭✸✳✶✺✮ t♦ s♦❧✈❡ ❢♦r An✱ ②✐❡❧❞✐♥❣

An(λ) =
En(λ)

√
−δ − wn

2✐(λ+ δ)
√
λ− wn

. ✭✸✳✶✻✮

❚❤✐s ❣✐✈❡s

H(λ, η, ζ) =

∞
∑

n=−∞

En(λ)
√
−δ − wn

2✐(λ+ δ)
√
λ− wn

s❣♥(η)❡−|η|
√

λ2−w2
nZn(λ, ζ). ✭✸✳✶✼✮

❲❡ ✐♥✈❡rt t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❛♥❞ ❛♣♣❧② t❤❡ ♠❡t❤♦❞ ♦❢ st❡❡♣❡st ❞❡s❝❡♥ts t♦ ♦❜t❛✐♥ ❛
❢❛r✲✜❡❧❞ ✭r ≫ 1✮ ❛♣♣r♦①✐♠❛t✐♦♥ ❛s

h(r, θ, z) ∼
∞
∑

n=−∞

En(−wn cos θ)
√
−δ − wn

2✐(δ − wn cos θ)
Zn(−wn cos θ, z) sin

(

θ

2

)

❡✐wnr❡✐π/4

√
πr

❡✐wn cos θ cF (z),

✭✸✳✶✽✮
✇❤❡r❡ (r, θ, z) ❛r❡ ❝②❧✐♥❞r✐❝❛❧ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s ❝❡♥tr❡❞ ♦♥ x = y = 0✳ ❲❡ ♥♦t❡ ❢♦r
s✉✣❝✐❡♥t❧② ❧❛r❣❡ n ✭❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ t❤✐s st✉❞②✮ t❤❡ s❝❛tt❡r❡❞ ♠♦❞❡s ❛r❡
❝✉t♦✛ ✐✳❡✳ ■♠(wn) > 0✱ t❤❡r❡❢♦r❡ ✐♥ ♣r❛❝t✐❝❡ ♦♥❡ ♦♥❧② ❤❛s t♦ s✉♠ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t❡r♠s
✐♥ ✭✸✳✶✽✮ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❢❛r✲✜❡❧❞ ♣r❡ss✉r❡✳

❚❤✐s ❝♦♠♣❧❡t❡s ♦✉r ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❢♦r ❛ ❣❡♥❡r❛❧ tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr②✱ F (z)✳



✽

✸✳✶✳ ▲✐♠✐t ❛s c → 0

❲❡ ❝❛♥ t❛❦❡ ♦✉r ❣❡♥❡r❛❧ s♦❧✉t✐♦♥✱ ✭✸✳✶✽✮✱ ❛♥❞ ❧✐♠✐t c → 0 t♦ ✈❛❧✐❞❛t❡ ✐t ✇✐t❤ t❤❡ str❛✐❣❤t✲
❡❞❣❡❞ ❝❛s❡ ✇❤♦s❡ r❡s✉❧t ❢❡❛t✉r❡s ✐♥ ◆♦❜❧❡ ✭✶✾✺✽✮ ❢♦r k3 = 0✳
■♥ t❤✐s ❝❛s❡ ❛s c → 0✱ Em → 0 ❢♦r m > 1✱ ❛♥❞ E0 → 1✳ ❚❤✐s ②✐❡❧❞s ❛ ❧✐♠✐t✱ h0(r, θ, z) =

limc→0 h(r, θ, z) ♦❢

h0(r, θ, z) =

√
−δ − w0

2✐(δ − w0 cos θ)
sin

(

θ

2

)

❡✐w0r❡✐π/4

√
πr

. ✭✸✳✶✾✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♠✐t ♦❢ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤✐s s♦❧✉t✐♦♥ ✭❡q✉✐✈❛❧❡♥t t♦ ✭✸✳✶✼✮
✉♥❞❡r t❤❡ ❧✐♠✐t c → 0✮ ✐s

H0(λ, η, ζ) =

√
−δ − w0

2✐(λ+ δ)
√
λ− w0

s❣♥(η)❡−|η|
√

λ2−w2
0 . ✭✸✳✷✵✮

❚❤✐s ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ s♦❧✉t✐♦♥ ❢♦r ❛ str❛✐❣❤t tr❛✐❧✐♥❣ ❡❞❣❡ ❛s ❝❛♥ ❜❡ s❡❡♥ ❜②
❝♦♠♣❛r✐♥❣ ✇✐t❤ t❤❡ ❤❛❧❢✲♣❧❛t❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ✐♥ ◆♦❜❧❡ ✭✶✾✺✽✱ ➓✷✮✳
❚❤✉s ♦✉r s♦❧✉t✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛❧ tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr② ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡

str❛✐❣❤t✲❡❞❣❡❞ r❡s✉❧t ✇❤❡♥ c → 0✳

✹✳ ❘❡s✉❧ts

❲❡ ♥♦✇ ♣r❡s❡♥t r❡s✉❧ts ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ✭✸✳✶✽✮✳ ■♥ ❛❧❧ ❝❛s❡s✱ ❛❧❧
♣r♦♣❛❣❛t✐♥❣ ♠♦❞❡s ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s✉♠♠❛t✐♦♥ ✇❤✐❧st ❛❧❧ ❝✉t♦✛ ♠♦❞❡s ❛r❡ ❡①❝❧✉❞❡❞✳
❲❡ s❤❛❧❧ r❡str✐❝t t♦ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡rs M < 0.4 ❛s t❤✐s ✐s t❤❡ r❛♥❣❡ ✉s❡❞ ✐♥ t②♣✐❝❛❧ ❡①♣❡r✲
✐♠❡♥t❛❧ t❡sts✱ ❛❧t❤♦✉❣❤ ❤✐❣❤❡r ✭s✉❜s♦♥✐❝✮ ▼❛❝❤ ♥✉♠❜❡rs ❛r❡ ♣❡r♠✐tt❡❞ ✐♥ t❤✐s ❛♥❛❧②t✐❝
❢♦r♠✉❧❛t✐♦♥✳

✹✳✶✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮

❲❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② s❤♦✇♥ ✐♥ s❡❝t✐♦♥ ✸✳✶ t❤❛t ♦✉r ♥❡✇ s♦❧✉t✐♦♥ ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡
str❛✐❣❤t✲❡❞❣❡❞ ❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ♥♦✇ ✈❛❧✐❞❛t❡ ♦✉r ♥❡✇ ♠❡t❤♦❞ ❢♦r ❛ s❡rr❛t❡❞ tr❛✐❧✐♥❣✲❡❞❣❡
❣❡♦♠❡tr② ❜② ❝♦♠♣❛r✐♥❣ ♦✉r ❢❛r✲✜❡❧❞ r❡s✉❧ts ❛❣❛✐♥st t❤♦s❡ ❢r♦♠ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮ ✇❤✐❝❤
❤❛✈❡ ❜❡❡♥ ❝♦♠♣❛r❡❞ t♦ ❋❊▼✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡❞✉❝t✐♦♥ ✐♥ ❢❛r✲✜❡❧❞ s♦✉♥❞
♣r❡ss✉r❡ ❧❡✈❡❧ ✭❙P▲✮✱ ❞❡♥♦t❡❞ ❛s ∆❙P▲✱ ❛t 90◦ ❛❜♦✈❡ ❛ s❛✇t♦♦t❤ s❡rr❛t❡❞ tr❛✐❧✐♥❣ ❡❞❣❡
✭❝♦♠♣❛r❡❞ t♦ ❛ str❛✐❣❤t ❡❞❣❡✮ ❛t t❤❡ ♠✐❞ s♣❛♥ ♦❢ t❤❡ s❡rr❛t✐♦♥✱ z = 0.5✱ ✇✐t❤ k3 = 0✱ ❛s
✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺ ❢r♦♠ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮✳ ❚❤❡ ❙P▲ ❞❡✜♥❡❞ ✐♥ t❤❛t ♣❛♣❡r ✐s

❙P▲ = 20 log10 |h|, ✭✹✳✶✮

✇❤❡r❡ h ✐s t❤❡ ❢❛r✲✜❡❧❞ ♣r❡ss✉r❡ ✭❞❡♥♦t❡❞ ❛s pf ✐♥ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮✮✱ ✇❤✐❝❤ ❢r♦♠ ♦✉r
❛♥❛❧②s✐s ✇✐❧❧ ❝♦♠❡ ❢r♦♠ ✭✸✳✶✽✮ ❡✈❛❧✉❛t❡❞ ❛t ❛ s✉✐t❛❜❧② ❧❛r❣❡ ✈❛❧✉❡ ♦❢ r ✭❝❤♦s❡♥ t♦ ❜❡
r = 10✮✳ ❲❡ ❛❧s♦ ❝❤♦♦s❡ k = 0.7Mk1 ❛s ❞♦♥❡ s♦ ✐♥ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮ s✐♥❝❡ ✐t ✐s ❝❧❛✐♠❡❞
❜② ❈❤❛s❡ ✭✶✾✽✼✮ t❤❛t t❤❡ ❝♦♥✈❡❝t✐♦♥ ✈❡❧♦❝✐t②✱ Uc✱ ♦❢ t❤❡ ✇❛❧❧ ♣r❡ss✉r❡ ❣✉st ✐s t②♣✐❝❛❧❧②
s❛t✐s✜❡❞ ❜② Uc ≈ 0.7U ✱ ✇❤❡r❡ U ✐s t❤❡ ✉♥✐❢♦r♠ ♠❡❛♥ ✢♦✇ ✈❡❧♦❝✐t②✳
❲❡ ✐❧❧✉str❛t❡ t❤❡ ❣♦♦❞ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♦✉r ♥❡✇ ♠❡t❤♦❞ ❛♥❞ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮✬s

♠❡t❤♦❞ ✐♥ ❋✐❣✉r❡ ✷ ❢♦r ❜♦t❤ s❤❛❧❧♦✇ ✭c s♠❛❧❧✮ ❛♥❞ s❤❛r♣ ✭c ❧❛r❣❡✮ s❡rr❛t✐♦♥s✳ ◆♦t❡ t❤❡
r❡s✉❧ts ✐♥ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮ ✉s❡ ❛ ✜♥✐t❡ ❝❤♦r❞ ❧❡♥❣t❤ t♦ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✐s❡ ❢r❡q✉❡♥❝②✱
✇❤✐❧st ✇❡ ✉s❡ t❤❡ s❡rr❛t✐♦♥ ✇❛✈❡❧❡♥❣t❤✱ λ✳ ❚❤❡ ✜♥✐t❡ ❝❤♦r❞ ♦❢ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮ ❡♥s✉r❡s
❛ r❡s❝❛tt❡r✐♥❣ ♦❢ t❤❡ tr❛✐❧✐♥❣✲❡❞❣❡ ✜❡❧❞ ❜② t❤❡ ❧❡❛❞✐♥❣ ❡❞❣❡ ✭❛s ❞✐s❝✉ss❡❞ ❜② ❘♦❣❡r ✫
▼♦r❡❛✉ ✭✷✵✵✺✱ ✷✵✵✾✮✮ ✐s ❝❛♣t✉r❡❞ ❜② t❤❡ ❢❛r ✜❡❧❞ r❡s✉❧ts✱ ✇❤❡r❡❛s ♦✉r r❡s✉❧ts ❞♦ ♥♦t
❛❝❝♦✉♥t ❢♦r t❤✐s✳ ❲❡ t❤❡r❡❢♦r❡ ❡①♣❡❝t s♠❛❧❧ ✈❛r✐❛t✐♦♥s ❜❡t✇❡❡♥ ♦✉r r❡s✉❧ts ❛♥❞ ❛ttr✐❜✉t❡
t❤❡♠ t♦ t❤✐s ❛❞❞✐t✐♦♥❛❧ s❝❛tt❡r✐♥❣✳ ❆❞❞✐t✐♦♥❛❧❧② ▲②✉✬s s♦❧✉t✐♦♥ ✐s ❛♥ ✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥✱



❚r❛✐❧✐♥❣✲❊❞❣❡ ❙❡rr❛t✐♦♥s ✾

0.1 0.5 1 5 10 50
freq

5

10

15

20

25

30
ΔSPL

✭❛✮M = 0.1✱ c = 4/3✱ λ/(❝❤♦r❞ ❧❡♥❣t❤) = 0.15
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✭❜✮ M = 0.2✱ c = 40/3✱ λ/(❝❤♦r❞ ❧❡♥❣t❤) =
0.03

❋✐❣✉r❡ ✷✿ ❘❡❞✉❝t✐♦♥ ♦❢ ❢❛r✲✜❡❧❞ ❙P▲ ✭∆❙P▲✮ ❢♦r ❛ s❡rr❛t❡❞ ❡❞❣❡ ♣❧♦tt❡❞ ❛❣❛✐♥st ♥♦♥✲
❞✐♠❡♥s✐♦♥❛❧✐s❡❞ ❢r❡q✉❡♥❝② ✭❢r❡q✮✳ ❘❡s✉❧ts t❛❦❡♥ ❢r♦♠ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮ ❛r❡ ♣❧♦tt❡❞ ❛s
r❡❞ ❝✐r❝❧❡s✳ ❋✐♥✐t❡ ❝❤♦r❞ ❧❡♥❣t❤ t♦ s❡rr❛t✐♦♥ ✇❛✈❡❧❡♥❣t❤✱ λ✱ ❣✐✈❡♥ ❢♦r ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮✬s
r❡s✉❧ts✳

tr✉♥❝❛t❡❞ ❛t t❤❡ s❡❝♦♥❞ ✐t❡r❛t✐♦♥✳ ❚❤✐s ✐s st❛t❡❞ t♦ ❤❛✈❡ ❡rr♦rs ♦❢ ∼ 2❞❇ ❝♦♠♣❛r❡❞ t♦
t❤❡ ✜rst ✐t❡r❛t✐♦♥✱ ❤♦✇❡✈❡r ✐t ✐s ✉♥❝❧❡❛r ✇❤❛t ❢✉rt❤❡r ❡rr♦rs ❡①✐st ❜❡t✇❡❡♥ t❤❡ s❡❝♦♥❞ ❛♥❞
❤✐❣❤❡r ✐t❡r❛t✐♦♥s✳ ❇② tr✉♥❝❛t✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❛t t❤❡ s❡❝♦♥❞ ✐t❡r❛t✐♦♥✱ ❤✐❣❤❡r✲♦r❞❡r ♠♦❞❡s
❛r❡ ♥❡❣❧❡❝t❡❞ ✐♥ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮✳ ❚❤❡ s♦❧✉t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ❞♦❡s ♥♦t r❡q✉✐r❡
tr✉♥❝❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲♦r❞❡r ♠♦❞❡s❀ ❛❧❧ ♣r♦♣❛❣❛t✐♦♥ ♠♦❞❡s ❛r❡ ❛❝❝♦✉♥t❡❞ ❢♦r ✐♥ t❤❡ ❢❛r✲✜❡❧❞
s♦❧✉t✐♦♥✳

✹✳✷✳ ❙P▲ ❢♦r ❞✐✛❡r❡♥t tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr✐❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t r❡s✉❧ts ❢♦r t❤❡ ❢❛r✲✜❡❧❞ s♦✉♥❞ ❣✐✈❡♥ ❜② ✭✹✳✶✮ ❢♦r t❤❡ ✜✈❡ ❞✐✛❡r❡♥t
t❡st✲❝❛s❡ tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr✐❡s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳ ❲❡ ❧❛❜❡❧ ❡❛❝❤ ❣❡♦♠❡tr② ✭❛✮✲✭❡✮ ❛s
❙✱ ❙❱✱ ❙❯✱ ❈P✱ ❙◗ r❡s♣❡❝t✐✈❡❧②✳

❙♣❡❝✐✜❝❛❧❧② t❤❡ ❣❡♦♠❡tr✐❡s ❛r❡ ❣✐✈❡♥ ❜②

s❛✇t♦♦t❤ FS(z) =
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4 )

1
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4 )

z − 1, z ∈ ( 34 , 1]

, ✭✹✳✷❛✮

s❧✐tt❡❞ ✈✲r♦♦t FSV (z) =































2
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4 )
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5 )

2
3 (z − 1) , z ∈ ( 45 , 1]

, ✭✹✳✷❜✮

s❧✐tt❡❞ ✉✲r♦♦t FSU (z) =
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− 1
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, ✭✹✳✷❝✮
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❋✐❣✉r❡ ✸✿ ❙❝❛❧❡❞ ♣r❡ss✉r❡ s♣❡❝tr❛ ✇✐t❤ s❝❛❧❡❞ ❢r❡q✉❡♥❝② ❢♦r t✇♦ ❞✐✛❡r❡♥t tr❛✐❧✐♥❣✲❡❞❣❡
❣❡♦♠❡tr✐❡s✱ ❛t M = 0.1✱ ✇✐t❤ k3 = 0✳
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✭❜✮ M = 0.3✳

❋✐❣✉r❡ ✹✿ Pr❡ss✉r❡ s♣❡❝tr❛ ❢♦r tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr✐❡s ✭❛✮ t♦ ✭❡✮✱ ✇✐t❤ k3 = 0✳ ❈♦❧♦✉r
♦♥❧✐♥❡

❝❤♦♣♣❡❞ ♣❡❛❦ FCP (z) =
5

4



















z, z ∈ [0, 3
20 )

3
20 z ∈ ( 3

20 ,
7
20 )

1
2 − z z ∈ ( 7

20 ,
3
4 )

z − 1, z ∈ ( 34 , 1],

, ✭✹✳✷❞✮

sq✉❛r❡ ✇❛✈❡ FSQ(z) =
1

4











1, z ∈ [0, 1
4 )

−1, z ∈ ( 14 ,
3
4 )

1, z ∈ ( 34 , 1]

. ✭✹✳✷❡✮

❋✐rst ✇❡ ♥♦t❡ ❛ ❝♦❧❧❛♣s❡ ♦❢ t❤❡ r❡s✉❧ts t❤r♦✉❣❤ ❛ s✉✐t❛❜❧❡ s❝❛❧✐♥❣ ♦❢ k ❛♥❞ ❙P▲ ❛s s❤♦✇♥
✐♥ ❋✐❣✉r❡ ✸✱ t❤❡r❡❢♦r❡ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r r❡s✉❧ts ❢r♦♠ ❤❡r❡ ❛s ❢✉♥❝t✐♦♥s ♦❢ s❝❛❧❡❞ ❢r❡q✉❡♥❝②
kc✳
❲❡ ♣❧♦t ❙P▲ ❛❣❛✐♥st s❝❛❧❡❞ ❢r❡q✉❡♥❝② ❢♦r t❤❡ ✜✈❡ ❞✐✛❡r❡♥t tr❛✐❧✐♥❣ ❡❞❣❡ ❣❡♦♠❡tr✐❡s ✐♥

❋✐❣✉r❡ ✹ ❢♦r ❞✐✛❡r❡♥t ✢♦✇ s♣❡❡❞s✳ ❲❤✐❧st t❤✐s ❞♦❡s ♥♦t ✐♥❞✐❝❛t❡ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ♥♦✐s❡
❢♦r ❛ r❡❛❧✐st✐❝ ✢♦✇ ♦✈❡r ❛ s❡rr❛t❡❞ tr❛✐❧✐♥❣ ❡❞❣❡ ✭❛s ✇❡ ❤❛✈❡ r❡str✐❝t❡❞ t♦ k3 = 0 ♦♥❧②✮ ✐t
♣r♦✈✐❞❡s ✉s ❛ ❢♦✉♥❞❛t✐♦♥ ♦♥ ✇❤✐❝❤ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❦❡② ✐♥✢✉❡♥t✐❛❧ ♣❛r❛♠❡t❡rs ✐♥ t❤❡
❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❛♥❞ ❤♦✇ t❤❡② ❛✛❡❝t t❤❡ ❢❛r✲✜❡❧❞ ♥♦✐s❡✳
■t ✐s ❝❧❡❛r ❢r♦♠ ❋✐❣✉r❡ ✹ t❤❛t ❞✐✛❡r❡♥t tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr✐❡s ❛r❡ ❜❡st ❛t r❡❞✉❝✐♥❣

s❝❛tt❡r❡❞ ♥♦✐s❡ ❛t ❞✐✛❡r❡♥t ♠✐❞✲r❛♥❣❡ ❢r❡q✉❡♥❝✐❡s✱ ❤♦✇❡✈❡r ❛t ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s t❤❡ s❛✇✲
t♦♦t❤ ✭❙✮ ❛♥❞ s❡rr❛t❡❞ ✈✲r♦♦t ✭❙❱✮ s❡❡♠ ♣r❡❢❡r❡♥t✐❛❧ ♦✈❡r t❤❡ ♦t❤❡r ❣❡♦♠❡tr✐❡s✳ ❚❤✐s



❚r❛✐❧✐♥❣✲❊❞❣❡ ❙❡rr❛t✐♦♥s ✶✶

✈❛r✐❛t✐♦♥ ✐♥ ♦♣t✐♠❛❧ ❙P▲ r❡❞✉❝t✐♦♥ ♦❝❝✉rs ❜❡❝❛✉s❡ ❡✈❡r② ❙P▲ ❢♦r ❛ ♥♦♥✲str❛✐❣❤t ❡❞❣❡
❡①❤✐❜✐ts ♦s❝✐❧❧❛t♦r② ❜❡❤❛✈✐♦✉r ❛s kc ✐♥❝r❡❛s❡s✳ ❚❤✐s ✐♥❞✐❝❛t❡s ❛♥ ✐♥t❡r❢❡r❡♥❝❡ ❡✛❡❝t ✐♥ t❤❡
❢❛r✲✜❡❧❞✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡r❡ t❤❡r❡ ❛r❡ ♠✐♥✐♠❛ ♦❢ t❤❡ s♣❡❝tr❛ t❤❡r❡ ✐s ❛ str♦♥❣ ❞❡str✉❝t✐✈❡
✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛❝♦✉st✐❝ ✜❡❧❞s s❝❛tt❡r❡❞ ❛t t❤❡ t✐♣ ❛♥❞ ❛t t❤❡ r♦♦t ♦❢ ❡❛❝❤ ❣❡♦♠❡tr②✳
❚❤❡ ❝❤♦♣♣❡❞ ♣❡❛❦ ✭❈P✮ ❡①❤✐❜✐ts t❤❡ ✇❡❛❦❡st ♦s❝✐❧❧❛t✐♦♥ ✭s♠❛❧❧❡st ❛♠♣❧✐t✉❞❡ ✈❛r✐❛t✐♦♥ ✐♥
t❤❡ ♦s❝✐❧❧❛t✐♦♥s✮ ✐♥❞✐❝❛t✐♥❣ t❤❡r❡ ✐s ✇❡❛❦❡r t✐♣ ❛♥❞ r♦♦t ✐♥t❡r❢❡r❡♥❝❡✱ ✇❤✐❧st t❤❡ sq✉❛r❡
✇❛✈❡ ✭❙◗✮ ❤❛s t❤❡ ❣r❡❛t❡st ♦s❝✐❧❧❛t✐♦♥ ✐♥❞✐❝❛t✐♥❣ ❛ str♦♥❣ t✐♣ ❛♥❞ r♦♦t ✐♥t❡r❢❡r❡♥❝❡✳ ❚❤❡
✐♥t❡r❢❡r❡♥❝❡ ✐s ❝❧❡❛r❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✢♦✇ s♣❡❡❞✱ M ✱ ❛♥❞ t❤❡ s♣❡❝✐✜❝ tr❛✐❧✐♥❣✲❡❞❣❡
❣❡♦♠❡tr② ❛s ❛❧❧ ♦s❝✐❧❧❛t✐♦♥s ✈❛r② ❛s ✇❡ ❝❤❛♥❣❡ t❤❡s❡ ♣❛r❛♠❡t❡rs✳

❚❤❡ ♠♦❞❛❧ ❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥ts✱ En(−wn cos θ) ❢♦✉♥❞ ✐♥ ✭✸✳✶✽✮✱ ❛r❡ ❦❡② t♦ ✉♥❞❡r✲
st❛♥❞✐♥❣ t❤❡ t✐♣ ❛♥❞ r♦♦t ✐♥t❡r❢❡r❡♥❝❡✳ ❲❡ ✐❧❧✉str❛t❡ t❤✐s ❜② ❝♦♥s✐❞❡r✐♥❣ E0(−w0 cos θ)
✭t❤❡ ③❡r♦t❤ ♠♦❞❛❧ ❝♦❡✣❝✐❡♥t✮ ❢♦r ❡❛❝❤ ❣❡♦♠❡tr② ❛t θ = 90◦ ❛♥❞ k3 = 0✳ ❚❤❡s❡ ❝♦❡✣❝✐❡♥ts
❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✭✸✳✶✸✮ ❛♥❞ ❣✐✈❡♥ ❜②

ES
0 (s) =

1

s
sin (s) , ✭✹✳✸❛✮

ESV
0 (s) =

✐❡−✐s/3

2s

(

1 + 5❡✐s/5 − 6❡✐s/2
)

, ✭✹✳✸❜✮

ESU
0 (s) =

❡−✐s/3

10s

(

s− 30✐❡✐s/5
(

❡3✐s/10 − 1
))

, ✭✹✳✸❝✮

ECP
0 (s) =

❡−5✐s/16

5s

(

s❡✐s/2 − 8✐
(

❡✐s/2 − 1
))

, ✭✹✳✸❞✮

ESQ
0 (s) = cos

(s

4

)

. ✭✹✳✸❡✮

✇❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t ❞❡♥♦t❡s ✇❤✐❝❤ ❣❡♦♠❡tr② ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣✱ ❛♥❞ s = δc/β✳

■♥ ❋✐❣✉r❡ ✺ ✇❡ ♣❧♦t 20 log10 |E0(s)| ❢♦r ❡❛❝❤ ♦❢ t❤❡ ❡❞❣❡ ❣❡♦♠❡tr✐❡s ❛♥❞ ❝♦♠♣❛r❡ t♦
❋✐❣✉r❡ ✹❛✳ ❲❡ s❡❡ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ❣✐✈❡♥ ❜② t❤❡s❡ E0 ❢✉♥❝t✐♦♥s ✈❡r② ❝❧♦s❡❧② ♠❛t❝❤ t❤❡
♦s❝✐❧❧❛t✐♦♥s ♦❢ t❤❡ ❢✉❧❧ ❙P▲✳ ❲❡ ❛❧s♦ s❡❡ t❤❡ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡s ♦❢ t❤❡ E0 ❢✉♥❝t✐♦♥s
♠❛t❝❤ t❤❡ ❢✉❧❧ ❙P▲✳ ❚❤❡ r❡❧❛t✐✈❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❙P▲ ✐s t❤❡r❡❢♦r❡ ❞♦♠✐♥❛t❡❞ ❜② t❤❡
③❡r♦t❤ ♠♦❞❛❧ ❡①♣❛♥s✐♦♥ t❡r♠✱ E0✳ ❍✐❣❤❡r ♦r❞❡r ♠♦❞❡s ❤❛✈❡ ❛♥ ❡✛❡❝t ♦♥❝❡ t❤❡② ❛r❡ ❝✉t
♦♥❀ t❤✐s r❡q✉✐r❡s kβ−1 − 2nπ > 0 ❢♦r t❤❡ ♥t❤ ♠♦❞❡ t♦ ❜❡ ❝✉t ♦♥✳

❚❤❡ E0 ♠♦❞❛❧ ❝♦❡✣❝✐❡♥ts t❤❡r❡❢♦r❡ ♣r♦✈✐❞❡ ✉s ✇✐t❤ ❛ ✈❡r② s✐♠♣❧❡ ❢♦r♠✉❧❛t✐♦♥ ❢♦r
t❤❡ ❡①♣❡❝t❡❞ ✐♥t❡r❢❡r❡♥❝❡ ♦❢ t❤❡ r♦♦t ❛♥❞ t✐♣✱ ❛s t❤❡s❡ ❝♦❡✣❝✐❡♥ts ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠
✭✸✳✶✸✮ ✇✐t❤♦✉t ❛♥② ♥❡❡❞ ❢♦r t❤❡ ❲✐❡♥❡r✲❍♦♣❢ ♠❡t❤♦❞✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ❛❧s♦ ✐♥❞✐❝❛t❡✱ ✇❤❡♥
k3 = 0✱ ✇❤② ❢♦r ❧❛r❣❡ kc ✈❛❧✉❡s t❤❡ s❛✇t♦♦t❤ ✭❙✮ ❛♥❞ s❡rr❛t❡❞ ✈✲r♦♦t ✭❙❱✮ ❛r❡ ❜❡tt❡r ❛t
r❡❞✉❝✐♥❣ ♥♦✐s❡ t❤❛♥ t❤❡ ♦t❤❡r ❣❡♦♠❡tr✐❡s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧❛r❣❡ s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦
❧❛r❣❡ kc✮ ❜❡❤❛✈✐♦✉r ♦❢ ✭✹✳✸✮✱ ✇❡ s❡❡ t❤❛t t❤❡ s❛✇t♦♦t❤ ❛♥❞ s❡rr❛t❡❞ ✈✲r♦♦t ❝♦❡✣❝✐❡♥ts
❜❡❤❛✈❡ ❛s O(s−1)✱ ✇❤✐❧st t❤❡ r❡♠❛✐♥✐♥❣ ❣❡♦♠❡tr✐❡s ❜❡❤❛✈❡ ❛s O(1)✳ ❚❤❡r❡❢♦r❡ ✇❡ ❡①♣❡❝t
❢♦r ✐♥❝r❡❛s✐♥❣❧② s❤❛r♣ s❡rr❛t✐♦♥s✱ t❤❡ s❛✇t♦♦t❤ ❛♥❞ s❡rr❛t❡❞ ✈✲r♦♦t r❡❞✉❝❡ ♥♦✐s❡ ❝♦♠♣❛r❡❞
t♦ t❤❡ str❛✐❣❤t ❡❞❣❡ ❛s ∼ log(kc)✱ ❤♦✇❡✈❡r t❤❡ ♦t❤❡r ❣❡♦♠❡tr✐❡s ✭t❤❡ s❡rr❛t❡❞ ✉✲r♦♦t✱
❝❤♦♣♣❡❞ ♣❡❛❦✱ ❛♥❞ sq✉❛r❡ ✇❛✈❡✮ ✇✐❧❧ t❡♥❞ t♦ ❛ ❝♦♥st❛♥t ♥♦✐s❡ r❡❞✉❝t✐♦♥✳

❚♦ ❡♥s✉r❡ t❤✐s ❝♦♥❝❧✉s✐♦♥ st✐❧❧ ❤♦❧❞s ✇❤❡♥ ❤✐❣❤❡r ♠♦❞❡s ❛r❡ ❝✉t♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
❤✐❣❤❡r ♠♦❞❛❧ ❝♦❡✣❝✐❡♥ts En✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✐❧❧✉str❛t❡ t❤❡ ❜❡❤❛✈✐♦✉r ✇✐t❤ t❤❡ s❛✇t♦♦t❤
❝♦❡✣❝✐❡♥ts✱ ES

n (−wn cos θ)✱ ❛♥❞ t❤❡ sq✉❛r❡ ✇❛✈❡ ❝♦❡✣❝✐❡♥ts✱ ESQ
n (−wn cos θ)✱ ❛s t❤❡s❡

❛r❡ ✐♥❞✐❝❛t✐✈❡ ♦❢ t❤❡ t✇♦ ❞✐✛❡r❡♥t ❝❛s❡s ✇❤✐❝❤ ❝❛♥ ♦❝❝✉r✳ ❲❡ ❛❣❛✐♥ ❡✈❛❧✉❛t❡ t❤❡s❡ ❛t
θ = 90◦ ❛♥❞ k3 = 0✱ t❤❡r❡❢♦r❡ En ❢♦r t❤❡s❡ t✇♦ ❣❡♦♠❡tr✐❡s ❛r❡ ❣✐✈❡♥ ❜②

ES
n (s) =

−4s❡−✐nπ

4n2
π
2 − s2

sin

(

1

4
(2nπ+ s)

)

. ✭✹✳✹✮
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❋✐❣✉r❡ ✺✿ 20 log10 |E0(s)|✱ ❢♦r k3 = 0✱ ❢♦r tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr✐❡s ✭❛✮ t♦ ✭❡✮✳ ❈♦❧♦✉r ♦♥❧✐♥❡

ESQ
n (s) =

{

✐❡
✐(n−1)π/2

nπ sin
(

s
4

)

n ♦❞❞

0 n ❡✈❡♥
✭✹✳✺✮

❋♦r ❧❛r❣❡ s✱ t❤❡ nt❤ ♠♦❞❡ ❝♦❡✣❝✐❡♥ts ❜❡❤❛✈❡ s✐♠✐❧❛r❧② t♦ t❤❡ ③❡r♦t❤ ♠♦❞❡ ❝♦❡✣❝✐❡♥ts✱
✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ t❤❛t ❢♦r t❤❡ ♠♦❞❡ n ≈ s/2π✱ ES

n (s) ∼ −1/2✳ ❖✉r ❝♦♥❝❧✉s✐♦♥ t❤❡r❡❢♦r❡✱
♦❢ t❤❡ s❛✇t♦♦t❤ ❛♥❞ s❡rr❛t❡❞ ✈✲r♦♦t ❡①♣❡r✐❡♥❝✐♥❣ ❛ r❡❞✉❝t✐♦♥ ♦❢ ♥♦✐s❡ ❛s ∼ log(kc) ❢♦r
✐♥❝r❡❛s✐♥❣ kc✱ st✐❧❧ ❤♦❧❞s✱ ❛♥❞ ✇❡ ♣r❡❞✐❝t t❤❡s❡ ❣❡♦♠❡tr✐❡s ❛r❡ ♣r❡❢❡r❡♥t✐❛❧ ❢♦r ❧❛r❣❡ kc
✈❛❧✉❡s ❡✈❡♥ ✇❤❡♥ ❤✐❣❤❡r ♠♦❞❡s ❝♦♥tr✐❜✉t❡✳ ❚❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❛ ❧❛r❣❡ n ♠♦❞❡ ✇❤♦s❡
❝♦❡✣❝✐❡♥t ❞♦❡s ♥♦t ❞❡❝❛② ✇✐t❤ kc s✉❣❣❡sts t❤❡r❡ ✐s ❛ r❡❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛❝♦✉st✐❝ ❡♥❡r❣②
❢r♦♠ ❧♦✇❡r ❝✉t♦♥ ♠♦❞❡s t♦ t❤❡s❡ ❤✐❣❤❡r ❝✉t♦✛ ♠♦❞❡s ❛s t❤❡ s❡rr❛t✐♦♥ ✐s s❤❛r♣❡♥❡❞ ✭❛s c
✐♥❝r❡❛s❡s✮✳

✹✳✸✳ ❋❛r✲❋✐❡❧❞ ❉✐r❡❝t✐✈✐t②

❍❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝t ♦❢ ✈❛r②✐♥❣ θ ♦♥ t❤❡ ❢❛r✲✜❡❧❞ ❙P▲ ❜② ♣❧♦tt✐♥❣ t❤❡ ❞✐r❡❝t✐✈✐t②
♣❛tt❡r♥s ✭❞❡✜♥❡❞ ❛s ❙P▲ ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♦❜s❡r✈❡r ❛♥❣❧❡ θ✮✳ ■t ✐s ❦♥♦✇♥ t❤❛t ❙P▲
✈❛r✐❡s ❛s ♦❜s❡r✈❡r ❛♥❣❧❡ θ ✈❛r✐❡s✱ ♠♦r❡ s♦ ✇✐t❤ ❤✐❣❤❡r ❢r❡q✉❡♥❝② ✐♥t❡r❛❝t✐♦♥s ✭▲②✉ ❡t ❛❧✳
✷✵✶✻✮✳
■♥ ❋✐❣✉r❡ ✻ ✇❡ s❤♦✇ t❤❡ ♠✐❞ s♣❛♥ ✭z = 0.5✮ ❞✐r❡❝t✐✈✐t② ♣❛tt❡r♥s ❛t r = 10 ❢♦r ❛ ✈❛r✐❡t②

♦❢ ✈❛❧✉❡s ♦❢ kc✳ ❚♦ ❡♥❛❜❧❡ ❛❧❧ ✈❛❧✉❡s t♦ ❜❡ ❡❛s✐❧② ✈✐s✐❜❧❡✱ ✇❡ ❛❞❞ ❛ ❝♦♥st❛♥t r❡❢❡r❡♥❝❡ ✈❛❧✉❡
♦❢ 20 log10 10

6 t♦ ❡❛❝❤ ❙P▲✳ ❲❡ s❡❡ t❤❡ ❞✐r❡❝t✐✈✐t✐❡s ♦✈❡r❛❧❧ ❢♦❧❧♦✇ t❤❡ s❛♠❡ tr❡♥❞s ❛s
❋✐❣✉r❡ ✹ ❞❡s♣✐t❡ ❤❛✈✐♥❣ ✈❛r✐❛t✐♦♥s ✇✐t❤ ♦❜s❡r✈❡r ❛♥❣❧❡ ❛s kc ✐♥❝r❡❛s❡s✳ ❚❤❡ s❛✇t♦♦t❤ ✭❙✮✱
✈✲r♦♦t ✭❙❱✮✱ ❛♥❞ sq✉❛r❡ ✇❛✈❡ ✭❙◗✮ ❛❧❧ ❡①❤✐❜✐t str♦♥❣ ♦s❝✐❧❧❛t✐♦♥s ✇✐t❤ ✈❛r②✐♥❣ ♦❜s❡r✈❡r
❛♥❣❧❡ ✭❛❣❛✐♥ ✐❧❧✉str❛t✐♥❣ t❤❡✐r str♦♥❣ t✐♣ ❛♥❞ r♦♦t ✐♥t❡r❢❡r❡♥❝❡✮✱ t❤❡r❡❢♦r❡ ✇❡ ♠✉st ❜❡
❝❛r❡❢✉❧ t♦ ✐♥❝❧✉❞❡ ❛ r❛♥❣❡ ♦❢ ♦❜s❡r✈❡r ❛♥❣❧❡s ✇❤❡♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♦✈❡r❛❧❧ ❡✛❡❝t✐✈❡♥❡ss ♦❢
t❤❡s❡ ❡❞❣❡s✳ ❋♦r ❡①❛♠♣❧❡ ♠❡❛s✉r✐♥❣ ♦♥❧② ❛t θ = 90◦ ❝♦✉❧❞ ♦✈❡r✲♣r❡❞✐❝t t❤❡ ♥♦✐s❡ r❡❞✉❝t✐♦♥
✐❢ t❤✐s ❝♦✐♥❝✐❞❡s ✇✐t❤ ❛ ♠✐♥✐♠❛ ✐♥ t❤❡ ❞✐r❡❝t✐✈✐t② ♦s❝✐❧❧❛t✐♦♥s✳ ❚❤❡s❡ ♦s❝✐❧❧❛t✐♦♥s ❝❛♥ ❛❧s♦
❝❛✉s❡ ❞✐✛❡r❡♥t ❡❞❣❡s t♦ ❛♣♣❡❛r ♦♣t✐♠❛❧ ❛t ❛ ❣✐✈❡♥ kc ✈❛❧✉❡ ❛♥❞ ❣✐✈❡♥ ♦❜s❡r✈❡r ❛♥❣❧❡✱ ✇❤❡♥
♦✈❡r❛❧❧ t❤❡② ❛r❡ ♥♦t❀ ❋✐❣✉r❡ ✻❞ s❤♦✇s t❤❡ s❛✇t♦♦t❤ ✭❙✮ ❣❡♥❡r❛t✐♥❣ ♠♦r❡ ♥♦✐s❡ ❛t θ = 90◦

t❤❛♥ t❤❡ ✈✲r♦♦t ✭❙❱✮✱ ❤♦✇❡✈❡r ❢✉rt❤❡r t♦✇❛r❞s t❤❡ ❞♦✇♥str❡❛♠ ❞✐r❡❝t✐♦♥✱ θ = 130◦✱ t❤❡
s❛✇t♦♦t❤ ❣❡♥❡r❛t❡s s✐❣♥✐✜❝❛♥t❧② ❧❡ss ♥♦✐s❡ t❤❛♥ t❤❡ ✈✲r♦♦t✳
❖✈❡r ❛❧♠♦st ❛❧❧ ♦❜s❡r✈❡r ❛♥❣❧❡s t❤❡r❡ ✐s ❛ r❡❞✉❝t✐♦♥ ♦❢ ❢❛r✲✜❡❧❞ ♥♦✐s❡✱ ❛s ♦❜s❡r✈❡❞ ❜②

❙❛♥❥♦s❡ ❡t ❛❧✳ ✭✷✵✶✹✮✳ ■♥ t❤❡ ✇❛❦❡ ❞✐r❡❝t✐♦♥ ✭θ = 0✮ ❙❛♥❥♦s❡ ❡t ❛❧✳ ✭✷✵✶✹✮ ♦❜s❡r✈❡ ❛ s❧✐❣❤t
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✭❛✮ kc = 1✳
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✭❜✮ kc = 4✳
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✭❝✮ kc = 8✳
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✭❞✮ kc = 16✳

0

15 °

30 °

45 °

60 °

75 °
90 °

105 °

120 °

135 °

150 °

165 °

180 °

80.

100.

✭❡✮ kc = 32✳
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✭❢✮ kc = 64✳

❋✐❣✉r❡ ✻✿ ❋❛r✲✜❡❧❞ ❙P▲ ❞✐r❡❝t✐✈✐t✐❡s✱ 20 log10(10
6|h(10, θ, 0.5)|)✱ ❢♦r M = 0.1✱ k3 = 0✳

❈♦❧♦✉rs ♠❛t❝❤ ❋✐❣✉r❡ ✹❀ str❛✐❣❤t ✲ ❜❧❛❝❦✱ ❙ ✲ ❜❧✉❡✱ ❙❱ ✲ r❡❞✱ ❙❯ ✲ ♦r❛♥❣❡✱ ❈P ✲ ♣✉r♣❧❡✱
❙◗ ✲ ❣r❡❡♥✳

♥♦✐s❡ ✐♥❝r❡❛s❡✱ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t s❡❡ ❤❡r❡✳ ❚❤✐s ♠❛② ❜❡ ❝❛✉s❡❞ ❜② t❤❡ ✈♦rt❡① s❤❡❞❞✐♥❣
✭♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ✈♦rt❡① s❤❡❞❞✐♥❣✮ ❜② t❤❡ s❡rr❛t❡❞ ❡❞❣❡✳ ❆s ♦✉r s✐♠♣❧❡
❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ❛ss✉♠❡s ❛ ✈♦rt❡① s❤❡❡t ❢♦r t❤❡ ✇❛❦❡✱ ✇❡ ❝❛♥♥♦t ❛ss❡ss ❛♥② ❡✛❡❝ts ♦❢
❛❧t❡r❡❞ ✈♦rt❡① s❤❡❞❞✐♥❣✱ ❛♥❞ t❤❡r❡❢♦r❡ ❞♦ ♥♦t r❡❝r❡❛t❡ t❤✐s r❡s✉❧t✳

✹✳✹✳ ❋❛r✲✜❡❧❞ s♦✉♥❞ s♣❡❝tr❛

■♥ t❤❡ ♣r❡✈✐♦✉s t✇♦ s❡❝t✐♦♥s ✇❡ ❤❛✈❡ ❢♦❝✉s❡❞ ♦♥ k3 = 0✱ ❤♦✇❡✈❡r t♦ ❤❛✈❡ ❛ ♣r❡❞✐❝t✐♦♥ ♦❢
❛ r❡❛❧✐st✐❝ ❧❡✈❡❧ ♦❢ ♥♦✐s❡ s❝❛tt❡r❡❞ ❜② ❛ tr❛✐❧✐♥❣ ❡❞❣❡ ✇❡ ♠✉st ✐♥❝❧✉❞❡ ❛ r❛♥❣❡ ♦❢ k3 ✈❛❧✉❡s✳
❚♦ ❞♦ s♦✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢❛r✲✜❡❧❞ ♣♦✇❡r s♣❡❝tr❛❧ ❞❡♥s✐t② ✭P❙❉✮ ❛s

P❙❉ = 10 log10

(
∫ ∞

−∞
|h(r, θ, z)|2Π(ω, k3)dk3

)

, ✭✹✳✻✮



✶✹

✇❤❡r❡

Π(ω, k3) ∼
(ω/Uc)

2

(

((ω/Uc)2 + k3)
2
+ L2

)2 ✭✹✳✼✮

✐s t❤❡ ❧❡❛❞✐♥❣✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❢r♦♠ ❍♦✇❡ ✭✶✾✾✶❛✮ ❢♦r t❤❡ ✇❛✈❡♥✉♠❜❡r s♣❡❝tr❛❧ ❞❡♥✲
s✐t② ✐♥ ❛ t✉r❜✉❧❡♥t ❜♦✉♥❞❛r② ❧❛②❡r ♣r♦♣♦s❡❞ ❜② ❈❤❛s❡ ✭✶✾✽✼✮ ✭❛♥❞ t❤❛t ✉s❡❞ ❜② ▲②✉ ❡t ❛❧✳
✭✷✵✶✻✮✮ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ k1 ≈ ω/Uc✳ ❖✈❡r❛❧❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥ts ✇❤✐❝❤ ❛r❡ ✐♥✲
❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡❞❣❡ ❣❡♦♠❡tr② ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ❢r♦♠ t❤✐s ❞❡✜♥✐t✐♦♥ ❢♦r ❝❧❛r✐t②✳ ❚❤❡
♣❛r❛♠❡t❡r L ✐s ❞❡✜♥❡❞ ❛s L = χ/δBL✱ ✇❤❡r❡ χ ∼ 1.33 ✐s ♣r♦✈✐❞❡❞ ❜② ❈❤❛s❡ ✭✶✾✽✼✮✱ ❛♥❞
δBL ✐s t❤❡ ✭♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✮ ❜♦✉♥❞❛r② ❧❛②❡r t❤✐❝❦♥❡ss✳ ❲❡ t♦♦ ✉s❡ t❤❡ ✈❛❧✉❡ χ = 1.33 ✐♥
t❤✐s ♣❛♣❡r ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ♣r❡✈✐♦✉s ❛♥❛❧②t✐❝ ♠♦❞❡❧s ✭▲②✉ ❡t ❛❧✳ ✷✵✶✻❀ ❍♦✇❡ ✶✾✾✶❜✱❛✮✱
❛❧t❤♦✉❣❤ ♥♦t❡ ✐♥ ❞✐✛❡r❡♥t ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ s❡t✉♣s t❤✐s ♣❛r❛♠❡t❡r ✭❛♥❞ ✐♥❞❡❡❞
t❤❡ ❛ss✉♠♣t✐♦♥ Uc ≈ 0.7U ❝❛♥ ✈❛r②✮✳
■♥ ❋✐❣✉r❡ ✼ ✇❡ ♣r❡s❡♥t t❤❡ ❢❛r✲✜❡❧❞ P❙❉ ❢♦r ❡❛❝❤ ♦❢ t❤❡ tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr✐❡s ❛t

θ = 90◦✳ ❲❡ s❡❡ t❤❡ ♦s❝✐❧❧❛t♦r② ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❙P▲ ✭❋✐❣✉r❡ ✹✮ ✐s ✇❡❛❦❡♥❡❞ ❜✉t st✐❧❧
♣r❡s❡♥t✱ ❛♥❞ ✇❡ s❡❡ ♦♥❝❡ ❛❣❛✐♥ t❤❛t s❤❛r♣❡r s❡rr❛t✐♦♥s ✭❧❛r❣❡r ✈❛❧✉❡s ♦❢ c✮ ❣❡♥❡r❛❧❧② r❡s✉❧t
✐♥ ❛ ❧❛r❣❡r ♥♦✐s❡ r❡❞✉❝t✐♦♥ ❛t ❛ ❣✐✈❡♥ ❢r❡q✉❡♥❝② ❢♦r ❡❛❝❤ ❣❡♦♠❡tr②✳ ❲❤❛t ❞✐✛❡rs ✐♥ t❤❡
P❙❉ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❙P▲ ❤♦✇❡✈❡r ✐s t❤❡ ♥♦✐s❡ r❡❞✉❝t✐♦♥ ❢♦r ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s❀ ✇❡ s❡❡
✇❤❡♥ ✐♥❝❧✉❞✐♥❣ ❛ s♣❡❝tr✉♠ ♦❢ k3 ✈❛❧✉❡s✱ t❤❡ P❙❉ r❡❞✉❝t✐♦♥ ❢♦r ❛♥② s❡rr❛t❡❞ ❡❞❣❡ ✈❡rs❡s
❛ str❛✐❣❤t ❡❞❣❡ ❝❛♥ ❜❡ ❞❡❝r❡❛s❡❞ ❛t ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡r❡ ✐s t❤❡r❡❢♦r❡ ❛❞❞✐t✐♦♥❛❧ ♥♦✐s❡
❝r❡❛t❡❞ ❜② t❤❡ s❡rr❛t❡❞ ❡❞❣❡s ❜② k3 6= 0 ❝♦♠♣♦♥❡♥ts ✇❤✐❝❤ ✐s ♥♦t ❝r❡❛t❡❞ ❜② t❤❡ str❛✐❣❤t
❡❞❣❡✱ ♣❛rt✐❝✉❧❛r❧② ❛t ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ♠♦❞❡s s❝❛tt❡r❡❞ ❜② t❤❡
s❡rr❛t❡❞ ❡❞❣❡✱ ✭✸✳✾✮❀ ❢♦r k3 ∼ 2nπ t❤❡ ♥t❤ ♠♦❞❡ ✇✐❧❧ ❛❧✇❛②s ❜❡ ❝✉t♦♥✳ ❚❤✐s ♠♦❞❡ ❞♦❡s
♥♦t ❡①✐st ❢♦r ❛ str❛✐❣❤t ❡❞❣❡✱ ✇❤♦s❡ ♦♥❧② s❝❛tt❡r❡❞ ❢r❡q✉❡♥❝② ✐s w2

0 = (k/β)2 − k23✳ ❚❤❡
r❡❞✐str✐❜✉t✐♦♥ ♦❢ ❡♥❡r❣② ❢r♦♠ ❧♦✇❡r ❝✉t♦♥ ♠♦❞❡s t♦ ❤✐❣❤❡r ❝✉t♦✛ ♠♦❞❡s ❞✐s❝✉ss❡❞ ❢♦r
k3 = 0 ♥♦✇ ❜❡❝♦♠❡s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛s t❤❡ ❤✐❣❤❡r ♠♦❞❡s t❤❛t ❡♥❡r❣② ✐s r❡❞✐str✐❜✉t❡❞
t♦ ❢♦r ✐♥❝r❡❛s✐♥❣ ❢r❡q✉❡♥❝② ♦r t✐♣ t♦ r♦♦t ❤❡✐❣❤t ✭✐♥❝r❡❛s✐♥❣ kc✮ ❜❡❝♦♠❡ ❝✉t♦♥ ✇❤❡♥
✐♥❝❧✉❞✐♥❣ s✉✣❝✐❡♥t❧② ❧❛r❣❡ k3 s♣❡❝tr❛❧ ✈❛❧✉❡s✳

✹✳✺✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❛♥❛❧②t✐❝❛❧❧② ♣r❡❞✐❝t❡❞ ❢❛r✲✜❡❧❞ r❡❞✉❝t✐♦♥ ♦❢ P❙❉ ✇✐t❤ ♣r❡✲
✈✐♦✉s ❛♥❛❧②t✐❝❛❧✱ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡♠❡♥ts✱ ❢♦r ❛ s❛✇t♦♦t❤ ✭❙✮ tr❛✐❧✐♥❣
❡❞❣❡ ✈❡rs❡s ❛ str❛✐❣❤t tr❛✐❧✐♥❣ ❡❞❣❡✳
■♥ t❤❡ ❛♥❛❧②t✐❝ ♠♦❞❡❧ ✐♥ t❤✐s ♣❛♣❡r t❤❡ ♠❡❛♥ ✢♦✇ ✐s ❛❧✇❛②s ♣❛r❛❧❧❡❧ t♦ t❤❡ s❡rr❛t❡❞ ❡❞❣❡✱

❛♥❞ ✇❡ ✉s❡ ❛ s✐♠♣❧❡ ✇❛❧❧ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ✇❛✈❡♥✉♠❜❡r s♣❡❝tr✉♠ ✭✹✳✼✮✱
❛s ❛ss✉♠❡❞ ❜② ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮❀ ❍♦✇❡ ✭✶✾✾✶❜✮✳ ■t ✐s ❦♥♦✇♥ t❤❛t t♦t❛❧ ❛❡r♦❢♦✐❧ ❛♥❣❧❡ ♦❢
❛tt❛❝❦ ✭●r✉❜❡r ✷✵✶✷✮ ❛♥❞ r❡❧❛t✐✈❡ ♠✐s❛❧✐❣♥♠❡♥t ❛♥❣❧❡ ♦❢ t❤❡ s❡rr❛t✐♦♥s t♦ t❤❡ ❝❤♦r❞ ✭▲❡♦♥
❡t ❛❧✳ ✷✵✶✼✮ ❝❛♥ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ❡✛❡❝t ♦♥ t❤❡ ♣r❡❞✐❝t❡❞ ❢❛r✲✜❡❧❞ ♥♦✐s❡ ✭✉♣ t♦ ∼ 4❞❇ ❛♥❞
∼ 10❞❇ r❡s♣❡❝t✐✈❡❧② ❢♦r ❧❛r❣❡ ❛♥❣❧❡s✮✳ ■♥ ▲❡♦♥ ❡t ❛❧✳ ✭✷✵✶✼✮ t❤❡s❡ ❡✛❡❝ts ❛r❡ ❛ttr✐❜✉t❡❞
t♦ t❤❡ ❞✐st♦rt❡❞ ♥❡❛r✲s✉r❢❛❝❡ ♠❡❛♥ ✢♦✇ ❛♥❞ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ str❡❛♠✇✐s❡ t✉r❜✉❧❡♥t str✉❝✲
t✉r❡s✳ ❚❤❡ s✐♠♣❧❡ ✇❛✈❡♥✉♠❜❡r s♣❡❝tr✉♠ ✉s❡❞ ❛♥❛❧②t✐❝❛❧❧② ✇♦✉❧❞ ❧✐❦❡❧② ❜❡ ✉♥s✉✐t❛❜❧❡
❢♦r ❞❡s❝r✐❜✐♥❣ t❤❡ t✉r❜✉❧❡♥❝❡ ♦✈❡r ❛ s❡rr❛t❡❞ tr❛✐❧✐♥❣✲❡❞❣❡ ❛❡r♦❢♦✐❧ ❛t s✐❣♥✐✜❝❛♥t ❛♥❣❧❡
♦❢ ❛tt❛❝❦ ♦r ✇✐t❤ ♠✐s❛❧✐❣♥❡❞ s❡rr❛t✐♦♥s ❞✉❡ t♦ t❤❡✐r ❡✛❡❝t ♦♥ t❤❡ t✉r❜✉❧❡♥t str✉❝t✉r❡s✳
❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❡✛❡❝t ♦❢ ✈♦rt❡① s❤❡❞❞✐♥❣✱ ✇❤✐❝❤ ✇✐❧❧ ♦❝❝✉r ♣❛rt✐❝✉❧❛r❧② ♣r♦♠✐♥❡♥t❧② ❢♦r
❛❡r♦❢♦✐❧s ✇✐t❤ s❡rr❛t✐♦♥s ❝✉t ✐♥t♦ t❤❡ ♠❛✐♥ ❜♦❞② ✭t❤✉s ❤❛✈✐♥❣ r❡❣✐♦♥s ❛❧♦♥❣ t❤❡ tr❛✐❧✐♥❣
❡❞❣❡ ✇✐t❤ ❜❧✉♥t s❡❝t✐♦♥s✮ ✐s ♥♦t ❛❝❝♦✉♥t❡❞ ❢♦r ✐♥ t❤❡ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧✱ ❛❧t❤♦✉❣❤ t❤✐s ✇✐❧❧
♣r♦❞✉❝❡ ❛ ❞✐s❝r❡♣❛♥❝② ♦❢ t♦♥❛❧ r❛t❤❡r t❤❛♥ ❜r♦❛❞❜❛♥❞ ♥♦✐s❡✳
❲❡ ❝♦♠♣❛r❡ ♦✉r ♥❡✇ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❛❣❛✐♥st ❛ ✈❛r✐❡t② ♦❢ ❡①♣❡r✐♠❡♥t❛❧✱ ♥✉♠❡r✐❝❛❧✱

❛♥❞ ♣r❡✈✐♦✉s ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧s ✐♥ ❋✐❣✉r❡ ✽✳ ❈♦♠♣❛r❡❞ t♦ ❍♦✇❡✬s ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧✱ t❤❡
❝✉rr❡♥t ❛♥❛❧②t✐❝ ♣r❡❞✐❝t✐♦♥ ❢♦r ♥♦✐s❡ r❡❞✉❝t✐♦♥ ✐s r❡❞✉❝❡❞✱ ❛s ✇♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ ❣✐✈❡♥
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❋✐❣✉r❡ ✼✿ ❋❛r✲✜❡❧❞ P❙❉✱ ❢♦r M = 0.1✱ L = 1.33/0.5✳ ❈♦❧♦✉rs ♠❛t❝❤ ❋✐❣✉r❡ ✹❀ str❛✐❣❤t ✲
❜❧❛❝❦✱ ❙ ✲ ❜❧✉❡✱ ❙❱ ✲ r❡❞✱ ❙❯ ✲ ♦r❛♥❣❡✱ ❈P ✲ ♣✉r♣❧❡✱ ❙◗ ✲ ❣r❡❡♥✳

t❤❡ ❦♥♦✇♥ ♦✈❡r♣r❡❞✐❝t✐♦♥ ♦❢ ❍♦✇❡✬s r❡s✉❧ts ✭▲②✉ ❡t ❛❧✳ ✷✵✶✻❀ ❲✐♥❦❧❡r ❡t ❛❧✳ ✷✵✶✵✮✳ ❲❡
s❡❡ ✐♥ ❣❡♥❡r❛❧ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ▲②✉✬s r❡s✉❧ts ✭▲②✉ ❡t ❛❧✳ ✷✵✶✻✮✱ ❛♥❞ ♠❡♥t✐♦♥ ❛❣❛✐♥✱
♦♥ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ k3 ✇❛✈❡♥✉♠❜❡r s♣❡❝tr✉♠✱ t❤❡ ❤✐❣❤❡r✲♦r❞❡r ♠♦❞❡s ✭✇❤✐❝❤ ❛r❡ ♥❡❣❧❡❝t❡❞
❜② ▲②✉✮ ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t ❛s ♠♦❞❡s ✇✐t❤ k3 ∼ 2nπ✱ n ∈ Z✱ ❛❧✇❛②s ♣r♦♣❛❣❛t❡ t♦ t❤❡
❢❛r✲✜❡❧❞✳
❚❤❡ ♣♦♦r ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ ●r✉❜❡r ✭✷✵✶✷✮ ✐s ❛ttr✐❜✉t❡❞ t♦

t❤❡ ❤✐❣❤ ❡✛❡❝t✐✈❡ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦ ❛t t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡ ✭❞✉❡ t♦ ❜♦t❤ ❛♥ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦ ♦❢
t❤❡ ✢♦✇✱ ❛♥❞ ❛ ❝❛♠❜❡r❡❞ ❛❡r♦❢♦✐❧✮✳
❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ ❏♦♥❡s ✫ ❙❛♥❞❜❡r❣ ✭✷✵✶✷✮ ❢♦✉♥❞ t❤r♦✉❣❤ ❉◆❙✱ s❤♦✇ ❛ s✐♠✐❧❛r

tr❡♥❞ t♦ ❍♦✇❡✬s ♣r❡❞✐❝t✐♦♥s✱ ✐♥ t❤❛t t❤❡r❡ ✐s ♥♦ ❞r♦♣✲♦✛ ♦❢ ♥♦✐s❡ r❡❞✉❝t✐♦♥ ❛t ❤✐❣❤❡r
❢r❡q✉❡♥❝✐❡s✳ ❚❤✐s ✐s ♠✐rr♦r❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ ❈❤♦♥❣ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ❛♥❞
✐♥❞❡❡❞ ✐♥ ♦✉r ♥❡✇ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ t♦ t❤❡ ❢r❡q✉❡♥❝✐❡s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳ ❆s t❤❡
♥✉♠❡r✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛r❡ ❛t ❛ ∼ 5◦ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦✱ ✇❡ ❝❛♥ ❡①♣❡❝t ✉♣ t♦
∼ 4❞❇ ❞✐✛❡r❡♥❝❡ ✐♥ ♥♦✐s❡ r❡❞✉❝t✐♦♥ ✭●r✉❜❡r ✷✵✶✷✮ ✈❡rs❡s t❤❡ ✢❛t✲♣❧❛t❡ ❝❛s❡ ✐♥✈❡st✐❣❛t❡❞
❛♥❛❧②t✐❝❛❧❧② ❛t ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✱ ✇❤✐❝❤ ✐s s❡❡♥ ❤❡r❡✳
❲❡ ❛❧s♦ ♠❡♥t✐♦♥ t❤❛t ❛t ❧♦✇ ❢r❡q✉❡♥❝✐❡s✱ t❤❡ st❡❡♣❡st ❞❡s❝❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ♠❛❞❡

♣r✐♦r t♦ ✭✸✳✶✽✮ ✐s ♥♦ ❧♦♥❣❡r ✈❛❧✐❞✱ t❤❡r❡❢♦r❡ ✇❡ ❡①♣❡❝t ❞✐s❝r❡♣❛♥❝✐❡s ❜❡t✇❡❡♥ ♦✉r ❝✉rr❡♥t
❛♥❛❧②t✐❝ r❡s✉❧ts ❛♥❞ ❛❧❧ ♦t❤❡r r❡s✉❧ts ❢♦r f / 400❍③✳
❖✈❡r❛❧❧ ✐t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ r❡s✉❧ts ♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✽ t❤❡r❡ ✐s ❣r❡❛t ✈❛r✐❛t✐♦♥ ✐♥ t❤❡

♣r❡❞✐❝t✐♦♥ ♦❢ ♥♦✐s❡ r❡❞✉❝t✐♦♥ ❢♦r s❡rr❛t❡❞ tr❛✐❧✐♥❣ ❡❞❣❡s✱ ❞✉❡ t♦ ❛ ✈❛r✐❡t② ♦❢ ❛❡r♦❢♦✐❧ ❛♥❞
✢♦✇ ♣❛r❛♠❡t❡rs✳ ❍♦✇❡✈❡r✱ ♦✈❡r❛❧❧ t❤❡ ♥❡✇ ❛♥❛❧②t✐❝ r❡s✉❧ts ❢♦✉♥❞ ✐♥ t❤✐s ♣❛♣❡r ❛r❡ ❛♥
✐♠♣r♦✈❡♠❡♥t ♦✈❡r ❍♦✇❡✬s ♣r❡❞✐❝t✐♦♥s ❛♥❞ ❝❛♥ ❢♦r♠ ❛ ❜❛s✐s ❢♦r ❞❡✈❡❧♦♣✐♥❣ ♠♦r❡ ✐♥✈♦❧✈❡❞
❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧s ✇❤✐❝❤ ❝♦✉❧❞ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❣❧❡ ♦❢ ❛tt❛❝❦ ♦r ❣❡♦♠❡tr②✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ ♥❡✇ s♦❧✉t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝❛♥ ❛❝❝♦✉♥t ❢♦r ❛❧❧ ♣r♦♣❛❣❛t✐♥❣ ♠♦❞❡s ❛♥❞ ❞♦❡s
♥♦t r❡q✉✐r❡ ❛♥ ✐t❡r❛t✐✈❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ t♦ ♣r♦❞✉❝❡ r❡s✉❧ts✱ ✇❤✐❝❤ ✐s ❛♥ ✐♠♣r♦✈❡♠❡♥t
♦✈❡r t❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ❜② ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮✳

✺✳ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❛♥ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❢❛r✲✜❡❧❞ ♥♦✐s❡ ❣❡♥❡r❛t❡❞ ❜②
t❤❡ t✉r❜✉❧❡♥t ❜♦✉♥❞❛r② ❧❛②❡r s❝❛tt❡r✐♥❣ ♦✛ ♦❢ ❛ tr❛✐❧✐♥❣ ❡❞❣❡ ✇❤✐❝❤ ✐s ♣❡r♠✐tt❡❞ s♦♠❡
♣❡r✐♦❞✐❝ s♣❛♥✇✐s❡ ✈❛r✐❛t✐♦♥ ✐♥ ❣❡♦♠❡tr②✳ ❚❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥✱ ♦❜t❛✐♥❡❞ ✈✐❛ t❤❡ ✉s❡ ♦❢ ❛
♥♦♥✲♦rt❤♦❣♦♥❛❧ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥✱ s❡♣❛r❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s✱ ❛♥❞ t❤❡ ❲✐❡♥❡r✲❍♦♣❢
t❡❝❤♥✐q✉❡✱ ❧❡❛❞s t♦ ❛ ❝❧♦s❡❞✲❢♦r♠ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❢❛r✲✜❡❧❞ ♥♦✐s❡✳ ❚❤❡ s♦❧✉t✐♦♥ ❧✐♠✐ts t♦
t❤❡ ❦♥♦✇♥ str❛✐❣❤t✲❡❞❣❡ s♦❧✉t✐♦♥ ❛s t❤❡ s❡rr❛t✐♦♥ ❤❡✐❣❤t ✐s s❡♥t t♦ ③❡r♦✱ ❛♥❞ ❝♦♠♣❛r❡s
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ΔPSD dB

● C exp , c 2.1

▲ JS num , c 4.8

■ G exp , c 6.7

□ H an , c 2

△ L an , c 2

■ Current an , c 2, λ

✭❛✮ ❆♥❛❧②t✐❝ s♦❧✉t✐♦♥s ✇✐t❤ c = 2✱ M = 0.1✱ λ = 19♠♠ ✭❛s ✉s❡❞ ❜② ❈❤♦♥❣
❡t ❛❧✳ ✭✷✵✶✸✱ ❋✐❣✳ ✾✮✮✳
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200 500 1000 2000 5000
f (Hz)

10

20

30

40
ΔPSD (dB)

● C (exp), c=2.1

▲ JS (num), c=4.8

■ G (exp), c=6.7

□ H (an), c=4

△ L (an), c=4

■ Current (an), c

✭❜✮ ❆♥❛❧②t✐❝ s♦❧✉t✐♦♥ ✇✐t❤ c = 4✱ M = 0.1✱ ❛♥❞ λ = 9♠♠ ✭❛s ✉s❡❞ ❜② ●r✉❜❡r
✭✷✵✶✷✱ ❋✐❣✳ ✹✳✹✮✮✳

❋✐❣✉r❡ ✽✿ P❙❉ ♥♦✐s❡ r❡❞✉❝t✐♦♥ ✐♥ ❞❇ ❢♦r ❛ s❡rr❛t❡❞ ❡❞❣❡ ✈❡rs✉s ❛ str❛✐❣❤t ❡❞❣❡ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ ❢r❡q✉❡♥❝② ✭❍③✮✳ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts t❛❦❡♥ ❢r♦♠ ❈❤♦♥❣ ❡t ❛❧✳ ✭✷✵✶✸✱ ❋✐❣ ✾✮ ✭r❡❞ ❞♦ts✮
❢♦r ❛ ◆❆❈❆ ✵✵✶✷ ❛❡r♦❢♦✐❧ ❛t 4.2◦ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦ ✇✐t❤ U∞ = 51m/s✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts
✭❜❧✉❡ tr✐❛♥❣❧❡s✮ t❛❦❡♥ ❢r♦♠ ✭❏♦♥❡s ✫ ❙❛♥❞❜❡r❣ ✷✵✶✷✱ ❋✐❣ ✻✮ ❢♦r ◆❆❈❆ ✵✵✶✷ ❛❡r♦❢♦✐❧ ❛t 5◦

❛♥❣❧❡ ♦❢ ❛tt❛❝❦✱ ✇✐t❤ M = 0.4✳ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts t❛❦❡♥ ❢r♦♠ ●r✉❜❡r ✭✷✵✶✷✱ ❋✐❣ ✹✳✹✮
✭♦r❛♥❣❡ sq✉❛r❡s✮ ❢♦r ❛ ◆❆❈❆✻✺✭✶✷✮✲✶✵ ❛❡r♦❢♦✐❧ ❛t 5◦ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦✱ ✇✐t❤ U∞ = 40m/s✳
Pr❡✈✐♦✉s ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ❛r❡ ❢r♦♠ ❍♦✇❡ ✭✶✾✾✶❜✱ ❊q✳ ✶✽✮ ✭♣✉r♣❧❡ ❞❛s❤❡❞ ❧✐♥❡✱ ✇✐t❤
h/δ = 8 ❛s ❞❡✜♥❡❞ ✐♥ ❍♦✇❡✬s s♦❧✉t✐♦♥✮ ❛♥❞ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✱ ❋✐❣ ✻❝✮ ✭❣r❡❡♥ tr✐❛♥❣❧❡s✮
❜♦t❤ t❛❦❡♥ ❞✐r❡❝t❧② ❛❜♦✈❡ t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡ ❛t θ = 90◦✳ ❈✉rr❡♥t ❛♥❛❧②t✐❝ r❡s✉❧ts ✭❜❧❛❝❦
❧✐♥❡✮ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✭✹✳✻✮ ✉s❡ L = 1.33/0.5✱ t❛❦❡♥ ❛t θ = 90◦✳

✇❡❧❧ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s s❡♠✐✲❛♥❛❧②t✐❝ r❡s✉❧ts ♦❢ ▲②✉ ❡t ❛❧✳ ✭✷✵✶✻✮ ❢♦r s❛✇t♦♦t❤ s❡rr❛t✐♦♥s
❜♦t❤ ✇✐t❤ s♠❛❧❧ ❛♥❞ ❧❛r❣❡ t✐♣ t♦ r♦♦t r❛t✐♦s✳ ❲✐t❤ t❤✐s s✐♠♣❧❡ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡
❢❛r✲✜❡❧❞ ♣r❡ss✉r❡✱ ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❡✛❡❝ts ♦❢ ❞✐✛❡r❡♥t tr❛✐❧✐♥❣✲❡❞❣❡ ❣❡♦♠❡tr✐❡s ♦♥



❚r❛✐❧✐♥❣✲❊❞❣❡ ❙❡rr❛t✐♦♥s ✶✼

t❤❡ ♦✈❡r❛❧❧ ♥♦✐s❡ ❧❡✈❡❧s✱ ❛♥❞ ❞❡t❡r♠✐♥❡❞ ♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ ❛❧❧♦✇ ❞✐✛❡r❡♥t ❣❡♦♠❡tr✐❡s t♦
r❡❞✉❝❡ t❤❡ ♥♦✐s❡ ❧❡✈❡❧s ❞✐✛❡r❡♥t❧②✳
❚❤❡r❡ ❛r❡ t✇♦ ❦❡② ♠❡❝❤❛♥✐s♠s ♦❢ ♥♦✐s❡ r❡❞✉❝t✐♦♥✳ ❋✐rst ❛ ❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡

♦❢ t✐♣ ❛♥❞ r♦♦t ✜❡❧❞s✱ ✇❤✐❝❤ ❞♦♠✐♥❛t❡s ✐♥ t❤❡ ❧♦✇ ❛♥❞ ♠✐❞✲❢r❡q✉❡♥❝② r❛♥❣❡s✱ ❛♥❞ ✐s
♠♦st ❜❡♥❡✜❝✐❛❧ ❢♦r t❤❡ sq✉❛r❡ ✇❛✈❡ ✭❙◗✮ ❣❡♦♠❡tr②✳ ❙❡❝♦♥❞✱ ❛ r❡❞✐str✐❜✉t✐♦♥ ♦❢ ❛❝♦✉st✐❝
❡♥❡r❣② ❢r♦♠ ❧♦✇ ♣r♦♣❛❣❛t✐♥❣ ♠♦❞❡s t♦ ❤✐❣❤❡r ❝✉t♦✛ ♠♦❞❡s✱ ✇❤✐❝❤ ❞♦♠✐♥❛t❡s ✐♥ t❤❡ ❤✐❣❤✲
❢r❡q✉❡♥❝② r❛♥❣❡✱ ❛♥❞ ✐s ♦♥❧② ❢✉❧❧② ❡✛❡❝t✐✈❡ ❢♦r ❣❡♦♠❡tr✐❡s ✇✐t❤♦✉t ❛♥② ✢❛t s❡❝t✐♦♥s✱ s✉❝❤
❛s t❤❡ s❡rr❛t✐♦♥ ✭❙✮ ❛♥❞ s❧✐tt❡❞ ✈✲r♦♦t s❡rr❛t✐♦♥ ✭❙❱✮✳ ❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛ s♣❡❝tr✉♠ ♦❢
k3 ✈❛❧✉❡s t❤✐s s❡❝♦♥❞ ❢❡❛t✉r❡ ✐s ✐♠♣❡❞❡❞❀ ❤✐❣❤❡r ♠♦❞❡s ❜❡❝♦♠❡ ❝✉t♦♥ ❢♦r k3 ∼ 2nπ✱ ❛♥❞
t❤❡r❡❢♦r❡ ❞♦ st✐❧❧ ♣r♦♣❛❣❛t❡ t♦ t❤❡ ❢❛r ✜❡❧❞✳
❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ✈❡r② ❧❛r❣❡ ♥♦✐s❡ r❡❞✉❝t✐♦♥s ❝❛♥ ❜❡ s❡❡♥ ❛t s♣❡❝✐✜❝ ♦❜s❡r✈❡r ❛♥❣❧❡s ✐♥

t❤❡ ❢❛r ✜❡❧❞✱ ❜✉t ❞✉❡ t♦ ♠♦❞✉❧❛t❡❞ ❞✐r❡❝t✐✈✐t② ♣❛tt❡r♥s ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ✇❤♦❧❡ r❛♥❣❡ ♦❢
♦❜s❡r✈❡r ❛♥❣❧❡s t❤❡ ♥♦✐s❡ r❡❞✉❝t✐♦♥ ✐s ❧❡ss❡♥❡❞ ✭❜✉t st✐❧❧ ❡✛❡❝t✐✈❡✮✳ ❖♥❡ ♠✉st t❤❡r❡❢♦r❡ ❜❡
❝❛r❡❢✉❧ ✐❢ ❝♦♥❞✉❝t✐♥❣ ❡①♣❡r✐♠❡♥ts t♦ ♠❡❛s✉r❡ ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ r❛♥❣❡ ♦❢ ♦❜s❡r✈❡r ❛♥❣❧❡s
t♦ ❛✈♦✐❞ ♦✈❡r✲♣r❡❞✐❝t✐♥❣ t❤❡ ♥♦✐s❡ r❡❞✉❝t✐♦♥ ♣♦ss✐❜❧❡ ❢♦r ❛ ❣✐✈❡♥ tr❛✐❧✐♥❣✲❡❞❣❡ ❞❡s✐❣♥✳
■t ✐s ❦♥♦✇♥ t❤❛t ❛ tr❛✐❧✐♥❣✲❡❞❣❡ s♣❛♥✇✐s❡ ✈❛r✐❛t✐♦♥ ❝❛♥ ❛✛❡❝t t❤❡ t✉r❜✉❧❡♥t str✉❝t✉r❡s

❛t t❤❡ tr❛✐❧✐♥❣ ❡❞❣❡ ✭❆✈❛❧❧♦♥❡ ❡t ❛❧✳ ✷✵✶✻✮✱ t❤❡r❡❢♦r❡ ✐t ✐s ✉♥❝❧❡❛r ✐❢ ✉s✐♥❣ t❤❡ s✐♠♣❧✐st✐❝
✇❛✈❡♥✉♠❜❡r s♣❡❝tr✉♠ ❢r♦♠ ❈❤❛s❡ ✭✶✾✽✼✮ ✐s s✉✣❝✐❡♥t❧② r❡❛❧✐st✐❝ t♦ ♣r❡❞✐❝t tr✉❡ ♥♦✐s❡
r❡❞✉❝t✐♦♥s ❢r♦♠ s❡rr❛t❡❞ tr❛✐❧✐♥❣ ❡❞❣❡s✳ ■t ♠❛② ❜❡ ✈❛❧✉❛❜❧❡ t♦ ❞❡✈❡❧♦♣ ❛ ♥❡✇ ✇❛✈❡♥✉♠✲
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