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Abstract

This paper, divided into three parts (Part II-A, Part II-B and Part II-C), contains the detailed facto-
rizational theory of asymptotic expansions of type (*) f(x)=ad(x)+ --+a,é (x)+ o(@ (x)) ,

x—x,, n23, where the asymptotic scale ¢ (x)>¢(x)>-->¢ (x), x> x,, is assumed to be

an extended complete Chebyshev system on a one-sided neighborhood of X, . It follows two pre-

viously published papers: the first, labelled as Part I, contains the complete (elementary but non-
trivial) theory for n=2; the second is a survey highlighting only the main results without proofs.
All the material appearing in §2 of the survey is here reproduced in an expanded form, as it con-
tains all the preliminary formulas necessary to understand and prove the results. The remaining
part of the survey—especially the heuristical considerations and consequent conjectures in §3—
may serve as a good introduction to the complete theory.
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1. Introduction

Following the line of thought in [1], case n =2, we develop in this paper a general analytic theory of asymp-
totic expansions of type
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f(x)=ad (x)++a,g,(x)+0(4,(x)), x> x,n23, (1.1)
where
& (x)>>¢52 (x)>>-~>>¢n (x),x—)xo, (1.2)

and the Hardy notation ¢(x)>w (x),x—x, is alternative to y(x)=0(g(x)), x - x,. For the reader’s con-
venience, the paper has been divided into three parts: the present Part II-A contains all the general results ob-
tainable through two approaches based on different special factorizations (called “canonical factorizations”) of
the nth-order differential operator whose kernel is spanned by (¢1,---,¢n ) Our results are characterizations of
(1.1) via integro-differential conditions useful for applications unlike the trivial characterization by means of the
existence (as finite numbers) of the following # limits defining the coefficients g, :

[f(x) —a (x) = —ad (x)]
¢ (x)

the ¢ ’s being supposed non-vanishing on a deleted neighborhood of x, .

Our theory parallels: 1) the classical Taylor’s formula at a point x, € R ; 2) the theory of polynomial expan-
sions at o0 systematized in [2]; 3) the theory of asymptotic expansions in real powers developed in [3] [4] from
the standpoint of formal differentiability. A survey [5], previously published in this journal, contains the main
results with no proofs and may be conveniently used to gain a quick view of the (rather long) detailed theory.
The introductions in [1] [2] and [5] contain other comments; moreover, the heuristic considerations with related
conjectures in §3 of [5] are quite helpful to properly grasp the presented results. Here, we only mention that our
theory consists in studying (1.1) not by itself but matched to other expansions obtained by formal application of
certain differential operators and we give a brief outline of the content.

e In §2, we collect all the preliminary material concerning factorizations of a disconjugate operator and the
nonvanishingness of various Wronskians involving certain bases of its kernel. The scale of comparison func-
tions (¢l,m,¢n) is practically assumed to form an extended Chebyshev system on some left deleted
neighborhood of x, and various properties are systematized around the concept of Chebyshev asymptotic
scale.

e In §3, we exhibit the operators used in formal differentiation together with some of their elementary proper-
ties.

o In §4, we state characterizations of a set of asymptotic expansions obtained from (1.1) by formal applications
of the differential operators implicitly defined by the “unique” canonical factorization, termed by us of type
(I), which chronologically is the first to be introduced, studied and applied.

e 1In $5, we do the same job for the differential operators implicitly defined by a special canonical factorization
termed by us of type (II) and constructed using the given asymptotic scale.

In $6, all proofs are collected.
In Part II-B, we specialize the results to the important class of functions satisfying a differential inequality
linked to the scale, so obtaining many nice characterizations.

e In Part II-C, we exhibit two algorithms for constructing the canonical factorizations upon which our theory is
built. These algorithms are simple to describe, admit of “natural” asymptotic interpretations (also showing
the appropriateness of the used differential operators) and are of considerable help in building examples and
counterexamples concerning formal differentiation of asymptotic expansions.

Occasionally, an asymptotic expansion

f(x)=al¢l (x)+---+a,¢, (x)+0(¢,. (x)),x—>x0,1§i< n, (1.4)

,2<i<n, (1.3)

will be called “incomplete”—with respect to the given scale (¢1,---,¢n), of course—whereas (1.1) will be
called “complete”, and these locutions refer to the specified growth-order of the remainder and not to the terms
effectively present in the expansion i.e. those with non-zero coefficients. In both approaches, characterizations
of incomplete expansions via a differential operator whose kernel is spanned by the “complete” basis (¢l,---,¢n)
are less simple than those of complete expansions presented in the survey [5] and will be illustrated in the

present paper.
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We stress that the guiding thread of our work is “formal differentiation of asymptotic expansions”, a theme
going back to the early 20th century (Landau, Hardy, Boas and others), but usually referring to the use of stan-
dard derivatives. The factorizational approach clearly shows that formal differentiation is admissible only if one
uses suitable differential operators strictly linked to the involved scale together with related factorizations. The
case of standard derivatives is very special and is highlighted in Part II-B and Part II-C.

Notations
feAC’(I)=AC(I)< f is absolutely continuous on each compact subinterval of /;
fedC(1)e fWeac(n);
e For feAC*(I), we write lim 1 (1) (x), meaning that x runs through the points wherein ex-
ists as a finite number. Applying L’Hospital’s rule in such a context means using Ostrowski’s version [6] va-
lid for absolutely continuous functions;
e R=RU { ioo} denotes the extended real line;
e Ifno ambiguity arises, we use the following shorthand notations or similar ones:

[ f £ f £ I (0)de=["1, (1) dr, f fo(t,)dt, -+ f fo (t,)dt, j £, (2,)de,;

wherein each integral [ = 0 or, alternatively, J. may be a proper or improper integral. A notation such

as “ I o f convergent” means that /(e):= I;O# f exists as a Lebesgue integral for some 7 <x, and each
€€]0,x,~T] and that the lim

k+1)

I (e) exists in R, so defining the improper integral I;O f;

—0"

e The symbol W (u(x),--,u;(x)) denotes the Wronskian determinant of the ordered i-tuple
(ul(x),---,ui(x)), (i—1) times differentiable at the specified point x; W(u(x))::u(x s W (g, uy)
denotes the Wronskian viewed as the operator W :(u, (x),--,u, (x)) > W (u,(x),--,u,(x)) on a specified
interval;

e Two acronyms systematically used are T.A.S. = “Chebyshev asymptotic scale” as in Def. 2.1, and C.F. =
“canonical factorization” defined in Proposition 2.1-(iv) and (v);

e Propositions are numbered consecutively in each section irrespective of their labelling as lemma, theorem
and so on.

2. Canonical Factorizations of Disconjugate Operators and Chebyshev Asymptotic
Scales

Our theory is built upon appropriate integral representations stemming from a special structure of the asymptotic
scale (¢1,~~~,¢n) : practically this n-tuple forms a fundamental system of solutions of a disconjugate equation on
a one-sided neighborhood of x, such that certain Wronskians do not vanish thereon, a property granted by a
result by Levin [7] which justifies our definition of Chebyshev asymptotic scale. We preliminarly recall some
facts about factorizations of differential operators.

In this section, L,,n>2 denotes a linear ordinary differential operator of type

Lu=u" +a, (x)u"" +ta,(x)u VYuedC(J), (2.1),
a, €L, (J),0<i<n-1,J a generic interval of R, (2.1),

where L. (J) denotes the class of functions Lebesgue-summable on every compact subinterval of J. The mat-
ters to be discussed depend on the property of disconjugacy and several characterizations involving factoriza-
tions are collected in the next proposition where special locutions are defined in the statement itself. For general
properties about disconjugacy we refer to the book by Coppel [8] and the paper by Levin [7], and for facts con-
cerning canonical factorizations we refer to the papers by Trench [9] and the author [10] [11].

Proposition 2.1 (Disconjugacy on an open interval via factorizations). For an operator L, of type (2.1),2,
n =2, on an open interval ]a,b[ , bounded or not, the following properties are equivalent:

1) L, isdisconjugate on |a,b| in the sense that: every nontrivial solution of Lyu=0 has at most (n—1)
zeros on ]a,b[ counting multiplicities or, equivalently, has at most (n - 1) distinct zeros on ]a,b[ .

2) Lu=0 has afundamental system of solutions on ]a,b[ , (ul,m,un ) , satisfying Polya’s W-property

W(ul(x),-u,ui(x))>0 ‘v’xe]a,b[, 1<i<m 2.2)
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or equivalently Lu=0 has solutions u,,---,u, , satisfying (2.2) for 1<i<n-1.
3) L, has a Pélya-Mammana factorization on ]a,b[ ie.

Lu=r, {r’z_l [(”1 (rou)' j, ﬂ VueAC"" Ja,b], (2.3)

where the 1,’s are suitable functions such that
r(x)>0 Vxelab[;r,e AC"" " |a,b[, 0<i<n-1; r, € AC’ |a,b|. (2.4)

4) L, has a “canonical factorization (C.F. for short) of type (I) at the endpoint a” i.e. a factorization of type
(2.3)-(2.4) with the additional conditions

L (1/r,)=+w,1<i<n-1, (2.5),
and a similar “C.F. of type (I) at the endpoint b”, i.e. with the r,’s satisfying
[ (1/r)=+0,1<i<n-1. 2.5),

5) Foreachc, a<c<b, L, hasa“C.F.on the interval ]a,c[ which is of type (II) at the endpoint a” i.e.
a factorization (2.3)-(2.4) valid on the interval ]a,c[ and with the r,’s satisfying

[ (/r)<+o,1<i<n-1, (2.6),

and L, has a “C.F. on the interval ]c,b[ which is of type (II) at the endpoint b” i.e. a factorization (2.3)-(2.4)
valid on the interval ]c,b[ and with the r,’s satisfying

[ (r) <40, 12i<n-1. (2.6}

Remarks. 1) In the definition of a C.F. conditions (2.5) or (2.6) are required to hold for the index i running
from 1 to (n —1): there are no conditions on 7, and 7, . Factorizations in properties 3)-4) are global i.e. valid
on the whole given interval ]a,b[ , whereas property 5) claims the existence of local C.F.’s of type (II). The ex-
istence of a global C.F. of type (II) at a or at b is a special circumstance ([10], Th. 3.11, p. 163).

2) A global C.F. of type (I) at a specified endpoint does always exist for a disconjugate operator on an open
interval and is “essentially” unique in the sense that the functions 7 are determined up to multiplicative con-
stants with product 1, Trench [9]. The situation is quite different for C.F.’s of type (II). For example the operator
L = u" has no global C.F. on (—oo,+oo) of type (II) at any of the endpoints for it admits of only “one” (up to
constant factors) Polya-Mammana factorization on (-, +00) namely

!

o) E(...(uf)’ ) , 2.7

which is a special contingency characterized in ([10], Th. 3.3) and in ([11], Th. 7.1). But the operator ul”
thought of as acting on the space AC"’l]O,Jroo), or even on the space C °°J0,+oo) , has infinitely many “essen-
tially” different C.F.’s of type (II), for instance the following ones

’

O N S (x—c) | (x_c){(#} . (2.8)

x— C)n—]

which are C.F.’s of type (1) at both the endpoints “0” and ““+oo ” whatever the choice of the constant ¢ < 0. For
c=0, we get a factorization on ]0, +oo) which is a C.F. of type (I) at “0” and of type (II) at “+o0 ”; for ¢ >0
we have nonglobal factorizations which are of type (II) at +oo .

C.F.’s are naturally linked to bases of ker L, forming asymptotic scales at one or both endpoints and the
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following results, due to Levin ([7], §2), highlight important properties of the Wronskians constructed with an
asymptotic scale.

Proposition 2.2 (Wronskians of asymptotic scales and their hierarchies).

(I) (Results involving a differential operator). Let L, be an operator of type (2.1), disconjugate on an open
interval ]a,b[. Then:

1) Its kernel has some basis (¢1,---,¢n ) satisfying

¢,(x) > 0 on some interval |b—¢,b[,1<i<n; ¢ (x)> ¢, (x)> >4, (x), x > b". (2.9)
2) For each such basis
W (4,(x).¢,.,(x),-.¢(x))>0 on the whole interval Ja,b[,1<i<n, (2.10)
noticing the reversed order of the ¢,’s in the Wronskians.
3) For any strictly decreasing set of indexes {i1 yoo ,ik} i.e. such that
nxi >i,>-->i, 21,1<k<n-1, (2.11)
we have
W (4, (x).-+8, (x))>0 ona left deleted neighborhood of b, (2.12)

and in particular we have the inequalities
sign W(¢1 (x),. ¢ (x)) = (—l)i(H)/2 on a left deleted neighborhood of b,1<i <n. (2.13)

4) For each k, 1<k<n-1, and for any two distinct and strictly increasing sets of indexes 1i,---,i, and
JisttsJi suchthat i, < j,,1<h<k,we have

W (4, (x),8, () > W (g, (x),.8, (x)), x >b". (2.14)

Notice the ordering of the ¢,’s and the ¢, ’s in (2.14): if each ¢, has a growth-order at b~ greater than that
of the corresponding ¢, then the same is true for the Wronskians. In the claim 3), we have a different ordering
of the @’s as this grants the positivity of the Wronskians in (2.12).

(II) (Results involving scales with less regularity). Let (¢,,--,¢,) be functions of class C""']a,b[ satisfy-
ing conditions (2.9) and condition

W(8,(x).8,.,(x), .4 (x))cither 20 0or <O on Ja,b[,1<i<n; (2.15)
and let there exist an integer r,1<r <n, such that
W, (4,(x).¢, (x),. ¢ (x))=00n Ja,b[,Vil<i<n (2.16)

where the symbol W,(¢n (x).4,., (x),---,géi(x)) denotes the Wronskian determinant wherein the column in-
volving @, has been suppressed. Then the following inequalities hold true

W(¢n (x),¢n71 (x),---,¢1 (x)) >0 on]a,b[; (2.17)
W (4, (x).4,.,(x)..4(x))>00n]a,b[,1<i<n-1I; (2.18)

together with the above-stated properties in 3) and 4). Notice that in (2.17)-(2.18) the signs of the Wronskians
are well defined even if they remain undefined in the assumptions (2.15)-(2.16).
To visualize (2.14), we list a few asymptotic scales at b~ constructed with the Wronskians:

W(¢1’¢2)>> W(¢1’¢3)>> > W(¢l’¢n)7

W(¢29¢3)>> W(¢2’¢4)>> e W(¢2,¢"), x> b : (219)

W (4,2:8,) > W (4,2:4,)-
W(¢1’¢25¢3)>> W(¢17¢25¢4)>> > W(¢1’¢2>¢n)>x_)bi' (220)
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It is quite important to note the order of the ¢ ’s forming the asymptotic scale in (2.9); if we mantain the
same ordering in the analogous statement for x —a", ie. ¢ (x)>¢, (x)> >4 (x),x>a", then the
Wronskians in (2.10) and in (2.12) to (2.18) are the same, the essential point being the relative growth-orders of
the ¢,’s. From the point of view of asymptotic expansions the correct numbering is that adopted by us irrespec-
tive of the limiting process.

The above results substantiate the following definition of special asymptotic scales wherein we merely fix the
neighborhood of b left undefined in Proposition 2.2 whose part (I) grants the existence of such scales whereas
part (II) implies a lot of useful properties even for scales with less regularity. From now on the interval will be
denoted as in the two-term theory [1].

Definition 2.1 (Chebyshev asymptotic scales). The ordered n-tuple of real-valued functions ¢l,---,¢n)
n>2, is termed a “Chebyshev asymptotic scale” (T.A.S. for short) on the half-open interval [T X|, TeR,
x, <+, provided the following properties are satisfied:

¢ eC T, x,[.1<i<n; (221

¢.(x)#0 on some left deleted neighborhood of x,,1<i<n; (2.22)
¢ (x)> ¢, (x)> >4 (x), x> xg; (2.23)

W (4 (x). .4 (x))=00n[T,x,[,1<i<n. (2.24)

Whenever the ¢,’s satisfy the stronger regularity condition
¢ € AC" [T, x,[, 1<i<n, (2.25)

they remain associated to the operator
L¢,l,___’¢nu = W(¢1 (x),---,¢n (x),u)/W(qﬁ1 (x),---,¢” (x)), (2.26)

which is the unique linear ordinary differential operator of type (2.1), 5, acting on the space AC"™ [T, xO[ and
such that keer,,% = span(¢1,- -9, )

Remarks. 1) Condition (2.21) is the usual regularity assumption in approximation theory (Chebyshev systems
and the like), whereas in matters involving differential equations/inequalities it is natural to assume (2.25).

2) Choosing an half-open interval in this definition is a matter of convenience: the point x, involved in the
asymptotic relations is characterized as the endpoint not belonging to the interval, possibly x, =+o0, whereas
the other endpoint marks off an interval whereon the inequalities involving the Wronskians are satisfied and
these in turn allow certain integral representations valid on the whole given interval and essential to our theory.
These remarks make evident the analogous definition for an interval ]xo, T ] where: —o0<x,,and T eR.

3) In the above definition we have merely supposed the nonvanishingness of various functions instead of spe-
cifying their signs as in Proposition 2.2; this avoids restrictions that are immaterial in asymptotic investigations.
Ifthe ¢, ’s are strictly positive near x, then Levin’s theorem provides the exact signs of certain Wronskians.

4) As concrete examples of such asymptotic scales on [T , +oo) the reader may think of scales whose non-
identically zero and infinitely-differentiable functions are represented by linear combinations, products, ratios
and compositions of a finite number of powers, exponentials and logarithms. As a rule such functions and their
Woronskians have a principal part at +oo which can be expressed by products of similar functions, hence they
do not vanish on a neighborhood of +o .

When comparing our notations with other authors’ results the reader must carefully notice the numbering of
the ¢ ’s in the asymptotic scale (2.23) and in the Wronskians (2.24); the next proposition contains various addi-
tional properties of a T.A.S. and, in particular, it claims that conditions (2.21)-(2.24) imply the nonvanishingness
of the reversed Wronskians:

W(8,(x). 4, (x). .8 (x))=00n[T,x[,1,<i<n, (2.27)

though the converse generally fails as it may be easily checked for the scale

1> cx+x’ > x>, x—>0,(c>0),0n(—0,0[, (2.28)
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which satisfies (2.27) on (—,0[ whereas

¢ and W(¢1»¢2:¢3) # 0 on (_OO:O[ ;
W((é,,¢2)EW(1,cx+x2)=c+2x¢ 0 on |-¢/2,0[ but not on (—o,0] .

Proposition 2.3 (Several characterizations and additional properties of T.A.S.’s). Let the ordered n-tuple of
real-valued functions (¢1 ,oa g, ),n > 2, satisfy conditions (2.21)-(2.22)-(2.23).

() The following are equivalent properties:

1) (¢1,---,¢n) isaTA.S. on [T,xo[ , L.e. (2.24) hold true.

2) Both sets of inequalities (2.24) and (2.27) hold true.

3) The ordered n-tuple (€1¢1 ix),---,en@ (x)) , with proper choices of the constants € ==%1, is an extended
complete Chebyshev system on |T ,xo[ .

4) The n-tuple (¢1 ,o ), ) admits of an integral representation of the form

¢ (x)=wy (x); ¢ (x) = w,y (x)- :le; ¢ (x)=w, ()c).J‘:OWl ...K’ZWH, 2<i<n, xe[T,x; (2.29)
with suitable functions w, subjected to the following regularity conditions
w,(x)#0 Vxe[T,x[;w eC"™[T,x[, 0<i<n-1 jxo |W,~| <40, 1<i<n-1. (2.30)

If this is the case the w,’s are unique and may be expressed in terms of the ¢,’s on [T , xo[ by the formulas

wy (%)= (x); wm =~ ( /¢1 ) ( )) (¢1( )¢2(x));
W (¢ (x). . (x).6 ()|

w(x)=— (2.31)
O (A0 (004 ()
= (W (fo st )W (B b)) [ (B8 [ 2<i<m- 1.
Conversely we have the following formulas for the Wronskians of the ¢,’s
W (g )= (1) whwi Wi o, on[Tox,[,2<i<n, (2.32)
L) For (¢1,~-,¢n) aTA.S. on [T, xo[ we have the inequalities
g (x)#0 on[T,xU[, 1<i<n, (implied by (2.29)-(2.30)); (2.33)
W(¢,.I (%), 8, (x))iOnear Xy (2.34)

for any set of indexes satisfying (2.11) and we also have the hierarchies between the Wronskians stated in
Proposition 2.2-4) and referred to x — x, in the present context. Whenever the ¢,’s are strictly positive then
all the Wronskians in (2.27) are strictly positive on [T ,xo[ by (2.10), but not necessarily all the Wronskians in
(2.24); in this case the inverted n-tuple (¢",~',¢1) is an extended complete Chebyshev system on [T , xo[ .On
the contrary, if the given n-tuple (¢1, --,¢n) is an extended complete Chebyshev system on [T xo[ i.e. all the
Wronskians in (2.24) are strlctly positive on [T xo[ then (2.29) and (2.31) imply that the ¢.’s have alternating
signs, namely: sign ¢, = ( 1)'_ on [T xo[

Part (I) of Proposition 2.3 generalizes a classical result, ([12], Ch. XI, Th. 1.2, p. 379), which characterizes
those special asymptotic scales formed by functions with zeros of increasing multiplicities (namely 0,1,---,n—1)
at an endopint of a compact interval; also refer to ([12], Ch. I]) and to [13] for locutions and facts about Cheby-
shev systems. Notice that formulas (2.31) in themselves are well defined if the n-tuple (,---,¢,) satisfies
(2.21) and (2.24); under the addditional assumption (2.23) they establish a one-to-one correspondence between
the ¢ ’s and the w,’s. For a T.A.S. on ]xo, ] the integrals IXO in (2.29) are obviously replaced by _[V , the
w;’sin (2.31) for i=1 are defined without the minus sign and ‘the coefficient (—l)m is absent in (2.32)'\.°If all
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the Wronskians in (2.24) are strictly positive on ]xO,T ] then the same is true for all the ¢, ’s.

Under condition (2.25) formulas in Proposition 2.3-2) are related to C.F.’s of type (II) at x,. We collect in
the next proposition all the facts essential to develop our theory of asymptotic expansions focusing on C.F’s ra-
ther than on integral representations of the given scale because we need both types of C.F.’s and the layout of
Proposition 2.3 does not suit a C.F. of type (I).

Proposition 2.4 (Formulas concerning T.A.S.’s linked to differential operators). Let the ordered n-tuple
(¢1,---,¢n) satisfy conditions (2.21) to (2.25), hence the operator in (2.26) is disconjugate on the open interval
]T ,X,| and enjoys the properties in Propositions 2.1 and 2.2-(I). Moreover, as an operator acting on
AC™ [T ,xo[ , it has the following further properties:

1) Define the following (n + 1) functions on [T, xo[ :

9o :=1/|¢||§ 4q, :=(¢1 2/| ¢1’¢2

g, =[ (b 8) ] 7 (B a6 ) W (B )| 250 < (2.35)
a0, =04, =W (4.9, /W Bob )
Then, the q,’s satisfy the following regularity conditions:
q,(x)>0 Vxe[T,x;q,€AC""[T,x)[, 0<i<n-1; g, € AC’[T,x,[. (2.36)

Their reciprocals, left apart q, and q,, may be expressed as derivatives of certain ratios

e (x) = (¢2(x)/¢z(x))"’1/q,~(x)= {wa)’m’ﬁ1(x)’¢i“(x))] 2<i<n-l, (237)

W (4 (x). i (x). 6 (x))
on the interval [T,xo[ , and
[*(1/g,) <+, 1<i<n-1, (2.38)

Our operator admits of the following factorization on [T, x| :

L. ,u=d, {q,,l (~-(qou)'-~-j,1', (2.39)

which is a global C.F. of type (11) at both endpoints T and  x, .
2) Our T.A.S. (apart from the signs) admits of the following integral representation in terms of the g ’s:

|¢1(x)|=$; |¢l (x)|= I ool

-IXOL 2<i<n, xe[TxO[ (2.40)
qo(x) * ql f zqz—

hence the ¢,’s, besides being everywhere non-zero on [T , xo[ , have the same order of growth at T, namely

lim ¢, (x)/¢,(x)=c; e R\{0} Vi# . (2.41)
x—>T" ’ ’
In the special case where all the Wronskians in (2.24) are strictly positive, i.e. when (¢1,---,¢n) is an ex-

tended complete Chebyshev system on [T, x,[, then the §,’s have alternating signs, namely
sign ¢, =(~1)" on [T,x,[. (2.42)
3) Analogously we define the following (n+1) finctions on [T, x| :
P, :=1/¢n, =(8,) /| (4.9,..):
=W (408 ¢ (B bi) W (Bt 2<i<n-1 (243)
=W (B8 )W (858,008 )

P =|pop P
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They satisfy the same regularity conditions on the half-open interval [T ,xo[ as the q,’s do in (2.36) and
their reciprocals may be expressed as derivatives of the following ratios analogous to those in (2.37):

(4, (x),.8, 0 (x). 6, (%))
W(¢,, (x)b'”’¢n—i+2 ('x)9¢n—i+l (x))

,2<i<n—-1; (2.44)

l/pl(x):

(RS RIS {

on the interval [T,x,[ . Moreover:

j“ (1/p,)=+o,1<i<n—1, (2.45)
IT(l/pi) <+0,1<i<n—1, (2.46)

hence the associated factorization

L, 4u=p, {pn_, (---(pou)’ j’ ] , (2.47)

is (up to constant factors) “the” global C.F. of type (I) at x, and it turns out to be of type () at T.
4) The special fundamental system of solutions to L, _,u=0 defined by

1 X 1 tig 1 .
P (x)=  P(x)m—— [ [ 1<i <, 2.48
o(x) po(x) (x) po(x).[r P .[T P, b=n (2.48)

satisfies the asymptotic relations:

(2.49)

4 (%)
P (x)>P,(x)> > R(x)>F(x), x—ox.

n—-1

{E)(X)»E(X)>>--->>R,_2(x)>>P,, (x), x->T°,

1) up to multiplicative constants. (In
the terminology used by the author [10], [11] the n-tuple (PO,-'-,EH) is a “mixed hierarchical system” on
]T , xo[ whereas Levin ([7], p. 80) would call it a “doubly hierarchical system” because he uses different ar-
rangements for asymptotic scales at the left or right endpoints ([7], p. 59).) Whenever the ¢, s are strictly posi-
tive then the same is true for all the Wronskians appearing in (2.43) hence the absolute values are redundant; in
this case it is the inverted n-tuple (¢n,---,¢l) which forms an extended complete Chebyshev system on [T, xo[ .

The construction of the two above factorizations starting from the given expressions of the coefficients ¢, or
p,; 1s the classical procedure by Polya [14]. Notice that the functions p,’s in (2.47), which are unique (con-
stant factors apart) by a mentioned result by Trench, may be recovered from many different asymptotic scales
and not just from one! The main feature of the above proposition is that we can express all the properties of our
basic operator (at least those needed in our theory) in terms of the a-priori given Chebyshev asymptotic scale.
The use of absolute values in the definitions of the ¢,’s and p,’s has the advantage of avoiding their use in the
everywhere-present integral representations; and we must use them in at least one of the definitions as the two
sets of Wronskians cannot have one and the same sign.

A quick proof of the existence of C.F.’s. The global existence of C.F.’s of type (I) was for the first time proved
by Trench [9] by an original procedure which was subsequently adapted by the author [10] to show the local ex-
istence of C.F.’s of type (II). Trench’s result played a historical role as it had a great impact on the asymptotic
theory of ordinary differential equations. Levin’s theorem easily implies both Trench’s result about global exis-
tence (but not uniqueness) and the existence of a particular local C.F.’s of type (II) in the case of disconjugate
operators: see the proof of Proposition 2.4. However we must point out that Trench’s procedure, independent of
properties of Wroskians, applies to a larger class of operators ([9], §1). As far as C.E.’s of type (II) are con-
cerned the present quick approach does not yield a C.F. of type (II) at & for each interval ]a +e,b[ , as asserted

in Proposition 2.1-5.

Relations (2.49) uniquely determine the fundamental system (PO,---,P
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3. The Special Operators Associated to Canonical Factorizations

In this section, we collect some facts concerning those special operators associated to canonical factorizations:
properties and formulas which our theory is constructed upon. We do not report the heuristic considerations
which justify our approach and show how “natural” the obtained results are; we refer the reader to ([5], §3) for
the heuristic approach and the related conjectures which will be proved in this paper.

Referring to the factorization of type (I) in (2.47), with the p, ’s in (2.43), we define the differential operators
actingon AC"'[T,x,[:

’

Ly= py (x)us L= p, (x)[pk_l(x)t--'(po (x)u)') } Asks<nm Lu=L, . ,u, G-D

which satisfy the recursive formula
L= p, (x)(L ) ,1<k<n. (3.2)

And referring to the factorization of type (II) in (2.39), with the g, ’s in (2.35), we define the differential op-
erators acting on  AC""' [T, x,[ :

M= gy (x)u: My = m»o{qk1<x)(-~(qo<x)u>’---j} dsksm Mu=Ly yu (3)

which satisfy the recursive formula
Mu=q, (x)(M,Hu)’,lSkén. (34

We call L, [respectively M,] “the weighted derivative of order k with respect to the weights ( PosPi>" pk) ,
[respectively ( qo,ql,--‘,qk) 17, in preference to the (some-times used) generic locutions of “quasi-derivatives or
generalized derivatives” with no reference to the n-tuples of weights. The operator of order zero is included for
convenience. Now representations (2.40) and (2.47) imply that:

ker L, = span(¢n,¢nfl,-~,¢n7k+1); ker M, = span(¢1,-~,¢k), 1<k<n—1; (3.5)
hence there exist never-vanishing functions p,, g, such that:
Lau=p, - W(ByobyrssByinott); Mi=q, - W(d,4u), 1<k <n—1. (3.6)
It follows that L, and Mj preserve the hierarchy (2.23), namely we have the following asymptotic scales:

L, [¢1 (x):| >, [¢2 (x)] > [¢H (x)],x - X, (3.7)
M [ (x) ] M [ by (x) ][> > M [ 4, (x) ], x> x, (3.8)

for each fixed k, 0<k<n—2.For k=0 they respectively reduce to
Po (%) (x)> py(x) ¢ (x) > py(x)8, (x), x > xg, (3.9
4o (%) (x)> g, (x)d, (x)> > g, (x) 4, (x), x > x;, (3.10)

both equivalent to (2.23). Hence if we apply any n-tuple of operators L, and M;, 0<k <n-1, to an asymptotic
expansion with an identically-zero remainder i.e. to a linear combination

f(x)=ap(x)++a,g, 3.11)

we get again an asymptotic expansion with a zero remainder and in this sense we may say that “the asymptotic
expansion (3.11) is formally differentiable (n —1) times with respect to the n-tuples of weights ( Pos*s PH)
and (qo,---,qm1 ) ” neglecting the nth-order weighted derivatives which yield identically-zero expressions. Be-
side this the operators M; have a remarkable asymptotic link with the coefficients in (3.11) as claimed in the
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following

Proposition 3.1 (The coefficients of an asymptotic expansion with zero remainder). Referring to the T.A.S. in
Proposition 2.4 and to the special factorization (2.39) the following facts hold true for the differential operators
My in (3.3):

(I) The M, ’s satisfy the following relations:

ker M, =span(¢y,---,¢,), 1<k <n; (3.12)
M, [¢k+l (x)] =¢, =constant =+1, 1<k <n-1; (3.13)
x 1 xn 1 _
Mk[¢h(x)]:€h>k'fxoq_”'jUq_zo(l)’x%x“ (3.14)
k+1 h-1 .

€, =constant =L, 1<k <h-2,h<n.

W -
MkuzekM,lékSn—l. (3.15)

W(¢17""¢k7¢k+1)
(ID) For a fixed k, 1<k <n,we have the logical equivalence:

M, [f(x)} =¢, , -a, = constant on some interval J (3.16)

if and only if
f(x)=ag (x)+---+a.d (x)on J for some constants a,, (3.17)

a, being the same as in (3.16) and €, as in (3.13). If (3.16)-(3.17) hold true on a left neighborhood of x,
then the following limits exist as finite numbers and

e -a, =limM,_ [ f(x)],1<h<k, (3.18)
X—)Xq

where, for h = k, (3.18) is the identity (3.16).
(ITT) In the special case wherein all the Wronskians in (2.24) are strictly positive then the constants in (3.13)-
(3.14) have the values:

¢ =1, ¢, =(-1)"". (3.19)

We stress that the equivalence “(3.16) <> (3.17)” is an algebraic fact based on (3.12)-(3.13) whereas the infe-
rence “(3.16)-(3.17) = (3.18)” is an asymptotic property whose validity requires that (¢1,-~,¢k) be an asymp-
totic scale at x, and that the operators M, be defined as specified.

4. The First Factorizational Approach

We start from the “unique” C.F. of our operator L, ., on the interval [T xo[ of type (I) at X5 i.e. identity
(2.47) with conditions (2.45)-(2.46) and the p,’s satisfying the same conditions as do the g, ’s in (2.36). We
consider the fundamental system (2.48). By (2.49) the ordered n-tuple ( s --,PO) is an asymptotic scale at
X, but it cannot coincide (constant factors apart) with the given scale (;/ﬁ], . ¢n) as (2.41) and (2.49) are in-
compatible. However (2.23) and (2.49) imply that the two scales are linked by the following relations

¢( ) b.P ( )x—)xg,lSiSn, 4.1

it n—i

with suitable nonzero constants b, , hence

¢.(x)=bp,,(x)+ Zﬂ,,P (x),1<i<n-1; ¢,(x)=b,R (x), 4.2)
and viceversa
po(x):biqﬁn(x),g(x):%qﬁn,,.(m 3 B () 1<isn-, 3)
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with suitable constants S, ,, ﬁ, ; - In this approach the appropriate differential operators to be used are the L, ’s

defined in (3.1) and here are some elementary properties of these operators.
Lemma 4.1. The following relations are checked at once:

ker Z, =span (R, B+, F,_;) =span (¢,.4, .4, ). 1<k <n; (4.4)
L[ P (x)]=1,0<k<n-1; (4.5)
X dt i dt
L |P(x)|= kel [T L, 0<k<i<n-1; (4.6)
k[ ()J '[Tpk+1(tk+1) JT pi(ti)
LP(x)]<L[P,(x)].x>x,0<k<i<n-2. (4.7)

Hence, we have the following chains of asymptotic relations:

LB (x)]<L[B(x)]< < L[P, ()]

L [Pl (x):| <L [Pz (x)] <K [PH (x)],

L[P(x)]<L[P(x)]< < L[P (x)], x>x, (4.8)

Lo[P,(x)]< L, [P, (x)]:

The first chain in (4.8) coincides with the second chain in (2.49) apart from the ordering and the factor p, (x) .
As the first term in each chain is the constant “1” all the other terms diverge to +o .
Lemma 4.2. If a solution ¢ of L, ,u=0 satisfies the asymptotic relation

¢(x)~cE (x),x—)x(;, 4.9)

for some ie {0,1,---,11 —l} and some nonzero constant c then the following relations hold true:
L[4(x)]~ el [R(x)]. x> x,,0<k<i<n-I; (4.10)
L[4(x)]=0,i+1<k<n (4.11)

Moreover,
b, ,,0<i=k<n-1,

Ly |:¢n—i (x):| = {0, 0<i<k, (4.12)

with the b,’s defined in (4.1). It follows from (4.1) and (4.10) that all relations in (4.8) hold true after replacing
P by ¢, , hence, consistently with (3.7), we have the asymptotic scales:

L, [(,75, (x):| > L, [¢2 (x):| > L [gbﬂ (x)J,

LI (x)]> L[ (x)]>>L[4.(x)]
L[4 (x)] %> L[#(x)]>>L[d,(x)], x>x., (4.13)

L, [¢1 (x):| >L,, [¢2 (x):|

Last, with the b,’s defined in (4.1), we have the identity

W ) PR —k+12
Lu=bh (4.4, ¢”“u),1£k£n—1. (4.14)

" W(¢n’¢n715.“’¢n—k)

Lemma 4.3. Any function e AC"" [T,xo[ admits of a representation of type
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1 X 1 n-2 In-1 ¢1 ¢[f(t)j|

f(x):c¢(x)+~~~+cn¢n(x)+— ‘ — ”—dt,xe T,x,|, (4.15)
v pO(x) Tp J.T pnl pn(t) [ 0[

with suitable constants c;. From (4.6), (4.12) and (4.15) we infer at once the following representations of the

weighted derivatives of [ with respect to the weight functions ( Do>"*s pn) :

L/ ()] = [0+ el [ (4]

TR LT J't”" Ly L/ (1) dt, x [T, x,[;0<k<n-2;
T Pra (tk+1) r pn—l(t—) r b, (t)

x t

Lo[f(x)]=aLl [4(x)]+] L. )( I a = c,b +|. %dr, xe[lx[. 417
By (4.13) the linear combination Zi:l cL, [¢, x J in the right-hand side of (4.16) is in itself an asymptotic
expansion at x, for each fixed k.

We shall now characterize various situations wherein relations (4.16)-(4.17) become asymptotic expansions.
In the following two theorems we state separately three cases of a single claim lest a unified statement be ob-
scure. The reader is referred to the first remark after Theorem 4.4 to grasp the meaning of the differentiated
asymptotic expansions which exhibit a special non-common phenomenon.

Theorem 4.4 (Asymptotic expansions formally differentiable according to the C.F. of type (1)). Let
fedC" [T, x|

(I) The following are equivalent properties for a suitable constant a, :

1) The set of asymptotic relations

(4.16)

L, [f(x)] =aL, [¢1 (x)]+0(Lk [¢] (x)]), X—>x,;0<k<n-1. (4.18)
2) The single asymptotic relation
L[ f(x)]=ab +o(1), x > x,, with b, defined in (4.1), (4.19)

which is the explicit form of the relation in (4.18) for k=n-1.
3) The improper integral
J-x(] L¢l""a¢n I:f(t)]
T op(0)

Under condition (4.20) we have the representation formula

o Lyog (1))
p. (1)

dt converges. (4.20)

L[ f(x)]=ab -] dt, x € [T, x,[. 421)

(IT) For a fixed ie {2,~-,n} the following are equivalent properties for suitable constants a, (the same in
each set of conditions):
4) The set of asymptotic expansions as X —> X,

L [f(x)] =alL, [¢1 (x)]+~~+a,.Lk [¢, (x)]+0(Lk [¢l (x)]), 0<k<n-i
L, .., [f(x)] =al, ., [¢1 (x)] +ota, L, o, [¢Hl (x)] +o(1);0<h<i-1.
5) The second group of asymptotic expansions in (4.22), i.e.
Lo f(x)]=aL, .,[6(x)]++a_L_.,[4.(x)]+0o(1), x > x;0<h<i-], (4.23)

where we point out that the last meaningful term in the right-hand side is a constant.
6) The following improper integral, involving “i”’ iterated integrations,

(4.22)

pbipe Lo Lpe Ly, [ /()]

— =~ 2= df converges. (4.24)
r panl fniel pn7i+2 fn-2 pnfl fn-t pn (Z)
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Under condition (4.24), we have the representation formula
Ln—[ [f(x)]:all‘n—i [¢I ('x):|+“.+al n— L|:¢ :|

P TP w 1 e Lyoy [S(1)] (4.25)
+(_1) -LO Pn-in1 Jt:m Pn-iv2 t”: Pna J.tlil : ;n (t) dt,

for xe[T,x,[, as well as the corresponding formulas for the functions L., [f(x)} with 0<h<i-1, ob-
tained by suitable differentiations of (4.25): see remark 3 below.

Remarks. 1) Relations in (4.22) may be read as follows. The first relation, involving L, is equivalent to the
asymptotic expansion

f(x)=a (x)+-+ag (x)+0(4(x)), x> x;, (4.26)

and the relations involving L, , with 1<k <n-i, state that (4.26) can be formally differentiated (n -1 ) times
in the sense of formally applying the operators L, to the remainder in (4.26). In so doing one arrives at the
expansion

L, [f(x)]:alL,H. [¢1 (x)]+~~-+al - 1[ 2 :|+0 , XX, 4.27)

where L, [¢, (x)] = constant . The process of formal differentiation, from the order (n -1 +l) up to (n—l) s
goes on according to the following rule: in (4.27) and in each expansion in (4.23) the last term is constant and is
lost after one further weighted differentiation while the remainder preserves its simple growth-order estimate of
“0(1) ”. So the first (n —i+1) expansions, i.e. those involving L;,L,---,L, ;,, have the same number of mea-
ningful terms whereas each of the other (z' —l) expansions is deprived of the last meaningful term at each suc-
cessive differentiation. We rewrite more explicitly the expansions in (4.22) to better highlight the dynamics of

this process:

f(x)=ad (x)++ad (x)+o(4,(x)),
L [f(x)} =alL, [qﬁl (x)] +-tal [¢l (x)} + o(L1 [¢l (x)}),

L, [f(x)} =al, , [¢1 ]+ +a, L, l[gﬁ ]+0(1

con: stant

L[ f(x)]=aL, _.[¢(x)]++a_ L _.[4.(x)]+0(1), (4.28)

constant

L, [f(x)] =al,, [¢1 (x)] +ta, L, , [¢2 (X)J +0(1)

constant

L[ f(x)]=a L [4(x)]+0o(1)

constant

The loss of the last meaningful term, where it occurs, is caused by formula (4.12) for i=k—1 which, after
renaming the indexes, reads

L, i [¢z>h+1 (x):| =0. (4.29)

Notice that in the second group of expansions in (4.28) i.e. those with remainder “0(1) ”, the meaningful
terms disappear one after one in reversed order if compared with Taylor’s formula.

2) It is shown in §6, after the proof of Theorem 4.4, that the set (4.23) is not equivalent in general to the single
relation

L[ f(x)]=aL,_[¢(x)]++aL,[8(x)]+0(1),x > x, (4.30)
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as in part (I) of the theorem (case i=1).

3) Suitable weighted differentiations of (4.25) yield integral representations of the remainders in the differen-
tiated expansions of orders greater than (n—i ) and these representations are numerically meaningful. On the
contrary, if i<n, then successive integrations of (4.25) contain some constants not uniquely defined hence the
corresponding representations are of no numerical use without additional information on f.

For i=n the subset of (4.22) involving the operators L,,1<k <n—i, is empty and here is an explicit and
expanded statement.

Theorem 4.5 (The case i=n in Theorem 4.4). For fe AC""[T,x,[ the following are equivalent proper-
ties:

1) The set of asymptotic expansions as x —> X, for suitable constants a,,--,a, :

S (x)=agy (x)+-+a,d, (x)+0(4,(x)),
Lk[.f(x)]:alLk [¢1 (x):| +ota, L, [¢n k :|+O JA<k<n-1, (4.31)

constam

where the last term in each expansion is lost in the successive expansion.
2) The improper integral

prloe Lo Zaea /O]

: dt¢ converges. (4.32)
T p] fn-2 pn—l -t pn (t)

3) There exist n real numbers a,,---,a, and a function ®, Lebesgue-summable on [T,x,| such that

J~x0 1 X0 1 . Ixo _Ixoq) dt XE[T xO[ (433)

f(x)=a1¢1( )+ +a¢ P e iy

If this is the case @, is determined up to a set of measure zero and

!
Ly
p.(x) "

The phenomenon described in (4.28) and (4.31) is intrinsic in the theory; it occurs even in the seemingly ele-
mentary case of real-power expansions, ([4], Th. 4.2-(ii), p. 181, and formula (7.2), p. 195), where the asymp-
totic scale enjoys the most favourable algebraic properties. This type of formal differentiation of an asymptotic
expansion does not frequently occur in the literature though the results in this section show that it is one of the
possible natural situations. An instance (not inserted in a general theory) is to be found in a paper by Schoenberg
([15], Th. 3, p. 258) and refers to the asymptotic expansion

@, (x)= o [f(x)] ae.on [T,x][. (4.34)

f(x)=ax"+a,x? ++ax"+ O(x‘”‘1 ), X — 4o, (4.35)

5. The Second Factorizational Approach and Estimates of the Remainders

Now we face our problem starting from a C.F. of type (II) at x,. Referring to Proposition 2.4 the most natural
choice is the special C.F. of L, 4 in (2.39), with the ¢, ’s in (2.35) and satisfying conditions (2.36). Accord-
ing to the Conjectures formulated in ([5], §3) we shall characterize a set of asymptotic expansions, involving the
operators M, defined in (3.3), wherein each coefficient of the first expansion may be found by an independent
limiting process instead of the recursive formulas (1.3), and the existence of the sole last coefficient implies the
existence of all the preceding coefficients. In this new context a representation of the following type is appropri-
ate for any function [ e AC""[T,x,[:

? (t];(t)}dt,xe[T,xO[, (5.1)

with suitable constants c,. Applying the operators M, to (5.1) we get the following representations of the

th-2 fn—lL
f(x)=ch(x)++cd, (x I_ an_ ij.r

468
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weighted derivatives of f with respect to the weight functions (g,,-,q, )

M, [f(x)] = M, [¢k+1 (x)} +eete, M,y [¢n (x)}
* dtk” ...J.['FZ dtn—l J'['H Lﬂﬁf”y% |:f (t):l dt 0 < k < n—l. (52)
- (tk+1) T q,, (tn—l) T 9, (t)
Warning! To simplify formulas and to leave no ambiguity about the signs of the involved quantities we as-

sume throughout this section that the Wronskians in (2.24) are strictly positive. Hence, by (3.19) ¢, =1, and the
last relation in (5.2) explicitly is

M, [/ (x)]=c,+]; %;—Wdt xe[T.x|[. (53)

By (3.8), the ordered linear combination in (5.2),

S e, [4(x)]: (5.4)

i=k+1

is an asymptotic expansion at x, for each fixed k,0<k <n—1. Unlike §4 we first state here the result con-
cerning a complete asymptotic expansion, i.e. of type (1.1), because it is the most expressive result in this paper
and characterizes the simple circumstance that M, , [ f (x)] =a,+0(1) via a set of n asymptotic expansions.
Always refer to Proposition 3.2 for properties of the M, ’s.

Theorem 5.1 (Complete expansions formally differentiable according to a C.F. of type (II) ). Let our T.A.S.
be such that all the Wronskians in (2.24) are strictly positive and let f € AC" [T, xo[ .

(D) The following are equivalent properties:

1) There exist n real numbers a,,---,a, such that:

n

f(x)=ad (x)++a,d,(x)+0(4,(x)), x > x;; (5.5)
M, [f(x)] =a,, M, [¢k+1(x)J+~~~+aan [¢n (x)]+o(Mk [¢n (x)]),x—)xg,lﬁkﬁn—l; (5.6)

where the first term in each expansion is lost in the successive expansion, just the same phenomenon as in
Taylor’s formula. Notice that the relation that would be obtained in (5.6) for k£ =0 differs from relation in (5.5)
by the common factor ¢, (x).

2) All the following limits exist as finite numbers:

lim M, [ f(x)]=a,,,0<k<n-1, (5.7)

X—X0

where the a,’s coincide with those in (5.5).
3) The single last limit in (5.7) exists as a finite number, i.e.

lim M, [ f(x)]=a,, (5.8)

and (5.8) is nothing but the relation in (5.6) for k=n—-1 whichreads M,_, [f(x)] =a,+o(l),x > x,.
4) The improper integral
[ Ly s, [ /(1)]
Toa)

and automatically also the iterated improper integral

dt converges, (5.9)

X X X X L t
j OLJ. ’ LJ. ! LI ¢ A L 0 [f( )] dt converges. (5.10)
a6 74 9,(1)
5) There exist n real numbers a,,---,a, and afunction ¥, Lebesgue-summable on [T,x,[ such that
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f(x)=§af¢z(x)+go‘zl) qi j‘:"z— [, (1), [T 5.1

where, by (2.35), l/q0 (x) =4 (x) . In this case Y, is determined up to a set of measure zero and
1

0=

] L., [f Ja.e.on [T, x| (5.12)
(IT) Whenever properties in part (I) hold true we have integral representation formulas for the remainders
n n—k
Ry(x):=f(x)=Yad (x): R (x) =M, [ f(x)]- Da . .M, [d..(x)]. 1<k<n-1, (5.13)
i=1 i=1

namely,

-1)" 5 % w Ly t
- Uy —J—J% 519

R (x)=(-1)"" j— " —j Lpa[7(0)] dt, (5.15)

T Grn 2q, )

for xe [T,xo[,l <k<n-1. From (5.14) we get the following estimate of R, wherein the order of smallness
with respect to ¢, is made more explicit than in Theorem 4.5 (formula in (2.40) for i=n is used):

o0 Ly g, [f(f)]
["= q,(7) o

Under the stronger hypothesis of absolute convergence for the improper integral we get

EEARTR

4, (7)
Similar estimates can be obtained for the R, ’s.

Remarks. 1) As noticed in ([4], Remark 1 after Th. 4.1, pp. 179-180) the remarkable inference “3) = 2)” is
true for the special operator M, , stemming out from a C.F. of type (II) at x, but not for any (n —1) th-order
differential operator originating from an arbitrary factorization of L, _, .

2) Condition (5.9) involves the sole coefficient ¢, which admlts of the explicit expression in (2.35) in terms

Of ¢1> "7¢n

4, (x))-sup ,xe[T,x[. (5.16)

zx

|Ro (x)| <

dt,xe[T,xO[. (5.17)

W (s 8) W (0 ): (5.18)

hence (5.9) can be rewritten as

[ (¢.( ) - l(f))
T W( ) %-w%
(

[f (t)] dr converges. (5.19)

For n=2 the ratio inside the integral equals ¢ / w ¢1,¢2) and we reobtain the result in ([1]; condition (5.15),
p- 265).

3) In Theorem 4.5, generally speaking, no such estimates as in (5.16)-(5.17) can be obtained due to the diver-
gence of all the improper integrals in (4.33) if the innermost integral is factored out.

4) Theorem 5.1 changes the perspective of the elementary characterizations in (1.3) of the coefficients g, : in
(1.3) the a,’s are defined recursively whereas in (5.7) each g, has its own independent expression and,
moreover, the existence of a, , as the limit in (5.8), implies the existence of a,,---,q,_,.

In the following result about incomplete expansions formal differentiation is in general legitimate a number of
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times less than the “length” of the expansion (see Remark 2 after the statement).

Theorem 5.2 (A result on incomplete asymptotic expansions). Let our T.A.S. be such that all the Wronskians
in (2.24) are strictly positive and let [ € AC"™ [T,xo[ .

(I) For a fixed ie {2,---,n - 1} the following are equivalent properties:

1) There exist i real numbers a,,---,a, such that:

f(x)=ad (x)++ag (x)+o(4(x)), x> x; (5.20)
M, [f(x)] =, M, [¢k+] (x)]+~--+a[Mk [¢, (x)]+0(Mk [¢, (x)]),x—)xg;lﬁkﬁi—l. (5.21)

2) All the following limits exist as finite numbers:

lim M, [ f(x)]=a,,.0<k<i-1, (5.22)
X—>X)

where the a,’s coincide with those in (5.20)-(5.21).
3) The single last limit in (5.22) exists as a finite number, i.e.

lim M, [ f(x)]=a,, (5.23)

and (5.23) coincides with the relation in (5.21) for k=i-1.
4) The improper integral (involving n—i+1 iterated integrations)

jﬁxo i J'ti L .. J.[”'l L¢"¢"—|:f(t)]d[ converges, (5.24)

! qi (ti) r qi+1 (ti+l) r qn (t)
and automatically also the iterated improper integral

J"‘OL...I)‘O lJ‘"L...I’M Ly, g, [f(’)]

d¢ converges. (5.25)
Ta g g 7T q,()
(II) For i=1 the theorem simply asserts that the asymptotic relation
f(x)=ad (x)+0(4(x)). x> x,, (5.26)

holds true for some real number a, iff the improper integral

J'ﬂol 0 1 J"”*‘Lﬂv'“%—w

PR

" og g,

Remarks. 1) We shall see in the proof of Theorem 5.2, formula (7.44), that the representations of the quanti-
ties M, [ f (x)} , 0<k<i-1, contain some unspecified constants not determinable through the sole condition
(5.24) which, for this reason, grants neither explicit representations nor numerical estimates of the remainders of
the expansions in (5.20)-(5.21).

2) As concerns estimates of the quantities M, [ f (x)] for i<k <n-1, the situation is as follows. By
(3.13)-(3.14), the representation in (5.2) for k=i has the form:

d¢ converges. (5.27)

M [f(x)]=] Al --'j’”*‘L“’”"”"[f(t)}dt+c+o(1), (5.28)

r qi+1 (ti+1)

for some constant c. If, as x > x,, [ (x) converges to a real number then we may apply Theorem 5.2 with i
replaced by i+1;butif [ (x) is unbounded and oscillatory no asymptotic relation more expressive than (5.28)
can be obtained generally speaking. On the contrary a favourable situation occurs when it is known a priori that
1 (x) either converges or diverges to oo and the corrresponding estimates are reported in Part 1I-B of this

paper, Theorems 8.3-8.4.
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Theorem 5.3 (The analogue of Theorems 5.1-5.2 with “O”-estimates). Let our T.A.S. be such that all the
Wronskians in (2.24) are strictly positive, let f € AC"" [T, xo[ and let ie {2,---,n} be fixed. The following
are equivalent properties:

1) There exist (i—l) real numbers a,,---,a,, such that:

f(x)=a (x)+-+a_,d,(x)+0(4(x)). x > x;; (5.29)
M, [f(x)] =a,,M, [¢k+1 (x)]+...+at._1Mk [¢,_1 (x)]+O(Mk [¢, (x)]), x—ox;1<k<i—-1.  (5.30)

2) All the following relations hold true:
lim M, [ f(x)]=a,,,,0<k<i-2; M_ [ f(x)]=0(1),x > x;; (5.31)

X—Xg

where the a,’s coincide with those in (5.29)-(5.30).
3) It holds true the single last relation in (5.31) i.e.

M [f(x)]=0(1), x> x;; (5.32)

4) We have the following estimate instead of condition (5.24):

cdt e dty Ly [(0)] _
i i d dr=0(1), - 5.33
YTy I —ry 1)x=x 639
For i=n condition (5.32) reads
I;%“"b”—%(t)]dt:0(l),x—>xo, (5.34)
q,

and representation (5.11)-(5.12) must be replaced by

F(5)= S () EL [ Lo Lo b /@], 535

i=I 9 (x) gt g, g, T 9, (t)
For i=1 the theorem simply asserts that the asymptotic relation
f(x)=0(¢(x)), x> x;, (5.36)
holds true iff
x1 ¢ 1 I L¢|§.4.,¢ I:f(t)] -
— (= L 2 = 0(1), x > . (5.37)
-[T q, J‘T q, .[T q, (t) ( ) 0
6. Proofs

Proof of Proposition 2.1. For the equivalence of the two properties in 1), see Coppel ([8], Prop. 3, p. 82). “1) <
2)” is proved in Levin ([7], Th. 2.1, p. 66) where the interval I is explicitly stated to be open not in the statement
of the cited theorem but at the outset of §2 on p. 58; “2) <> 3)” is the classical result by Polya [14]; “1) < 4)” is
the fundamental result by Trench [9]; “1) = 5)” is to be found in ([10], Th. 2.2, p. 162) whereas the converse
rests on the trivial fact that disconjugacy on ]a,b[ is equivalent to disconjugacy on every compact subinterval
of |a,b|.

P]roof[ of Proposition 2.2. Part (I) is contained in ([12], Th. 2.1, p. 66) with reverse numbering of the ¢ ’s
whereas part (II) follows from ([12], Lemma 2.6, pp. 63-64, and Remarks on p. 67 concerning the hierarchies of
the Wronskians), here again with reverse numbering of the ¢, ’s. Levin’s results are valid for an open interval
and this is stated explicitly at the outset of §2 in ([7], p. 58); moreover, the tacit assumption of strict positivity of
the functions forming the scale is agreed in a long list of notations and terminology in ([7], §1, p. 57, item 20).
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Proof of Proposition 2.3. 1) = 2). Let (51,---,@) be an extension of (¢,---,¢,) of class C""|T—¢,x,[,
€ >0, such that

W(fod)=00n T —ex,[,1<i<n. (6.1)
In particular, we have
W (o i) #0 and W(g, o) #0on T —e,x, [, (6.2)

and we may apply part (IT) of Proposition 2.2 (regardless of the signs) because the second condition in (6.2)
coincides with the condition in (2.16) for r=1. So, we infer the inequalities:

W($h, 1o d) %000 JT—ex [, 1<i<n, (6.3)

which imply (2.27). Proposition 2.2 also implies all the claims in part (II).

1) < 3). We refer to the standard definition of the concept of “extended complete Chebyshev system on a
generic interval J”, based on the maximum number of zeros for their linear combinations, see, e.g., ([12], Ch. I).
A classical result states the equivalence between an ordered n-tuple (u,,---,u,) forming such a system onJ and
the strict positivity of the Wronskians W(ul,---,ui), 1<i<n, onJ. This is proved, e.g., in ([12], Ch. XI, Th.
1.1, p. 376) for a compact interval J, but the argument is valid for any interval as observed, e.g., by Mazure ([13],
Prop. 2.6). This equivalence is a general fact involving only inequalities (2.24).

2) = 4). Here, we are retracing the steps of the proof in ([12], Ch. XI, Th 1.2, pp. 379-380) in a way that in-
cludes in one proof the expressions given in (2.31). First, inequalities (2.24) grant that the functions w;,
0<i<n-1, are well defined on [T,xo[ and satisfy (2.29). The second expression for w;,,i>2,in (2.30), is a
classical identity, see ([8], Lemma 4, p. 87) for a synthetic proof under our regularity assumptions. Moreover,
inequalities (2.24) and (2.27) together grant, by Proposition 2.2-(II), the asymptotic relations (2.14), hence

W (%), 581 (%), 40 ()
W (4 (x)s (%), (%))

This implies three facts: 1) the convergence of the improper integrals

3 th W(¢| (1), 281 (1)- 41 (t))

9, (x)/¢1 (x) =o(1);

:o(l),x—>x5,2SiSn—l. (6.4)

d,2<i<n-1; (6.5)

P& 0 (060
2) the representations for ¢,,4, ; 3) the identity
W(¢| (x),-",(é,-_l (x)’¢[+1 (X)) _ J‘:Owi (t)dl, 2<i<n-l1. (66)

W (6, (x). -4 (x).4,(x))

Before using induction, we prove the representation of ¢, to highlight the role of (6.6). We have

W (o)W (8,8,) = [ (6)dts W (o)== (8) wis W (4.8)=(4) (4,/9) 6.7)

whence

(¢4/90) (x) == () [ (1),
by (223)

()[4, (x)=c+ J.:Ow1 _[;sz (r)dr = Ixowl :Ow2 (r)de,

x

(6.8)

which implies the representation of ¢, in (2.28). To prove the representations of ¢, for 4<i<n-1, we pro-
ceed by induction supposing to have proved our inference 2) = 4) for any i-tuple forming a T.A.S. on [T ,xo[ ;
hence, our representations hold true for ¢,,---,¢, and we must prove it for ¢,,. Putting

v, ()= (e /8) (x), 1<k <i, (6.9)
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we immediately infer from (1.5) and from (2.14) referred to x — x, that

(4()) " W (W ) =W (o8 ) 2 000 [T x, [ (6.10)
V= (¢1)_2 W(¢1’¢k+l) > (¢1)_2 W(¢1’¢k+2) =W X > X, Le. 6.11)
v (x)>w,(x)> >y (x), x> x.
(The n-tuple (1//1,- . -,l//n) is sometimes called the “reduced system”). Moreover, (6.6) and (6.10) imply
W [ Vi X
AORZRONAC) = ["w, (¢)dr. (6.12)
W(‘/’l(x)a"'ﬂ/’fa(x)"/’i—l(x)) )
We may now apply our inductive hypothesis inferring that
v (x) =i (x) [ (6.13)

where the W, ’s are defined by the expressions on the right of (2.30) with the ¢, ’s replaced by the w, ’s and
(6.10) implies

Wy =y, E(¢2/¢1)’ =W
~ W(l//ls""l//k—l’l//kﬂ) W(¢1""s¢ka¢k+2) (6'14)

W, =— =— =W, 25k<i-1;
‘ W(l/ll""’l//k—l’!//k) W(¢l=""¢k7!//k+l) !

and (6.13) becomes

(dhar /) (x) == (x)- [y i, (6.15)

which, by (2.23), gives the sought-for formula for ¢,,,. Formulas (2.32) may be proved quite simply, in alterna-
tive to the inductive argument suggested in ([12], p. 380), using the second expressions for the w,’s given in
(2.31); putting for brevity,

W, ::W(¢1,---,¢l.), (6.16)
we have as in ([8], p. 92):
W, =wy; Wy /W, =—wow;; 6.17)
W [W, ==w, W, [W,_ = +ww, W, [W,, :"':(_l)i WoWw W, 2<i<n—1; .

hence,

W, = (_l)i" Wow, --w,_ W = (_1)H WoW, - W, .(_1)i’2 WoW, =W,y W, =

i i i

(i=1)+(i=2)++2+1 (618)
=(-1) [wow1 ---WH][WOW1 "'Wifz]"'[WoWJWo =(2.32),
and this shows the converse inference “4) = 2)”.

Proof of Proposition 2.4. 1)-2). Properties in (2.36) follow directly from the assumptions, and relations in
(2.37) are a standard fact as remarked in the preceding proof. As concerns (2.38), the continuity of the ¢, ’s at
the endpoint T implies L(l/ q,) <+, whereas from (2.37) we get

1 ), (x) by (2.23)
j — = constant + convergent as x — X ;

g, ) (x) 6.19)
. W o b, by (2.14) :
ITL = constant + (¢' (x) o (x) 1 (x)) coni/ergent asx —>x,,2<i<n-l.

W (4 (x), i (x).6,(x))

4



A. Granata

Factorization (2.39) is then the classical factorization arising from (2.35) and discovered for the first time by
Polya [14]. Representations (2.40) are contained in Proposition 2.3 with different notations. In general, by (2.12),
the calculations in (6.19) prove the existence of a C.F. of type (II) at x, valid on a suitable left neighborhood
of x,.

3) The very same reasonings prove the properties of the p, ’s; the proof of (2.45) is similar to that in (6.19)

1 ) x .by (2.23) ~
r— = constant + ¢1—() divergent as x — x; ;

T pl ¢n (X (6 20)
x 1 W(¢n (x)" : .’¢n7i+2 ('x)’¢n7i (x)) .by(2.14) — . .
IT — = constant + divergentas x > x,,2<i<n-1;
b W(¢n (x)’”.’¢n—i+2 (x)a¢n—i+l (x))

and in general, by (2.10), these calculations prove the existence of a C.F. of type (I) at x, valid on the whole
open interval where the given operator is assumed disconjugate. The claims in 4) are trivial.

Proof of Proposition 3.2. Relations (3.12) to (3.14) are directly checked using representations (2.40). Relation
(3.15) follows from the second relation in (3.6) replacing u by ¢,,, and using (3.13). If (3.16) holds true for
some sufficiently regular £, then (3.4) implies M, [ f(x)]=0 and (3.17) follows from (3.12)-(3.13). The con-
verse trivially follows again from (3.12)-(3.13). Now suppose (3.16)-(3.17) to be true on the left of x, ; relation

(3.18) for h=1 is nothing but the obvious relation a, =lim . f(x)/é(x).
XX
For h>2,we use all relations (3.12), (3.13), (3.14) and get from (3.17)

M, [f(x)} = gahﬂ'Mh-l [¢h+i (x)} =6¢a, + zahﬂ'Mh-l [¢h+i (x)} =6¢a, + 0(1), (6.21)

where the remainder “o(1)”is =0 for h=k.
Proof of Lemma 4.2. From the chain P, (x)>---> P, (x), x - x, , we get

n

#(x)=cP(x)+a, P (x)++a,B () (6.22)

for suitable constants ¢, , hence
L, [¢(x):| =clL, [R (x)] +ao,_ L, [1371 (x)] +t oL, [PO (x):|; (6.23)

now (4.10) follows from (4.7), and (4.11) follows from (4.4). If in (6.22) we replace ¢ by ¢, , we have
c¢=b_ . and the identities in (4.12) follow from (4.4) and (4.5). The identity in (4.12) for i=k, ie.

L[ ¢, (x)]=b,.,. together with the first relation in (3.5) imply (4.14).

Proof of Theorem 4.4. Part (1). From (4.12) and (4.17), with ¢, = a,, we infer at once the equivalence “(ii) <
(iii)” as well as representation in (4.21). The inference “1) = 2)” being obvious let us prove the converse simply
denoting by L our operator L, . , . We shall repeatedly use the recursive formula (3.2) in the form

U= J.X;Lk [u(l)] dt +constant, 1 < k < . (6.24)

" pi (1)
If (4.19) holds true we have (4.21), and representations in (4.16) can be rewritten as

Lk [f(x):| = {clLk |:¢1 (x):|+"'+cn—kLk [¢n—k (x)]}
R L[f (t)] N dt,, [ d,
(L Py (t) dt} IT Pra (t/m) JT Py (tn—l) (©23

X dtk+1 In-2 dtnfl X0 L[f(t):l
T Dra (tk+l) T P (tn—l) o p, (t)

L,

k

de; 0<k<n-2.

Now we have
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«dt,, )f de,_ RH(X)]:... (6.26)

r pk+1 (t/c+l pnfl (tnfl
by (4.1) and (4.10) ---=(1/b,)L, [¢1 (x):| + o(Lk [¢1 (x)]) And after substltutmg into (6 25), we get

L, [f(x)}:clLk [¢1(x)]+o<Lk [¢1(x)])+cL [ > }+0(Lk[ > (x ])

~—
Il
L~
[

_ (6.27)
:(cl+b—JLk[¢l(x)]+0(Lk[¢l ) 0<k<n-2,
where ¢ = j;o L[ f (t)] / p, (1)dr, and the coefficient
ci=c,+(c/b,) (6.28)

is independent of k. To show that ¢ coincides with the a, appearing in (4.19) we may suitably integrate (4.19)
to obtain, by (3.1),

L,[f(x)]=] %f((;ﬂdt constant = a L R P ( [L P,,dlt(t)]
by (4.

= )a bL,, (x)] + O(sz [P,k1 (x)}) (6.29)
= by (4.1)and (4.10)-- = a,L, , [ ¢ (x) ]+ o(L,, [ (x)])-

Part (I). Case i =2 . We must prove the equivalence of the following three contingencies:
f(x)=ad (x)+a,, (x)+0(,(x)),
L[ f(x)]=aL [ (x)]+aL[4(x)]+o(L[4(x)]), 1<k<n-2, (6.30)
L[ ()] =at, [4 ()] +o(L, . [4 (x)]);
L, [f(x)] =alL,, [¢1 (x)] +ta,L,, [¢z (x)] to (LH [¢z (x)])

.;:.

(6.31)
L[ (] =t [ ()] o( L, [ (9)]):
o d [/
fT o (t) J o (r) dz convergent. (6.32)

First, we prove “(6.31) < (6.32)”. If (6.32) holds true then, by part (I) of our theorem, we have all relations in
(4.18) and in particular the second relation in (6.31). Moreover we can rewrite representation in (4.16) for
k=n-2 inthe form

L[ (9] = L[4 (9] aL, L[4 ()] ] pjt o LE,{( )]dr, (6.33)

where a, is just the same as in the second relation in (6.31) and a, is a suitable constant. This yields the first
relation in (6.31) because L, , [¢2 (x)] is a nonzero constant by (4.12). Viceversa if relations in (6.31) hold
true then, by part (I), we have representation in (4.21) by which we replace the quantity L | [ f (t)] in the first
equality in (6.33). Denoting by ¢, ,,c, , suitable constants we get

hﬂ[f@ﬂ=a4+ﬁ£%%%7lm

=c,,+][ (){ oL, [4(t)]- I”’L[f:] (6.34)
=c _,+a O1-1 de “‘OL[f(T)] i
= +al,[4(x)]-[ . (t)L o



A. Granata

By comparison with the first relation in (6.31) we get (6.32) because L, , [¢2 (x)} is a constant. As the infe-
rence “(6.30) = (6.31)” is obvious it remains to prove the converse. Using (6.24) and integrating the first rela-
tion in (6.31), we get (with suitable constants ¢, ;,c, ;)

P CIETy L= EAC] P DEILIO1

=C,3ta
7 p[,;(t) ) [;(l;i-z(f) (6.35)
L, 2 h 2 [ 9o (1 .
i df{ﬁ]d

as L, , [¢2 (x)] is a nonzero constant and I%XO 1/ p,, diverges
=c¢,,tal, |:¢1 (x):| +a,L, , [¢2 (x)] + O(Lnfs |:¢2 (x):|)

Here, the constant ¢, , is meaningless as the comparison functions are divergent as x — x, . Iterating the
procedure we get all relations in (6.30). By induction on i and the same kind of reasonings our theorem is proved
foreach i<n.

Proof of Theorem 5.1. 1) = 2). Relation (5.5) implies the existence of

/(%) / ¢ (x)=lim M [ I x)] and each relation in (5.6) implies the relation in (5.7) with the

X—>X0

a, = lim

X—>X0

same value of k because of (3.13)-(3.14). 2) = 3) is obvious. 3) < 4). It follows from (5.3) that the limit in (5.8)
exists in R iff (5.9) holds true and, in this case, (5.3) can be written as

M, [f(x)]=a,- _[:0%((;))]&, (6.36)

where, as above, L=L, , .

4) = 1). We have already proved (6.36) which is (5.6) for k=n—1 together with an integral representation
of the remainder. For & =n—-2 the recursive formula (3.4) gives

(ML ()]) == nl( M, [ f(x)], (6.37)

whence, by (6.36) and (2.38), we get

1 v dr Xo L[f(t)}
M 4 — de, 6.38
"2 |:f ] a a qn 1 ’ -[x qn—] (T) J‘T qn (t) ( )
for a suitable constant «a, ,. By (3.13)-(3.14) this is nothing but
A0y S PR RV P 1 ot G L A 0

which is the relation in (5.6) for k=n—2 with a representation of the remainder. In a similar way for
k=n-3 we start from

! 1
(]‘4"73 [f(x)]) _F(X)M;FZ [f(x)]s (640)
and integrate (6.38) after dividing by 1/ q,_, > SO getting
X 1 X d X d
Moa[ 1) =t [ = va [ 2] T
*0 dtn 2 [0 dtn 1 [ L|:f ):|
g e 2L

for a suitable constant a,_,. By (3.13)-(3.14), this can be rewritten as

(6.41)
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Mn73|:f(x:|_an2 )13|:¢n2 :|+a M}13|:¢nl x:l
+anMﬂ—3[¢" .[ _.[ _J

rzzq

(6.42)

with a suitable constant a, ,. An iteration of the procedure gives all relations in (5.6) together with the repre-
sentation formulas (5.11)-(5.12) for R,(x) and (5.15) for R, (x),k>1. “1) = 5)” has been proved. The last
inference “5) = 1)” and (5.12) are trivially proved by applying the operators M, to (5.11).

Proof of Theorem 5.2. 1) = 2) follows from (3.13)-(3.14). 2) = 3) is obvious. 3) < 4): by (3.13)-(3.14) the
representation in (5.2) for k =i—1 has the form

e e e e LR ) 643

whence our equivalence follows at once. If this is the case (5.2) can be rewritten as

M,; ro Loeg 1 J',11LEf(t)Jdt+CH1M |:¢i+1(x):|+.”+chi—l [¢n(x)]’ (6.44)

where a, is uniquely determined by (5.23) but ¢,
by the sole condition (5.23).
4) = 1). As in the corresponding inference in Theorem 5.1 we integrate (6.44) starting from

(Mi—z [f(x):l)’ :mMi—] [f(x)], (6.45)

-,c, are non-better specified constants not determinable

i+lo"

whence, by (2.38), (3.4) and (3.14), we get

e g e L g L e O]
M., [f(X)}—aH 4], 4 +L 4 J.r[,, 4. 4., J.T q, (t) dt

+euM, ., |:¢1+1 ):' +ote, M, |:¢n (x):| (6.46)
=--by (3.8)and (3.14) - =a,_, +a,M,, [ 4 (x) ]+ o(M,, [ 4 (x)]),

where the constant g, ,, which includes all the constants from integration of the various terms, is uniquely
determined by (5.22). By iteration of the procedure we get all relations in (5.20)-( 5.21). Relation (5.28) easily
follows from (6.44) by (3.13)-(3.14).

Proof of Theorem 5.3. This is almost a word-for word repetition of the proofs of Theorems 5.1-5.2. 1) = 2).
For 0<k<i-2 thisis included in the same inference in Theorems 5.1-5.2; whereas the relation in (5.30) for
k=i-1 justreads M, , [f(x)] =0(1).“2) = 3)” is obvious. “3) < 4)” follows from (6.43). To show “4) =
1)” we use (6.45) and the representation in (5.2) for k=i—1 instead of (6.44) as in the proof of Theorem 5.2.
Due to the convergence of I%xo 1/gq,., we may still apply the operator J.:O so getting, instead of (6.46),

ML f(x)]=a,-[" 1 L 1 L A L %((t’))] di—[" LL:HCJ. M, 4 (x)]}

Y g q; " 4in Y g

o[ ol a1 ot o)
i-1 i-1

q;i

(6.47)

By iteration, we get all relations in (5.28)-(5.29).
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A. Granata

Corrections of Misprints in Previous Papers

In the above reference [1]:
On p. 255, first line under title of §4: “gaphs” reads “graphs”.
On p. 260: the reader may notice that (4.29), is just a reformulation of (4.27).
On p. 261, first line from above: delete “t” in locution “t limit position”.
On p. 266: there is a redundant sign of absolute value “|”” inside the integrals in (5.27) and (5.28).
On p. 284: in the right-hand side of formula (8.26) the quantity ¢*2™“~" must be replaced by % "',
On p. 286: in reference [7] the article pages are missing, namely, 173-218; and in reference [13] the correct
article pages are 319-327.
In the above reference [5]:
On p. 3: in the right-hand side of formula (2.3) the symbol « is missing in the innermost position so that the
formula correctly reads:

On p. 19: in reference [7] the correct article pages are 319-327.
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