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Analytic wavefront sets and operators

with multiple characteristics
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0. Introduction

In this paper we study the analytic wavefront set of solutions of certain
differential equations with multiple characteristics. In many situations one
can obtain very general results in the analytic theory while the correspond-
ing results in the C* theory are much more complicated. As an example
we can mention the very general theorem about propagation of analytic
singularities for microhyperbolic operators, due to Kashiwara-Kawai [8].
This result only requires a hyperbolicity assumption on the principal symbol
of the operator. (The results in the C theory are more complicated, less
complete, and depend in general on the lower order symbols of the operator).
In [14], we developped some methods to handle situations where only
the principal symbol has to be considered. A common point in the various
proofs is the inversion of a suitable elliptic problem. Here we will study
problems where a reduction to an elliptic problem seems impossible (at least
sometimes), and instead we study perturbations of the given problem which
are non-elliptic but for which suitable a priori estimates can be obtained.

To be more specific, the class of operators that we shall study (in the
analytic case) is the one introduced by Boutet de Monvel, Grigis, Helffer [2].
These authors obtained a very general and satisfactory result concerning the
C*-hypoellipticity with minimal loss of derivatives. On the other hand
Tréves [19], Tartakoft and more generally G. Metivier proved the
analytic regularity when the characteristic variety is symplectic. We shall
give a new proof of Metiviers result. The readers conclusion will hopefully
be that the analytic regularity in this case is an easy consequence of facts
which are essentially known from the C*-theory. We will also give some
new results in non-symplectic situations. An interesting feature here is the
use of Lagrangian manifolds which are only of Lipschitz class. (If we had
restricted the attention to Metivier’s theorem a shorter proof could certainly

have been given). We will also give an extension of a theorem of Oaku
[13]. We beleive that the general method of this paper can and will be
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applied to many other C*-hypoelliptic operators: (At least in certain cases
it should be possible to study the Kohn Laplacian [J,, when this operator
is h.e. with loss of more than 1 derivative).

In section 1-3 we developp some general arguments. In section 4 we
give the various applications and perform the additional geometric arguments
required in each particular case. The results of this paper are announced
in [16], the last section of gives some remarks that will not be repro-
duced here.

1. A priori estimates for a localized operator

Let ¢ be a real quadratic form on C% strictly plurisub-harmonic (s. pl.
s.h.). We also assume for simplicity that ¢ is convex although this last
assumption certainly can be eliminated. Let 3°C C*=C"x C? be a complex
subspace of codimension d, such that Y=23°N 4, is of real codimension d
in 4,. Here 4,CC* is the I-Lagrangian and R-symplectic space given by

2 0 . i ‘
E:T—a%. (We shall use as much as possible the terminology of [14]).
Our last assumption implies that Y is a totally real subspace of maximal
dimension in 3¢,

Let P= . a,z*D! be a differential operator of order m in Cr
Jae+8l<m

D:(—lfi . 1 9 ), a,EC. We assume that P(x, 8= Y a,z°8 is

[ ax1’. ’T ox, letfl<m
invariant under all translations parallel to Y€, or in other words that P is
a symbol on C*/3°. The principal symbol in the global sense p(x,&) =

2. a,x°¢ is then also invariant under X°-translations and we make the
la+gl=m

assumption of transversal ellipticity :

(1.1) plx,6) 0 for (x,8e4\¥
Let

Tu(z) = je wly) dy

be a “metaplectic” Fourier-Bros-Iagolnitzer transform whose associated linear
canonical transformation maps R?" onto 4,. More precisely we require that
?(x,y) is a quadratic form on C?x C? such that det @/,%0, Im @/, >0 and
: . .. o
the associated canonical transformation is defined as the map & : (y, —%-y-—)
@ X
—*(I, %5;) For such a form @ we have 4,=_% (R™) if ¢p(x)= —Im @(x, y(z)).

Here y(xr)&R" denotes the minimum point of y—Im @(x,7). That for a
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given st. pl.s. h. quadratic form ¢ we can find a form @(x,y) can be seen
as follows : Let .% be an R-symplectic linear map R*— /, and denote also by

% its C-symplectic linear extension C*»—C*. By (v, we denote the ordi-
PN
nary complex conjugate of (¥, %) and by (z, £) the complex conjugate of (z, &)

with respect to A, If &y, n)=(x,& then c,~z;”i/’_p(y—,—77):(;,\‘;’) Hence

1—-0((1:, &), (;,\5)): %a(( 1), W 7). In we saw that the C-Lagrangian

1
2N
plane =0 is strictly negative with respect to 4, i.e. %a((O, £), (0, &))<0 for

all éeC, £+0. On the other hand %a((O, 7, (0, 7)) =0 so if . 2((0,7))=(0, &)

we have necessarily =0, §=0. It is then clear that &, is given by a

unique complex quadratic form ®{z,7y). Since {xr=0} is st. negative with

: . 00{0,y) | . . . :
respect to A, its preimage (p= — T is strictly negative with respect

to R*, hence —Im @/, <0.

If P, ¢, T are as above there exists a unique operator P= 3 auD:
Ja+T<m

such that PTu=TPu for all ue ¥ (R"). Moreover P¥oc g r=Pv if Pv(x, &)
and P*(y, n) denote the Weyl symbols of P and P respectively. Since P¥
is clearly invariant under X¢-translations, P is invariant under 3¢_translations
where 3 =_%;1(3¢). Moreover p= 2, d,Yy*5"=po&r is non-vanishing

la+FT=m
on R*\3, where 5 =253°n R,

We assume through out this section that P satisfies the equivalent con-
ditions of Theorem 3.1 of Boutet de Monvel-Grigis-Helffer [2]. Then,
using also the results of Hoérmander there exists a symbol O on R*/5
of order —m such that O§Pv=1=P»¢( where # denotes Weyl composition
of symbols. Using the stability of the conditions of their Theorem 3.1 that
B-G-H also established it is easy to see that () admits a holomorphic exten-
sion to a domain of the form {(x+z2,£4+0); (z, & ER™, (g, )C |(2, )<
const. >0} and that the symbols Q(z++,{+++) form a bounded set S™™
(R™/3) when (z, {) varies in the ball |(z, {)| <const.. - Since Weyl-composition
of symbols commutes naturally with linear canonical transformations, if we
put Q=0o-.%7", then Q§P*=1=P*$Q and Q is holomorphic in a set of
the form {(z+2, £+0); (x, 8 E4,, (2,)=C™, |(2,{)|<const}, moreover the
symbols Q(z+4+,{+++) form a bounded set in S™(4,/2) when (2, {)|<
const..

Let H, be the space of entire function on C®, square-integrable with
respect to e 2@ L(dx), where L is the Lebesque measure on C" When
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working with holomorphic functions having (approximately) this growth at
infinity we could try to realize Q as a pseudodifferential operator :

Qu(x) = (27lr)n SSQ(x—gy, 0) ey (y) dy do

0_3_%(%?/
T 1 ox 2 )

This is no doubt possible since we have e *@+ew |gie—09 =1 along the inte-
gration contour. For the limited purposes of this paper we rather choose
an approximate realization with a slightly better contour :

12 Qual@) =g || Q(TFL 0) e n(FL ) ut) dy o

2 dp (z4y), i
Fm;ﬁ:—'%(xzy%%(x—y)- -

i
Here x=Cy (C®) is equal to 1 near 0. If the support of X is small enough

then (y, ) remains in the domain of definition 6f Q when (y, )l X(%)

0. . |
We shall study Qg,oPu(x), when « is holomorphic in a neighborhood

of supp X(%) In order to compute Qg (Dy,u) (x) we notice that

1 — AN
_z'_d(y,a) (Q(_%l, ﬁ) ei(x-y)ax( -IRZ/ ) u(’y) (_1)1—1dy1/\ . .dyj/\.../\dyn dﬁ)
-0 a5 )7
x+y _ x—1Y
+Q( )eux wax( R )Dyju dy df

x+y ) 1 (x*?/)
@) —y T @,
+»@finziz:e sezQ( 2 ¢ R Lo.s R Woy

where X,,; are first order derivatives of X and ®,; are 2n-forms in (¥, 6)
with constant coefficients (not necessarily of type (2n,0)). On I', we have

Y uty) dy do

1 ) _
dde:Tndet(axa + 5 R )dydy,

so dy df|r, is non-degenerate and

(ereli)

w”;j Iy
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1
where ¢, ; and the term @(ﬁ) ‘are independent of x, ¥.
By Stokes’s formula we get ‘

Qra(Dyy0) )= = S r SD ?’J(Q(ﬁzi’ 3) e““’"”’x( = )u(y) d‘yw@‘%

1 1
vEfinite set R (C”’j + @(ﬁ)) QR"‘»,J u (x) y

Simplifying the first term we get

19 QeuDyi)=Qeinat 3 FlestO(f))Quu

vefinite set

where (Q#¢)) (z, 8§ =¢&; Q(z,§)— —;—DEJQ(;::, g) is the Weyl composition of Q
and §&;.

We also compute

Onstyita) = | (YD Q(ZHY. o) so-ven Z2h by (575

— — do
— Sr XQ( x;y , 0) (‘Ij 5 yj) gile—ye x( ny ) u(y) d?j (zﬂ)n .
= Here the second term is equal to
1 ~f =+ e —
W?SPISQ( zy ;0) ng(ei(m v )X( Ry>u(y) dy (211')"’

and can be treated as above. We get

(1. 4) Qr,[y;u) =(Qfx)r,ut+ 2 %(‘M“’@(%))QR&M“

vefinite set

1 .
where ¢, ; and the terms @(72_) are independent of x and ¥, ; denote certain
1: st order derivatives of X. The Weyl composition Qfx; is x;Q{z, §)+
1
2D, Q.8

Let U,= Zn;a’} x,+b3D,, 1<j<d be operators with linear symbols #;=
1

i}a}x,—}—b‘;-é, such that 3€ is given by wu(x, §)=---=uq(x,§)=0. Then we
1
can write

P:kénaj”...,jkUj]c"'OUjk, ajl,...,jkEC.

On the other hand



Analytic wavefront sets and operators with multiple characteristics 397

Qe Uy=(Q4Unit T (e, +6( %)) Qni,

vEfinite set

(even if we replace Q by an arbitrary symbol which is holomorphlc in
A, +{(=,0)EeC?; |(2, L) <const}). By iteration we ﬁnd

(1.5) Qz,P=1g,+ Z R7 (Cj,k’*‘@(i@_“)) (Sj,k)R,xj'k

g jism
, k)Efv.mce set

1 : 3 ..
Here ¢;; and the terms @(—R—> are independent of x, X;; is a derivative

of X: X;,=D;DiX, (a, §)+(0,0) and S;, are symbols with the same domain
as (Q, such that .S;;(z++,{+++) belong to a bounded set in .5~1(4,/%) when
(2, €) varies in the ball |(z, {)| <const..

Let d;(x) be the Euclidean distance from (:c, ~—§.— g%(x)) to ¥, I 2ccer

is open and u is a locally square integrable function on 2, we put

o= { e (=)’ Lida),

o= e (1+ds(@)" u(z)| Lida).

ProposiTiON 1.1. Let P, ¢ satisfy all the assumptions above. Then
there exists a constant C>0 such that for every R>1 and every function
u, holomorphic in the ball B0, 2R)={z=C"; |z|<2R}:

(1.6) lzelip, 3o, < C(HPu”,a,B(o,zR) +€_R/0Huf|¢,3(o,2m) .

Proor. We take X with support in B(O, %) and for v holomorphic in

B(0, 2R) we shall first estimate {Qz.,vil,. 50 m-
Let

of
oY

Kl =0 7 5%0) seovri( 22 ) e

% (x— 'y) If we are inter-

be the kernel of Qg x(with 6= f aga(

ested in an inequality [|Qr 7!, 5q, R)écons llv||,. 802 We should then con-
sider the reduced kernel

1.7 (14ds(a))"erersw em-WQ( =y, a) x( ry ) det gg .

We split the integral (1. 2) in two regions :
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R R
I: |z—v| <@ II: |x—’y[>‘tr.

Here C>0 is large enough so that X Z=Y )1 in the first region. In the
, R

second region the absolute value of the reduced kernel can be estimated by
const. (1+R)me~#/°, so with a new constant independent of v and R2>1,
we get

(1. 8) ng,x Vo, 30, < Ce—R/C||v|I¢,B(0,2R) .

Here Qg,v=0%,v+Q%,v in the obvious way. To estimate Qk,v we first
replace I'.N{|z—y|<R/C} by F.0{lxz—y| <R/C}, where I, is the singular
contour

 (z—y
(1.9) 02{’?( 7 )J’“(z?—]—f{f@)T

which coincides with I, over the sphere |z—y|=R/C. (See for the
details of this deformation argument). We then get a new reduced kernel
whose absolute value can be estimated by a constant times

x+Y
=3
where @ is given by (1.9). Then

lQ(x—JZFy“ 0)' S C‘(““df(%"y"))—m < Cf1+]z—y|)"(1+ds(2) "

R(z,y) = (1+d:(a)"

g—lz—v\/C (1 +] x_yl—n) :

SO
R(z,9) < G{1+|z—y|)"e =0 (14|z—y| ™)
and we conclude that
11Q%. Vlly, a0, < Clivlly, 50,0 -
With (1. 8) we get |
(1.10) Q2,0 ll,, 80,8 < Clivll,, 50,23

for R>1, v holomorphic in B(0, ZR). The constant C is independent of R
and v.

We next study for z holomorphic in supp x( xE ):
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(1. 11) 1R,xu(x) u(x)— |
PP Irve 27: Se“"‘?”’ ( (0 — % O (:c))) (6 _2 %(x))j

(—1)f+"u(y)—1]§*g—(x y)dy/\dy/\dol/\ dfly+- N By

where

_ 1 (n—1) (n—1) (n—2) (n—1)1
9("‘)—‘(?+ R L )

In fact, this is formula (12. 45) of [14] valid under the assumptions (12. 38)-
(12.40) of that same paper, and in the present case (12. 38) and (12. 40) are
evident while (12. 39) follows from some easy calculations :

(y_x).(a—%%(x))ﬂy— )(—f‘(gi(x_lz_y) gf:( ))

+pla—)= —ity—a) Sy~ 2)— =l

Hence
tm (y—2)-(0— 5 5. (3)) = —ply—o)— R =¥ < - S P

(This is the only place where we use that ¢ is convex, in the non _convex
case, the most efficient way would probably be to prove a substitute for
(12. 45), better adapted to the Weyl calculus).

The reduced kernel for the continuity in the || ||,-norm of the general
term in the double sum of (1.11) can be estimated by const. e ®C, hence
for « holomorphic in B(0, 2R), R>1:

(1 12) IlilR,,u—-uH[w,Bm,m < CE_RICHMH,,,B(DJR) ’

where C>0 is independent of » and R.
Finally we notice that

(1.13) Hl(Sj k)R 1, kul”y’ BO,R = < Ce” R/CHum B(0,2R) -

With v=Pu we get from (1.10}, (1.13) and (1.5):
10 52l 500,50 < C(1|Pedll m020 +€ %l 502

and with (1.12) we get (1.6). This completes the proof.
REMARK 1.2. Let (P, ¢, T, 3)=(P,, ¢ Te» 2.) be C functions of a
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parameter o= M, where M is a manifold. If the assumptions of Proposition
1. 1. are fulfilled for each a, the results of B-G-H on parameter dependence
give locally uniform control on the symbol Q, and we conclude that for
every compact set KCM there is a constant C>0 such that (1.6) holds
with P=P, for all R>1, acK, u holomorphic in B(0, 2R).

ReMARK 1.3. Naturally Proposition 1.1. still holds if we replace 2R
by %R. If (p, P,2) satisfies the assumptions of the Proposition, R>1,
P= Q2" DP and ¥|d,,—a,,l is sufficiently small as a function of R, then

la+8|<m
by, Cauchy’s inequalities we have |[(P—P) ully, 30,80 <€ %Y |ul|, 502m- Then

P satisfies (1. 6) with a new constant C>>0, independent of R (although the
distance from P to P does depend on R).

2. A priori estimates for a pseudodifferential operator

Let A(z, Dy, 2), D= %Dm be a formal classical analytic pseudodifferential

operator of order 0 whose symbol
A(x’ E’ 2) = gak(x, 8) z_k

is defined in some neighborhood W of (y,, R Let 3CCC™ be a complex
submanifold of codimension ¢ such that U )ES and F=3°N\R™ is a
real analytic submanifold of R* of real codimension d. Let m>0 be an
integer and assume as in Boutet-Grigis-Helffer [2]:

(2.1) a, vanishes to the order m—2k on 3¢, when m—2k>0.
(2. 2) |ap| ~dy on RN W, where ds(xz, &) denotes the distance from
(x,8) to 3.

If (z2,0)e3 we put
(2.3) (Aeo(n &A= 2 1*af(z0)(x~2P(E—0"/a! p!

and
(2. 4) [Aleo @, 1) = L dd=0yr/al gl
Jal 4151 = m~2k
We can view [A],, as a symbol on T, ,(C™), easily seen to be invariant

under translations along T, ,(3). We assume

(2.5) For all (2,0)€5, [Aleo(y, D,) satisfies the equivalent conditions
of Theorem 3.1 of [2].
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We next perform a FBl-transform. (The explicit choice is without

importance).
(2. 6) Tu({x, ) = Se—m—y)*/zu(y) dy .

The associated canonical transformation is %r: (¥, i(x—¥))—(x i(x—v))

and ¥ (R*™=A,, where goo(:c):%(lm 2)? is convex and strictly pl.s.h..
There is a unique formal classical analytic pseudodifferential operator of order
0; P(z, D,, ) defined near (x4, &)= & r(¥ 7)€ 4,,, such that formally

(2.7) PT=TA.

See [14]. We write P(x,§, R):i pilx, &) 7% and define 3C=_g (5. Let
0

W be some sufficiently small complex neighborhood of (x &) Following

Boutet-Grigis-Helffer [2] and Helffer [4] it is easy to establish the following facts.

(2. 8) P, vanishes to the order m—2k on X when m—2k>0

(2. 9) | po| ~d2 on A, U W, where ds denotes the distance to y=3°n4,,.

-~

For (g, )X we define (P),,» and [Pleo as above. Then if (2, =& (% 0)
we have (on & (R™)

(2- 10) [P] (z,c>°S = Seo [A]tz,a

where S is the “linearized” FBI transform

(2,11) Su(x) = Se“‘”‘?”zlzu(y) dy,

whose associated canonical transformation can be identified with the differ-

-

ential of &y at (&, {).
To fix the ideas let us assume that W is of the form |x— x| <a,

|6 —&| <b where % %92 () —& <% for |z—m|<a. Let F: W—C* be

a Lipschitz mapping, with FeCw(W; C™): 1\F||go,1m—,>=31p17pIIF(w)H-I—

|IF(w) = F () < +oo. We assumed that F is close to the identity map,
wea W ol

i. e. that ||[F—I||gs1qp is small.  Then F is bijective W—F(W), F(W)is open and
the inverse of F is also close to the identity in Cor(F(W)). It is clear that
F(A, NW) is of the form £=H(z), where HeCo T, F(Wn4,)). I 2C
B(xy, a) is open we will have Q€I -F(Wn 4, and H as close as we like

2 = . .
to — % in Co{J; C» provided that F is sufficiently close to the identity
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in CoYW; C*). We shall always assume in this section :
(2.12) There exists p=C{(II,oF(WN 4,)) such that F(Wn 4,)=A4,.
(2.13) A4,N3°=FWn2%.

Here C"! is the space of functions of class C! whose first order derivatives
are in C*' and we pick the natural norm. Naturally ¢ is unique up to a
constant and if we normalize the choice of ¢ by putting o(xe) =@olxy), if
Q€ B(xy, a), then ¢ will be as close to ¢, as we like in Cv{), if F is
sufficiently close to the identity in CO1(TW).

Also if F is close to the identity we will still have |py| ~d™ ¥, On A,
at least if we restrict the attention to a compact subset, as well do. When

no confusion is possible we write d(z) instead of. d;cmp(x, & gﬁ(x)) If

1 ox
is a locally square integrable function on Q2& B(xy, a) we put

218 o= { [u@]'ew Lida),

(2. 15) adli?. Q_S lu(z)] (2“/2+d( )>2m e %@ [ (dy) .

Let L%(2) and L>™(f2) denote the corresponding spaces. |
If « is holomorphic in 2, £2,€2 we can define Pu(z, A) for xe0, by

(2. 16) Pu(z, 2) = (%T—)nSjei“”‘””P(x, 0, 3) u(y) dy df
= LT, -yl <7

Here T>0, r>0 are independent of «. r is small enough so that
dist (2, (2)>r and (z, §) is well inside W, while T is large enough so that

— . _ — " 2
e Ap(x) sv(y))leu(x y)a‘ ge Cile~y|

along the'contour, where C>0. P(xz, 6, 1) denotes a realisation of the symbol
([14]. It is then easy to prove that

(2.17) || Pujl,, 0, < (const.) lizll,,

for all « as above and 221. Indeed the same type of estimates as we shall

develop in the proof of [Theorem 2. 1 give (2.17).

THEOREM 2.1. Fix an open set Q& B(x,, a) and assume that P, F, ¢,
¢ satisfy all the assumptions above ((2.1), (2.2), (2.5), (2.12), (2. 13)). IfF
is sufficiently close to the identity in the C*'-norm we have the following
conclusion: Let .QZC.QIC.QC.QO be open sets and define a realisation of P
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as in (2.16). Then there is a constant C>0 such that
(2.18) 0, < C(||Putlly o, +litelly, 010,)

for all 2>1 and all holomorphic functions u on 2.

Proor. For 2in a bounded set, (2. 18) follows easily from the maximum
principle, so we will have to prove (2.18) only for 2 large. We shall first
prove an a priori inequality in the elliptic region. Write P= 3, 17%p(x, &)

+&B(a ™%, We shall estimate e

Ku(z, ) = SS(P(:C, vy 2)— p(x, % -g%)) =gy dy

2 0
p="5 5 (x)+iT(z—V)

lx—yl <7
We split :
Pz, 4) ~—P(x, -% g—ﬁ) = [P(x, 7) P(x» ; 2‘; )]Jr[P(x, 7 A)—p(x,7)]

and write Ku=K,u+ K,u for the corresponding decomposition of Ku. By
a Taylor expansion to the order m we get

pla (5 7 240 )| < Cldlarsiz—yl +z—y/m)

and the reduced kernel of K, for the continuity L2™(2)— Li(2,) can be
estimated by a constant times

()" x—y|+z—yI™ o= 115=v1%/0,
(2—1/2+d( ))

L (dx)™ -yl +lz—yI™)
<A 2 d(2))"

L E B[R

(1 + C21/2’x_yj )me—llx—ylz/Uo

Now restrict x to Ql,z,R:{xEQI: d(x)}%Rz‘”z}. Here R>1 will be

chosen large and independent of 2 later on. Then the reduced kernel of
K, can be estimated by

Cﬂ”‘zle“ (;p/al r—y|+ (21/2' x-—’yl)m) (1 +CAv2 2 —y| )m e~ Hle=y1%10,

and we conclude that
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c .
(2.19) 1K, u’”?-ﬂx,n,; < R liztllip, 0 »
where C>0 is independent of %, 2221 and R>1.
Let dyc(x, &) be the distance from (z, &) to 2¢. Then for 7;:% g—i(x)

+iT(x—y), we have
IP(xs 1/ 2) _P(x, U)I < C] (/I_ldsc(x, v)M—2+l—m/2) <
<G (2“d(x)""2+2—w2+z-1rx—yjm-z) .

The reduced kernel of K, can therefore be estimated by a constant times

AP (z_m/2+2“1d(x)m—2+2—1{x—y‘m_z) —z—y |10,
(A2 +-dy)" ¢
—m/2 -1 m=2 —1 __ap|m—2
\{\ Zn (2 +'2 (Zl:(fg+d?;;)m'x yl ) (1_!_Cll/zlx_ylm)e—ﬂx—yl’mo

For £&%, », the last expression is bounded by

%(1 _|_(11/2|x_y’>m“2> (1 +(21/2 Jx_yl))me—llx—ylzfaozn

so (2.19) is also valid for K;. Hence
C
(2. 20) 1Kullp, 0, 5, < lluly,o.

It is easy to see as in and in the preceeding section that
Ly, 0, ., < Ce%ull,, 0

if « is holomorphic in £ and

Lua(z) = u(x)— ({;)nsgew—wu(y) dy dy

2 0 o
=" g (x)+iT(z—y)

lx—y| <r.

Hence with (2. 20) we get

(2. 21)

2 0 1 |
Pu—p(z, %) " c(f +e-”0) leclly, o

when « is holomorphic in @, i>1, R>1. Here C>0 is independent of 2
and R. Since

2 91, R 2
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20 |
C p(x, i a—i(u)) U . = Muﬁ‘.p,ﬂ,,n,z )
it follows that
1
(2. 22) ledlly, 0, . < C([]Pull,,,ghﬁm.-l-(? -I-e—~z/0) !Hump,a) .

Let now (2, {)e4,N X% 2=, and write P,(x, & 2) instead of P, (x, &, A)
for the localized symbol, defined as in (2.3). Then

(2.23)  |(P=P)(x & )|< C(la—2™ 14 [g—gmi411).

If we define P, as a pseudodifferential operator with the same contour as
P, then for |x—z| <2ZRA™? the reduced kernel for the continuity L2™(Q)—
Ly (B(z, 2Ra7V3), can be estimated by

(2. 24) Cir Rm+1 j-m+n/2 (2-—1/2+d(y))—me_zjx~ye’/0

< CRm+lz—1/22n e—Ha=y1*/C

(We assume tacitly that 11’2>6LR where ¢ >0 is small and fixed).
0
Let @y, -+, ay€l,(2°N A,) N 2; have the property that no point x is in
N
more than N, of the balls B(z,, 2Rx™v3. If DU B(x,, 2R1"%) denotes the
1

disjoint union of these balls and ¢ is considered also as a function on this
set, we can identify unitarily :

éLi(B(xj, 2RI =~ L2 (Dj:i]B(xj, 2RI)
With this identification the map
(2.25)  Li@Du—((P—Pu)u, -, (P—Po) ) eé}) L2(B(z;, 2R1v)
has a reduced kernel K(z,¥), that we can estimate by (2.24). Then

S | K(@,9)| L(dz) < CNoavs Rt
Dy

|| Ktz | Lidy) < carmr e,

so the norm of the map (2. 25) is at most CA"V24N, R»*1,

) D, . .
Let Pg,ju:P,,j<x, 2 i)u be P%. as a differential operator.

Then as in we see that
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(2.26)  |(Py—P:)u

ga,B(mj,2Ri_1/2) < Ce ¢ Wu\lh,,,a .

The result of the preceesing section gives
LemMA 2.2. There is a constant C>0 such that for every R>1, if

F is close enough to the identity as a function of R, then for all i large
enough and all z€II(A,N3°) N2, we have

(2.27) Weellly, Bz, Ra—17% < C(HquH;a,B(z,sz—’/’) +-e R0 Hlullly,mz,zm—l/z))
when ever u is a holomorphic function in B(z, 2R17V%).

Proor. Let U be the operator u =u(x)—v(f) where u=e?" 2y,
x=2+i"%¢ Then

Us(D.—0) = 2D,oU, Ue((z—2)-)=(A""t+)oU,

s0 UoP,=1"2[Pl,cU. If ®()=2a(p(x)—<Fo(2), (x—2))), t=2"%(x—z), then
Iu(x, 2)|e“"(“ = Iv(t, 2)]6“’“’

)

(2~ 27) Hu”p,B(a,Rz"l/z) = /2 ‘ I'UHw,B(o,R)

and similarly with R replaced by 2R. (The norm to the right is defined
as in section 1).

If ||F—1jj¢=8e), then Fop(z-+h)—Fo(x)=F*py+C(e)) h, hence 0()=
oot)+O(e) £ and so for instance

110||e,80,m = (1 —I—@R(e)> [/, B0, R)

where @g(e) indicates a term which in absolute value is bounded by Cg-e.
Here Cr is independent of 2, v. Let (2, {)=F(g, 2, (¢, 8)=F(z,8cd, If
d,, denotes the distance to 4, N2¢=2X and d, that to 4, N2 we have
d( 8 =(1+Be)) d, (&, &)- Assume in addition that |x—z|<2R2‘1’2, and
let us remember that x—z2=(I+&())(£—2). The point (¥,n) in ¥ which
realizes the distance d, (%,2) is at a distance at most (const.) RA™"2 from
(2,8). Hence d(,7), (& ) 4+ Tup(2)) =BReiY.  Similarly, if @/,7)e
(2, 8)+ Tee.n(2) is at minimal distance to (x,§) and ¥/, 7)—(% Q)| =ORI,
then d, (/. 7))=O(R). 1t follows that

d, (%8 =d((&—5E=0), Tap()+ORITY.
Now write (£—%,&—() = A V%(Z, %), where #= f aa‘? () and ¢t =(I+B)) L
Then
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d, (%8 =217d((t,7), Terp(2))+ ORI+ R

. 2
if 7= < o (z). Hence for ¢ >0 small enough and i large enough as a func-

tion of R and ¢ we get
I 4d,(x,§) = (1+Ca() 172(1+d((t, 2), Tean(2)))

When E:%—a—i Z-_—_-ZI/Z(x_z)’ T:% aagzo

(1), |z—2| <2R V2, We then get

(2. 28) lizellly, Bz, m2—1/2 = Z_mlz_”fz(l +@R(€)) liwll,,, 50,2

-~

where the norm to the right is defined as in section 1. Since (z, {)=(%, )+
&(e) we can consider [P], as a small perturbation of [P],. [Proposition 1.1|
and the Remarks 1.2 and 1.3 then give

LinvI“pu,B(ﬂ,R) g C( H [P]Zv H g, B(0,2R) +e—R/C | |v| Ipo,B(0,2R))

when ¢ is small enough as a function of R. Using the equivalence of the
various norms for v=Un and w« as well as the fact that [Pl,v=1"2UP,u
we get (2.27) and the Lemma is proved.

When F is sufficiently close to the identity as a function of R and 1 is
large enough, we get : '

N
; muMi,Btwj,Ra“/’) <
N _
<C ? Hszquza,B(xj,2R1“/’) +e R0 H!ui[‘.ﬁ,s(xj,mz_'/’)
N N
< 2C; ”Pquzo,B(.rj,ZRl_‘/z) +2C; 1|(ij—P)uHi,B(mj,sz—'/*)

N
+CNe s ,+C 23 e‘R’O1ilu%i|§,3<mj,2m—l/z>
1
Here we use the estimate of the norm of (2.25) to get

N
(2- 29) Zl: muqua,ﬂ(xj,ﬂz—‘/“) < CNO||Pu”qzo,1L§B(zj,2Rl'1/’) +
—I—(CZ‘I NoRz(m+1) -I—CNe‘”C—I—CNoe‘R/C) Hmmiﬂ .

This estimate is valid with a constant C>0 independent of R, xy, :--, Ty, 4,
u, provided that F is close enough to the identity as a function of R and 2
sufficiently large as a function of R. We now claim that there exist G,
Ny>0 such that for i>1, R>1, 4RiV*<min (r,d(2, (2)) we can find
Zyy vy xy el A,N 26 N (2y+ B(0, R27V2)) such that N G4,
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1

GB(xj, R 2{'xe!22;‘*d(x,H(ZCUAP)>< 5
1

Rz-lm} = O\Pyras

such that no point is in more than N, of the balls B(xz; 2R1™"?. In fact,

we cut the space into closed cubes with disjoint interiors of diagonal —4—R,l‘.1’2.

For each such cube which intersects [7{3°N A,) N(2.+ B(0, RA"%), we take
a point x; in the intersection. The above properties of the covering are
then almost immediate.

With such a covering (2. 29) implies (with a new constant C):

(2.30) el opa, p, < CIPuIE g+ (I RE™HD 4674040 0) 2 ,)

This with (2. 22) gives

(2.31) [l < C(”P "Hiaﬁ( ® +1‘1R2‘"‘“’+e~vc+e"””) IHu!i;‘Z,n)

Here we chose successively R and 4 large enough so that

- C(—lﬁ +A—1R2!m+1) __I_e—ZIC_I__e—R/U) \<\ %

and (2. 18) follows. The proof of [Theorem 2.1 is complete.

REMARK 2.3. If P’ is another realisation of P such that ||Pu—P ull, o
1
€
that (2.18) is also valid with P replaced by P', provided that we change
the constant C.

<= e "iull, , for some ¢>0 independent of 2, then from (2.18) we see

3. Some geometric preparations

We shall first verify that the standard local Hamilton-Jacobi theory is
valid when the Hamiltonian is of class C*!. The Hamilton field is then of
class C*1 and we start by recalling some easy estimates for C%! vector fields.
Let 2CR* be an open set and veC*(2; R®) a Lipschitz vector field. If
Kc® is compact there is an ¢>0 such that the problem 2(f) =v(x(),
2(0)=1x, 0<t<e¢ has a unique solution for every z,&K. Take now two
Lipschitz fields v, and v, on 2 with {|vllpna<C, |[v1—vyllry <D, and
consider two integral curves Z,(t)=v,(x;({t)) (always assumed to stay in
some fixed compact set that we do not specify). Then

#1(8)—2(0) = (01 (2 () — v (2a(0)) )+ (2 (22(8)) — wa( 2 (2))

S0
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8.1 |&@-2.0|<Clad-x@]|+D,
which implies
3.2 |md)-nb|<e|n0-uo|+D T

If we let @,,: z;(0)—x;(t) be the flow of v, (defined for z;(0)e K, 0<t<ex
>0), (3.2) shows that

(e — 1)

3.3) 0,0y le <D

Suppose that v,=v,=v, ||v||ea<C. Then (3.2) gives

|2(8) — 2a0)| < 2] 22(0) — 22(0)|

and (3.1) gives
[2(6)—2(8)] < Ce®*| 2,(0) — ,00)|.

Hence

3.4 (@O —z)—(2:(0) - 2(0))| < (2 — )| 1:(0) — z:(0)].

Since |z(t) —x(0)] <Ct we get

(3.5 @ Ion <2(e%—1),

where @,(x{0)) = z(t) is the flow of v. Using the group property we also
get ||@7"— [l[gon <2(e% —1).

Let p=C(W; R) where W now is an open set in R*. Then we can
apply the above estimates to H,eC%(W; R?*). Let 2CR" be an open ball

0 =C%; R) and assume that AO:{(:C, %;0—), xEQ}CW. We can then

define A,=@,(4y) for 0<¢<Le >0, if @, is the flow of H,. For ¢ small enough,
A, will be of the form ¢=h,(x) where h,eC*(I1,(4,) and if K& we have
KcII,(4,) when ¢ is small enough. Let X=C(R™) with {Xdzxdt=1, 1,=
g Y (xfe, &le). After decreasing W slightly we can define p,=X.xp on W for
0<e<{¢y and {p.} is a bounded family in C? while p,—p in C.. Hence H,—
H, in C(W) and (3. 3) shows that @:—®, in (? for the corresponding flows,
uniformly for ¢ in some small interval [0, z]. On the other hand A;=;(A,)
is of the form &é=hi(x) with A;=C*! forming a bounded family (when re-
stricted to K& ) and hj—h; in C° uniformly in ¢ when e—0. Now A is

of the form S:igb(l;’:—@ where ¢,&C? solves the characteristic equation
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aagi +p‘(x, %(t, x)>=0, 0<t <ty xEIL(AY), with ¢,(0, £) =¢y(x). It is then

clear that ¢, converges in CY([0, eg) X K) as e—0. If ¢ is the limit we have

op

ﬂ(t, z)=h,(z) and in the limit we get

0 0

Clearly p=C¥. It is not hard to show that {lo(t <) —@llera—0 as
t—0. (It is essential that g,=C?% the proof is particularly simple when ¢,
is a second order polynomial so that A, is linear and we shall only use this
particular case below).

We now translate the preceeding discussion into the “I-Lagrangian”
terminology. Let r&Cv(W; C) where W is an open neighborhood of
(xe, &) EC*™. Let 0,=C¥$2; R) where 2 is an open neighborhood of z, and

2 o
assume that A¢0={(x,7 as;) (:c)>; xEQ}CW Then after replacing 2 by
a relatively compact open subset we can solve the problem

ot ox
for xR, 0<t<¢ >0 and the solution is of class C**([0,¢] X 2; R). The real
symplecticfo rm we use here is dr Adt —Im d§ N dx, and Ap,:{( z, —f— a_ga(t, x));

3.6 % —Ren(znt3E]=0 00,2 —qa

xEQ} is equal to exp (tHuer)(4,). Here Hgly denotes the Hamilton field of
Rer with respect to Imo=ImdéAdzr. We refer to for more

details. At a point where 87=0 we have H{{’;‘;:ﬁ;, where H;, is the
complex standard Hamilton field of i7 (of type (1,0)) and H;, is the associ-
ated real vector field which gives the same result when applied to holomor-
phic functions in (z, &). If r is holomorphic in W we can actually solve the
problem

d 2 9
3.0 2% —r(n 0] =0 00, D =p

1 1
for t=C, |t|<e, where —% :f(ﬁRie}—+7 B_Ifn—t—) and the solution of

(3. 6) is then the restriction to the positive real axis of the solution of (3.7).
S
A, defined as before, is now equal to exp (it H;) (4, ).

We assume from now on that 7 is real valued on 4, and that r=0
at every point of A,. A compact set HCA, will be called a barrier if
there is a constant C>0 such that
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(3. 8) \Pr(z, &< Cr(z, &  for all (x,8=H.

If H is such a barrier and 8,>0 is a sufficiently small constant then- for
(z, )€ H, |y, n)—(x, 8)| < |[Fr(x, §)| we have

Pry, )| = (1+6(@)) 17r(z, &)1, Rerly, )= (1+6) r(z, )

and in particular Re »{y, ) >0. If eo>0 is small enough, 0<<t<¢ and (z, &)
S H, then exp(~tHY) (4,1 B((2.8) 5 ulPriz 81 ) ) < Bl(,9), aPr(z )

and the projection of this set contains z. Hence Re r(x, ﬁ_‘}’ati_x)) >0 and

(3. 6) shows that ¢(¢, x) >¢@y(x). Thus we have proved :
ProrosiTiON 3.1. Let r be of class Ct' in an open set containing A, =

2
{(x,-l.— gﬁ“ (:c)); xEQ} where Q is open in C* and p,&C*Q). Let HC A,
be a barrier. Then there exists <0 such that ¢(t, x)>¢)(x) for all (t, )

[0, &) X II,(H). Here ¢(t, x) is the solution of (3. 6).

A local situation that we shall encounter in the next section is the
following : Let I'C 4, be an analytic submanifold of codimension d, passing
through (z, &) and given by the equations fi(x, &) =:--=f;(z, &)=0, where
f; are real (on 4,). Let W be a small complex neighborhood of (x,, &) and
let reCt(W) be real on 4, N W and holomorphic in W,={(x, &) cW;

[Imf(x, )[<s|Re?(x, £)|} where ¢>0, and fZ(ﬁ, - fa)- Then (near (z,, &)),

6r vainshes at the points of " and at ) _6%?; are holomorphic on I'C. . As-
i j

sume that
(3.9 H, is tangent to I.

Then we can consider H, as a vector field with holomorphic coeﬂ‘icients of
type (1, 0) on l"c and for smali values of ¢ we have near (x,, &) ; exp (th )(A )

cW., exp (th,)( )cI'°. This means that we can solve the problem
(3.7). If in addition I'cX¥C 4, with X¢ as above, and H, is tangent to ¥

N

then exp (it H;) (X)C 3°.
We now assume in addition that y: [—e,¢] =1, y(0)=(xy, &), r(t)=
(x(t), &(¢)) is an integral curve of H, on which r vanishes. Then IT,| ¢ is
a local holomorphic diffeomorphism onto /7,(7°) which is then also a.com-

plex curve. If we imbed y in a “real” Lagrangian manifold AC4, then
A°=4, where ¢<¢, with equality on IT,(A)D(Il,(y). On II,(y°) we have
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9¢

2
(x,Ta—x)ef, ¢ln,» =¢o and these properties determine ¢ uniquely on

IT1.(¥°). Since ¢ is pluri-harmonic, its restriction to IT,(y°) is harmonic and
since ¢, is strictly plurisubharmonic, we conclude easily that on II.(r):

(po—¢) (z)~d(x, II(y))%. (See and Lebeau [10]).
Let ¢(t, 2) be the solution of the problem (3.7). Then at the point

_ 2 2 3 29 .
(t, 2(—it)) € C X (%) we have =0, 28 iy =5 L (a(— i),

Following the complex curve z—{¢, z(—it)) we find o(t, x(—it))=P(x(—it))
for tC, |t|<e. Since r is real on 4, and hence on 4,, we have ¢(t, )=
¢(Ret, z} by (3.7) and hence

(3.10)  glals—i) =p(t2l—i), (sHERY (5] <e.

In this relation 7,(y) is identified locally with C and II,(y) with the real
axis. A trivial consequence is that if ¢>0 is given and if xe&ll(;) is
sufficiently close to II,(y) and has a positive ¢ coordinate (when writing
x=x(s—1t)) then

(3.11) ¢(x) < min o(t, =) .

0Kt<e,

As matter of fact, we even have equality in (3. 11).

4. Applications

Let P be a differential operator of order M with analytic coefficients
defined near a point z,=R". We shall study P microlocally near a point
(xp, &) =T*R™\0. Let SCR™ be an analytic submanifold of codimension d,
passing through (xy, &) and let YC¢ be its complexification. We assume
throughout this section that P is of class S*™(3) (see [2]), transversally
elliptic, and that P satisfies the necessary and sufficient conditions of microlo-
cal hypoellipticity with loss of m/2 derivatives of Boutet de Monvel-Grigis-
Helffer [2]. Possibly after replacing P by PxP and (M, m) by (2M, 2m), if
we put A(z, D, =Pz, D,, )= P(x, D,) then we are precisely in the
situation described in the beginning of section 2. We shall frequently apply
the FBI-transform (2. 6) and by abuse of notation we denote the transformed
operator still by the letter P, the image of (g, &) still by (xy &) and so on.
It will be clear from the context if we work on the transform side or not.

As a first application we give a new proof of the analytic hypoellipticity
in the symplectic case. This result was proved for m=2 by F. Tréves
and D. Tartakoft and later by G. Metivier in the following general
form, using a different method. Tartakoff has also extended his methods
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to cover the general case.

THEOREM 4.1. Assume that X is symplectic. Then if u is a distri-
bution defined near x,, such that (xo, &)& WF,(Pu), we have (x4 &) WF,(u).

Proor. Here as well as below we shall proceed by constructing a suita-
ble “weight-function” #(z, &) in order to deform ¢, as in section 3. The
mapping F introduced in section 2, will then be defined as exp (—tHEY) or
when 7 is analytic symply as exp(—itH,). When ¢ is small this mapping
will be close to the identity in Lipschitz norm. To assume the crucial con-
dition F(4, N2° =4, N2° it suffices in the analytic case that H, be tangent
to 2 or in other words that driy;:=0 at every point of Y. Here T23' is
the orthogonal space of T2 with respect to the symplectic form. If % is
given by the equations fi=--- =jf;=0 where f}, ---, f; are analytic and real
on R* (that we identify with 4, by using .&7), then we look for analytic

functions r such that
4.1  H;(rN=0 on X for j=1,-,d.

When 2 is symplectic, 731 is transversal to 7Y everywhere and we
can prescribe any analytic function p on X and construct locally and analytic
solution 7 to the problem (4.1) such that rj;=p. Also if r is a solution of

[
(4.1) we can make it more positive outside 2 by adding R} f7 where R»0.
. 1

In the symplectic case it is easy to see we have an analytic solution 7 to the
problem (4.1) in some neighborhood of (x, &) such that 7|gm~|z— x4+

|€—¢&,|%. After the FBI transform we have |z, 3 9, ~|z—x|? and if we
1 ox

fix small open sets 2232,202,>x, we can apply [Lheorem 2.1 with o=,
where ¢,(x)=0¢(t, x) is the solution of (3.6) (or (3.7)). Denoting by u also
the transformed holomorphic function and P a suitable realisation, as in
section 2, of the transformed operator, we have ||u||, ,=@(1) 2%, ||Pull, o,=
A(1) e %%, C>0 if 25 is a sufficiently small neighborhood of x, Since ¢, — @y~
t|lx— x| we get ||Pu||¢t,,)l:@(1) e~ %, C,>0 and also Hlu'\_}ippmgz:@(l) e~ VC,
If £>0 is small enough we can apply [Theorem 2.1 and get llull, o=
&(1) e % and hence that |}, ,, =O(1) e¥* if £, is a small neighborhood
Zp where ¢, <¢y+1/3C,. Before the FBI transform we than have (x,, &)&
WF,(u). The proof is complete.

The new results of this paper are rather special and concern mostly
the case when & is of codimension 2. We extend them later to the case
when 2 is of higher codimension but dim T3 N T2+<2. Thus let us assume
that ¥ is given by the two real equations fi(z, &) =f(z, §=0. 2% is then
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non-symplectic precisely at the points where g={f,f;} vanishes. If we
assume first that ¢ (defined on J) vanishes on a hypersurface I'C Y passing
through (xy, &), then the “generic” situation is that

(4. 2) TrH(T2iNTY =T~ at every point of I,

In the case when I' contains an integral manifold of 73+ N T2 it has been
proved in Grigis-Schapira-Sjdstrand ([14]) that analytic singularities of
solutions to the equation Pu=v propagate along this integral manifold in the
complement of WF,(v). That singular solutions exist was proved by Metivier
[12] when m=2.

Under the assumption (4.2) TI'NT3* is of dimension 1 at every point
and we can choose f;, f; so that this space is generated by H, at every
point of I', while Hj is transversal to I'. If we represent I' in ¥ by an
equation h=0 where h is real, analytic and dh+0 then our last assumption is

(4. 3) There exists an integer .& >1 such that g/h* is a nonvanishing
analytic function in a neighborhood of (xy, &) in 2.

Let yo: ] —¢,ef—I" be a segment of the integral curve of H; with 7,(0)=

(Z0r §0)-

THEOREM 4.2. Let us assume that I'CZY is an analytic hypersurface
containing (xy, &) and that (4.2), (4.3) hold. Define y, as above, (as an
integral curve of TI'NTZY. If ucZ'(RY) and yyN\WF,(Pu)=¢, then
either 1, CWF,(u) or 1o\ WFo(u)=9.

Proor. The geometric discussion that follows will be local in the real
domain. We can choose real symplectic corrdinates near (x, &)</ such that
fi=&, and fy=(8_1+7(x, &, &) times an elliptic factor. Dividing out the
elliptic factor and modifying f; in the region where f;40 we can assume
fo=Ena+7(x, §). Here & =(§, -, 6a_0). We still have H; &TI". The new
function ¢(z, &)={f.fa}, differs from the old one on 3 only by an elliptic
factor, and is independent of &,, &,_;. We can write g=h(x,§)* where
I'=HNZX: fi=f,=h=0 if we define H to be the hypersurface given by
h(x,&)=0. Since H, is tangent to I' and h and H, are invariant under
translations in the (€,_, &) directions we see that H, is tangent to H. Let
o® be a real function on I' satisfying the equation H(o"=0. Let G'CI’
be a hypersurface transversal to Hj and let GC H be a hypersurface with
GNI'=I", transverse to H; and invariant under the H, flow. (H, is non-
tangent to I" since Hy(fo)+0).

We can extend p®|z to G in a non-unique way such that H,(p®)=0
on G. We then extend this function to a function p® on H such that
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H,(p®)=0. Then p®[,=p®. Since {f:h) =B(h) we have [Hy, H)]=
a(x, &) H, on H, hence H, (H,(p®))=a(H,(p®)) and Hy(p") vanishes on H.

We choose local coordinates, centered at (xg, &), in the following way :
First let 2 be local coordinates on G'. Then let (2, #,#’) be local coordinates

on G such that thg,— on G and t=(¢,#')=0 on G'. Extend these coor-
dinates to H and add one; 2’ so that G is given by 2"=0 and H, =

—392,7 on H. Then t=(7,¢") vanishes on I'" and the preceding remark about

the commutator of Hy and I, shows that Hh:b% on H, where b is a

non-vanishing function. Finally extend the coordinates (2,2) to a full neigh-
borhood of (z, &) and add one coordinate s, in such a way that s=0 on H

and H; = % Clearly s and k differ only by an elliptic factor.

We can choose p® above so that p®(z,£)=p®(2). If &(2) is an analytic
function on I', to be choosen later, we put

st
(4. 4) o(z, t,5) = p® (2, t) +k(2) 71
Then

(4.5 Hylo=kz)s.

We have

0 9 0 0
[Hf,: Hfz] = Hhﬂ :ﬁhﬂ*l Hh - @(S’z/—l) é}/‘ +@(Sz) (_55’ E’ E{)

so that
09 d d 0
H, = Y +@(S")§tr +O(s*tY) (T’ Ty 3;‘) .
It follows that
(4.6)  Hy(p =0,
If R>0 is a sufficiently large constant we put

(4 7) r=p— Hf;(p) ﬁ+ Hfz(

p) 2 | £2
g 7 S+ R(fi+f?)

which is a real and analytic function satisfying (4. 1).
The bicharacteristic segment 7, is given in I' by the equations 2 =0.
We now choose p®=|2|2% Then
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]

s
(4. 8) H, 2(71—) k(z) H Ty, on p,.

Let A be a small sphere in I'" (for the coordinates 2) centered at 0. We
shall choose % vanishing to the second order on A. Then the cylindrical
hypersurface C={(2,¢,s); 2= A} is a barrier for the weight function (4.7).
In fact, on C we have H; (0)=8(s*'|¢|) so

ﬂ;’(ﬂf? =8(s|Z| ) =0O(s(1Z1>+53)).

Moreover H, (p)=0 on C, so r>0 is of the same order of magnitude as
12|+ f1+f% on C. Since the gradient of each term in (4. 7) can be estimated
on C by a constant times |2/|+| f,| +]| f2| our claim follows.

We now assume that we have worked in a small neighborhood of (z,, &)
whose closure is disjoint from WF,(Py).. Then we perform our FBI-trans-
form and let # be the transformed function while (z, ¢, s) are considered as
coordinates on 4, or even on C2 Let then 2,CC* be given by 2B,
lt|<a, |s|<a where a>0 is small and fixed >0, B is the open ball with
border A. Since we already know that P is a.h.e. outside I" we know
that there is a function ¢ of class C? in a neighborhood of , such that
u€ Hy*® and g=¢, on II(): t=0, s=0 while J<g, elsewhere. Moreover
in some smaller neighborhood of 2, we have Pu~0 in He if P denotes
a realisation of the transformed operator with a regular contour adapted to
@ as in (2.16). A boundary point of £, is either in the barrier C, or else

¢ or |s] is equal to a. Hence for 0<z<(¢ >0 small enough we have ¢,>¢
on df,. Let

49 Pou=(g) e Pa g 1059 i) dy as
2, iz
A P ol e

be a realisation of P in 2, where X&C®(2,x 2) is equal to 1 and has its
d(z, ()}

support in two sets of the form {(x,y)E.Qg; lx—y| <
Then as we saw in [14], section 12 , we have

const.

Pu=PouSIE™(Q),  fla)=dla)~ 5 d(z 02

It >0 is small enough it follows that
(4.10)  PoucIi™(@), 0<t<e.
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For >0 define 2, O, 2, to be the open subsets of £, where respectively
d(z, (20 >7, 2z, 3r. If >0 is small enough, but independent of r, we can
apply Theorem 2.1, with P=P,;:

(4.1 luly,0, < CIPaully, 0, + 1l 0a,)

Here [|Poull,s 1is at most of polynomial increase in 1 as 1—co, while
i_g.u]|1%,g\,,z<(],ef’”, since ¢;>¢(z) —(const) v in @\, Letting 7 tend to 0 we
conclude that

(4.12) ue H,o* () 0<t<s.

If we choose first £>0, then K<0 on 7,N B, we conclude from the dis-
scussion in the end of section 3, that we H,*(£2,) where @ is a Lipschitz
function <¢ on a neighborhood of II;(r)N B in 11,(#5). Here ¢ is the
harmonic function introduced in the end of section 3 (where the bicaracteristic
segment was called 7). Using the maximum principle it follows that if z~0
in HJ)*® at a point of II.(y) N B, then the same is true at every point in this
set. Translated into the original terms before the FBI-transform, this means
that either y,C B is disjoint from, or contained in, the analytic wave front
set of u. Since y, can be covered by a finite number of balls of the type
B, the Theorem follows.

It should be pointed out that we don’t know that the operator in
Theorem 4.7 is not analytic hypoelliptic at (xp,&). Such hypoellipticity
would of course then be a stronger result than [Theorem 4.2 The same
uncertainty affects some of the results below.

We still assume that 3 : /,=/=0, g={fi.fo}. Let 'C2 be an analytic
submanifold passing through (x, &) and assume that there is an even integer
% >0 such that

(4. 13) g~df on X,

where d- denotes the distance to I. When the codimension of I’ in Y is
larger than or equal to 2, then the “generic” situation is that

(4.14)  (TISNTEHNTI =0

at every point of I. Here T2 T3 is the space spanned by Hy, H; (at
the points of I'). The last assumption is that

(4.15) o|r is of constant rank on I'.

Then I has a bicharacteristic foliation of submanifolds whose tangent space
at every point is TI'NTIt. When [I' is not symplectic, let L be such a
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connected integral manifold containing (z, &), and contained in the small
real neighborhood. of (), &) where the above assumptions are made.
THEOREM 4.3. We assume (4. 13)-(4. 15).

(a) If I' is symplectic, uc D' (R"), (xy,&)& WF.(Pu), then (z, §) &
WF,(u).

(b} If I' is non symplectic, L as above, and uc Y (R satisfies LN
WE,(Pu)=¢, then either LCWF,(u) or LNWF,(u)=¢.

Proor. In a sufficiently small neighborhood we shall construct a weight
of class C't, Let

(4 16) TF‘L :y1®j—2®(Hfl’ Hf,)

be a non-unique decomposition in the sense of vector bundles, where 77 ,=
TIrNTrt. Let H C R*™ be of codimension 2 and such that I cH, 9,7,
CTH|, and (H;, H;) is transversal to TH. Since 77, is the tangent space
of L at (x, &) we see that

4.17  dim H=dim I'+dim 9 ,4dim L .

We choose local coordinates centered at (x, &) in the following way. On I'
we take z=(¢/, 2’) in such a way that I, at every point is spanned by the

d ) ) ) X
rra directions. On H we extend the coordinates 2 and add the coordinates

t=({,t¢’) in such a way that t=0 on I and T 5 at every point of I is

a ., . .
spanned by the o7 -directions. By (4.17), we have as many 2’ coordinates

as ¢ coordinates. After a preliminary reduction to Ji=n fi=&nt+7(x, &),
which implies that g=0(d¥) in a full neighborhood of (x0, &), we extend the

coordinates (2,¢) to a full neighborhood of (x, &) and complete by s=(s;, s,)
0

in such a way that s=0 on H, Hfl:E— and 5;,=0 on ¢ =exp (RH,)(H)
1
and Hf;——% everywhere. Since g=0(d#) and TT' is spanned by the
2
directions Ear,“, ait” %, we have
. g 9 0
(4 18) [Hfl: Hfz] - }{g = @((t, S)y 1) ( 02" ot * _as )
g 9 0
& - . T
+6((t.9 )(82’ 5 as)

d 0

. . 0 ) .
in the sense that the coefficients of 527 3f° 3 are analytic functions
which are &((¢, s)*") and so on. '
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Let p©@(2)=p®(2') be a real and analytic function on I" with do rrzrs
=0 at every point. Extend p©® to a function p®(z,£) in such a way that
dp®’|; e7,=0 at every point of I. For instance we can take

(4.19)  p®=p® ()£ B(2)+¢"

where & is a real and analytic vector. (The most general choice would be
to add an arbitrary term ©(#) in (4.19)). Finally we put

(4. 20) p(2,t,5) = p® (2, 1) = pP(2,2”) .
Then

(4. 21) dplrr. =0 everywhere on I,
(4. 22) H;(p) =0 everywhere,

and H;(0)=0 on & so that at an arbitrary point :

82

H; (o) (2,8, 5) = S H,(p)(2,t, s, 0) do.

0

In view_of (4.18), (4.19) we obtain H,(p) = @(({, *Tb) + O(t, 5)*F p®) +
O((t, 5)*b)

(423 H(o) (=59 =0(0t 9" 7p®+O((t, 9**) b+ O((t, 5**13) .

Let § be an analytic and real extension of g|; such that ~d# and put

Mo £
)

Then 7 is of class C*! in the real domain and has a holomorphic extension
to domain of the form |z|<e, |Im(Z, s)|<e¢|Re (s, 5)] <% Introducting a cut
off function X(|Re (¢, )|~ Im (4, 5)) in front of the middle term in (4. 24), where
XeCy is equal to 1 near 0 and has a sufficiently small support, we achieve
that r is of class C'! in a full complex neighborhood of (x, &), while still
holomorphic and of the form (4. 24) in a (somewhat smaller) complex domain
of the type above. r—p vanishes to the second order on I" so (4. 21) shows
that

(4. 25) H,eTI' everywhere on I".

(4. 24) r=p—

(Also, H, is tangent to ¥ by construction).

In the case (a) the proof is now easily concluded. We choose o0 =
|2|?—8" where 6>>0 is small enough. The set C={(z,¢,5); |2/ =24, |(2, 5)] <d}
is easily seen to be a barrier simply because >0 on C. Applying our FBI-
transform, the general remarks in the end of section 3, Theorem 2.1 as in
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the end of the proof of [Theorem 4.2, we see that the transformed function
u is of class H,%° in the domain |2 <23, |(z, 5)| <& when # >0 is small enough.
Here ¢, (z) =¢(’, z) solves the problem (3.7), and we have ¢y (o)< ¢o(o)
when # >0 is small enough, so we conclude that (x, &) WF,(u) for the
untransformed function. This completes the proof in the case (a).

In the case (b) we recall that L is given by the equations 2’ =0 in I,
We choose p®=|2/|2. Then on L we have dr{,r=0 so H.eTrt., With
(4. 25) this gives
(4. 26) H.=TL everywhere on L and r|,=0.

We have dim L degrees of freedom in the choice of b so r can be constructed
so that H, is any analytic section in TL.

Let BCI' be the ball |2| <4, for some sufficiently small §>0 and let
A be its boundary in I. We choose b to vanish to the second order on
A and we shall next verify that for 6,>>0 small enough, C={(z, ¢, 5); 24,
|(#,9) <8y} is a barrier. In fact, by (4.23), (4.24) we have

r=|21 4082+ | fl)+Fi~ 12 [*+f3
on C, while Fr=8(1) (|Z|+&12]|+|A)<BL)r"* on C. If y,&€B is an

analytic curve segment in B, we choose r so that H,30 on and tangent
to 7, Then by the same arguments as in the proof of [Theorem 4.2 we
get that if BN WF,(Pu)=¢ then either yoN WFy(u)=¢ or 70C WFy(u). By
varying 7, we obtain that either BN WFy(u)=¢ or BCWF,(u). Covering
L by sets of the type B, we obtain the statement in (b) of the Theorem.
The proof is complete.

In the case (b) of Theorem 4.3, we cannot prove analytic hypoellipticity
using the methods of this section (and the author believes that there is no
such regularity result). Indeed, if r is a C"! function, of class C? a.e. on 2%,
defined in a real neighborhood of (x, &), such that Hy (r)=H; (r)=0 on 2,
then 7 is constant on each bicaracteristic leaf of I To see this we first

notice that |H,|H, (r), |Hy|Hy (r)=@(g) on 2, if

|Hy | v =lim % |voexp (—eH;)—v] .
=0

Hence H,(r)=8(g) on 2, since H,=[H;, H]. Let w, -+, s, be coordinates

centered at (z, &) such that I'is given by u, =+ =u4;4=0, #g1=J1, #a12=/a.
If is enough to show that H, (r)=(H, (r), ---, H,,(r))=(0,---,0) on I For
simplicity we may do it only at 0. On X we have

Hir =520 H ()= 5 - Ho 0+ 6 (1),
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since H,, (r)=H,, (r)=

—@(fu[ ) for j>2d+3. Thus on J:

d

0
% g, Ha(1) = (lu'r*f)
Put ug,3=---=u,,=0. By Taylors formula and the Euler identity we have
d ag
'?ﬁu_
We choose o' =(uy, -+, ug)=eH, (r)(0). Then the above estimate gives

< He ) Of = &(e*| Hoo () OF)

which implies H,.(r) (0)=0.

We next look at a complementary case to the two preceeding theorems.
We still assume that 3 is of codimension 2, that % is even >0 and that
(4.13), (4.15) are valid, where I" is an analytic submanifold. Thinking in
particular on the case when I" is a hypersurface we replace (4.14) by the
assumption that

4.27) dim TINTS:=1

at every point of I. We may then recombine f;, f; so that TI'NT3+= (Hy)
while Hj, is transversal to TT. Let y, be a segment of the integral curve
of H,, passing through (o &). The following theorem gives a weaker
statement than part (4) of [Theorem 4.3, and it is perfectly legitimate to
wonder if it can be stengthened.

THEOREM 4.4. Under the assumptions (4.13), (4.27), (4.15) with &
even, if u€ D' (R, yo\ WF,(Pu)=¢ then either y,C WF,(u) or 7o\ WF,(x)=¢.

ug| ~ o7

Proor. Let H be an H; invariant hypersurface containing I” and
transversal to H, . Then we have a fiberbundle decomposition ; THN 7T+
=7 (DT » where T, =TI'NTT*. Then clearly TT"=7 PT PH,. Let
G'CI' be a hypersurface transversal to H, and GC H a hypersurface trans-
versal to H; containing G’ and such that TGO, at every point of &,
Let 71=9,NTG so that I, =7 |{@(H;) at every point of G'. We choose
local coordinates centered at {z, &) in the following way: Let (¢, 2") be

. C J .

coordinates on G such that J7] at every point is spanned by the o di-
i 0 .

rections : {:(—67) for short. Extend 2/, 2’ to G and complete with coor-

dinates t=(¢,¢’) so that #=0 on G’ and fzr—"(g?) at every point of G
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Then extend the coordinates 2, 2’, ¢ to H and add one coordinate 2"’ in

such a way that 2”’=0 on G and Hf1=~£,7 on H. Since I' is invariant under
the symplectic flow generated by H; we have #=0on I"and 5~ 1=(—aa?, fa%)

on I Moreover if we redefine 7, outside G' on [ as (—ai—,) then we still

have THNTIM-=9 D7, Finally we extend z, ¢ to a full neighborhood
of (xp, &) and add a coordinate s such that s=0 on H and HfZZ(%). Since

g=0({¢, s)*) and T['l:(j— a3 i) we have

0 0 0 0 ‘ 0 ad 0
(4 28) Hg = @((t, 5)‘(—1) ( o2 * 02" ot E)-l'@((t, s)i) (%s '52._, ﬁ?) .

Hence

9 _ 0 0 0 0
(4 29) }If1 - ""3;!'7/— +@(5(t’ 5)1y 1) ( I azru > o '55_)

INERERE
+@($(t, S) )(-a;, E’ 3—$>

We next construct a function p as before so that p|z.=0. We start
with p@=p®(2/) on I. As an extension p’ to H we could take

—

PO () = 00 () + B2 '+ O,

but since H;(p) should vanish at least to the order .# on I', we are obliged

to take b=5b(2,2"). On the other hand our constructions seem to require
a barrier in {z=I"; p©®(2')=0} which is not invariant under 2'"-translation
and B(z’, 2’} would have to vanish at this part of the battier. It thus seems
difficult to make any interesting use of the b¢’ term so we drop it and put
o (z, 1) =p® ()= 2|

Let k(z) be a real valued analytic function on I' and put

o(z,t,5) = pP(z, t) +k(2) S:g’(z, t,o)do= Iz’]2-{-@(s(t, s)‘z’) .
Here ¢ is an extension of g|; which is of the order of maguitude df. Then
(4.30)  Hylp) = k(@) Gzt
and using (4. 29) we get easily
(4.3)  Hy(p)=0(t9"").
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Moreover by construction H,&TI" everywhere on I’. Put

Hfé(p) Ft Hf&(P) F+ R .

Then r has the same regularity and holomorphic ectension properties as in
the proof of the preceding theorem (and we do the same modification in the
complex region as there). We have H,=TZX everywhere on ¥, H.€TT
everywhere on I" and on the set 2 =0 in I, which contains 7o, We have
H,=kH;. Defining A, B, C as before we let £ vanish to the second order
on A. Then C is a barrier, because r~|2|*+f?+f% on this set, while
Fr=08(@1) (|Z|+]|Ail+1/3) on C. (The only non-evident contribution to Fr

is __I_gl(_to)yﬁ, but H; (p)=8((|¢t| +s]y**1|2'[) on C so the estimate is easy).

The proof is now completed as before.

We next show how to extend the Theorems 4. 2-4. 4 to the case when
codim X'=d is even >2. As before we work near a point (xz,, &) &2, where
% is non symplectic and we assume

(4. 33) dim TYXNTXL <2 everywhere on 3.

(4. 32) r=p—

If we represent Y by the d real equations f;=---=f,=0, and put =
({ fis fithesu<a then +4det &£ =g is a analytic function on ¥, well defined up
to the sign, and more generally up to an elliptic factor, if we change the
defining functions. (Indeed g =2d! (3 {f;, fi} dz; Adx)¥2da; N\ - N dxy).
At the point (x, &) we can make a linear recombination of £, -++, f; so that
T 92N Ty, ey 2+ is spanned by H; and H,. Then 3;; fi=--=£f;=0 is
a symplectic manifold and after a symplectic change of coordinates we may
assume that X, : 2" =£"=0. Changing the functions £, ---, f; once more we
may assume that fi=£ (2, &), f,=02, &), (fs, -, fo=(2",&"). The function
g is then just the Poisson bracket of f; and f,. If we make the geometric
assumptions of one of our 3 results for the manifold 3 R!:9+* given by
fi=/2=0, then we construct our weight function (&, &) as before and simply
extend it to be constant in the (&, £"') variables. Then r is of class C!!
in the real domain, and if I"CJ is as before then we have a C"! extension
to a full complex neighborhood of (x,, &), holomorphic in a set of the form
IIm §(o, §')| <e[Re g(2/, &)] where §=(¢y, ---, gx) are real defining functions
of I Since H, is tangent to I, I', ¥ we can apply the remarks in the
end of section 3. If CC R ®*2 is a barrier, then C={(z, &); (¢, &)=C)} is
also a barrier. The proofs of our theorems then go through without any

further changes and we get :

THEOREM 4.2'. Let X be of even codimension, assume (4. 33) and define
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g on X as above. Let I'CY be an analytic hypersurface containing (x,, &)
and assume (4.2) and (4.3). Let 7, be an integral curve segment of TI'N
Tr+. If uc@'(R") and yoN\NWF,(Pu)=¢, then either ye CWF,(u) or 1N
W, (1)=4.

THEOREM 4. 3. Let 3 be of even codimension, assume (4. 33) and define
g on Y as above. Let 'CY be an analytic submanifold containing (xy, &)
and assume (4.13)-(4. 15).

(a) If I' is symplectic, uc D' (R"), (xy &) EWEF,(Pu), then (xy,&)&
WFy(u).

(b) If I' is not symplectic, let L be a connected bicaracteristic leaf of
I' containing (zy, &). If uc2'(R"), LN WF,(Pu)=¢, then either LCWF,(u)
or LNWF,(u)=¢.

THEOREM 4.4'. Let X be of even codimension, assume (4. 33) and define
g on X as above. Let 'CX be an analytic submanifold containing (x, &)
and assume (4.13), (4.15), (4.27). Let y, be an integral curve segment of
TrNT3L containing (xo, &). Then either y,C WF,(u) or 7o\ WE,(u)=6.

As our last application, we shall consider an operator which is not C*®
hypoelliptic. Let Q(x, D) be a differential operator with analytic coefficients,

defined near zy=R". Let ¢ be the principal symbol and assume that in
a neighborhood of (xzy, &)&T*R™0:

(4. 34) g is real valued and vanishes to the second order on a symplectic
submanifold 3 =(x,, &) which is of codimension 2d.

For pcX let F, be the fundamental matrix of g, defined by ¢’ (¢, s)=0(¢, F,s),
vt,s&T,(R™). Here the Hessian ¢” and the symplectic form ¢ are con-
sidered as bilinear forms. We assume

(4. 35) For all p=2, F, is of rank 2d and has no purely imaginary non-
vanishing eigenvalues.

For p=3, let A.(p), 4_(p)T,(R*™) be the d-dimensional isotropic subspaces
whose complecifications are the sum of all complex (generalized) eigenspaces
corresponding to eigenvalues with positive respectively negative, real parts.
Then T}(3)- =4, (o)®4_ (o).

We then know (see appendix) that in a neighborhood of (x, &) there
are Hincariant, involutive manifolds 9 ,, 9 _ of codimension d, such that
Yc7 . and T,(T )=T,2)PA.(p) at every point pc. Within I (I ),
Y is a repulsive (attractive) submanifold for H,, and g|,,=0. We can find
symplectic coordinates (2, 2’, &, &”) centered at (z, &) such that X: &' =§"
=0, I ,: & =0, 9_: 2’=0; The principal symbol g becomes
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(4. 36) g(x, §) = Az, §) 27 -§"

where A is a real d Xd-matrix. At a point peY the fundamental matrix
restricted to 7,3+~R?%,, .., becomes (A 0 ) and the eigenvalues 4, :-, 4;

0 —tA
of A are precisely those of F which have real parts >0. Let i,CJ . be
the bicharacteristic leaves through (z, &)=(0, 0) so that 2, : £ =0, £§=0, 2_:
& =0, xr=0. We write

@37)  H=An 8 2 g — A58 ¢ v +O(2) ).

(Here &((2')(¢"”)) indicates a term with coefficients in the product of the

two ideals generated respectively by xgiy, -+, &, and &4, -+, &) Let Ag=
A(0,0) and put

B= Sme“t“o e~ ds
0
which is a positive symetric matrix with the property that
tAyB+BA=1.
If 27 |p=(Bx" :r”) is the corresponding norm, then
A2 (1) = [l [0,

where ||2’|| is the standard norm. Similary we can find a symetric matrix

C>0 so that
I' a ffl ui
tAﬂ'f aen (}“ )" ||E H2>0
if 6”5 =<C¢", 6",
Let [0, T} 2t—{z(t), £(2)) be an integral curve of H,, with {(x(0), £(0))| ¢,
' (0)1H>%‘E.§" (O, " (O <8y, where >0 is small but independent of e.
Then with a constant C,>0 independent of ¢ we get
Je" e <evefer o < e,
Jolzefeol. |4

dt
From this we see that we can increase T so that |2’ (T)i=4, and
(2 &), (&) +|¢" (t)] <const. &, 0<t<T. Hence the distance from (x(z), £(¢ ))

(« () ¢ (t))' < Cye et/

A, is at most; (const.)e. Naturally we have an analogous result if [|§” (0)| *>



426 o ©J. Sjéstrand

li2* (0)j and we study the integral curve for negative times, provided that e
replace 4, by A_. We shall state and prove a theorem under the assumption

(4.38) (2 8)EWFQw, WF.uU[A\[(zo&)})=¢.

Then the above discussion and the fact that analytic regularity propagates
along the integral curves of H, show that there exists ¢>>0 such that in our
special coordinates :

1
@39 {m9eR"; |2 8] <a 1> 5 12" N WR@ = 4.

Let S; be the subprincipal symbol of Q, invariantly defined on X and
define 4, :--, i; as above. We assume 7

1 g 1
(4. 40) SQ_'—T;(Q]‘_}_?)]]':JFO
everywhere on 2, for all a;€{0,1,2,---}. The folowing result is due to

Oaku in the case when codim Y =2.

THEOREM 4.5. Let Q have the properties above, in particular (4. 34),
(4. 35), (4.40), and let 2, ; A_, %, (xy, &) be as above. If uc=Z'(R" and (4. 38)
holds, then (xy, &) & WF,(u) .

Proor. In the special coordinates above, put
(4.41) 7z, & =12 IF—-HE" %+ 122+ 1€]2.
Then H, is tangent to Z’,‘ (4. 37) and the discussion there after show that
(4.42)  Hyfr) =" P11+ O (", &'V (%, 8)) .
Hence on the real domain :

(4.43)  goexp (itH) =q(x, §—it(||2" |*+ "2+ B((2", £ (%, )

+O(2(2, "y,
so for ¢+ >0 small enough,
. C .
(4.44) |Re goexp (it H)| < — (~Im goexp (—itH,)).

We noticed above that (4. 39) follows from (4. 38) so we see that the set <0

is disjoint from WFy(«) in a pointed real neighborhood of (z), &)=(0, 0).
We now perform our usual FBI-transform and use the same notation for

the transformed objects. As before let ¢,(x)=¢(¢, z) be the solution to the
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problem (3.7). Then if ¢>0 is small enough, we-have u~0 in H}** in a
nelghborhood of {x— x| =¢, when >0 is small enough. Indeed at those

2 0
points, either r(x, 2 892)>0 SO ¢ >y and there is nothing to prove, or

u~0-in H,. Since ¢,(x)=g¢y(1,) it suffices to show that the conclusion’ of
_ 1 is valid with ¢=¢,, in order to conclude that «~0 in H, at
xo (and hence that (x, &) & WF,(«) in the untransformed notation). However,
the proof of [Theorem 2l 1 goes through without changes if we consider ©;
as the unperturbed weight (and take ¢>0 small). (4.43) shows that lq] o,
behaves like the square of the distance to 4, ,NZ€ so the estimates in the
elliptic region are unchanged (4. 44) shows that q| g, takes its values in an

angle {zEC; arg z-+ - 2 <a} a<l 2 , and (4. 40) then gives an explicit and

wellknown condition which allows us to obtam (2. 27), using only the earlier
arguments. The proof is complete.

We end this section by giving some examples to the Theorems 4. 2-4. 4.
Let U be an open set in R* or possibly an n-dimensional manifold and
2={(z, do(x)); A€R, x=U} where p is a non-vanishing 1-form on U. To
fix :the ideas, we may assume ‘that P is a second order differential operator
with principal symbol >0 which locally behaves like the square of the
distance to 2. We also assume through out that P is hypoelhptlc with loss

of 1 derivative. If w= ZEjdx, is the fundamental 1-f6rm and we consider

p{x) as 1-form on 2J in the natural way, then w|;=2p and hence | ;=Aidp-+
diNp, if 6=dw is the symplectic form. Let (¢, t), (s 5) be tangent vectors
to 2 at a given point. Then

(4 45) <0'[ 2y t.m ti S.m $; > -

=1 <dP; tx/\s.r> +ti <|0’ 3x> -3 <P; t$> .

Let HC U be a submanifold and let I'={(x, 3o (x)) ; = H} be the correspond-
ing submanifold of ¥. We shall only consider 2 pure cases :

(a) p|lg=0. Then (4.45) shows that I is isotropic.

(b) plu+0 everywhere. Then (0,#) cannot be in the kernel of 4|,
unless £,=0. On the other hand, for (z,¢) to be in the kernel of ol at
a point {z,, ), the necessary and sufficient condition on #, is that t-=Ker pN
TH and that ¢, is also in the kernel of d, restricted to (Ker eN TH)x(Ker oN
TH). For such vectors t, there is a unique #, such that (22 t;)EKer alr.

Let 2CC" be given by f(2)<0, where f is real and analyti¢c with df=0
on 9f2. We are interested in the case when P has the same characteristic
variety as the Kohn-Laplacian [J,. This means that we can take U=ag
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1 1. : :
and p= -i—af l2g SO dp‘—"Taaf l;0 is the Levi form. Recall in this situation

that the complexification of Ker p is T+°(3Q)DT*(32), where T"°(32)(T*¥3Q2))
is the bundle of holomorphic (anti-holomorphic) tangent vectors. Let Zi, ---,
Z._, be linearly independent local sections of 7%%(34). Then we recall that

def

1.
(4. 46) <T 5of, Z,/\Zk> ={p, (2, Z)) = ap
and that
1.
Taaf\ KerpxKerp — Z ajx aj/\uk

where wuy, -+, #n.y is the dual system of (1,0)-forms on Kerp. If g, is the
principal symbol of Z; then the matrix ay Is up to an elliptic factor the
same as

6=(F 00 04)

The function g, dis_cussed earlier in this section, is then the determinant of
G. Indeed I is given by fi=-- =fu=0 where f;=¢, 1<j<d, f;=0;-0
d+1<j<2d and

)=l T )

(The functions f; are not real valued, but their differentials are linearly
independent over C, which is all that is needed here).

1°. Let n=2 and let HCo2 be a curve on which the function g van-
ishes. If p|x+0 everywhere, then I' is symplectic by (4.45) and Theorem
4.3 (a) gives analytic regularity provided that g~d¥ k={1,2,---}. An
example of this situation is when 2: |z/*+|2|*<1 and HC92 is given by
2,=0. Then TL%M):(%) at the points of H and g~di

2° Let n=2 and let HC 3R be a curve on which ¢ vanishes. If p[z=0
everywhere, then I' is isotropic by (4.45) and we may choose Z=X+1iY
such that X is tangent to H (while Y is non-tangent). With f, fe=principal
symbol of X, Y we have II.(H;) tangent to H, H; tangent to 2, so H
is tangent to I, while H, is not tangent to I'. If the function g has the
right degeneration on H, we may apply [['heorem 4. 4 to deduce propagation
of analytic regularity along H. An example of this situation is 2: Re (2F+23)
+yt+122<1, and HCoR given by ¥,=%,=0. The complete Levi-matrix of
the function £, then vanishes for ¥=0 and satisfies =£,>21*#,:. (We define

r
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2
;Zfz(a;j{zj)). It is therefore clear that g~%2. On H we have T%%(02)=
T2 0z, ,

3°. Let n=2 and let HCo02 be a hypersurface on which ¢ vanishes.
The case when H is a complex curve has already been treated by Grigis-
Schapira-Sjostrand [3], Métivier [12], and we assume instead that the dimen-
sion of THN Ker p is equal to 1 everywhere on H. With the same notation
as in 2° we may assume that this space is given by II,(H;), so that A is
tangent to I' while H; is transverse to I'. From (4. 45) and the discussion
there after it is clear that Ker¢|, is of dimension 1 and generated?by H,.

9 0
( A —-xla—zz> and clearly p|z=0.

Depending on wether ¢ degenerates to odd or even order on I” we may

either apply [Theorem 4.2 or [Theorem 4.4, and conclude that analytic
regularity propagates in the I7,(Hj)-direction in H. An example of this is

when @ is given by y,>y% k>3 and HCoQ is given by #,=0. At an

arbitrary point of 92 we have T7(3Q)= ( aa + byt ai ) and ¢ vanishes on
2 2 |

H to the order £—2 precisely. Moreover TH\ Ker p:(—a%").
1

4°. Let n=3 and let HCA42 be a curve with p|z=0, on which

1. . . .
Ta@f |kerpxxer, i Of Tank 2. We assume that the tangent of H is not in the

kernel of this restricted 2-form. Then I is an isotropic submanifold of ¥
with TI'NT2L =0, while 72N T2L is of dimension 2 along I If the
function ¢ is locally of the same order of maguitude as d%, k{1, 2, ---},
then we can apply [Theorem 4.3 (b) and conclude that analytic regularity
propagates along H. As an example of this situation we may define 2 in
C? by |224 |2+ @ +15+]|2/02<1 and let HCoR be the circel given by

9
Y=Y =0, 23=0. Then on H we have TI’O(BQ):(aazS, s aaz —& 5 )
2

pla=0, while ~aaf_ (dzy Ndz+d2zy A\dzy) is of rank 2 on Ker p x Ker p,

0 0 6 0 g .
Ker p= (Eix o T T H g Ty —xlE) The complete Levi-

matrix of fis >, 04,0+ 2+ 15+ |22 £, s0 the function ¢ is of the
same order of maguitude as ¥+ |22
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APPENDIX

In the situation described before [Theorem 4.5, we are going to establish
the local existence of involutive analytic manifolds 7 . of codimension d,
such that H, is tangent to J ., ¥CJ, and T,(7 .) =T,(2)+4.(p) for
every pX. At least in the C®-case this can be regarded as a consequence
of known results about stable manifolds (see Abraham-Marsden [1]). Never-
theless it might be useful to give a rather short proof in the analytic case,
somewhat in the spirit of B. Lascar-Sjostrand [9].

We may first choose real, analytic coordinates (z,%"), with z=(2, 2")
centered at p,&2, such that 2 is given by 2’ =%"=0 and such that v=FH,
is given by

l I a s rr It a a

Here Sp(A), Sp(Ax)C{Re2>0}. As we saw in section 4, there are norms
lla’ll, 2/ lis such that

0
Ad" 7l = Cll2l, Axy 81,, 1"l = Cligf e »

where C>0. These inequalities are valid also in the complex domain for

the natural “hermitian” extensions of the norms provided that we consider

the associated real vector fields A:c a w7, Ay’ ay,, instead. We now

restrict the attention to a complex region of the form

2={zy"); W ls<lW<f(212),

where 0<f eCy(R,) is >0 at 0, has a sufficiently small support and a Suf-
ficiently small derivative everywhere. From (A.1) it follows that

A2 o) =5 in 2,

C
(A.3) D s) < — 517l on 8RN {lly" s = ll2"1]; .
2

Since we also have 9{z)=&{(x,¥")(2’,¥")) and the gradient of f is small,

we see that for every p=, there is a T(p) >0 such that @ )— exp tt(p) 82
for 0<t< T(p), Prip(p) =N {12 i=F(|2'[3}, while @ ())&Q for T(p)<t<

T(p)—l—%. Here C>0 is independent of p.
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The evolution of a tangent vector (3,(), 8,-(t)) along an integral curve

of ¢ is given by
by = Aber +O((,Y")) (32 6y)
(A.4) by = — Ay +O (1Y) (8a, By
b =040 ((@¥")) (3 3y)
I &>0, and 2 is sufficiently small, then the region, given by
(A5) 4oyl < S(Nas 1012

s stable under the evolution along an integral curve in £, when the time

increases.

Let T,: ¥' =0, 2" €ll(Q), where II{f) is given by N2 < f(|2|3). Let
T, =0,(T)NK, t=>0. Then using the above remarks, we see that 7, is
given by ¥’ =g.(z), where ¢, is holomorphic in 77(2), (A.5) holds for every

1
tangent vector to J;, ge(x,0)=0 and Jig;(x)lix< 71llx"l\i. By compactness.

there is a sequence ¢;—-oco such that g, —¢ in the space of holomorphic
functions on I7(2). We put I .={(x g(x)); z€I(2)}.

Let p; be an integral curve of %. not in 7 ,. Fix t=t, and let 7, be
the shortest segment joining ¢, to J ;. (We use the metric |8, |24 li0x1*+
118,12). Since (A 5) holds for every tangent vector of 7, and p, is or-
thogonal to T(J,) at the point of intersection with J,, we see that the
directional vector v of 7, satisfies

(A 6) ‘.va"‘.ﬂz* 2 3;)_2 (|Va:’ f2+‘uv:c”(l|2\) .

: : . X d
In the region (A. 6) the evolution (A. 4) is contractive, hence Elrtl < —Clrl
at t=t,, if |, denotes the length. We conclude that

d
(A.7) Zt—d(Pt, T < —Cdlpy T )

for all #. so the integral curves of ¥ approach J, exponentially fast at ¢
increases. It follows that |g..—ge <Ce ¥ for s, 10 and hence that ¢,—¢
exponentially fast Now it is clear that J, is invariant under the flow and
that {A 7) holds with J, replaced by 7 .. We can then caracterize J .
as the set of p=® such that @_,(p)eQ for ali £>0, (moreover @_,{p)—23°,
t—+ oo when peJ,). Moreover ¢g=0 on J . If u,, u, are holomorphic
functions vanishing on  , and p=J ,, then {u,, us} (0) = (10D, uzo P} (P_.(p))
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Since integral curves of ©¢ approach 7, exponentially fast we see that
du;o®,(P_,(p)) tends to zero as t—oo, hence {us, us} (p)=0, and we have
proved that 7, is involutive. Studying the evolution of T,(7 ) when peX
we easily see that T,(7,)=T,2)P4, in the real domain.
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