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ABSTRACT 

 Among all the common mechanical transmission elements, gears still playing the most 

dominant role especially in the heavy duty works offering extraordinary performance under 

extreme conditions and that the cause behind the extensive researches concentrating on the 

enhancement of its durability to do its job as well as possible. Contact stress distribution within 

the teeth domain is considered as one of the most effective parameters characterizing gear life, 

performance, efficiency, and application so that it has been well sought for formal gear profiles 

and paid a lot of attention for moderate tooth shapes. The aim of this work is to investigate the 

effect of pressure angle, speed ratio, and correction factor on the maximum contact and bending 

stress value and principal stresses distribution for symmetric and asymmetric spur gear. The 

analytical investigation adopted Hertz equations to find the contact stress value, distribution, and 

the contact zone width while the numerical part depends on Ansys software version 15, as a FE 

solver with Lagrange and penalty contact algorithm. The most fruitful points to be noticed are 

that the increasing of pressure angle and speed ratio trends to minimize all the induced stresses 

for the classical gears and the altered teeth shape with larger loaded side pressure angle than the 

unloaded side one behave better than the symmetric teeth concerning the stress reduction.  
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 بيت الالتفافيتواء التقليذيت والوعذلت راث الجانسناى نظرياً وعذدياً للتروس الصالأ لاهستحليل ت

 هحوذ قاسن عبذالله أ.                                                                                  نصير رشيذ حوىد                   م.م.    
 قسى انُٓذسح انًٍكاٍَكٍح                                                                                قسى انُٓذسح انًٍكاٍَكٍح  

 جايؼح تغذاد /  كهٍح انُٓذسح                                                                  جايؼح تغذاد                               /  كهٍح انُٓذسح
 

 الخلاصت
اداءً يٍ تٍٍ كم ػُاصش انُقم انًٍكاٍَكٍح انًؼشٔفح لاذضال انًسُُاخ ذهؼة دٔساً يًٍُٓاً خاصحً فً الاػًال انثقٍهح يقذيحً  

اسرثُائٍاً ذحد انظشٔف انًرطشفح ْٕٔ سثة كثشج الاتحاز انًشكضج ػهى ذحسٍٍ يقأيرٓا َداء دٔسْا ػهى اكًم ٔجّ. ٌؼرثش 
ذاً يٍ اْى انؼٕايم انًحذدج نحٍاج انًسٍُ ٔآداؤِ ٔكفائرّ ٔيجال ذطثٍقّ نزنك ذى ذحشٌّ حفً الاسُاٌ ٔا لايسجٓاداخ انرإذٕصٌغ 

انجاَثٍح انًُٓجٍح ٔيُح انكثٍش يٍ الاْرًاو لأشكال الاسُاٌ انًؼذنح. انٓذف يٍ ْزا انؼًم ْٕ ذحشي ذأثٍش تؼُاٌح نهًسُُاخ راخ 
شئٍسٍح ٔذٕصٌغ الإجٓاداخ ان ٔانحُاٌح لايسػهى انقًٍح انؼظًى لإجٓاد انر ٔ يؼايم انرصحٍح َسثح انرحٌٕمصأٌح انضغع ٔ

ٔذٕصٌؼّ  لايسنحساب إجٓاد انر (Hertz)انرحهٍم انُظشي يؼادلاخ  نهًسُُاخ انصًاء انًرُاظشج ٔغٍش انًرُاظشج. اػرًذ
ٓاداخ تاسرخذاو خٕاسصيٍح جانُسخح انخايسح ػشش لاٌجاد الا Ansysتًٍُا اػرًذ انحم انؼذدي تشَايج  لايسٔػشض يُطقح انر

(Lagrange- penalty).  أْى انُقاط انًثًشج انرً ٌُثغً يلاحظرٓا اٌ صٌادج صأٌح انضغع َٔسثح انسشع ذًٍم نرقهٍم كم
غٍش انًحًهح ذرصشف تشكم افضم  يٍ َظٍشذٓا  كثشإٌ الاسُاٌ يؼذنح انشكم راخ صأٌح ذحًٍم ا ًسُُاخ انرقهٍذٌح ٔانإجٓاداخ 

 يٍ الاسُاٌ انًرُاظشج فًٍا ٌخص ذقهٍم الإجٓاداخ.

 لاهس.يسيت: الوسنناث الصواء الوتناظرة وغير الوتناظرة, إجهاد التالرئالكلواث 
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1. INTRODUCTION 

Gears have been focused on as the prime power transmission mechanical elements regarding 

durable and superior stress and vibration related performance. The confidence of any mechanical 

system is austerely related to the survival of its components under the working environment 

conditions such as contact, bending, and thermal stresses, vibration, fatigue and so on. The 

requirements placed on gear design technology are constantly increasing and need new technical 

solutions which are mainly related to the gear teeth shape altering aiming to reach the optimum 

geometrical combination that reduces the induced teeth contact and bending stresses o that, spur 

gear has an extensive studies regarding mathematical representation, manufacturing, 

transmission errors, stress analysis, wear, dynamic behavior, efficiency , and performance etc. 

 The most well known formulations addressing the problem of gear stresses ,Lewis 

equation for fillet stresses and Hertz equation for contact stresses, are derived for standard tooth 

profiles and show some shortage to come up with the nowadays gear design tools and 

manufacturing facilities which enable designer to innovate gears like never known before. 

Aiming to fit modern industry needs researchers, societies and companies still developing these 

formulations, and the latest formula for bending stress is M.Q. Abdullah equation, Abdullah, 

2012, and AGMA equation for contact stress, Slogén, 2013. 

  It has been found that the contact stress and wear rate are expressing each other because of 

the intensity of contact stress play an important role in quantifying the amount of wear and vice 

versa the amount of wear change the involute profile by a certain distribution and lead to 

increase the induced contact stress with some improvements on the transmission smoothness 

Farhan Muhammad et.al, 2015. This study is focusing on the contact stress and the induced 

principal stresses within the tooth subsurface as the base of tooth shape optimization and 

simulates the studied cases numerically to compare with the mathematical results and then 

adopted to verify the nonstandard teeth profile results. 

2. SLIDING BEHAVIOR 
 Pinion and gear push each other and transmit power depending on the sliding and rolling 

actions during the period of engagement. The maximum sliding action occurs at the tip and base 

of tooth regions and accompanied by heat generation, wear development, and power loss but it is 

unavoidable action and necessary to sustain the successive engagement of teeth. Rolling action is 

dominant at pitch point and accompanied by high pressure intensity without heat generation or 

wear setup. In general the larger sliding distance the greater wear rate and the lower vibration. It 

is often required to find the amount of the sliding velocity which has got a direct bearing on the 

amount of wear, Maitra, 2001. The relative sliding velocity is expressed as follows. 

       (     )                                                                                                                    (1) 

 

 Where   and    are the angular speed of pinion and gear respectively, sd is the relative 

sliding distance. 

 

         √          √          (       )                                                (2) 
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Where       are the gear and pinion addendum radii,       are the gear and pinion base radii,       are gear and pinion pitch radii, and α is the pressure angle.                                            

 The distribution of sliding distance and velocity is linear and identical for the flank and 

face portions of uncorrected tooth profiles unlike its counterpart, it is linear but with larger value 

for addendum than the dedendum part. 

 The load share between the successive teeth indicates the gear load carrying capacity 

which could be expressed in terms of contact ratio (CR). Higher contact ratio means larger 

number of gear teeth contributing power transmission leading to elongate gear life and generally 

it is ranging from 1.2 to 1.6 for standard applications. Working contact ratio is less than the 

design one due to mounting and assembly errors and that increases the vibration and coarsens the 

transmission process, Tharmakulasingam, 2009. 

                                                                                                                                            (3) 

 

Where CR is the contact ratio and m is the module. 

 

3. HERTZ CONTACT STRESS 
 Due to its high intensity value compared to other stresses induced in gear teeth, contact 

stress has been paid a lot of attention in the design process to be the deciding factor for the 

determination of the requisite dimensions of gears aiming to minimize its maximum value as 

possible to be less than the allowable value and rearrange its distribution. In 1881 Heinrich Hertz 

derived his famous equation to calculate the induced contact stress between two elastic cylinders. 

Hertz theory assumed that the surfaces are continuous, smooth, nonconforming, frictionless, the 

size of the contact area is small compared to the size of the bodies, i.e., the strains associated 

with the deformations are small, each solid can be considered to behave as an elastic half-space 

in the vicinity of the contact zone, Bhushan, 2001. 

 The main shortages of this equation in gearing field are that the radius of tooth profile is 

not constant and it is a permanent calculation error, and the contact stress becomes infinite at the 

base of the profile so that it is not applicable at this point. This equation is the most dependable 

and accurate ever known approach simulates contact mechanism realistically and has been dealt 

with as the dominant equation over 100 years, where the contacting zone half width is see Fig.1, 

Johnson 1985 

  √  (                 (        )                                                                                                                     (4) 

 

And the maximum contact pressure is 
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                                                                                                                                        (5) 

 

Sub. Eq. (4) in Eq. (5) the maximum contact stress will be 

 

   √     (        )
(               )                                                                                                               (6) 

 

And spreads over the contacting zone as follow 

 

     √                                                                                                                                   (7) 

 

The principal stresses under the contacting surfaces is expressed by 

             (     )                                                                                                       (8) 

              (      )(     )                                                                               (9) 

      (     )                                                                                                                         (10) 

 

any discontinuity within the contacting surfaces or sharp edges rising up the interacting pressure 

rapidly which is existed in case of undercut, if the teeth number is lower than the minimum 

number as in Eq.(11), and at the tip of any tooth without tip modification. 

       
 (    )                                                                                                                             (11)                             
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4. INTERFERING AND TOOTH CORRECTION 
 The transmitted power and available space are the functional criteria for choosing gear 

system size which is characterized by module and tooth number.  Beyond the minimum teeth 

number the tip of cutting tool will Remove the material from the tooth fillet region, layer after 

layer during the reciprocating process between the cuter and gear blank modifying the 

manufactured gears to have jam free engagement action, making the gear fillet and involute 

shape  no more in tangency but intersect each other, Litvin, 2004. This material removal has 

some disadvantages such as weakening the tooth bending strength, defeat the involute profile to 

be shorter than its normal length, and the intersecting point of involute profile with the trochoidal 

fillet shape produces a sharp edge along the face width produce a high stress concentration zone. 

One of the most beneficial solutions to overcome the undercut problem is addendum 

modification by some correction factor leading to some geometrical improvements like 

increasing weakest section tooth width, preventing the sudden change in tooth profile and 

emergence of sharp edge, enlarging the pressure angle, and increasing load carrying capacity see 

Fig. 2. The amount of addendum correction factor is obeyed to 

    
                                                                                                                                          (12) 

 

5. CASE STUDY 
 The effect of pressure angle for symmetric and asymmetric spur gear on the induced 

contact stress is sought numerically and analytically. The FEM has been adopted to build up the 

3-D model and analyzed the contact stress using Ansys software version 15. Hertz equation is 

modified to take into account the correction factor, the adjusted radius of curvature, and the 

working pressure angle affected by the correction are; 

            
 (     )                                                                                               (13) 

       
                                                                                                                                     (14) 

 

Eq.(7) must be solved numerically to get the working pressure angle equivalent to the summation 

of pinion and gear correction factors to evaluate the corrected pitch radius so that Eq.(4) will be 

 

   √         (                    )(        )                                                                                             (15) 

 

The general dimensions and properties of the sought models are shown in Table 1, the range of 

pressure angles are shown in Table 2, the applied normal load  have been chosen to be 100 N 

and contact position is the pitch point. 
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7. RESULTS AND DISCUSSIONS 

7.1 Analytical Results 
 Hertz contact stress equation have been applied directly to the proposed studied cases of 

20
o
 and 25

o
pressure angles but the 14.5

o
 pressure angle needs some addition calculation because 

the minimum teeth number for such pressure angle is 32 tooth according to Eq. (11) while the 

current teeth number is 14 tooth i.e. gear suffers of large undercut depending upon Eq. (12) the 

correction factor is (0.56 mo) Fig.2 shows the corrected and uncorrected spur gear teeth. The 

radius of curvature at the pitch point equal to (49 *sin α) but in the case of corrected gear the 
pitch point radius and the working pressure will change and could be calculated according to Eq. 

(13) and Eq. (14). Table 3 represents the correction amount with its working pressure angles and 

corrected pitch radii.  

 Fig.3 relates the change in the contact zone half width distance to the variation of the 

pressure angle and the speed ratio. It is distinct that the increasing of the pressure angle and 

speed ratio plays a good role on the increasing of the contact area, because both increase the 

radius of curvature. 

 Fig.4 shows the effect of pressure angle on the contact stress, for different speed ratios, it 

is clear that the increasing of the pressure angle, by 20
o
, reduced the contact stress by about 34%, 

while tripling the speed ratio decreases the contact stress by about 22%, and the cause of that is 

the larger angle and speed ratio means a larger contact radius of curvature leading to increase the 

contact zone width, i.e. the same load spread over a larger area. The other remark to be noticed is 

that the pressure angle sustains its effect on the contact stress but the speed ratio effect 

diminishes or becomes worthless after number 5 especially it is not an optional choice to enlarge 

the gear size by this magnitude. 

 Figs. 5.6,7 and 8 clarify how such high intensity contact stress flow or distributed within 

the tooth subsurface along the contacting teeth normal for 14.5
o
, 20

o
, 25

o
, and 30

o
  pressure angle 

gear teeth respectively. The three principal stresses and the resulting von mises stresses have 

been converted to be dimensionless values, divided by the max. contact stress of the 14.5
o
  gear 

tooth i.e. 771 MPa. 

Results emphasized the following facts 

 The stress falls down or dissipated within (1 mm) beneath the tooth surface to be lower 

than one tenth of its max value, for the max. principal stresses and lower for the others. 

 The first and second principal stresses equal to the maximum contact stress at the surface 

but the von mises stress is 0.6 of its value. 

 The results confirm that the increasing of the pressure angle play a positive role on the 

reduction of all the induced stresses.   

 

7.2 Finite Element Results 
 The different gear pairs have been modeled by Ansys software version 15 to investigate the 

induced static stresses and the pressure distribution within the contact area, along the contact 

zone half width distance and the gear face width. The models have been meshed using solid 

elements type brick with 20 nodes and contact elements 170 for the contact surface and 174 for 

the target surface, the material was chosen to be isotropic with linear behavior. 
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Fig.9.a, b show the contact stress distribution along the contact zone width and face width, it is 

obvious that the stress distribution matching that of Eq. (7) along the minor contact axis i.e. 

along the half contact zone distance a, but it refuted the assumption of Hertz theory about the 

contact stress distribution constancy along the contacting surfaces face width, such behavior is 

interpreted by the free end deformation trend which works as a stress relief regions. Despite this 

positive effect of these regions but it resize the face width to withstand against the external loads 

by about 0.8 of its real value and this is the counterpart negative effect, an evidence of such 

phenomenon is the pitting failure accurse faraway the tooth ends.  

 Fig. 10 represents the max. principal stress value and distribution for 14.5
o
 pressure angel 

teeth corrected by 0.1mo and Fig.10,b corrected by 0.5mo, the max contact stress has been 

(771MPa ) for the uncorrected gear as shown in Fig.9 and reduced by about 21% due to 

correction factor, the modification of tooth profile by 0.56mo for gear and pinion increase the 

pressure angle to be 23.97
o
 instead of 14.5

o
 and the pitch radius to be 51.9 mm instead of 49 mm 

and that lead to increasing the curvature radius, which is (Rp*sin α), to be 21.1 mm instead of  

12.27 mm and that leads to increase the contact area by about 30% according to Eq.(4)  so that 

the contact stress reduced. 

 Fig. 11 shows the bending stress distribution in the tension side bending zone affected by 

the pressure angle for symmetric spur gear. Fig. 12 demonstrates the bending stress distribution 

in the tension side bending zone for asymmetric spur gear with loaded side pressure angle of 

14.5
o
 pressure angle. 

 Fig.13 implies the effect of the unloaded side pressure angle variation on the max. contact 

stress of 14.5
o
, 20

o
, and 25

o
 
pressure

 angle. It is evident that 

 The increasing of the unloaded side pressure angle badly affected the max. induced contact 

stress 

 The loaded side pressure angle must be greater than the unloaded side one for lower 

contact stress levels. 

 The worst effect occurs for the gear of 14.5
o 

loaded side pressure angle. 

 The unloaded pressure angle role diminishes after some value for the different three cases. 

 The larger unloaded pressure angle means a larger mass added to the spur gear teeth to be 

stiffer, leading to lower profile deformation at the contact point i.e. small contact zone area or 

high load intensity.  

  Fig. 14 relates the max. bending stresses for loaded and unloaded side of 14.5
o
, 20

o
, 25

o
 

loaded side pressure angle with the variation of the unloaded side pressure angle. The following 

remarks could be concluded 

 The lower loaded pressure angle accompanied by the larger bending stress, due to the 

increasing of the horizontal component of the applied load and decreasing of the tooth 

weakest section thickness.  

 In general the compression side bending stress is higher than its counterpart of the tension 

side, due to the magnification of the bending compression side force by the vertical 

component of the applied load. 

 The unloaded side pressure angle has a significant role regarding the bending stress 

reduction by control the weakest tooth thickness.   
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 Fig.15 compares the analytical and numerical max. contact stress results for symmetric teeth of  

different pressure angles and shows a small discrepancy ranging between zero  for 35
o
 pressure 

angle to 2.8% for 14.5
o
 which refers to the reliable FE model and boundary conditions. 

8. CONCLUSIONS 
 Based on the whole presented theoretical and numerical results and explanation the 

following remarks could be concluded; 

1. The use of asymmetric spur gears, with lower unloaded side pressure angle than its 

counterpart loaded side one, ensures low contact stress. 

2. The higher pressure angle leads to lower contact and bending stress, with preservation of 

the first conclusion content. 

3. The max. 1
st
 and 2

nd
 principal stresses have the same value of the max. contact stress at the 

contacting surfaces. 

4. The unloaded side bending stress always prevails on that of the tension side. 
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NOMENCLATURES  = Contact zone half width, mm.   = Face width, mm.    = Contact ratio.  

E1,2= Gear and pinion modulus of elasticity, MPa.  =Applied normal force, N.   = Module, mm.  

P=Contact pressure, MPa.     = Gear and pinion profile radii at any contact point, mm.       = Gear and pinion addendum radii, mm.      = Gear and pinion base radii, mm.      = Gear and pinion pitch radii, mm.    = Sliding velocity, mm/s.                                                        = Sliding distance, mm.     = Gear and pinion correction factor, mm.     =Min teeth number.   = Pressure angle, degree    = Corrected pressure angle, degree.     = Gear and pinion Poisson's ratio.   1,2= Gear and pinion radii of curvature, mm. 

1,2,3= Maxrincipal stress, MPa. 

c= Max. contact stress, MPa. 

Table 1. Dimensions and material properties, of studied models. 

 Pinion Gear 

Teeth number 14 14 

Module (mm) 7 

Correction factor (mm) 0.5*m 

Face width (mm) 1 

Height (mm) 2.25*m 

Fillet radius (mm) 0.25*m 
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Modulus of elasticity GN/m
2 
 200 

Poison's ratio 0.3 

 

Table 2. Rang of pressure angles. 

Loaded side pressure angle (degree) 14.5 20 25 

 

 

Unloaded side pressure angle (degree) 

14.5 14.5 14.5 

18 18 18 

20 20 20 

22 22 22 

25 25 25 

28 28 28 

 

Table 3. Corrected profile pressure angle and pitch radius for 14.5
o
 pressure angle gear. 

Correction factor (x) 0 0.1 0.2 0.3 0.4 0.5 0.56 

Working pressure 

angle 
14.5 17.13052 19.10514 20.71728 22.09404 23.30346 23.9666 

Corrected pitch radius 49 49.64152 50.20452 50.71885 51.19888 51.65295 51.91523 

 

 

  

Figure 1. Geometry and main dimensions of spur gear teeth, =20
o
, mo=7 mm, Z=10 teeth. 

 

Addendum radius 

Face width (b) 

Contact zone 

Pitch circle 

Base circle 

Dedendum circle 

Rim thickness 



Journal of Engineering         Volume    22   March  2016  Number 3  

 

121 

 

 

Figure 2. The effect of correction factor on the tooth shape, both have 7mm module and 14 

teeth for gear and pinion . (a) Uncorrected teeth, (b) Corrected teeth by 0.5 correction factor. 

 

     

      Figure 3. The effect of the pressure angle and speed ratio variation on the contact half width 

distance. 
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Figure 4. The Role of the pressure angle variation on the max. contact stress for different 

speed ratios. 

Figure 5. The dimensionless different stresses distribution along the contacting surfaces 

normal, the pressure angle is 14.5
o
. 
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Figure 6. The dimensionless different stresses distribution along the contacting surfaces normal, 

the pressure angle is 20
o
. 

 

     

Figure 7. The dimensionless different stresses distribution along the contacting surfaces normal, 

the pressure angle is 25
o
. 
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Figure 8. The dimensionless different stresses distribution along the contacting surfaces normal, 

the pressure angle is 30
o
. 
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Figure 9. Contact stress distribution of symmetric spur gear of 14.5
o
 pressure angle, (a) 

Along contact zone minor axis (a), (b) Along major axis (face width), (c) Teeth in mesh at 

pitch point, (d) Contact stress pattern in the contact zone. 
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Figure 10. Max. principal stress for 14.5
o
 pressure angle involute profile. 

(a) Corrected by 0.1 mo. (b) corrected by 0.5 mo. 
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Figure 11 Max. bending stress for symmetric spur gear with (a) 20
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(a) 

Figure 12. Max. bending stress for asymmetric spur gear with 14.5
o
 loaded side and (a) 

20
o
 unloaded pressure angle (b) 25

o 
unloaded pressure angle.   
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              Figure 15. Analytical and numerical max. contact stress results for symmetric teeth. 
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