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1. Introduction

Due to the nature of friction in the disc brake (dry friction), it is 
possible to apply this brake to different friction models. In case of 
vehicle standstill, it is possible to refer to static friction models such 
as Karnopp [21], Quinn, Awrejcewicz [4, 12], Adams [8] or Wojew-
ody [55]. These models are based on the Coulomb model. However, 
dynamic braking models (derived from the Dahl model) such as the 
LuGre model [34, 40], the Leuven model [30] and the GMS model 
[2] are used during the braking process from set speed to stop. The 
operating range of the disc brake is very complex in terms of speed 
or load as well as the state of the transition between the friction and 
the kinetic friction. A large number of variable parameters hinder the 
process of friction modeling in the brake system, resulting in signifi-
cant model development and longer computational time.

The friction pair of a railway disc brake must meet a variety of 
regulatory requirements before it is approved for use. TSI (Technical 
Inter-operation Specifications) regulations related to the UIC sheets 
are applicable for the brake pads and for the brake discs PN-EN stand-
ards apply. This is sometimes validated with several days of testing on 
test stands. In order to most efficiently reproduce the conditions of a 
train braking with a disc brake, the tests are carried out in the 1:1 scale 
on actual objects. Due to the size of the test stand and the costs of its 
maintenance there are only a few such tests stands in Europe, con-
trary to the tests stands designed for road vehicles (most often owned 
by brake pad manufacturers). The friction pads of the disc brake are 
made of an organic material consisting of thermo hardened resins, 
synthetic elastomers, friction modifiers and metallic fibers [25, 52]. 

The second typical friction pad material is metallic sintered compos-
ites containing a number of matrix and non-metal metallic compo-
nents in the form of sliding, friction and filler additives [23, 25]. In 
the case of motor vehicles, there are also ceramic friction pads [38, 39, 
54] characterized by a more stable friction coefficient compared to the 
composite material.

Validation tests on test stands are preceded by laboratory tests 
on the friction material samples and simulations in the ANSYS or 
ABAQUS environment [6, 22, 36]. Tests provide the possibility of 
evaluation of the temperature distribution on the brake disc as pre-
sented in [9, 20, 42]. In terms of temperature distribution, many re-
searchers deal with the problems of explanation and modeling of the 
phenomenon of hot spots occurring on the surface of the brake discs 
or vehicle clutches, as discussed in [23, 29]. A separate problem raised 
by many researchers [19, 23, 49, 57] is the process of fatigue cracking 
of brake discs by cyclical heating during braking and cooling of the 
disc after braking (disc spectrum). As a result of the rapid increase of 
the disk temperature and its equally rapid (in the case of ventilated 
discs) or slow (for full discs) cooling, there are surface cracks oc-
curring on the surface of friction disc in the form of microcrystalline 
grids. Figure 1 shows the typical damage to the brake discs in terms of 
single cracks on the friction surface and microcracks on a substantial 
portion of the disc surface. 

The phenomenon of thermal cracking is identifiable only after a 
series of brakings (approx. 300 and more) on the test stand or during 
operation (heavy-duty trucks in particular). A separate phenomenon 
occurring in the operation of the disc brake is the uneven wear of the 
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friction pads due to the poor alignment of the pads relative to the disc. 
In the paper [19] the results of friction brake discs wear from the op-
eration of double-deck passenger rail cars type Bmnopux. The work 
presents examples of uneven wear of friction linings such as higher 
wear on the outer radius of the disc relative to the inner radius of the 
disc, edge defects and cracking or tearing of the entire lining parts 
from the bearing plate. In this respect, works are underway on such 
a selection of the friction pair materials as to ensure a compromise 
among the costs of manufacturing (additional thermal and chemical 
processes when making the casts of the brake discs), the component 
wear and the friction mechanical properties of the friction pair, as de-
scribed in [1, 3, 10, 13, 14, 42]. On the other hand, [7, 11, 37] presents 
problems related to friction models and friction wear modeling of 
brake system components based on operational tests. A separate issue 
raised by many researchers in [24, 31, 52] is the vibration and noise 
generated by brakes during braking. In papers [17, 18, 50, 51], vibroa-
coustic signals in the time domain, amplitudes and frequencies have 
been analyzed, allowing for the evaluation of rotary machines, brakes 
and identification of faults.

The aim of this article is to present a model for estimating the 
mean friction coefficient of the disc brake in terms of braking param-
eters as well as some parameters of the design and operation of the 
friction pair of disc brake discs. Modeling of the coefficient of friction 
using multiple regression was carried out on the basis of several years 
of examination of the rail brake disk at the brake position in terms 
of both momentary and average friction coefficient. It should be em-
phasized that the current provisions for the admission of such brake 
system components as brake disc and friction lining are reduced to a 
positive test result at a certified brake position only for new (unused) 
brake discs and lining without frictional characteristics for parts or 
completely worn out.

2. Requirements set for the disc brake friction pair

In railway vehicles, two types of brake linings are applied made 
from either organic or sintered materials, as shown in Fig. 2.

Depending on the applied brake lining, during tests on approved 
test stands, appropriate characteristics of the curve of instantaneous 
and average coefficient of friction are developed. 

A brake lining made from an organic and sintered material ac-
cording to [26] must ensure a curve of the coefficient of friction of 
a friction pair in a dry condition on the level of 0.37. The tolerance 
ranges of the instantaneous and average coefficients of friction have 
been shown in Fig. 3. Besides, the main requirement for the railway 
brake linings according to UIC 541-3 is an absolute restriction on the 
application of blue asbestos. UIC 541-3 does not recommend the use 
of lead, zinc and other materials whose dust or gas generated during 
braking may have an adverse effect on the passengers and be hazard-
ous to their health.

The brake lining material should be selected to ensure a balance 
between:

friction properties of the friction pair, –
wear and durability of the brake pads, –
negative impact on the brake disc. –
Besides, the coefficient of friction of the friction pair in a disc  –
brake should possibly be independent from:
braking onset speeds,  –
clamping force of the brake pads on the brake disc, –
the run-in condition of the brake pads, –
atmospheric conditions (rain, snow), –
temperature of the surface of the disc brake. –

Under the influence of humidity, snow or ice a slight deviation 
of the average coefficient of friction is allowed compared to braking 
performed under dry conditions. The average coefficient of friction 
under these conditions may vary in relation to the braking performed 
under dry conditions in the range of ± 15%. The average coefficient 
of friction of a friction pair when braking under dry conditions until a 
full halt performed at the temperature of the friction surface of above 
140°C may be different than a braking performed on a cold disc (max. 
60°C) not more than 15% [26].

During continuous braking (simulation of a coast down) with the 
maximum power of up to 43 kW per friction pair, the coefficient of 
friction should meet the following requirements [26]:

The average coefficient of friction from the entire braking proc- –
ess should fall between 0.25 and 0.50,
The amplitude of the course of instantaneous coefficient of fric- –
tion should not exceed 0.15.

The above requirements should be met by the organic friction ma-
terial up to 400°C (the disc temperature) and 550°C when the brake 
linings are made from metallic sinters [26].  

Besides, the TSI regulations and sheets [26, 27, 47, 48], related 
to the requirements for brake linings of a discs brake, state that the 
friction material must meet requirements related to the tolerance of 
instantaneous and average coefficient of friction in the entire range of 
admissible brake pad wear level, i.e. 5 mm from the 35 mm thickness 
of a new pad.

For brake discs complying to the [43, 45] standards, depending on 
the program of research, the requirements pertain to the dissipated en-

Fig. 2. View of the brake pads used in a railway disc brake: a) organic mate-

rial, b) sintered material

Fig. 3. Range of tolerance of the coefficients of friction of a friction pair of a 
railway disc brake during the tests on the test stand according to [26]

Fig. 1. View of friction disc brake discs after several years of use: a) with one 
crack, b) with surface cracks
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ergy, braking power, braking onset speeds, decelerated mass per sin-
gle brake disc and brake delay. Depending on the program of research 
simulating the braking of a light railcar or, in an extreme scenario, a 
locomotive or a traction set from high speeds, the required energy to 
be dissipated falls in the range of 4.6÷37 MJ. The braking powers dur-
ing braking should fall in the range 400÷667 kW at the braking onset 
speeds falling in the range of 120÷400 km/h. During the stationary in-
vestigations, the decelerated masses are 6÷10 t depending on the type 
of braking, while the braking delays during the investigations should 
not exceed 0.8÷1.2 m/s2. In the most recent editions of standard [45] 
more requirements were introduced related to the energy absorbed 
by the ventilated brake discs when disengaged and rotating (simula-
tion of a train drive at a steady speed without braking) and the noise 
generated by the disc brake during the tests. Depending on the applied 
ventilated brake disc, the power used during its rotation should not 
exceed 5kW. Schedule B to standard [45] contains the methodology 
of the noise measurement without not-to-exceed boundary values re-
lated to the disc brake during braking. In regulation 90 [53] related 
to the brake discs (despite the fact that this pertains to road vehicles) 
additional requirements are included as to the content of carbon, sili-
con, manganese, chromium and copper, depending on the disc type 
(cast iron, cast steel, carbon or alloy). Besides, the regulation states 
the ranges of hardness (for cast iron discs 190÷248 HBW) and geo-
metrical quantities of the discs to be met after mechanical processing 
(change of thickness, axial run out, surface perpendicularity, flatness 
and roughness). For railway brake discs, the geometrical quantities 
are provided only in the Operation and Maintenance Manual of a giv-
en vehicle (locomotive, traction set or railcar).

3. Methodology and object of investigations

Investigations related to the determination of selected braking 
characteristics depending on the conditions of the disc brake friction 
pair were performed based on the assumptions of an active experi-
ment [32, 35]. During the tests, the input parameters (brake condition) 
were purposefully modified in a predefined way and their influence 
on the change of the output parameters was observed. 

Investigations of a tribological nature were performed on an iner-
tia test stand presented in Fig. 4. On the said test stand, clasp brakes 
and disc brakes can be tested reproducing the rail vehicle actual brak-
ing conditions.

Two ventilated 610×110 gray cast iron brake discs were tested. 
The first disc was new and the other was worn to 105 mm from 110 
mm (prior to tests). The worn disc was subject to turning. The brake 
disc masses were mT1=116.0 kg (new disc) and mT2=111.5 kg (disc 
worn). Both discs were prepared for the tests as per standard [44]. Fig. 
5 presents the brake discs during the tests. In the tests, organic brake 
linings were applied. 

The brake pads, according to the manufacturer’s procedure and 
requirements contained in [26], were made from thermo bonded resin, 
synthetic elastomer, metal and organic fiber as well as friction modi-

fiers. Three sets of brake pads were used per disc for the tests stand 
investigations (the first, new set of brake pads (4 pieces) - G1=35 mm 
and the two sets of pads worn to G2=25 mm and G3=15 mm). Masses 
of friction pads were mG1=1.75 kg (new pad), mG2=1.45 kg (pad worn 
to 25 mm thickness), mG3=1.02 kg (pad worn to 15 mm thickness). 
The applied brake pads have been shown in Figure 6.

The tests stand investigations have been performed according to 
the UIC 541-3 sheet. Each research program refers to specific condi-
tions of the brake operation throughout the vehicle life cycle. In order 
to reproduce the actual braking conditions with a disc brake of a pas-
senger railcar, research program C has been selected – fast driving. 

The modified parameters during the tribological tests were:
conditions of the brake disc: new – 110 mm and worn –  –
105 mm,
thickness of the brake pad: G – 1=35 mm, G2=25 mm and 
G3=15  mm,
Braking onset speed: v= 50, 80, 120, 160 and 200 km/h, –
clamping force of the pad on the disc: p= 28 and 44 kN, –
Decelerated mass per disc: M= 4.4 and 7.5 t. –

Prior to the commencement of the main tribological investiga-
tions a series of brakings was performed to run in the brake pads. Ac-
cording to [26] initial braking needs to be continued until the surface 
is refreshed (exceeding 75% of the surface before running in.) 

During the investigations on the inertia test stand, instantaneous co-
efficient of friction µa was recorded at each moment of braking [52]:

Fig. 4. View of the research object on the test stand: a) view of the driving sec-

tion of the test stand with the rotating masses, b) 610×110 brake disc 
fitted on the test stand

Fig. 5. View of the brake discs used during the tests: a) disc worn to 104 mm 
after tests on the test stand, b) new disc of the thickness of 110 mm

Fig. 6. View of the brake pads used during the tests: a) new brake pads, 35 
mm, b) pads worn to 25 mm, c) pads worn to 15 mm
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Prior to the tests stand tribological investigations (upon running in 
of the brake pads), a series of 30 brakings were performed for statisti-
cal evaluation. The test aimed at determining of the minimum number 
of repetitions that would ensure the results on a satisfactory level of 
confidence of 95% at the adopted level of significance of α=0.05, at 
which the smallest coefficient of variation is observed. The value of 
the average slide coefficient of friction μm was subjected to analysis 
measured in 30 trials at an unchanged braking onset speed of 120 
km/h. The measurement was performed upon running in of the brake 
pads according to the requirements contained in the UIC 541-3 sheet. 
Each subsequent braking was preceded by chilling of the disc through 
its free rotation, which also simulated the train driving at the speed of 
100 km/h. Upon reducing of the disc temperature to 60°C, the chilling 
was stopped and subsequent braking was performed. In order to de-
termine the minimum number of brakings, relations of the following 
statistical formulas were used: average value, standard deviation, half 
interval of confidence, bottom and top limit of the confidence interval 
and the coefficient of variation W based on [16, 28].

Fig. 7 presents the value of the coefficient of friction obtained 
from a given braking and the average value of the coefficient of fric-
tion taking into account the top and the bottom limits of the confi-
dence interval with the assumed significance level of α=0.05 for two 
tested brake discs.

Fig. 7. Curve of the coefficient of friction between the brake pad and the brake 
disc and its average value obtained on the 610×110 disc: a) new, b) 
worn (turned)

Fig. 8 presents the percentage curve of coefficient of variation W 
determined in the measurement of the coefficient of friction, based on 
which the determination of the number of measurements was possible. 
Based on Fig. 7, upon performance of 30 brakings, it was observed 
that the minimum number of braking repetitions ensuring the obtain-
ment of the average coefficient of friction in the expected confidence 
interval at the assumed level of significance of α=0.05, is 5 for the 
new disc and 8 for the worn one (turned).

Based on the statistical analysis of the obtained results of the 
measurement of the average coefficient of friction, disc temperature, 
braking distance and time, it was assumed that for the main inves-
tigations on the test stand 8 repetitions must be performed. For this 
number of brakings, a satisfactory coefficient of variance was ob-
tained in the expected confidence interval and at the assumed level 
of significance. Since the values of the coefficient of variation for the 
measurements of the average coefficient of friction according to [16] 
did not exceed 10%, a negligible statistical difference of the analyzed 
quantities was observed. 

Fig. 8. Curve of the coefficient of variation obtained from the statistical cal-
culations for the brake disc: a) new, b) worn (turned)

During tribological research, 780 brake applications were per-
formed, not counting the brakes related to the lining of the friction 
lining. In order to validate the multiple regression model described 
by the relation (3) and presented in Chapter 5, further 384 inhibition 
was performed.

4. Results and analysis

The aim of the test stand investigations was to determine the 
curves of instantaneous and average coefficients of friction as per re-
lations (1) and (2) with reference to the applicable regulations on the 
approval of brake pads of a disc brake for use. 

The results of the investigations of the instantaneous coefficient of 
friction for three brake pads (35, 25 and 15 mm) and two brake discs 
have been presented in Figs. 9-12 allowing for the top and the bottom 
limits of the instantaneous coefficient of friction for rail vehicles in 
compliance with sheet [26]. By using relation (2), upon integrating of 
the value of instantaneous coefficient of friction on braking distance 
s, the average value of the coefficient of friction was obtained. The 
relations of the average coefficient of friction for the same braking 
parameters as in the instantaneous coefficient of friction have been 
shown in Figs. 13-16 The results have been referred to the top and 
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Fig. 13. Dependence of average coefficient of friction μm on the braking onset 

speed at N=44 kN, M=7.5 t: a) for a new disc, b) for a worn disc

Fig. 14. Dependence of average coefficient of friction μm on the braking onset 

speed at N=28 kN, M=7.5 t: a) for a new disc, b) for a worn disc

Fig. 15. Dependence of average coefficient of friction μm on the braking onset 

speed at N=44 kN, M=4.4 t: a) for a new disc, b) for a worn disc

Fig. 16. Dependence of average coefficient of friction μm on the braking onset 

speed at N=28 kN, M=4.4 t: a) for a new disc, b) for a worn disc

Upon analysis of the curves of the instantaneous coefficient of 
friction presented in Figs. 9-12 one can observe that in some com-
binations of the clamping force and decelerated mass, the obtained 
values of the minimum coefficient of friction exceed the minimum 
required range μa of instantaneous coefficient of friction according 
to sheet [26]. This is particularly the case for a disc worn to 105 mm 
cooperating with brake pads worn to 15 mm while braking with high 

the bottom deviation of the average coefficient of friction, which also 
remained in compliance with sheet [26].

Fig. 9. Dependence of instantaneous coefficient of friction μa on the braking 

onset speed at N=44 kN, M=7.5 t: a) for a new disc, b) for a worn 
disc

Fig. 10. Dependence of instantaneous coefficient of friction μa on the braking 

onset speed at N=28 kN, M=7.5 t: a) for a new disc, b) for a worn 
disc

Fig. 11. Dependence of instantaneous coefficient of friction μa on the braking 

onset speed at N=44 kN, M=4.4 t: a) for a new disc, b) for a worn 
disc

Fig. 12. Dependence of instantaneous coefficient of friction μa on the braking 

onset speed at N=28 kN, M=4.4 t: a) for a new disc, b) for a worn 
disc
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clamping force (N=44 kN) and decelerated mass of M=7.5 t simulat-
ing the braking process of a railcar with a maximum load at the speed 
of v=200 km/h. For the brakings performed on a new disc, only worn 
brake pads influence the instantaneous coefficient of friction at the 
bottom tolerance limit μa at the braking onset speed of 200 km/h. It 
is to be expected though, that at higher braking onset speeds (from 
200 to 300 km/h), as provided in sheet UIC 541-3, the bottom limit 
of instantaneous coefficient of friction will be exceeded, as provided 
in the above sheet.

Upon analysis of the curves of average coefficient of friction ob-
tained during the investigations, it can be observed that for all braking 
scenarios the bottom deviation of the average coefficient of friction is 
exceeded for both new and worn discs, for all brake pad configura-
tions (new and worn). Only in the case of low clamping force braking 
and low decelerated mass (N=28 kN and M=4.4 t) on a new disc and 
new brake pads up to the braking onset speed of v=200 km/h was 
the non-excess of the average coefficient of friction above its bottom 
value observed. For the braking with a high value of the clamping 
force and a high decelerated mass (N=44 kN and M=7.5 t), the ana-
lyzed case of braking using a new disc and worn brake pads results 
in a non-compliance with the bottom limit of the average coefficient 
of friction starting from the braking onset speed of v=140 km/h and, 
in the case of a worn disc and worn pads, from the speed of v=100 
km/h. It is noteworthy that in the investigations no extreme case of 
maximum admissible disc and brake pad wear was considered. Based 
on the Operation and Maintenance Manual [15, 46], it is allowed to 
use a brake disc worn to 102 mm (repetitive turning) and brake pads 
worn to 5 mm based on sheet [26]. In the tests the author used a disc 
of the thickness of 104 mm and brake pads worn to 15 mm. 

5. Modeling of the variation of the coefficient of fric-

tion 

Based on the results of the investigations of average coefficient 
of friction μm, modeling of its variation was attempted based on such 
input parameters as disc thickness, brake pad thickness, braking onset 
speed, clamping force of the pad on the disc and decelerated mass per 
one disc.

Multiple regression (otherwise referred to as multinomial regres-
sion) was applied to model the variation of the average coefficient of 
friction. This is a method, in which the value of a random variable Y 
depends on k-th dependent attributes (X1, X2, ... Xk). Based on a given 
sample of the results, according to [16], determination of the invari-
able parameters α0, α1, ... αk was performed using the method of least 
squares. The following relation was proposed to determine the coef-
ficient of friction:

 2
1 2 3 4 5 6 0m T OG G v v N Mµ α α α α α α α= + + + + + +  (3)

where: GT – thickness of the brake disc (new 110 mm, worn to 
105 mm),
GO – thickness of the brake pads (new G1=35 mm, worn to 
G2=25 mm and  G3=15 mm),
v – braking onset speed (v=50, 80, 120, 160 and 200 
km/h),
N – clamping force of the brake pad on the disc (N=28 
and 44 kN),
M – decelerated mass per one disc (M=4.4 and 7.5 t).

Calculated multiple regression parameters for the model (3) ob-
tained at the determinant R2=0.81 are summarized in Table 1.

Then, the Pearson linear correlation coefficient was validated ac-
cording to relation (4) for the analyzed variables i.e. disc thickness, 
thickness of the brake pads, braking onset speeds, clamping force of 
the brake pads on the disc and decelerated mass.
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where: 

y , x  – average values of attribute x and attribute y,
yi , xi  – descriptive values.

Table 2 presents the correlation matrix (Pearson) for the analyzed 
variables. Upon analysis of the correlation coefficient from table 2 it 
was observed that the changes of the average coefficient of friction 
are most heavily influenced by the braking onset speeds (r=0.79) and 
the clamping force of the brake pads on the disc (r=0.0146) while the 
decelerated mass (R=0.0507) has the least influence. The model writ-
ten with relation (3) may be simplified by eliminating the influence of 
two variables i.e. the clamping force and the decelerated mass.

Figs. 17-20 present the validation of the model of regression as 
per relation (3) against the results of investigations of the average co-
efficient of friction obtained on the test stand.

Table 1. Coefficient of multiple regression

Coefficient Value

α1 3.72∙10−3

α2 5.09∙10−4
α3 −3.78∙10−6
α4 5.66∙10−4
α5 −4.92∙10−5
α6 −8.81∙10−4
α0 −90.2∙10−3

Fig. 17. The relation between the average coefficient of friction obtained in 

the tests and that allowing for the model of multiple regression when 

braking with N=44 kN, M=7.5 t: a) new disc, b) worn disc

Fig. 18. The relation between the average coefficient of friction obtained in 

the tests and that allowing for the model of multiple regression when 

braking with N=28 kN, M=7.5 t: a) new disc, b) worn disc
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Fig. 20. The relation between the average coefficient of friction obtained in 
the tests and that allowing for the model of multiple regression when 

braking with N=28 kN, M=4.4 t: a) new disc, b) worn disc

Then, according to relation (5) the relative percentage error was 
determined [28] of the fitting of the model of multiple regression of 
the average coefficient of friction to the results of the investigations. 

 100%zx x

x
δ

−
= ⋅  (5)

where: x – value μm obtained in the tests on the test stand,
 xz – value μm determined from the model of multiple 

regression (relation (3)).

Due to the sample size of n>30, based on inequality (6) a number 
of k classes was set in order to determine the distribution of the rela-
tive percentage error [16]. 

 5lnk n≤             (6)

Upon the application of re-
lation (6) the number of k class-
es was 10. Based on the rela-
tive error data, the maximum 
value of variable xmax=9.8 and 
the minimum value xmin=0.009 
were determined, which al-
lowed the calculation of the 
data spread of 9.79. Fig. 21 
shows the histogram of the rel-
ative percentage error size for 
10 classes.

Upon the analysis of the 
histogram presented in Fig. 21 
it can be observed that the great-
est is the relative error resulting 

from the non-fitting of the model of multiple regression to the results 
in the range of up to 2% that occurred in 44 cases out of 120 observa-
tions. The error in the range of up to 5% occurred in 88 cases. 

6. Model validation

In order to check the proposed model of estimation of the average 
coefficient of friction, a model validation was performed from equa-
tion (3) on subsequent brake discs. The tests were performed on two 
brake discs (new and regenerated) obtained from different suppliers 
and brake pads made from organic material. During the investiga-
tions, three types of brake pads were prepared (FR20H.2), one set of 
new brake pads (4 pieces) and two sets of pads worn to 25 and 15 mm. 
The number of brake pads tested on two brake discs totaled 24. Fig. 
22 presents the brake discs. Additionally, thermal images have been 
recorded of the discs revealing microcracks in the case of the regener-
ated disc (turned from 110 mm to 108 mm).

During the main investigations, two 610 mm brake discs were 
tested. In the subsequent tests, a different research program was ap-
plied. In the main investigations this was program C with a clamping 
force of N=28 and 44 kN and a decelerated mass 4.4 and 7.5 t. During 
the validation tests, research program B was applied from the UIC 
sheet according to [26]. During the research, for the 590 mm disc, a 
clamping force of 25 and 36 kN was applied with a decelerated mass 
of 5.7 t while for the 640 mm disc, a clamping force of 16 and 26 kN 
and a decelerated mass of 4.7 and 6.7 t was applied. 

Figs. 23-25 present the validation of the model of regression ac-
cording to relation (3) for the results of average coefficient of friction 
obtained on the test stand.

Then, according to relation (5) the relative percentage error [28] 
was determined of the fitting of the model of multiple regression of 
average coefficient of friction to the results of tests on a new 590×110 

Table 2. Correlation matrix

Variable
Disc 

sickness GT

Brake pad 

thickness 

GO

Speed v2 Speed v

Brake pad 

clamping 

force N

Decelerated 

mass M

Correlation 

coefficient

Disc thickness 

GT
1.0 0 0 0 0 0 0.3449

Brake pad 

thickness GO
0 1.0 0 0 0 0 0.1542

Speed v2 0 0 1.0 0.9855 0 0 −0.7998
Speed v 0 0 0.9855 1.0 0 0 −0.7557

Brake pad 

clamping 

force N

0 0 0 0 1.0 0 −0.0146
Decelerated 

mass M
0 0 0 0 0 1.0 −0.0507

Correlation 

coefficient
0.3449 0.1542 −0.7998 −0.7557 −0.0146 −0.0507 1.0

Fig. 19. The relation between the average coefficient of friction obtained in 

the tests and that allowing for the model of multiple regression when 

braking with N=44 kN, M=4.4 t: a) new disc, b) worn disc

Fig. 21. Histogram of the relative percentage error size of the fitting of the 

model of average coefficient of friction to the results of the investiga-

tions
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brake disc. Due to the size of the sample n>30 (149 brakings) based 
on inequality (6) the number of classes was ascertained (k=10) in or-
der to determine the distribution of the relative percentage error [16]. 
Based on the relative error data, the maximum xmax=13.4 and the min-
imum value xmin=0.03 of the variable was determined, which allowed 
calculating the data spread of 13.37. Fig 26 presents the percentage 
of the size of the relative percentage error for 10 classes for the new 
brake disc.

Fig. 26. The histogram of the size of the relative percentage error of the fitting 

of the model of multiple regression of average coefficient of friction 

to the results of the tests on a new 590×110 brake disc

Upon the analysis of the histogram presented in Fig. 26, it can 
be observed that the greatest is the relative percentage error resulting 
from the non-fitting of the model of multiple regression to the test 
results in the range of up to 4% that occurred in 60 cases out of 146 
observations. 

Also, for the regenerated disc, according to relation (5), the rela-
tive percentage error [28] was determined of the fitting of the model 
of multiple regression of the average coefficient of friction (3) to the 
results of the tests on the 640×110 brake disc. For 237 brakings with 
different clamping forces and decelerated masses, based on inequality 
(6) the number of classes was ascertained (k=11) in order to determine 
the distribution of the relative percentage error. Based on the error 
data, the maximum value xmax=14.6 and the minimum value xmin=0.05 
of the variable were determined, which allowed calculating the data 
spread of 14.55. Fig. 27 presents the histogram of the size of the rela-
tive percentage error for 11 classes for the regenerated brake disc.

Upon analysis of the histogram presented in Fig. 27 it can be ob-
served that the greatest is the relative percentage error resulting from 
the non-fitting of the model of multiple regression to the test results in 
the range of up to 7% that occurred in 188 cases out of 237 observa-
tions. 

Fig. 22. Object of the investigations on the test stand: a) 590×110 brake disc 
(new), b) 640×110 brake disc (worn to 108 mm), c) thermal image of 
a 590×110 brake disc, d) thermal image of the 640×110 brake disc

Fig. 23. The relation between μm obtained in the tests and that allowing for 
the model of multiple regression when braking with a new 590×110 
disc with: a) N=25 kN and M=5.7 t, b) N=36 kN and M=5.7 t

Fig. 27. The histogram of the size of the relative percentage error of the fitting 

of the model of multiple regression of average coefficient of friction 

to the results of the tests on a worn 640×110 brake disc

Fig. 24. The relation between μm obtained in the tests and that allowing for 
the model of multiple regression when braking with a worn 640×110 
disc with: a) N=16 kN and M=4.7 t, b) N=26 kN and M=4.7 t

Fig. 25. The relation between μm obtained in the tests and that allowing for the 

model of multiple regression when braking with a worn 640×110 disc 
with: a) N=28 kN and M=6.7 t, b) N=40 kN and M=6.7 t
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7. Conclusions

The investigations of the friction pair of a disc brake on an ap-
proved test stand at Institute of Rail Vehicles ‘Tabor’ in Poznan have 
shown that, aside from the preset braking parameters, the coefficient 
of friction decreases upon wear of both the brake pads and the brake 
disc below the adopted tolerances according to applicable regulations. 
The excess of the bottom tolerance of instantaneous and average coef-
ficient of friction already takes place when testing a friction pair of a 
new brake disc and worn brake pads. This is particularly the case in 
some braking scenarios i.e. significant clamping forces of the pads 
on the disc and great decelerated masses. In the extreme cases of the 
tests, i.e. worn discs and worn brake pads, the reduction of the coeffi-
cient of friction is even more conspicuous. It is noteworthy, however, 
that under actual operation, the wear range is much wider then in the 
tests. It is to be expected that the values of the coefficient of friction 
will be even lower for extreme wear of the brake pads (5 mm) and 
the thickness of the brake disc after regeneration (turning from 110 
to 102 mm).

The changes of the coefficient of friction can be modeled to 
estimate its value by using a series of variable parameters such as 
the braking onset speed or the decelerated mass. Additionally, it 
is possible to incorporate the wear of the friction pair components 
(brake pads and brake disc) in the model of multiple regression. The 
clamping force on the disc, however, and the decelerated mass have 
the least significant impact on the changes of the average coefficient 
of friction.

The tests performed on the test stand on the applied friction pair 
(organic brake lining and cast iron brake disc) have shown that the 

requirement of ensuring a constant coefficient of friction in the set 
ranges was not met. Even though the brake pads made from organic 
material of an alternative manufacturer were not tested (brake pads 
currently manufactured and applied in domestic rail vehicles were 
used) it is justified to include in the brake pad approval regulations 
a stipulation on the necessity of brake pad testing under an extreme 
wear scenario in order to validate its variability.

Besides, the results of the tests, based on which the model of 
changes of the average coefficient of friction was developed, may 
turn out useful in determining the characteristics of the coefficient 
of friction depending on the input parameters and wear of the fric-
tion pair. Today, when designing vehicle-specific brake calipers, the 
average value of the coefficient of friction given in sheet UIC 541-3 is 
introduced, based on which, inter alia, the braking distance is calcu-
lated. The introduction of a single value μm will result in a significant 
error of the calculated braking distance, where, instead of the imposed 
value of 0.37, the coefficient of friction assumes values in the range 
from 0.247 to 0.380. 

During the works, the results of which have been presented in the 
paper, 780 brakings were carried out in order to determine the model 
of the multiple regression for the average coefficient of friction and 
384 brakings to validate the model on subsequent brake discs.

The project has been financed by National Research and Develop-

ment Centre, project LIDER V, contract number LIDER/022/359/L-
5/13/NCBR/2014
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