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Abstract—The sideband current harmonic components would
inhere in permanent-magnet (PM) synchronous machine systems
driven by a voltage-source inverter with space vector pulsewidth
modulation (SVPWM). However, these harmonics could poten-
tially deteriorate the overall performance of the drive system by
increasing the resultant losses, torque ripple, and electromagnetic
and acoustic noises. The main sideband harmonic voltages and
currents in PM synchronous machine driven by voltage-source
inverter with SVPWM technique, are analytically derived and ex-
pressed in both stator and rotor frame. The experimental results
are carried out to underpin the validity of the analytical model.
The analytical model could be employed to assess the influencing
factors of current harmonics. In addition, it offers insightful guid-
ance to the effective reductions of harmonic losses, torque ripples,
and electromagnetic noises.

Index Terms—Bessel function, coordinate transformation,
permanent-magnet synchronous machine (PMSM), sideband har-
monic, space vector pulsewidth modulation (SVPWM).

NOMENCLATURE
E; Direct current bus voltage.
iy The d-axis component of stator current vector.
i,  The g-axis component of stator current vector.
iy The stator current vector.
Ji. The kth-order Bessel function.
L; The d-axis component of inductance.
L, The g-axis component of inductance.
L, Stator inductance.
M  Modulation ratio.
@  The rotor position.
R, The stator resistance.
T, Pulsewidth modulation carrier period.
uy  The stator voltage vector.
iy The d-axis component of stator voltage vector.
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i, The d-axis component of stator voltage vector.
o Initial phase of voltage vector.

w1 Modulation angular speed.

wy  Carrier angular speed.

I. INTRODUCTION

ERMANENT-MAGNET synchronous machines

(PMSM), with their superior performances over other
competing machines, have become the central part of variable
frequency drive systems in a host of new applications. In these
PMSM drive systems, the space vector pulsewidth modulation
(SVPWM) technique is widely employed to achieve excellent
static and dynamic performances. However, SVPWM generates
undesirable sideband voltage and current harmonics during
the intrinsic switching process. These harmonic frequencies
are located nearby the carrier frequency and its multiples. The
sideband harmonic components will increase the iron core
losses, copper resistive losses, permanent-magnet (PM) eddy
current losses, and hence, reduce the operational efficiency
of the machine [1]-[3]. In high-power industrial and railway
traction applications, the switching frequency of the power
devices is severely restricted to mitigate switching losses and
adverse effects caused by high du/df. However, this will lead to
increased sideband harmonic currents and, hence, torque pulsa-
tions in the machine [4], [5]. Furthermore, sideband harmonics
in PMSM could also induce ear-piercing high-frequency
electromagnetic noise [6], [7]. Such unpleasant acoustic noise
is quite a common issue in many different applications, such
as electric vehicles and elevators, and should be addressed
properly.

To date, there have been a number of analytical studies on
sideband voltage harmonics of the motor drives with SVPWM
technique. The double Fourier series (DFS) method has been
adopted to investigate the voltage harmonic spectrum under
SVPWM technique [8]-[10]. Alternatively, the pulsewidth mod-
ulation (PWM) signals could be decomposed into series of
symmetrical or mirror-symmetrical patterns so that the voltage
harmonic spectra of these patterns could be derived [11]. The
method of multiple pulses is introduced to analyze the voltage
harmonic components of SVPWM [12]. However, the analyti-
cal modeling of the sideband current harmonics with SVPWM
technique is more complicated and burdensome. Hence, existing
studies have mainly focused on the derivation of the sideband
current harmonic related coefficients, which can be directly used
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as a quality index. The harmonic distortion rate of the current
has been derived by analytically studying the voltage pulse and
resulting harmonic current within one pulse period for single
phase [13]. Moreover, the peak ripple values of the current in
d and ¢ axes can be analytically computed by analyzing the
current waveform in one basic inverter cycle [14]. Instead of the
current one, the flux harmonic distortion factor (HDF) is anal yti-
cally developed to evaluate the harmonic distortion in [15], [ 16].
Furthermore, various methods have been proposed to reduce the
sideband harmonic components in PMSM drive with SVPWM
technique. A special switching sequence, which involved divi-
sion of active vector time for SVPWM generation, was used
to effectively reduce the current harmonic distortion [17], [18].
Multilevel inverter topologies have been introduced to apply
the current harmonic cancellation technique [19], [20]. Besides,
random pulse width PWM technique has been implemented to
suppress the amplitudes of the sideband current harmonics [21].
As aforementioned, the direct analytical sideband harmonic
expressions of current have yet been used for detailed har-
monic characteristic analysis. The analytical results could be
employed to assess the influence factors of current harmon-
ics, such as operational condition, machine control strategies,
and electromagnetic parameters. In addition, it gives insightful
guidance to the reductions of harmonic losses, torque pulsations,
and electromagnetic noises. Consequently, the current investi-
gation focuses mainly on the direct analytical investigations of
the sideband voltage and especially current harmonic compo-
nents in PMSM powered by voltage-source inverter (VSI) with
SVPWM technique. In Section II, the main sideband voltage
harmonic components, whose frequencies are located nearby
the first and second carrier frequency, are analytically derived
in both stator and rotor frames. In Section III, the analytical
expressions of the corresponding sideband current harmonic
components are developed in rotor and stator frames accord-
ingly. In Section IV, the experimental results are presented to
validate analytical models. In Section IV, a prototype interior
PMSM is driven by a rotor-flux-oriented vector control strategy
with SVPWM technique under different operation conditions
and the experimental results are presented to validate analytical
models. Concluding remarks are presented in Section V.

II. ANALYTICAL SIDEBAND VOLTAGE HARMONIC MODELING

The analytical modeling of the phase voltage harmonics of
PMSM powered by VSI with SVPWM technique can be first
derived directly based on Fourier series (FS) analysis in the
stator frame. However, it is rather hard to obtain the analytical
harmonic current expressions directly from the phase voltage
ones later. Consequently, it is very necessary to convert the
phase voltage harmonic components to d- and g-axis ones in the
rotor frame by coordinate transformation.

A. Phase Voltage Harmonics in Stator Frame

The modulation model of the symmetrical sampled SVPWM
is shown in Fig. 1, where y(t) is the modulation wave. The
output pulse width depends on the value of y(f) at the time
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Fig. 1. Symmetrical regular sampled SVPWM.

t = 2kw /w,. It can be obtained from Fig. 1 such that
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The phase A output voltage 1, can be written as

E,
—5 (@it<6)
Uy = %ﬁ (6 <wit <6y) (2)
E
—21 (wit > 6,).

It is assumed that the zero voltage vectors are divided equally
in SVPWM. The modulation wave y(#) can be expressed as

V3asin (wit),

asm |wit+ =1, — wht
1 6/ 6 — 1o

OSwit<E
y(t) =

where a is the modulation coefficient, 0 < a < 1. By applying
the Fourier series analysis, y(t) can be rewritten as

6 _yktL
y(t)=a (7 sin (wit) + Z *:(l — 2] b111("'“"!*))

k=0
(4)
where n = 6k + 3,k =0, 1,2, ....When &k > 1, the harmonic
coefficients are all very small compared with the fundamental
one. Therefore, only the fundamental and third harmonics are
considered in the study. The function y(#) can be approximated
as

Y(t) = M (sin (wit) + & sin (3w t)) (5)
where
2a 3v3

The Fourier series analysis based on the frequency w; of
the modulation wave could not be performed as the pulses are
asymmetric in the whole period of the modulation wave. Con-
sequently, Fourier series analysis based on wy are carried out
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TABLE I
FIRST CARRIER FREQUENCY SIDEBAND VOLTAGE HARMONIC IN ROTOR FRAME

Frequency Axis Results
d 0
27
q 0
d Cscos(ad+3ai-g)
o 2 .
q -Csin( @y d+3 ogt-gn)
d Cocos(@d-3oa+gn)
@-2ay -
q Csin -3 ot+gn)
d Ceos(@d+3ayt+qy)
ey
q Csinf @ +3 ot+g)
d Cieos( -3 ot-gn)
-y
q - Cysin( aut-3 apt-gn)

instead. By considering u, as the even function of w,,u, can
be rewritten as

Uy ]

R Z a, cos (nwst)

e 7
EJ/Q 2 n=1 ( )
where
ap = 2M (sin (wy t) + Esin (3w t))
4 . (nm Mnw o
an = — sin ( 5 + 5 (sin (wt) + Esin (Swlf.))) .
(8)

As for n > 3, due to the relatively high-frequency and large
inductance, the corresponding harmonic currents can be ig-
nored. Thus, only n = 1 and n = 2 are analytically investigated
in this paper, sufficient, yet simple. By neglecting the high-order
Bessel function, @ can be approximated as

ay = Cy + 2C cos (2w t) + 2Cy cos (4w t)

4 M M
=y (T) % (—2 5)
4 M Mr& M M€
e=2 {0 () (559) - () (559)}
4 Mr M
g (7) Ji (—:»6)

where.J;. is a Bessel function of order k. Consequently, the side-
band harmonic coefficient in the first carrier frequency domain
H, = ajcos(w,t) can be expressed as

)

where

Cﬂ

Cy = (10)

H, = ) cos (wst) + Cy cos ((wg = 20 )t)

+ Cy cos ((ws = 4wy )t) . {1t
Similarly, a, can be approximated as
ay = —2C sin (wt) — 2Cy sin (3w t)
— 205 sin (5w, t) — 2C7 sin (7w t) (12)

TABLE 11
SECOND CARRIER FREQUENCYSIDEBAND VOLTAGE HARMONIC IN ROTOR
FRAME
Frequency Axis Results
d Cisin(2ed +g)
an+2 e,
q -Chcos(2ant +qn)
d Cisin(-2ad +¢n)
an—2a,
q -Cicos(=2 eyt +)
d 0
3on+2w,
q 0
o Cssin(2ad +6ant —g)
San+2am,
q Cscos(2amyd +0and —gn)
d Cssin(-2ad +6ant —q)
San—2a,
q Cscos(-2ayt +6an! —q)
o Cysin( 2t +6ant +¢)
Ten+2 e,
q ~Crcos(2ad +0m ! +qm)
d Crsin(-2ad +6ant +q)
Tan—2w,
q -Cicos(-2at +6ent +q)
where
, 2 .
Cy = —={Jy (M=) Jy (Mn&) + Jo (M=) J; (M=§)
™
‘—;)T.| (j'lf‘ﬂ') J[ {_‘lf‘ﬂ'cf)}
2
Cs = —={J5 (Mn) Jo (M=) + Jo (M) Jy (M=)}
™
2
C.-’, = ‘-—J-g {ﬂfﬁ) J; (fl:rﬁs)
™
£
C]’ = -*:J_l (J?UTF) J; {ﬂfﬂ'f) {13)

The sideband harmonic coefficient in the second carrier fre-
quency domain, Hy = ascos(w,t), can be represented as

Hy =~ Cy sin ((wy £ 2w, ) t) + Cysin (3w % 2w, ) )
+ Cj sin (5w £ 2w, ) t) + C7sin ((Twy £ 2wy) t).
(14)

B. D and Q) Voltage Harmonics in Rotor Frame

The main phase voltage harmonic components in first and
second carrier frequency domains are analytically derived in
the last section. Since the three-phase windings are normally
symmetric in the machine, the corresponding harmonic voltage
components in the other two phases could be directly obtained.
The voltage harmonics can be rearranged in rotor frame by Park
transformation.

By Park transformation of harmonics from (11), the first car-
rier frequency sideband voltage harmonics in the rotor frame can
be analytically obtained as in Table 1. ¢ is the initial phase of
the space voltage vector, which can be expressed as g = 7 + 4,



TABLE 111
KEY PARAMETERS OF THE EXPERIMENTAL PMSM

Parameter Value Parameter Value
Pole pair number 4 DC link Voltage 24v
D axis inductance 27.1uH Q axis inductance 36.8uH
Phase resistance 5.2mQ PM flux linkage 0. 0179Wb
Rotor inertia 21.5kg-em’ Carrier frequency 4kHz

Fig. 2 Experimental step of the PMSM drive system.

where 4 is the toque angle. So, ¢ can be rewritten as

U,

wy = T+ arctan

(15)

The results in Table I have shown that only the w, &= w-
order voltage harmonics exist in the rotor frame. The overall
voltage harmonics in rotor frame can be synthesized by all the
corresponding axis items in Table | as

Ud_w,+3wy = Udl COS(IL&J',.,-?- = 31-‘-"If = Yl )
Ug o, +30, = TU1 sin(wst £ 3wt £ @41) (16)
where
Un = 1/C3 + C} +2C2Ci cos(2¢0)
U = \/Cj! + C2% — 2C5Cy4 cos(2¢9 ). (17)
w1 and ¢, can be determined by
o= (Cy + Cy) cos(po)
YT /CEF CE + 205C; cos(200)
i P (('1 = (’g) Hill(-,-.’«[;)
' VCZ + CZ + 2C,C; cos(2py)
COS Py = (Cy — Cy) cos(p)
YT 2+ C2 — 2C5C; cos(2p0)
Cy + Cy) sin(p
sin g1 = (Cy + Cy)sinfipg) (18)

V/C3 + CF — 2C3C; cos(2¢0)

It can be observed from (16) to (18) that the main components
of the voltage harmonics of first carrier frequency domain in the
rotor frame are the w; £ w-order ones, and their amplitudes
are determined by both the modulation ratio and torque angle.
By a similar process, the second carrier frequency sideband
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Fig. 3. Experimental phase current waveform and its harmonic spectrum of
the PMSM under 5 N-m load and 1200 r/min: (a) phase current waveform, (b)
current harmonic spectrum, (c) first carrier frequency sideband harmonics, and
(d) second carrier frequency sideband harmonics.

voltage harmonics in the rotor frame can be analytically derived
and given in Table II.

It can be observed from the Table II that only the 2w,- and
2w, £ 6w -order voltage harmonics exist for the second carrier
frequency sideband harmonics in the rotor frame. The 2w, -order
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voltage harmonics in rotor frame can be summed up as

Ud_ 2w, = 2C sin g cos(2w,t)

Uy 9., = —2C cos @y cos(2w,t). (19)

On the other hand, the 2w, + Gw;-order voltage harmonics in
rotor frame can be expressed as

Ud 2w, 46w, = Udz_g SIn(F2wst + 6wyt + wuo_g)
Uy 2w, +6w; = Uga_s sin(F2w,t + 6wt + @go6)  (20)
where
Uies = \/C§ + C2 + 2C;5Cr cos(2¢0)
Ups = \/Cf + C% — 2C5C7 cos(2¢p). 21

wa2_6 and 4o _¢ can be determined by

(C7 + C5) cos(q)

\/Cf + C'—;} + 2C5C cos(2¢p)
(C‘; — C,-',)Sill(-ff’}‘[;)

\/C'f + C7 + 2C5C; cos(2¢y)
(Cs + C7) sin(po)

VCZ + CZ — 2C5Cr cos(2¢0)
(C5 — Cr) cos(¢o)

VC2 + C2 — 2C;5C7 cos(2¢)

It can be revealed from the analysis in (19)-(22) that the

amplitudes of the second carrier frequency sideband voltage

harmonics in the rotor frame are determined by both the modu-
lation ratio and torque angle as well.

COS Pa2_6 =

sin @ge_6 =

COS P2 6 =

(22)

sin Pa2.6 =

III. ANALYTICAL SIDEBAND CURRENT HARMONIC MODELING

The main d and ¢ axis sideband current harmonics can be di-
rectly derived in analytical forms from the corresponding volt-
age harmonic components in the previous Section. Then, the
analytical expressions of the sideband current harmonics could
be accordingly converted from the rotor frame to the stator
frame.

A. D and Q) Current Harmonics in Rotor Frame

In PMSM, the correlation between the voltage vector and
current vector can be simply expressed as

di, - 0L,
F + Wyt "'56"‘

As the sideband current harmonic frequencies are normally
much higher than the fundamental one and the corresponding
harmonic magnetic permeances are very trivial, the last term in
the right side of (23) can be neglected. Additionally, the sideband
harmonic reactance would normally be much greater than the
winding resistance. Therefore, the y-order harmonic current in
steady state can be approximated as

Us = Ryis+ L (23)

) Uy . 'h‘.q'”
LT ——— and gp = T 1

, : (24)
JWy Lr! Juwy Lq

By substituting the w, £ w;, 2w, and 2w, =+ 6w, order d and
g axis voltage harmonic expressions from (16), (19), and (20)
into (24), the corresponding current harmonics can be obtained
as
Ug Eq sin(wst £ 3wit £ @a1)
2({4},; + 3w1 )er

_ FUj1 Eq cos(wst £ 3wt £ ¢,1)

T-r.‘_.a.',, 3wy =

|r ity Iy = 25
e 2(ws £ 3w1)L, (&)
; _ C1Eysin ) sin(2uw,t)
= 2, Ly
y —C By cos g sin(2w,t)
g 2w, = 26
T}'—-- & 2““.\; Lr; ( )



—U,m_ﬁEﬂ! COS(:i:2w,;f + 6w t + ;pd-z_ﬁ)
4(w’,, T 3W1)Ld

—Ugo_s Eq cos(£2wst + 6wt + @a26)
4(ws = 3w1 )L,

U 2w, 6wy =

27)

JIq'_ 2y £6uny

B. Phase Current Harmonics in Stator Frame

The w, = w;-order current harmonics in the rotor frame can
be transformed into w, + 2w, -order and w, =+ 4w;-order phase
current harmonics in the stator frame. The amplitudes of the cor-
responding phase current harmonic components can be derived
as

Ey \/Mf == JNIE + 2Ms N, COS(QL;JU)

"":s_i»s +2w;)

4wy £ 3wy)
. Eq\/M} + N3 + 2M; N; cos(2p9)
bs_fwytdw,) = = F {28)
- 4w, * 3o1)
where
CQ Gz CZ CE‘
= ——— M. —_—
4 : Ld Lf; ’ 2T Ld * Lq
G G c, O
N —_— - Ny = — + —. 2
jl Lnf Lr; B er ¥ Lq { 9)

By inspecting the analytical expressions of the first carrier
sideband current harmonics in (28), a relationship between the
amplitudes of the w, + 2w -order and w, =+ 4w, -order current
harmonics can be revealed as

.2 .2 E;? (C_f - Cf}

T e A R = > 0.
s{we 2w ) s_fwytdw) 4L_“,Lq (u‘,“ + 3[_‘_,1)2

(30)

It is quite evident that the amplitudes of the w, =+ 2w, -order
sideband phase current harmonics are always more significant
than the w, -+ 4w, -order ones.

Analogously, the 2w, and 2w, =+ 6w -order current harmonic
in the rotor frame can be converted into 2w, + w -, 2w, = Sw -,
and 2w, + 7w -order harmonics in the stator phase current. The
amplitudes of these harmonics can be accordingly derived as

. Eq.Cy [sin® @y | cos? @
s (2w, £w,) = T + 31
! dw, \/ Lj Lﬁ
. i 1‘; \/i‘l.{r? + ."\‘r‘:? i QAI; ;"\‘r;i COS(QQPU)
T-.-’;_{‘l‘...,'_g 5wy ) = 8((.0';; e 3w1 )
_ Eq\/M3 + N7 + 2M;3 Ny cos(2¢)
Lo (2ws£Twy) = . (32)
: 8(\44'..; + 3&)[ )
where
C; Cj C;  Cs
M. - — My = — '
A= E TR TR
; c;  Cy i C;  Ch
Ny = — — —, Ny = — + —. 33
8 Ld Lr; ) * er i Lr; { )

It can easily be observed that these current harmonics will be
torque angle independent in surface mounted PMSM drives in
which Ly is equal to L.
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Fig. 5. Phase current harmonic amplitudes with different load, (a) harmonics
under 600 r/min, (b) harmonics under 750 r/min, (¢) harmonics under 900 r/min,
and (d) harmonics under 1200 r/min.

IV. EXPERIMENTAL VALIDATIONS
A. Experimental PMSM Drive System

The experimental tests are carried out in order to validate
the analytical models presented in the foregoing sections. The



PMSM., whose main parameters are given in Table 11, is driven
by a VSI with SVPWM technique and rotor-flux-oriented vector
control (i; = 0) strategy in the experiments. The experimental
set up of the IPMSM drive system is depicted in Fig. 2.

The experimental phase current waveform and its harmonic
spectrum of the PMSM underrated condition with 5 N-m
and 1200 r/min are captured and illustrated in Fig. 3. It can
be clearly seen from Fig. 3 that the main sideband phase
current harmonics are the w, + 2w -, w, +4w;-, and 2w, +
wyp-order components, and hence, the analytical models are
qualitatively validated. Moreover, there are noticeable 2w, =+
5w - and 2w, + Tw;-order harmonics in the second carrier fre-
quency domain. However, the amplitudes of these current har-
monics are relatively small.

B. Harmonics Under Different Speed Condition

As aforementioned, the harmonics are determined by both
the modulation ratio and torque angle. In order to validate the
analytical models quantitatively, the amplitude variations of the
main sideband current harmonics with different modulation ra-
tios are further examined in the proposed PMSM. As the PMSM
is with a constant torque load, the modulation ratio of SVPWM
is approximately proportional to the machine rotational speed.
Therefore, the torque load of the PMSM during experimental
test maintains a constant light load of 0.25 N-m, different ro-
tational speeds (every 75 r/min) are implemented in order to
achieve various modulation ratios. The corresponding ampli-
tudes of the main sideband current harmonic components from
analytical models and experimental tests are derived and com-
pared in Fig. 4. Close agreements between the analytical and
experimental results have been demonstrated, which validate
that the proposed analytical models can deliver reasonably ac-
curate results with much less computational effort, Furthermore,
Fig. 4(a) shows that the amplitudes of the first carrier frequency
sideband current harmonics will gradually increase as the mod-
ulation ratio rises. Fig. 4(b) reveals that the amplitudes of the
2w, + wi-order current harmonics will first increase and reach
their peaks, and then start to decrease as the modulation ra-
tio increases. Fig. 4(c) demonstrates that the amplitudes of the
2w, £ Hw-order and 2w, + Tw;-order current harmonics will
also gradually rise along with modulation ratio. However, the
amplitudes of those particular current harmonics in Fig. 4(c) are
relatively small under most of the operational conditions of the
machine, hence they are usually negligible.

C. Harmonics Under Different Load Condition

According to (28), (31), and (32),the load torque is also an
important influence factor which will impact on the modulation
ratios and torque angle. In order to validate the analytical mod-
els comprehensively, the experimental tests with different load
torque under 600, 750, 900, and 1200 r/min are implemented and
the phase current are captured every 1 N-m from 0 to 10 N-m.

The corresponding amplitudes of the w, + 2w -, wy & 4w, -,
2wy +wy-, 2w, + bwy -, and 2w, + Tw;-order components from
analytical models and experimental tests are derived and com-
pared in Fig. 5. Again, close agreements between the analytical

and experimental results have been demonstrated. Hence the
proposed analytical models are validated with different loads.

V. CONCLUSION

Analytical investigations of the sideband voltage and hence
current harmonic components in PMSM powered by VSI with
regular sampled SVPWM technique have been carried out. The
analytical expressions of the sideband harmonics in the first and
second carrier frequency domain are developed in both the rotor
and stator frames. Moreover, the experimental tests on a proto-
type IPMSM have been undertaken to validate comprehensively
the analytical models under different speed and load torque oper-
ational conditions. Based on the analytical equations, the impact
factors, such as carrier frequency, electromagnetic parameters,
and control parameters can be duly inspected.

The proposed analytical model can be employed to further
study the corresponding losses, torque ripple, and radial force
wave analytically. The analytical equations can provide intuitive
information to promptly assess the effectiveness of different
techniques on loss, torque pulsation, and electromagnetic noise
reductions. It is always of particular importance to analytically
appraise the pros and cons of the technique to be deployed in
order to improve the overall performance of the drive system.
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