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This work presents analytical solutions for both Newtonian and inelastic non-Newtonian fluids with slip
boundary conditions in Couette and Poiseuille flows using the Navier linear and non-linear slip laws and
the empirical asymptotic and Hatzikiriakos slip laws. The non-Newtonian constitutive equation used is
the generalized Newtonian fluid model with the viscosity described by the power law, Bingham,

Herschel-Bulkley, Sisko and Robertson-Stiff models. While for the linear slip model it was always possi-
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ble to obtain closed form analytical solutions, for the remaining non-linear models it is always necessary
to obtain the numerical solution of a transcendent equation. Solutions are included with different slip
laws or different slip coefficients at different walls.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Wall slip occurs in many industrial applications, such as in poly-
mer extrusion processes, thus affecting the throughput and the
quality of the final product [1]. Therefore, analytical solutions of
slip in shear flows are important to solve relevant industrial prob-
lems and better understand them, but also for the assessment of
computational codes used in fluid flow simulations. There are
many exact solutions for fluid flow in the literature [2,3] some of
which are very simple, and others that use complex rheological
models [3]. Even though the simple exact solutions seem trivial,
they are the building blocks to the understanding of more complex
solutions. They usually rely on the Dirichlet type (no-slip) bound-
ary condition (u =0, where u stands for the velocity at the wall).
However, there is experimental evidence suggesting that some flu-
ids do not obey this condition at the wall [4], and show instead slip
along the wall. For a review on wall slip with non-Newtonian flu-
ids, including slip laws and techniques to measure this property,
the works of Denn [1], Lauga et al. [4] and Hatzikiriakos [5] are
strongly advised.

Meijer and Verbraak [6] and Potente et al. [7,8] present analyti-
cal solutions for Poiseuille flow in extrusion using wall slip for
Newtonian and power law fluids. Chatzimina et al. [9] solves for
non-linear slip in annular flows and analyses its stability. Ellahi
et al. [10] presents an analytical solution for viscoelastic fluids de-
scribed by the 8-constant Oldroyd constitutive equation with
non-linear wall slip. Wu et al. [11] investigated analytically the
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pressure driven transient flow of Newtonian fluids in microtubes
with Navier slip, whereas Mathews and Hill [12] presented analyt-
ical solutions for pipe, annular and channel flows with the slip
boundary conditions given by Thompson and Troian [13]. Yang
and Zhu [14], and the references cited therein, report analytical
solutions and theoretical studies of squeeze flow with the Navier
slip boundary condition. It is also worth mentioning the works on
the well-posedness of the Stokes equations with leak, slip and
threshold boundary conditions [15,16], which also included their
numerical implementation.

In spite of the wealth of solutions in the literature, there is a
wide range of slip conditions, which have not been addressed ana-
lytically. With the exception of the simple linear Navier slip, for
most other slip laws in the literature the analytical solutions for
the so-called indirect problem are missing. Here, the results are
dependent on the imposed flow rate. For the direct problem the lit-
erature is rich on the solutions [6-11] but lack the corresponding
reverse case, and this is not just a matter of inverting the final
expressions because of the non-linearity of the slip models and
of the constitutive equations. In fact, the inverse problem is invari-
ably more difficult to obtain than the solution of the direct prob-
lem. The main purpose of this paper is precisely to address these
issues and report some new analytical solutions in particular for
the inverse problem.

The remainder of this paper is organized as follows: Section 2
presents the governing equations and the employed slip models.
The study of Newtonian fluid flows with slip is presented first in
Section 3, starting with the simple Couette flow for the sake of
understanding and this is followed by the Poiseuille flow using lin-
ear and non-linear slip boundary conditions and different slip coef-
ficients at the upper and bottom walls (the existing relevant
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literature [6-8] is only concerned with the direct problem for melt
flow in extrusion screws). Section 3 ends with a study of Newto-
nian Poiseuille flow with the Hatzikiriakos and asymptotic slip
laws and is followed by Section 4 which describes solutions for
the generalized Newtonian model with the viscosity function given
by power law [17], Sisko [18], Herschel and Bulkley (Bingham) [19]
and Robertson and Stiff [20] models, both for linear and non-linear
slip models. The text ends with the conclusions, in Section 5.

2. Theory
2.1. Governing equations

This work concerns incompressible fluids which are governed
by the continuity equation

V-u=0, (1)
and the momentum equation
a(gtu)+pv-uu= VP4Vt 2)

In Eq. (2) u is the velocity vector, p is the pressure, T is the deviatoric
stress tensor and the gravity contribution is incorporated in the
pressure. All equations are written in a coordinate free form. The
stress tensor obeys the following law for generalized Newtonian
fluids

T=2n())D 3)
with the rate of strain tensor D given by

1
D =5 ([Vu] + (Vu]'), 4)

and #(7) representing the fluid viscosity function.

Considering steady, incompressible, laminar flow (in the
streamwise x direction) between two infinite parallel horizontal
plates, with no movement in the y direction (Fig. 1), the momen-
tum equation (Eq. (2)) written in a Cartesian coordinate system re-
duces to

(1)) = (5)

where p, = dp/dx. This equation is valid for both planar Couette and
Poiseuille flow.

For fluids described by the Generalized Newtonian model, the
empirical viscosity function #(}) can be given by any of the models
in Egs. (6)-(10). These are the power law model

n(y) = aly"” (6)

and the Sisko model

ny) =p, +aj", (7)

where 7 is the shear rate obtained from the following definition
involving the second invariant of the rate of deformation tensor
(|| = v/DyDy/2) and a, n are the consistency and power law indices
with n > 0, and p, is the viscosity at a very large shear rates.

Analytical solutions are also presented for yield stress fluids de-
scribed by the following two models:

T= Z(Mo\*/l”’l +\T~ﬂ)D ifIt| > 1o
D=0 if|T] < 7o
(8)

Herschel—Bulkley model : {

1n\"
_ 1/n - (n=1)/n To :
Robertson—Stiff model : {T - ('u" 7 * (\ro\> > D ifil>7
D=0 iflt] < 1o
9

where 7y is the yield stress and po > 0. For n =1 the Herschel-Bulk-
ley model reduces to the Bingham model. For the yield stress mod-
els |7] is the second invariant of the deviatoric stress tensor

1Tl = V/T5Ts/2.
2.2. Boundary conditions

The specification of boundary conditions is mandatory to guar-
antee the wellposedness of the problem. As mentioned before,
most solutions in the literature are for the Dirichlet type no-slip
wall boundary condition

u=0. (10)

This imposes that the fluid adheres to the wall, together with
the impermeability condition.

However, this boundary condition cannot be derived from first
principles [4]. Lamb [21], Batchelor [22] and Goldstein [23] men-
tion that slip may be wrong and that the use of no-slip stems from
the need to agree predictions with experiments (some of the
experiments referred to were not carried out carefully and conse-
quently their results are contradictory). Several authors [4] try to
explain the existence of slip and its dependence on parameters like
surface roughness, dissolved gas and bubbles attached to the wall,
wetting characteristics, shear rate, electrical properties and pres-
sure, and this list keeps increasing with time.

In any case it is now an established fact that for macro geome-
tries the interaction between small fluid molecules and walls is
equivalent to a no-slip condition for most fluid-wall pairs. How-
ever, as the Knudsen number (the ratio between the mean free

(b) -

T u

I
h —

X 1
—
_h —
%zu/lg@uzlgﬁ /
dy dy

Fig. 1. (a) Velocity profile across the flow channel assuming Couette-Poiseuille flow and slip at the wall (b) Different slip lengths 0 = ko < k; < k, (zoom of the channel near

the wall).
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path and the characteristic flow size) increases, slip effects become
more important ([4] and references cited therein). Regarding long
molecules, such as the ones found in polymer melts, slip effects
can actually be found also at the macro scale leading to some flow
instabilities reviewed by Denn [1], such as sharkskin, stick-slip and
gross melt fracture. Other investigations concerning slip at the
liquid-solid interface for polymers are Potente et al. [7] and
Mitsoulis et al. [24].

2.3. Slip laws

Friction between a fluid in contact with a wall generates a tan-
gent stress vector T (Fig. 1) that may be sufficient to eliminate slip
of the fluid. Therefore, a way to promote slip is to reduce that fric-
tion, leading to the appearance of a nonzero velocity along the
wall. The tangent stress vector depends on the velocity gradient
of the fluid at the wall, with both variables related in such a way
that the tangent velocity and tangent stress vectors are pointing
in opposite directions (Fig. 1).

Since all the analytical solutions in this work concern flow be-
tween parallel plates aligned with the axis x direction, there is no
need to continue using vector notation, so, all the slip laws will
be presented in their streamwise component.

Navier [25] argued that in the presence of slip the liquid motion
must be opposed by a force proportional to the relative velocity be-
tween the first liquid layer and the solid wall. Fig. 1 illustrates an
interpretation of slip with Fig. 1a showing the velocity profile
across the channel and the relation between the velocity and its
derivative at the wall. This derivative at the wall is the same as
the slope given by u/k. Thus, the following relation that involves
the slip velocity can be obtained
Uys _du
k dy

Solving for u,,, the relationship between the slip velocity and
the wall velocity gradient is

~du

Uys = k—

dy

(11)

wall

; (12)
wall
where the coefficient k is named slip length or friction coefficient.
As illustrated in Fig. 1b the slip length can take any positive value
(k > 0), with no-slip at wall for k = 0, and increasingly large slip
velocity as k increases to infinity in which case the velocity profile
becomes a plug with zero velocity gradient.

Eq. (12) must be combined with the rheological constitutive
equation. Considering the Generalized Newtonian Fluid model for
inelastic fluids, near the wall the tangent stress is given by

du

Ty =) g (13)
Eq. (12) can now be rewritten for a Generalized Newtonian fluid

as

Uys = sign(du/dy)kTyy (14)

with k = k/#(}) > 0. Based on the fact that the velocity points to the
stress opposite direction and because scalar variables are employed,
different signs will be used in Eq. (14) depending on the sign of the
shear rate (sign(du/dy)). For the “top wall”, the equation makes use
of the minus sign and for the “bottom wall” the plus sign, since the
tangent velocity is positive in both walls but the sign(du/dy) in the
top and bottom walls is negative and positive, respectively. This
notation will stand for the other slip laws.

This linear relationship between slip velocity at the wall u,,s and
shear stress at the wall 7,y is called the linear Navier slip law [25]
or simply the Navier slip law. It has been used extensively to rep-

resent experimental data, as in [5-7,10] for Couette and Poiseuille
flows.

Slip laws are models to bridge the gap between theory and
experimental data, and to fit experimental observations various
slip models were created, such as those stating the dependence
of the friction coefficient on wall shear rate or stress and models
derived from molecular kinetic theory [26-28].

The non-linear Navier slip law [26] assumes that the friction
coefficient is a function of the shear stress t,y, thus providing a
non-linear power function,

Ups = Sign(du/dy)k| Ty ™ T,y (15)

where m > 0(m € R). For m =1 the Navier slip law is recovered.

This non-linear model has been used to represent experimental
data in Couette and Poiseuille flows by [13,23,26]. It provides a
good approximation for several conditions, but it fails to describe
the slip velocity in the neighborhood of the critical stress at which
the slip starts [27]. To eliminate this discrepancy, Hatzikiriakos
proposed an alternative slip law based on the Eyring theory of li-
quid viscosity in order to provide a smooth transition from no-slip
to slip flow at the critical shear stress [27]. The argument goes as
follows:

Let 7. be the positive critical stress at which slip starts and k;,
k, > 0. Then, the Hatzikiriakos slip law is given by,

ki sinh(ka (sign(du/dy)ty) — Tc) if Ty > Tc
w1 ; (16)
0 if Ty < T
The asymptotic slip law [28], is given by
T=—(1/kz),[1 —exp(u/ki)] (17)

for one dimensional flow, and can also be written as an explicit
function for the slip velocity

Uws = ki In(1 + k; (sign(du/dy)Tyy)). (18)

For both the Hatzikiriakos and the asymptotic slip models, the
coefficients k; and k, allow controlling the amount of slip and
the shape of the curve of 7 vs u, that is obtained by experimental
measurements. Schowalter [26] used the Hatzikiriakos slip law
model to model wall slip in Couette and Poiseuille flows.

For the Poiseuille and Couette flows of Figs. 1 and 2 the bound-
ary conditions for these slip laws can be written in a general form
for both the “top” (+h) and “bottom” (—h) walls.

Integrating the momentum equation (Eq. (5)) 1« is given by

Ty =Dy +C. (19)

Combining Eq. (19) with Egs. (15, 16), and (18) for all the investi-
gated slip laws gives the general form of the boundary conditions
at the upper and bottom walls.

For the non-linear Navier slip law (m =1 for the linear Navier
slip law):

u(h) = kan (=ph — o)™ (20-a)

u(=h) = ko (—=ph +¢)". (20-b)
For the Hatzikiriakos slip law:

u(h) = kyy sinh(ky2 (—pch — ¢)). (21-a)

u(—h) = kys sinh(kys(—psh + ©)). (21-b)
For the asymptotic slip law:

u(h) = kar In(1 + ka2 (—p,h — c)). (22-a)

u(=h) = ka3 In(1 + kaa(—pyh + ©)). (22-b)
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Fig. 2. Couette flow velocity profiles for different slip lengths k; < k, < k3..

For symmetrical boundary conditions c; = 0, thus the top and
bottom slip velocities become identical, as expected.

3. Analytic and semi analytic solutions for Newtonian fluids

Newtonian fluids have a constant viscosity so #(y) = u in Eq.
(13).

3.1. Couette flow
In pure Couette flow (Fig. 2) the pressure gradient is null and Eq.
(5) reduces to:
uy)=cay+c (23)
with c; the shear rate 7 = du/dy.
3.1.1. Navier slip at the bottom wall and no slip at the upper wall
Assume the upper wall is moving with velocity U and that a Na-

vier slip boundary condition applies to the bottom wall (cf. Fig. 2)
so that

u(h) =U and u(-h) = ku <%> ) = kuc, (24)
y=

Using the boundary condition of Eq. (24) the coefficients ¢; and
Cc, are given by

c;=U- C]h, (25)
u
C1 :m‘ (26)

The final solution for the velocity profile across the channel is
then

Uy-h
u(y) :Zﬁlka,u)—‘_U' (27)
Let f{k) be defined by
_Uly-h

=— 7 > 0.
fk) 2h+k,u+U k=0 (28)
For k=0, f{0) = (U/2h)(y + h) which is the original solution with
the Dirichlet boundary condition u = 0. As k increases the solution
approaches plug flow conditions, i.e.

. . Uly-—h)
IELTCf(Ic) = iir?om +U=U (29)

This equation states that it is impossible to obtain a slip velocity
larger than U, which is in agreement with the physical constraints
of the problem. Fig. 2 illustrates the evolution of the flow with the
slip length.

If U=0 the flow profile is given by the trivial solution u(y)=0
for 0 <y < h. The main problem with this slip boundary condition
(Eq. (24)) is that both the bulk and wall velocities depend on the
velocity gradient, so that a nonzero gradient will develop only if

some velocity is given at the boundary. Therefore, it can be said
that the Navier slip boundary condition is somewhat weaker than
the Dirichlet boundary condition, so that in the absence of a pres-
sure gradient and of an imposed velocity the fluid will not move.
Note that for U= 0 and imposing slip at both walls leads again to
the trivial solution u(y)=0.

3.1.2. Non-linear slip laws at the bottom wall and no slip at the upper
wall

Assume the upper wall is moving with velocity u(h)=U and a
non-linear slip boundary condition is imposed at the bottom wall.
Following a procedure similar to that of the previous section the
following boundary conditions are obtained: for the non-linear Na-
vier slip law u(—h)=kpp(uci)™, for the Hatzikiriakos slip law
u(—h) = kyz sinh (kyguc;) and for the asymptotic slip law
u(fh) = kA3 In (1 + I{A4‘L1C1 )

To determine the integration constant c;, the following equa-
tions must be solved for the non-linear Navier slip law, Hatzikiria-
kos and asymptotic slip laws, respectively

(e)™ + (2h/kg™)ey — (U k) = 0 (30-a)
kH3 Siﬂh(k}.m/.lC]) + 2hC1 -U=0 (30-b)
kas In(1 + kagpic1) +2hc; —U =0 (30-c)

For the special cases of m = 0.5, 2, 3 the analytical solutions are
possible for the non-linear Navier slip law, the results of which are
presented in Table 1 and Appendix A. For the other solutions and
equations we prove the existence of a unique solution in Appendix
A.

3.2. Couette—Poiseuille flow

Integrating twice the momentum equation (Eq. (5)) for a con-
stant viscosity fluid, the result is

u(y) = 5—;% +ay+ o (31)

with c¢;=c/uc, €e R two real constant numbers, p >0 and
—h <y < h. Applying boundary conditions u(—h) and u(h) to the
velocity profile in Eq. (31) the constants of integration cj, ¢; can
be determined and the following final form of the velocity profile
is obtained

uy) = % 0 —h*) + (u(h) ;ﬁ(fh)>y + ”H‘); u(h) (32)

For the particular case of pure Poiseuille flow, symmetry leads
to ¢; =0 and ¢, = u(h) — (p,/2n(7))h’.

For the inverse problem of Couette-Poiseuille flow with an im-
posed flow rate Q = U - 2h, where U is the mean velocity obtained
by integration of the velocity profile across the channel, we obtain
the relation of Eq. (33) between the imposed mean velocity and the
ensuing pressure gradient

U:l/h Dy vayto)dy
2h |, \2u 1y

Py 2 U(=h) +uth) =
gm0 (33)

Notice that u(—h) and u(h) are themselves functions of the pres-
sure gradient, and non-linear equations may arise.

3.2.1. Linear and non-linear slip laws - pure Poiseuille flow

For the linear and non-linear slip models and from the bound-
ary conditions of Egs. (20-a), (21-a) and (22-a) the flow velocity
profile for the direct problem becomes
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Table 1
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Analytical solutions for Couette flow with linear and non-linear Navier slip laws and slip only at the bottom wall. The top row shows the general system of equations to be solved
and the next four rows show the solution for different values of the slip exponent m=0.5, 1, 2, 3.

Couette flow [linear (m = 1) and
non-linear Navier slip (m # 1)]

{H(J’):C1(V—h)+U
()™ + (2h/kp™)er — (U/kp™) = 0

m=05 u(y) = {% (1 -

_ Up-h

8hU

1+

m=1 u(y)—2h+kH+U

m=2 u(y) = 2kl y ) 4 U

(k#os)2> + %] y-h+U

=

m=3 u(y) = {\/ (U/RKm) /2 4+ (U kiem) 202 + (B ki) [3)° + \/ (U/kEm) /2 = /(U ki) 2)2 + <<2h/kum>/3>3}w ~-h+U

Table 2

Analytical solutions for Poiseuille flow with identical slip at both walls for the linear and non-linear Navier slip laws. In the top row the general system of equations to be solved
and the next four rows show the solution for different values of the slip exponent m=0.5, 1, 2, 3.

Poiseuille flow [linear (m = 1) and non-linear Navier slip (m # 1)] {
3u

m=0.5 p,

u(y) = g2 — ) + kh"(-py)"
— P 4 kh™

(-p)"-U=0
—912 2 20 0.5 2 20
Tf’hf;—(zk h+ 40— 2kh® [k h+%)

m=1 p,=U(-h*/3u—kh)™!

m=2 p,= W
m=3 p,= (\Z/’(U/Zklﬁ) +\/(T/2kh3)? + (9khp)~> + \’/—(U/zklﬁ) T2k + Ok 3)
uWy) = Px (y? — h*) + u(h), (34) For the linear Navier slip law at both walls (with slip coeffi-

" 2u

whereas for the inverse problem the pressure gradient is obtained
from the following transcendent equation for a given bulk velocity
U

_Px
3u

Generally speaking the solution of the previous equation must
be obtained numerically, but for the particular cases of the non-
linear Navier slip law with m=0.5, m=1 (linear), m=2 and m=3
full analytical solutions can be obtained and are given in Table 2.
For the Hatzikiriakos and asymptotic slip laws, the corresponding
solutions are presented in Table 3. Details on these solutions are gi-
ven in Appendix B, where the existence of a unique solution for all
the boundary conditions is also proved.

Note that the solution of Hatzikiriakos and Mitsoulis [29] is less
general. Even though they investigated a power law fluid with non-
linear Navier slip boundary conditions, they restricted their
solutions to the particular case m = 1/n, where n is the power law
exponent, meaning that for the Newtonian case they only explore
the linear Navier slip.

h* +u(h)—U = 0. (35)

3.2.2. Different slip in the upper and bottom walls for Couette-
Poiseuille flow

When compared to the pure Poiseuille flow we see that for the
Couette-Poiseuille flow the symmetry condition (c; =0) can no
longer be used, meaning that, a system of non-linear equations will
be obtained for the constant of integration c; and the pressure gra-
dient p, (Eq. (36))

{

—2hcy + u(h) —u(-h)=0

. 36
_BR —cih+ u(h)—U =0 (36)

cients kj; at the bottom and k;, at the top), the analytical solution
is still possible and is given by Eq. (37)

2

u(y) :%yz +C1Y + Dy (klhg#> +ci(—kipu—h). (37)

with

P 3/2(2+ kn (4U/h) + k(U /h))

* T Bkn(uU/h)kp (U /h) + 2k (U /h) + 2k (uU/h) + 1)(pU /%)
(38)
_ 3/2U(uuU/h) (ki — ki)
Bk (uU/h)kpy (U /) + 2k (UU/h) + 2k (uU/R) + 1R

(39)

For this case, the boundary conditions are given by Egs. (20-a)
and (20-b) with m = 1. The term (kj;; — k) will determine the sign
of cy. If k;; > ki the maximum velocity value is on the positive half
of the channel 0 < y < h whereas for kj; < kp it is on the lower half
-h<y<o.

For the non-linear Navier slip law, full analytical solutions can
also be found, when the linear Navier slip law is valid in one wall,
and on the other the non-linear Navier slip law applies with m
equal to 2 or 3. These solutions can be very helpful to test numer-
ical codes with different slip boundary conditions in the same do-
main, and can be found in Appendix C.

For the remaining values of the exponent and for the other two
slip models (asymptotic and Hatzikiriakos), semi-analytical solu-
tions are obtained. Their restrictions, du/dy <0 in the upper wall,
du/dy >0 in the bottom wall, and a favorable pressure gradient
(px < 0), are helpful to narrow down the possible solutions, espe-
cially when the use of a numerical method is required.
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Table 3

Semi-analytical solutions for the Poiseuille flow of a Newtonian fluid with Hatzikiriakos and asymptotic slip laws.

=
V4

Poiseuille flow [Hatzikiriakos and asymptotic] - o

u(y) =% — %)+ u(h)
BN +uh)-T=0

Table 4

Analytical solutions for Couette-Poiseuille flow with different slip coefficients at the top and bottom walls, as a function of p, and c;. The third row presents the equations that

need to be solved to determine py and c; for the non-linear slip models.

Poiseuille flow [different slip at top and bottom walls]

u(y) :%lez +my+px(—k1h 75'72[) +ci(—kyu—h)

1.5(2+k (uU/h)+ka (U /h))

b=~ [3ky (U /h)ks (U /h)+2k (U h)+2ky (U /h)-+1) (U /h%)

€1

1.50(uU/h) (ki —ky)

= Bk (10 /)l (1O )+ 2k (1T 1)+ 2k (107 )11k

—2hcy +u(h) —u(-h)=0

3u

Non-linear Navier slip
u(h) = ky(=pyh — pey)™
u(—h) = ka(=pyh + per)™

{—p—Xhz—c]thu(h)—U:O

Hatzikiriakos
u(h) = ki sinh(ka (=pxh — uct))
u(—h) = ks sinh(ka(~ph + pc))

Asymptotic
u(h) = kq In(1 + ko (—pyh — ucy))
u(=h) = k3 In(1 + kg (=psh + picr))

py<0and —p,h — ucy >0and —ph+ pcy >0

the slip velocity pointsin the positive direction

p p
< p.<0andc € }—"h——"h[ 40
b 1 T T (40)

See Table 4 for a summary of these solutions.
3.3. Discussion (Newtonian fluids)

All the solutions obtained for the Newtonian fluids are summa-
rized in Tables 1-4, which will be used for the subsequent discus-
sion. In Poiseuille flow the following dimensionless variables will
be used. The slip friction coefficients are given by k|, = kU™
(u/h)™ for the Navier non-linear slip model, k; = k,/U, k, =k,
(uU/h), for the first and second coefficients in the asymptotic and
Hatzikiriakos slip laws. The velocity is given by u' = u/U and the

pressure gradient by p, = p./(nU/I?).

15
i

0.8 1

0.6 1

u/U

Fig. 3. Velocity profiles for the Couette flow with the non-linear Navier slip model
(full line m = 2, dashed line m = 1) at the fixed wall.

3.3.1. Couette flow

For the Couette flow several flow conditions were studied. Fig. 3
shows the influence of the non-linear Navier slip model exponent
(m) on the velocity profile for different values of the friction coef-
ficient (k;,). The slip velocity decreases inversely to exponent m, so
it becomes increasingly difficult to attain the plug flow conditions
when m increases.

This behavior can be also verified by variation of the shear rate
¢ = du/dy with the slip coefficient, seen in Fig. 4. As shown for the
case with exponent m =2, du/dy is larger than for the m=1 case.
Notice that du/dy will multiply a negative number (see Table 1),
thus reducing the slip velocity for higher slip exponents.

“[ee]

Fig. 4. Integral constant c¢; versus the friction coefficient for the Couettte flow with
non-linear Navier slip model at the fixed wall.
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Fig. 5. (a) Difference between the asymptotic (A) and the Hatzikiriakos (H) slip
velocities for different values of the dimensionless slip coefficient k. It is assumed
that k} = 1. (b) Representation of the four slip boundary conditions (slip velocity
versus shear stress) for equal and constant friction coefficients.

3.3.2. Poiseuille flow (symmetrical conditions)

In Fig. 5a the difference in slip velocity between the asymptotic
and Hatzikiriakos slip laws is illustrated. For different values of the
slip coefficient k) the sensitivity of the models is different. Notice
that the Hatzikiriakos slip law is built with the inverse function
of the asymptotic law, and therefore its growth is exponential.
For small values of k, both functions tend to a linear “local” behav-
ior for some specific range of the pressure gradient, and for these
values they locally have a similar behavior as can be seen in Fig. 5.

The Hatzikiriakos slip law is much more sensitive to the k, coef-
ficient than the asymptotic slip law, as can be seen in Fig. 5b. This fact
can be a problem when implementing this law in numerical codes,
mainly due to convergence difficulties, since along the iterative pro-
cedure large variations in the slip velocity can occur and cause diver-
gence (overflow) or even round off errors on the final data.

The other slip parameter k; increases or decreases the slip
velocity establishing a linear relationship between the slip velocity
and the hyperbolic sine or logarithmic functions.

In Fig. 5b we can also see the agreement between the Hatziki-
riakos and asymptotic slip laws for lower values of the shear stress.
Notice the almost linear growth of the slip velocity for the non-
linear Navier slip laws, while the Hatzikiriakos slip law has a sig-
moid shape with an inflection point, where the curvature changes

(a) °

2.5

102 102 10 10° 10
knlljm—l (#/h)’”

(b),,]

10’ 107 10™ 10° 10
knlﬁm—l (,U/]’l)m

Fig. 6. Variation of the normalized pressure gradient (a) and slip velocity (b) with
the dimensionless slip coefficient k, for different values of the slip exponent m for
Poiseuille flow in a channel.

(in Fig. 5b the complete sigmoid shape cannot be seen because we
use null critical stress).

The slip intensity influences the pressure gradient, which pro-
motes the fluid flow. As the resistance of the walls decrease a smal-
ler pressure gradient is enough to ensure motion as shown in
Fig. 6a, where the variation of the pressure gradient with the slip
coefficient is represented. These effects can also be analyzed in
terms of the dimensionless slip velocity, shown in Fig. 6b, where
similar trends to those obtained for pressure gradient are depicted.

It should be noticed that with dimensionless variables the slip
coefficient k; depends on the slip exponent which may influence
the results, since the coefficient is different for each flow exponent
(m). However, plotting the data in nondimensional form shows the
same qualitative behavior.

For the Hatzikiriakos and asymptotic slip models, the behavior
is slightly different when compared with the Navier slip model
as shown in Fig. 7. For the slip constant k; = 1, both models exhibit
the same qualitative behavior as is also the case for the Navier Slip
model. However, as the coefficient k| decreases, their behavior de-
parts from each other and from the Navier slip.

The asymptotic model is greatly influenced by the slip coeffi-
cient k; showing a nearly constant pressure gradient which slowly
decreases with slip, whereas the slip velocity increases strongly
with the slip coefficient k.

The Hatzikiriakos model results in smaller pressure gradient
and higher slip velocities than the asymptotic model for the same
numerical value of the slip coefficients. As seen in Fig. 7, the trend
in the slip velocity for the k; = 1072 (Hatzikiriakos) is quite differ-
ent from the other slip trend lines. At some point this model seems
to be very sensitive to the friction coefficients and the slip velocity
increases drastically, thus creating numerical instabilities.
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Fig. 7. Comparison between the asymptotic and Hatzikiriakos slip laws for
Poiseuille flow in a channel. (a) Variation of the normalized pressure drop for
different values of the slip coefficient k} and two different values of k}. (b) Variation
of the normalized slip velocity with the pressure drop.

3.3.3. Different slip in both walls

For the analysis of the different slip coefficients at both walls,
the linear Navier slip boundary condition was chosen. The varia-
tion of the pressure gradient with k; is shown in Fig. 8a for a case
with no slip at one boundary, showing that the normalized pres-
sure gradient varies from —3 for k; =0 to a maximum value of
—0.75 for k; — oc. Different slip conditions distort the velocity pro-
file as plotted in Fig. 8b. As the slip velocity increases the velocity
peak tends to the wall, where there is slip (y/h = —1). Still in this
particular case, it is easily proven that the velocity profile for the
limiting condition of infinite friction coefficient is given by the fol-
lowing quadratic expression

%(y):0.375{<%>2—1} + [%—1]. (41)

4. Non-Newtonian fluids (Poiseuille flow)
4.1. Power law fluids

Analytical and semi-analytical solutions are derived for non-
Newtonian fluids obeying the “power law” viscosity model. The
solution for imposed pressure gradient flow (direct problem) in
the extrusion barrel geometry given by Newtonian slip law has

(a)3.1} .
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°* one side linear Navier slip

10° 107 10" 10° 10

b
b
==
W

|

|

|
-
2

0.6
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Fig. 8. Study of the linear Navier slip boundary condition applied to the bottom
wall of a channel flow: (a) Variation of the pressure gradient with the friction
coefficient. (b)Velocity profile with no slip velocity at the top wall (y=1) and
different slip coefficients at bottom (y = —1).

been reported elsewhere [6,8] and we look now at the inverse
solution.

Consider the momentum equation (Eq. (5)), with the variable
viscosity of Eq. (6). For symmetric boundary conditions consider
only the lower half channel, where the velocity gradient is positive

new) = a<@)nil (42)

For wall slip u(—h) the velocity profile is given by (cf. [30] for
the pipe flow case)

h(l/n)+1 (7y)(l/n)+1

,px 1/n
uy) = (%) ((1/n)+1 - (1/n)+1> u=h). *3)

The solution for the “inverse problem” with an imposed mean
velocity U is given by solving Eq. (44)

h(l/n)+1

—p\ 1/
(Tp) {(1/n)+2

Hatzikiriakos and Mitsoulis [29] studied these flows with Navier
non-linear slip law for special cases of the slip exponents 1/n=m
and making use of lubrication theory in tapered dies. They only pre-
sented full analytical solutions for the direct problem, whereas for
the inverse problem the solutions are approximate because there
is an unsolved integral in the equations. However, there is a closed

+u(-h)-U=0 (44)
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Table 5
Analytical solutions for Poiseuille flow of a power law fluid for different sets of power law (n) and slip (m) coefficients. nm.
Poiseuille flow: power-law fluid [linear (m = 1) and non-linear Navier slip n=0.5 K" — (ngh™+4Tfa 2K/ (1 /n+2) !])"5
(m#1)] m=1 Px= 2@ 2 (1/n2) ]
_ — / 1
n=9s pe = —(O/(HY™ (A /n 4 2)a2) ] + k™)
n=05 Method given in a Appendix C
m=3
n=1/3 2 2 2
m=1 Py =34/-0/2+/(q/2)" + (p/3)" + 31/ —a/2 —/(q/2)62 + (p/3)
_ kyh _ U
p= a 3h“'""1’(1/n+2)"] q= a3 (1n12) ]
n=1/3 Method given in Appendix C
m=2
n=1/3 = - -1 13
Yy P = —(U/(h™ 7 (1 /n +2)) ™ Jeuh™) )
=2 TS 2 + _
m—1 Py == (LYY L @ 0sh Y 1/ 2)

form solution for their special case “power-law (n = 1/2) with linear
slip” which we give at the end of Appendix D.

For our geometry (Poiseuille flow in a channel), the analytical
solutions for the special cases n=1/2 with m=1, 2, 3, n=1/3 with
m=1,2,3and n=2 with m=1 are also in closed form and given in
Table 5. For other values of the slip exponents and other slip laws
Appendix D includes the proof of existence of a unique solution.

4.2. Sisko model-particular solutions for n=0.5 and n=2

When the fluid viscosity obeys the Sisko model (Eq. (7)), inte-
gration of the momentum equation gives

d_u +a d_ll ! — =0

The solution of Eq. (45) is complex and is only given below (in
closed form for the direct problem) for the cases n=0.5, 2 (see
Appendix E for the details).

(45)

For n=0.5:
uy) =yt + (1) + [4apo3]/ ;;nghc)z ATy s
For n=2:
L alle - [4uxpx]h]]32/2léc I[)a @RV (47)

4.3. Discussion (non-Newtonian fluids)

Fig. 9a and b show the variations of pressure gradient and the
slip velocity with the slip coefficient for both shear-thinning
(n<1) and shear-thickening (n > 1) fluids.

Increasing the slip coefficient decreases the magnitude of the
favorable pressure gradient, with shear-thickening fluids leading
to higher frictional loss than with shear-thinning fluids. Similar
variations are observed for the slip velocity in Fig. 9b, except that
for slip coefficients in excess of about 5 x 10!, where shear-thin-
ning fluids have higher velocities than shear-thickening fluids.

For the non-linear Navier slip law, the viscosity power-law
exponent has the major influence on the pressure gradient as seen
in Fig. 10a, something that is confirmed also by Fig. 11b, for the
Hatzikiriakos and asymptotic slip models. Fig. 10b also shows that
the asymptotic model is much less sensitive to the friction coeffi-
cient than the Hatzikiriakos model.

4.4. Yield Stress fluids — Herschel-Bulkley and Robertson-Stiff models

The Poiseuille flow of a yield stress fluid is characterized by a
“plug region” everywhere the yield stress 7 is not exceeded and,
where the rate of strain tensor is identically zero.

The motion of the plug region €2, is determined by the following
form of the momentum equation [31]

du
o.nds:/ —dQ
¢ emas= [ p

with ¢ = —pé + 1, p is the pressure, § is the unity tensor, t is the devi-
atoric stress tensor and n is the normal vector to the surface 0€2.

Considering the geometry in Fig. 11, integration of the momen-
tum equation gives the shear stress distribution,

(48)

Ty = —PxY- (49)

For fully developed flow the momentum equation applied to the
geometry of Fig. 11 states that

b b y y
[ owar [ —ryars [ (ta-podr- [ (ww-pdx=0. (50
a a -y -y

upper wall

bottom wall left side right side

The stress profile is linear across the channel and based on Eq.
(49) the yield surface distances are given by

+hy = To/p, = Toh/Tw (51-a)
px="1w/h (51-b)
+hy = Toh/Ty (51-c)

where 1, with 7,, > 0 is the stress at the walls (y = £+ h) and 7 is the
yield stress.

To obtain the solution for the Herschel-Bulkley and the Robert-
son-Stiff models, we followed the procedure of [32], except that
here the slip velocity is included. The two rheological models can
be written depending on the stress invariant [32]

p= (1)
_ ()1/n (H)”” : if |t| > toand (y = 0if |t| < T9)  (52)
=) (")

The flow rate dependence on the pressure gradient (direct problem)
results from integration of the velocity profile over the domain (half
of the domain because of symmetry) and leads to the following
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Fig. 9. Power law fluid with Navier slip boundary condition: (a) Normalized
pressure drop versus slip coefficient (b) Normalized slip velocity versus slip
coefficient.

velocity profiles (subscripts HB and RS stand for the Herschel-Bulk-
ley and Robertson-Stiff models, respectively).

U= (2 (h—ho) T — (y —ho) ™M - u(h), ho < |y|<h

T4+n \yy

u(y)yp = o
g =125 (2 [(h—ho) ")+ u(h), 0 <lyl<ho
(53)

U(Y)gs
u= ()" /"My —h) — g2 (B) My — f ) pu(h), he<y|<h
"\ g = )" () g2 (B) Uy i~ RO Ly, 0<[y] <o
(54)

To determine the inverse problem solution we impose a flow
rate Q = Uh and integrate over half of the channel width leading
to the following solutions for the Herschel-Bulkley model

1/n (1+2n)/n
n (Px p(m/m nfh — ho) n_
Tn <Ho> {h(h ho) Tiom +hu(h)—Q=0 (55)

and the Robertson-Stiff model
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Fig. 10. (a)Pressure drop versus friction coefficient for different slip and power law

exponents, (b) Pressure drop versus friction coefficient for the asymptotic and
Hatzikiriakos slip models with k; = k;/U = 1E—3, k, = kynqU/h.
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Fig. 11. Geometry for the yield stress fluids. The plug zone goes from —y, to yo. The
channel width is 2h.

Ho

e )32 )
+huth)-Q=0 (56)

)"0

respectively. In both cases hg = 7o/px and the non-linear equations
must be solved numerically.

Bingham fluids:

For the special case of Bingham fluids (Herschel-Bulkley model
with n = 1) with Navier slip boundary condition, the full analytical
solution is possible and is given by Eq. (57) for the direct problem
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Table 6
Different values of y, =1¢/7w (dimensionless) for different slip coefficients
ky = kto/Up.

kg B=1 B=2 B=3 B=4 B=5
1.OE-03 0.224140 0.340408 0.414660 0.467481 0.507620
1.OE-02 0.230245 0.345188 0.418678 0.470997 0.510775
1.OE-01 0.291645 0.393487  0.459390 0.506685 0.542850
1.OE+00 1.000000 1.000000 1.000000 1.000000 1.000000
1.OE+01 4.708312 3.798070 3.389721 3.146795 2.982333
1
0.9 1 oB=1
oB=2
0.8 1 aB=3
xB=4
0.7 1 *B=5
0.6 1
% X X XXXXX
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0.4 1 s a e eened
o o o o ooooofd
0.3
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Fig. 12. Variation of y, = 7o/t, with the (dimensionless) slip coefficient kg = k7o /Up.

Unia =2 |(1 =% = (V| = %)% +ky, x<|y| <1
u/(y,):{ﬂd L[ - W1 =27 +kn, x<ll <

Upiig = £ (1 = %) + ks, 0<lyl<x
(57)
and by Eq. (58) for the inverse problem
3
%0B/®) s B2 1)x4B/3+ks =0 (58)
6,L£0 —_—— —_——
S—— b c

a

where B is the Bingham number B= Ioh/,uOUo, X=To/Tw,
ks = kto/U,. The algebraic solution of this cubic equation is given
as Eq. (59) with p=b/a and q = c/a.

X= Q/—Q/Z +1/(a/2)* + (p/3)°
+ \3/—61/2 —\/(@/2)* + (p/3)". (59)

Note that this solution is presented in the literature [31] in the
absence of slip. Analytical solutions for Bingham fluids with Navier
slip boundary conditions could be found for the special case of
squeeze flow between parallel disks for the regularized bi-viscosity
model with imposed pressure gradient [14]; a similar study is also
given by [33].

4.4.1. Discussion (non-Newtonian fluids with yield stress)

For the yield stress fluids, the Bingham fluid was chosen. The
studies were made varying the parameters B and kg.

Fig. 12 shows the dramatic increase of stress ratio 7o/7,, with
the slip coefficient, which means that the pressure gradient de-
creases and the plug size increases. The stress ratio 7o/, also de-
creases with the increase of the Bingham number. As the slip
coefficient increases the plug grows in size towards the wall and
it is not always possible to have a solution (un-yielded fluid). In

fact the yield stress cannot exceed the wall stress. Table 6 shows
that for some values of kg this condition is violated and this can
bring problems to numerical simulation.

5. Conclusion

Analytical and semi-analytical solutions were presented for the
direct and inverse flow problems of Couette-Poiseuille flows of
Newtonian and non-Newtonian fluids. As for the non-Newtonian
fluids, but for the latter only inelastic models were considered
namely the power law, Sisko and two yield stress fluid models
(Herschel-Bulkley and Robertson-Stiff). Four different slip models
were considered, namely the Navier linear and non-linear slip
laws, the asymptotic law and the Hatzikiriakos slip law. For some
fluids, only particular solutions were presented, as for the Sisko
fluid, whereas for cases, where the solution could not be found
analytically, the existence of the solution was proven, and the
interval, where the solution lies was given.

The proposed analytical solutions are valid for any values of the
employed models’ parameters, thus they cover all the slip velocity
data given in the literature both for Newtonian and non-Newto-
nian fluids.
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Appendix A. Couette flow of Newtonian fluids with non-linear
Navier slip at the bottom wall and no-slip at the top wall

In the non-linear Navier slip law the boundary conditions are
given by

u(=h) = k(per)™ (A1)
uthy=U (A.2)
This implies that the constant c¢; = W = (c))"+

(2h/ku™)er — (U/kp™) = 0.

For m = 0.5 this non-linear equation can be solved with the help
of a variable change 9> =x=x?>=c;, x>0 leading to the
equation

(2h/ku™x* +x — (U/kp™) = 0,

which needs to be solved for the positive solution.
For m = 2 the solution is trivial and for m = 3 the Cardan-Tarta-
glia formula is used.

(A3)

Remark. The solution c; is always positive. Let f{c;) be a function
of the constant ¢; and given by f(ci) = (¢1)™ + (2h/ku™)c1 —
(U/ku™).The derivative of f{c;) is f(c1)=m(c)™ '+ (2h/ku™). It
can also be seen that f'(c;) >0,Vc; >0, fl0)<0 and that
f([U/ku™™) >~ 0.We can now conclude by Bolzano and Rolle
theorems that there is a unique solution ¢; to equation f{c;) =0, in
the range, [0; [U/ku™]"™).

Appendix B. Poiseuille flow of a Newtonian fluid with non-
linear slip laws

For m=0.5, 1, 2 and 3, a full analytical solution can be obtained
and is given in Table 2.

The existence of a unique solution can be proved provided
m > 0. The derivative of Eq. (33) is given by
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7%7 mkh™ (—p,)™ ' <0, ¥p, <0 (B.1)
Let
f) =~ P20 L k" (p" - T (B2)
3u
Then f(0)=-U and f(-30u/h*) = kh™(30u/h*)™ >0

f(=UYm/kh™) = UYmh?/(3ukh™) > 0.By Bolzano and Rolle theo-
rems there is a unique solution in the range ]0;A[ with
A = min{-3U0p/h*; —=UVm /kh™}.

Appendix C. Derivation of equations for different slip
coefficients at top and bottom walls

Assume for the top wall the Navier slip boundary condition of
Eq. (C1) and at the bottom wall the non-linear Navier slip law of
Eq. (C.2)) with m =2, 3.

u(h) = ki(=psh — pcr) (C2)
u(~h) = kp(~p,h + pcy)" (C3)
The system of equation that needs to be solved is (C.3)
—2hcy +u(h) —u(-h) =0. (C.3-a)
P chyum-u=o0 (C.3-b)
3u ' '

where Eq. (C.3-b) is independent of the slip exponent and can be
solved for the pressure gradient

_Gh+kpce, +U (C.4)

By substitution of (C.4) into (C.3-a) a quadratic and a cubic
equation are obtained for ¢; for m =2 and 3, respectively.

The solution for m = 2 is given by (C.3) with constants (C.4) and
(C.5)

1= (16kyp2(1.5k ju+ 1)) "' (vV24[(3ky o+ h)? (1.5K2 ik, U + 2.5k, 13k Uh+
R 12[k,U + (1/6)k2] + (1/6)h° Ky pu+ (1/24)h*)) 05

—18ky3ky U + (—6I% — 12k U)hp? — 5h%ky i — %)
(C.5)

For m = 3 one has to solve the equation
S +bct +cci+d=0 (C.6)

with coefficients

b=8c=%d=2
A =288k, t1*h?® + 432k, S hIE + 64k, 13 + 216k, ke
B =432k, it hk; U + 144k, (30U + 324k, 15k, U
C =16k pt+420*I 12 + 36hiC 13 + 108k, L3 hU? + 162k, pitk, U? + 2h*
D = =3k uUK* — 1812 u2Uh + 27k, pi2U° — 2716 13U

Making the substitution c; =x — b/3 the equation transforms to
x> +ex+f=0, and the so called Vieta substitution x = y — e/3y, leads
to a quadratic equation for y>.

WY+ —€/27=0

This equation gives six solutions that reduce to three after back
substitution.

(C.7)

Appendix D. Proof of existence of a unique solution for
Poiseuille flows of power law fluids with slip

Let f{px) be given by Eq. (D1) and u(h) be given by Egs. (20-a),
(21-a) and (22-a)

Dy im p/m+
_ X
Let f(px) represent the derivative of function f{py)
, R —py V1 du(h)
fp) = [((1/n)+2)an (T) + dp, <0, vp, <0 (D.2)
Then d“ ) is negative and is given by,
—mkhm(—px)""] <0 (D.3)
—kikyh cosh(—kzp,h) <0 (D.4)
*kl kzh
T—lop,h <0 (D.5)
for the non-linear Navier, asymptotic and Hatzikiriakos slip models,
respectively.
For all cases f(0)=-U and f( { Vﬂ?flz] > >0,

f(=UYm/kh™) = UYmh? /(3ukh™) > 0

Regarding now the application of the slip condition, we have
the following three models:

Non-linear Navier slip law:

f(=UYm/kh™) = GYmh? /(3ukh™) > 0.By Bolzano and Rolle theo-
rems there is a wunique solution in the range ]0;A],
A = min { [—((1,/,'}3 +2) ] Ul/"‘/khm}

Hatzikiriakos slip law:

f((—arcsinh(U/k;))/hky) > 0. There is unique solution is in the
range ]0; A[ with A = min{—af hf/;‘,jlz)]";—arcsinh(U/kl))/hkz}.

Asymptotic slip law:
f(—[exp(U/ky) — 1]/hk,) > 0. There is a unique solution is in the

range ]0; A[ with A = min {—a[LW] —[exp(Uky) — 1]/hk2}
Power-law Case (n =1/2) with Linear Slip from Hatzikiriakos

and Mitsoulis [28].
Their Eq. (11) is now simplified and given by,

w-B]]

24 R, R
Ro(B*Ry + 4QA) /M Ri (BR; + 40A) /B2 R1;4QA
0
- 1204
(D.6)

Appendix E. Derivation of analytical solution for Sisko model

The Sisko model is given by Eq. (7) and its substitution into the
integrated form of the momentum equation (Eq. (5)) gives

du du ,

—+a5-)" — =0
ooy 9y — P

It is difficult to obtain the solution of this equation, because of
its non-linear nature associated with the exponent, unless some
particular values are explored such as n=0.5, 1 and 2.

For n = 0.5 Eq. (E1) is quadratic on du/dy. Let x = (du/ dy)°®> lead-
ing to

(E.1)

HoX* +ax—py=0 (E:2)
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The solutions of Eq. (E2) are given by Eq. (E3)

a 1
@ + [4L. D,y (E3)

ST

In order to pick the physically acceptable solution, it should be
noticed that du/dy >0 at y=—h. Notice that [4u..px]ly = 0 for
ye€[-h,0] (favorable pressure gradient is negative) and

Vaz +[4p _p,ly > a® leading to

du @ _ayat + a)l Py a’ + [4pL,.pyly pxy
dy 242 2p2, T E4
which implies that

@ a/@+ApDply Py
uy) = T — +Edy (E.5)
After integration
_ Py a 2 2
uy) =5 u2 2z Yo 1o, @ T AP (E6)

and applying the slip boundary condition u(—h), the constant c is re-
vealed and the final solution, depending on the pressure gradient, is
given by

2
a(y+h +px(y2 )

uy) =— T2a i
a((a — 4p. ph? — (@ + 4p pyP"?)
2757, +u(-h) (E.7)

The solution to the inverse problem is given by solving the fol-
lowing equation with p, as a variable

@h _ph’  ald -4 ph”” | a(e’ - 4ppJh’” - )
B BIGD 120n(2
+u(-h)-U=0 E8)

For n =1 the solution is exactly the same as the one obtained for
the Poiseuille flow and Newtonian fluid, but 7o + a should be used
instead of p.

For n = 2 the integrated momentum equation is again quadratic

du du
o(B) i B py=o (£9)
and its solution is given by
du _ B
&= 2t gV )+ Mapy. (E10)

Proceeding as for the case n=0.5 one has that
=/ =5y ()’
~ 5 Y+ qa, () + 4apy

Applying the boundary condition u(—h), we find the final solu-
tion depending on the pressure gradient

+ [4ap,]y,dy +c

o, (E.11)

= uy) =

() +4apy® — [(u,)? — 4ap,h]*?

u) =L=(y-m+ T2,

+u(-h)
(E.12)

The solution to the inverse problem is given by the following
equation with p, as a variable

_Hep [(pt..)* — 4ap,h)*”? n (1)’
4a 12a?p,

+u(-h)-U=0.

— ((4.)* — 4ap,y)°”]
120ha’p,

(E.13)
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