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ABSTRACT This paper is concerned with stability of interconnected systems with time delays. We develop
a self-contained approach to stability analysis for linear and nonlinear systems in a unified framework. New
lemmas are established on matrix properties and used as the key to make negativity of the derivative of the
Lyapunov function. The scalar and simple analytical stability conditions are given. Unlike the majority of
the literature on stability of delay systems, no matrix equations/inequalities are involved in our conditions,
which is true even for large-scale systems and nonlinear subsystems with delayed interconnections. They
are applicable to the more general nonlinear, time-varying, and/or interconnected systems than the relevant
results reported in the literature. The examples are presented for illustration of the new results.

INDEX TERMS Stability, interconnected systems, time delay, Lur’e Postnikov, arrow form matrix,
aggregation technique.

I. INTRODUCTION application in several domains such as physics, mechanics,

In this paper, the stability of interconnected nonlinear systems
with delays is analyzed from a new perspective

n—1 n—1
WO+ Y i OW O+ Y g -ty =0, (1)
=0 =0
with the initial time at t = #¢ and the initial conditions:
W) =ji0). t €lto— Twt0]. i=0,....n—1,
where y;(?) is the system output, and 7;(¢) is the time delay in
the system. In practice, the time delay may be unknown and
can vary over time in a certain interval. It is thus assumed
that 7;(¢) is continuous and differentiable over [0, +o00], and
has an upper limit 7. fj ;(.), g,i(.): D x Q x @ — R, i =
0,...,n — 1, are the nonlinear functions of the time, output,
its (n — 1) derivatives, and delayed output and its (n — 1)

derivatives, where D = [—1,, o¢], and 2 is a connected
domain of R” containing a neighbourhood of 0. It is assumed
that fj; and gj;, i = 0,...,n — 1, are such that the system

(1) has a unique continuous solution for the given initial
condition.

The investigation of interconnected systems have been
substantially studied [1]-[6] in recent years due to their wide
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economics, chemistry, biology, telecommunication, Net-
worked Control Systems (NCS), Internet of Things (IoT),
etc. [7]-[12]. Great attention has been also paid to the prob-
lems of modeling, characterization, structural properties, con-
trol analysis, optimization and feedback design strategies of
these systems [13]-[19]. Despite the existence of several
analytical and designs methods, the choice of the adequate
technique remains quite open. In this context, engineering
intuition and human experience should be relied on in order to
assess modeling, measure information as well as plant struc-
ture and apply analytical and design processes accordingly.
In most existing approaches, a complex system is treated
as large scale if it is decoupled or divided into a set of
interconnected subsystems or the so-called small-scale sys-
tems for computational and practical reasons [20]—[24]. Such
treatment occurs when controlling strongly-related intercon-
nected power systems, water systems broadly distributed in
space as well as traffic systems having numerous external
signals or large-space flexible structures. In this case, the con-
trolled systems are too large and the problems that should be
resolved are so complex. Therefore, many research studies
have tried to divide the process of analyzing and synthesizing
the whole system into practically independent sub-problems
to deal with the incomplete information on the system, handle

20977


https://orcid.org/0000-0003-1057-2929
https://orcid.org/0000-0002-3672-3716
https://orcid.org/0000-0002-0257-5647

IEEE Access

S. Elmadssia, Q.-G. Wang: Analytical Stability Conditions on Interconnected Nonlinear Systems With Delays

uncertainties and accommodate delays. One major approach
consists in treating the complexity as an important and dom-
inating problem in the systems theory and practice [25].

As the interconnected Lur’e Postnikov systems with time
delays is one of the most important connected systems,
we investigate, in this paper, their stability analysis. We also
present, for the first time, the stability conditions under
analytical form dependent on arbitrary-chosen parameters
named o;, in case of single nonlinear systems, and «;; in
the case of interconnected systems. This analytical form can
be tuned by judicious choice of these parameters even if
the system or the subsystems is unstable. It should be noted
that the stability analysis of interconnected systems is not
easy even for small order linear systems where the stability
of each isolated subsystem does not imply the stability of
the global system as the magnitude of the interconnections
affects the stability of the composite system and difficulties
will be greater when delays appear in the interconnections
between the different subsystems. Moreover, the basic con-
trol feedback problem consists in finding a control input
vector on the basis of the a priori knowledge of the plant
described by its design model in the presence of a class of
nonlinearities. The control goal is usually given in the form
of the design requirements and the a posteriori information
about the outputs and the reference signals; that is why
this problem is not easy to solve in interconnected systems.
In fact, the controller receives all sensor data available from
the subsystems and determines all input signals of the plant
where all information is assumed to be available for a single
unit that designs and applies the controller to the plant. Unfor-
tunately, this procedure becomes incorrect when there is time
delay in the interconnection links. In fact, the transmission
of information from one subsystem to another may produce a
delay, as revealed in [26], [27]. Significant delays may also be
caused by the sensors, the actuators and the computing time
required for control [28]-[33]. In this case, the presence of
time delays may result in complex behaviors such as oscilla-
tions, instability, etc. [34], [35]. Thus, the task of well control-
ling a nonlinear system with interconnections and time-delay
remains one of the most challenging control problems [36].
To deal with issue, interconnection terms between the various
subsystems should be handled using various approaches. For
instance, in [37]-[40], the variable structure control approach
was used to control an interconnected system. Several other
researchers [41]-[43] presented robust decentralized variable
structure control for such systems.

Obviously, the above-mentioned approaches did not con-
sider time-delay in the interconnections. Besides, many sta-
bility criteria were proposed on delay systems by using
aggregation techniques and radially unbounded Lyapunov
functions [44]-[49]. It is well known that the major-
ity of the literature on stability of delay systems studied
stability conditions in terms of linear matrix inequalities
(LMIs) [50]-[53]. This observation remains true until now
in a huge volume of publications and the size of LMIs
increases with order/complexity of the systems. It is desirable
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to have a very few number of stability conditions, regardless
of order/complexity of a delay system. We present, in this
work, a self-contained approach of stability analysis for linear
and nonlinear systems with delay in a unified framework.
New lemmas are established on matrix properties and used to
make the derivative of the Lyapunov function negative. The
scalar and simple analytical stability conditions are obtained.
Unlike the majority of the literature on stability of delay
systems, no matrix equations/inequalities are involved in
our conditions, which is true even for large scale systems
and nonlinear subsystems with delayed interconnections. The
contributions are highlighted with regards to the relevant
literature as follows:

1) The Lyapunov function used in this paper is not the
same as that applied in [54].

2) The condition of making the derivative of the Lyapunov
in [54] negative is based on M-matrices and related
properties [54]-[56]; whereas, in this study, the two
elements are not utilized. We develop two brand new
lemmas to solve this problem of negativity.

3) Theorem 1, applied in our paper, enables stability
analysis for a general system, where all the ele-
ments of an arrow-form matrix can be nonlinear or
time-varying including both the system’s coefficient
functions, f; and g;; and artificially introduced param-
eters, «;. This greatly generalizes the results presented
in [54], [58]-[61] where only one row or one column
of the arrow form matrix could be so and its diagonal
elements must be constant. The new capacities are
illustrated in our examples.

4) In case of constant delays (then its time derivative is
zero), the first condition of Theorem 1 is always satis-
fied and the stability condition of Theorem 1 is reduced
to its second condition only, regardless of delay. Fur-
thermore, in the case of variable delays, the condition
on delay depends only on the coefficients §; ;(.). These
results were not given in [54].

5) This paper presents the modelling of a system con-
sisting of two Lur’e Postnikov plants with delayed
inter-connections and feedbacks, and its stability con-
ditions (Theorem 2), while such a system was not
considered in [54].

Notations: Throughout this paper, let R = (—o0, 4 00)
and R" be an n—dimensional linear vector space over the reals
with the norm ||.||. Let C,, = C([—1,,, 0]; ) be the Banach
space of continuous functions mapping the interval [—1,, 0]
into 2 C R" with the topology of uniform convergence. For
a given ¢ € Cp, we define [[|pll| = sup_,, << 9@
The notations ||.|| refers to the Euclidean vector norm or
the induced matrix norm, as appropriate. If their dimensions
are not explicitly stated, matrices, are assumed to have com-
patible dimensions. Let supp |[f(.)| be the supremum of f(.)
calculated over D x Q x 2, where f(.) can be any of f; and
gi and their algebraic combination. Finally, we denote the
right Dini derivative of a function V (¢) with respect to time ¢
by DTV (¢).
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The rest of the paper is organized as follows: Section 2
presents stability analysis for single systems, while
Section 3 extends to interconnected Lur’e systems. Section 4
concludes the paper.

Il. SINGLE NONLINEAR SYSTEMS
Consider a class of nonlinear systems in the form of

n—1 n—1
YOO+ Oy + ) gy —t0) =0, (2

i=0 i=0
with the initial time at ¢t = ¢y and the initial conditions:

Y1) = ¢ile), t € [to — Twr t0], i=0,...,n—1,

It should be pointed out that several systems can be modeled
by (2), see [54], [55] and the references therein. One example
is the well known Lur’e Postnikov system [44], [46], [47],
[54]-[56], [61], [62]. Stability of such systems is difficult to
analyze, even for second-order systems with a constant delay
and single nonlinear coefficient [63].

Define the state variables:

xip1 () =y, i=0,...,n—1,
which lead to
%) =xi@), i=0,...,n—1.

Let x(t) = [x1(t), ..., x,(t)]" € R™.
The system (2) is then described by the following state
space representation,

x(1) = AOx(@) + B' Ox(t — 1(1)),

x(t) = (1), Vi€ lto — tm, T, 3)
where
0 1 0
0 0 . 0
A =] : : ;
0 0 e 1
—fo()  —=A0) —fn-10)
and
0 0 0
0 0 0
B'()= : : : :
0 0 e 0
—go()  —g1() —8n—1(.)
Apply the following state transformation,
1 1 e 1 0
o1 (6%) s On—1 0
x = Pz, where P= : : : S,
. =
a?_l oz'zl_l ot;':i 1
“
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witha; # oy, Vi,k=1,...,n—lLando,j=1,...,n—1,
denote power j of «;. The system (3) becomes

(1) = F()z(t) + B Ozt — © (1)),

2t) = P7lp(1), Vi €[ty — T, tol, )
where
F() =P AP
B o1 0 ... 0 ﬂl
0 a "o B2
o0 o
0 -+ 0 a1 Bua
L y1() e e Yn—1() ¥n(.)
B'() =P 'B'()P
B 0 0 . 0
0 0 e 0
0 0 ... 0
| 61 81() -+ 8n()
n—1
foranyi=1,....n—1, 8 = [ [(i—a) ™" yi() = — (@) +
_ ki ‘
YO = —pro(ed. §i() = =Y gl =

—pa,)(a;), and

n—1
() = =)= > a,

j=1
(Sn() = _gn—l(-)- (6)
Define the matrix I'(.) as follows,
o] 0 - 0 )71()
0 a . : v2()
ro=| : : 0 : )
0 te 0 Qp—1 )7n71(~)
Bil oo e ABamtl W)

where, ¥%i(.) = |yi()| + supp (186:()), Vi = 1,...,n — 1,
Yn() = yu(.) + supp (18,(.)]). Let A(z) be a function of z on
the domain D. H(z) £ % is well defined if h(z) # 0,
for some z € D; otherwise, H(z) = 0 if h(z) = 0, for all
zeD.

We are now in the position to state the main result of this
section.

Theorem 1: The time-delay system (5) is asymptotically

stable if there exist distinct real numbers, o; < 0, i =

1,...,n — 1, such that the following inequalities hold true,
8i(.
(1) + max {—' Ol } <1, (®)
I<j<n | supp [8;(.)]
n—1 ~
- i(1Bil
)~ 3 PR o ©)
i=1 !
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Note first that the advantage of Theorem 1 is its simple
and scalar conditions, where no Linear Matrix Inequality is
present to be solved. It accommodates the parameter uncer-
tainties. It allows great freedoms of a judicious choice of «;,
i =1,...,n — 1. The proof of Theorem 1 needs two new
lemmas. Define a A-matrix with the following special form:

Al 0 . 0 Al.n
0 A2 Adn
A = . . . . , (10
: " - 0 : (10)
0 e 0 )Ln—l,n—l )Ln—l,n
An,] }‘-n,Z )\n,nfl }\n,n
where A;,, Ay; > 0,i=1,...,n—1;and X;; < 0,i =

1,...,n.
Lemma 1: Given a constant A-matrix and any constant
vector n < 0, there is p > 0 for Ap < n, if

n—1
Anilin
Ann — — < 0. 11
Proof: We first show existence of a solution p for
Ap < 7n.One evaluates

n—1 n—1 A s
= 1/f H)Lj,jv 1[/ = )Vn,n - Z %7
ii

j=1 i=1

det(A)

which is not zero under the assumed condition: ¥ < 0. Thus,
A~ exists. Then for all < 0, construct p = A~!(n — €),
fore > 0, with € € R". It follows that Ap = AA™'(n—¢€) =
n — e < n. Next, we show the positivity of p for Ap < 7.
Consider the inequality, Ap < n, for any n < 0. We split it
into two parts:

Aiipi+Ainon <mi, i=1,...,n=1, (12)
n—1
> Mnibi+ hnnbn < - (13)
i=1
Equation (12) is equivalent to
P1 Al -
. >
Pn—1 An—1,n—1
n Aln
X : - : o, (14)
Nn—1 An—1,n

where the inequality direction has been reversed since
Aii < 0.Dueto A,; > 0,j = 1,...,n — 1, the above is

changed to
An1 ! Pl
Ann—1 Pn—1
An1 r ALl -
<—|
Ann—1 An—1,n—1
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n1 )\l,n

NMn—1 )\n—l,n
It follows from (13) that

Annfn < Z An,iPi + N (15)
T
)Ln,l L1
S w46
)Mn,nfl Pn—1

Using (15), (16) is re-written as

n— 1 n—1

ini Aniri
AnnPn < _Z nllll +Z n)jl llnpn+77na a7
i=1 i=1

that is,

n—1 A s n—1 A i
(Xn,n - Z n)‘ji il’n> Pn <1Nn — Z ;‘;il« (18)

i=1 i=1

It is easy to verify from signs of relevant elements in (18) that
the right-hand-side of (18) is strictly negative. This along with
condition (11) implies that

n—1

)\ni i

Nn — ) );l.,ln
o > =l > 0. (19)

n—1 Py

)\'n’n _ Z nxi iz,n

i=1 '

It then follows from (14) that p; > 0,i =1, ...,n—1, which

together with (19) indicates p > 0. The proof is completed. B
Lemma 2: Given a A(.)-matrix with uncertain elements and
any 1 < 0, there is p > 0 for

AOB <10, 20)
if
= )\ni . )\in .
) = 3 P <, @)

i=1

Proof: We want to show that (12) and (13) hold with p
replaced by p. Let

n—1
)Vn,i(')r]i
™ 40
- =
Pn > SUp
"l Ao, i ki (L)
Ann ()= X MRLIAN UL e
i=1 t,t(-)
n—1
An,i(Oni
fn = A(<))n
- =TI .
Ao () — Z Zn ik
i=1 l,l(~)
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and
p1 Ara(.) B
> sup
D
Pn—1 An—1.n-1(")
uh A1a()
X - Pn
Nn—1 An—1,n(.)
A0 -
=
An—1,n—1()
n A1n(l)
X : - : Pn (- (23)
Nn—1 An—1.n(.)

Equation (22) implies that

n—1
A, (N
" ; e
Pn > — ; (24)

n—1
}\n,i(-))\i,n(-)
()»n,n () — Z T())
i=1 :

which, by following the proof of Lemma 1, yields (13).
Similarly, (23) will give (12). |

Proof of Theorem 1: Since o, i = 1,...,n — 1, are arbi-
trary, we choose o; < O with o; # o, Vi, k = 1,...,n— 1,
so that I'(.) is a A-matrix, indeed. Thus, it follows from
Lemma 2 that if

n—1 ~

- 5 OB >|ﬁl o 05)

i=1

there exists a constant vector p > OsuchthatI'(.)p < nholds
true for n < 0. Hence, we choose the radially unbounded,
positive definite Lyapunov function candidate as

Vi) = Zmzl(m + on Zsup i >|/

lzi(v) dv.
(1)

(26)

Because p > 0, V() > 0. The initial condition for the
solution of system (5) is given by z;, = P_lxtO(Q) =
P~ x(to +0) = P~ '¢(0), =1,y < 6 < 0. Then, we have

V(to) < P {Zpi|xi(ro>| + Pn Zs%p 18,01 |||¢|||rm}
- . i=1 i=1
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The right Dini derivative of V(t, z) under the solution of (5)
is given by

Dt V(t, z(t))
”Zl ] | d* )]
- drt P+

+pn Z sup 8| [|()] — (1 — () [zt — T(@)]].

i=1
27)
It is seen that
Azl .
di+ = Zz(t)SZgn(Zt(t))
= (eizi(t) + Biza(1)) sign(zi())
< a;zi(t)sign(zi(t) + | Billza(2)]
= a;lz()] + |Billza (D)1,
and
d+|Zn(t)|
drt
= (Z yizi(t) + Y 8i)zilt — r(r))) sign(z,(1))
i=1 i=1
n—1
< W()za(®)sign(za () + Y lyiOl|zi0)]
i=1
+ ) 18Oz — T@)
i=1
n—1
= 1Ozl + Y Ol + Z 18iIlzi(t — T(@))].
=1 =1
(28)
Using (8), it follows that
. 18;0)] 1801
IR el e sup sup 16:0)1”
D
(29)
fori=1,...,n— 1. Therefore, it follows from (29) that
+
¢ C';’f”' + Zsup 18:()] [zi®)] — (1 — () |zit — T(D)]]

< (Vn() =+ sup |8n()|) |zn (1]
D

n—1
+ Z (17Ol + supp 18I ) |zi(D)]. (30)
i=1
Substituting (30) to (27) yields
n—1

DYV(t,2(t) < Z pi (ailzi(O] + 1 Billza(®)])

i=1

+0n [(S%P [8,()] + Vn(-)) |z (D)
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n—1
+y (m( )| sup 5. )|> |z,<r>|}
1

i=
n—1

[picti + pu¥i()] |zi(1)]
i=1

n—1
- [pn%z(.) + Zpiw} |2n(0)]

i=1
=z T()p < lz)|"n <0, 31)

since 7 < 0. The proof is completed. |

Remark 1: Theorem 1 enables stability analysis for the
systems with time delay, where all the elements of I'(.) could
be nonlinear or time-varying, including both the system’s
coefficient functions, f; and g;; and artificially introduced
parameters, «;, i = 1,...,n — 1. This greatly generalizes
all the results based on the arrow form matrix where the stud-
ied system is without delay in [58]-[60] and the references
therein, or with delay but constant ¢; in [54]-[57] and [61].

The conditions of Theorem 1 can be simplified in certain
cases.

Corollary 1: If there exist distincto; < 0,i = 1,...,n—1,
such that y;(.)8; > O, the stability conditions of Theo-
rem 1 reduce to

. 18;C.)]
r(t)+1I2;a<Xn{supD |5~()|} =l

supp [8;()]1Bil Pr)(0)
Sup(|5n()|) E < —
i=1 i l_[, 11( 0‘/)

Proof: Note that the first condition of Theo-
rem 1 remains same as in Corollary 1. The simplification is
in the second condition which is to be shown now. Take the

artial fraction expansion of M
P P 1= -

n—1

POy O+ Lat ZR—() (32)

Hjn 11 (s — )
where R;(.),i=1,...,n
PO — o)
R(O)=|—=F—"— = —yi()Bi.

[ [T~ s — e }_

Knowing from (6) that y,,(.) = —f—1()—>_} 1a,,then (32)
becomes

— 1, are given by

PF()(S) _
H,r';_ll (s — )

which leads to

n—1
Yi()Bi
() — ) —,

-1
Pr()(©0) - VOB
e (R D
Hj:l (=) - %
Then, if y;(.)B; > 0, the inequality (9) becomes the 2nd
condition in this corollary. The proof is completed. |
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If the roots of py(.) are all real, negative and distinct,
we can choose the «; to be equal to these roots.

Corollary 2: prél(.)(a,-) =0,a;<0,i=1,...,n—1,
where a; # aj forall i # j = 1,...,n — 1, such that

vi()Bi > 0, then the stability conditions of Theo-
rem 1 become
3n(.
2+ —oOl (33)
supp [8,(.)]
PF
sup (16,()) < gn—1(.) (34)
D pigl()

Proof: prél( )(oz-) = 0, we obtain §;(.) = —pBl( )(a ) =
0.i=1....n=1Lpp,0) = g 1()]_[ 1( ;). Since
yi()Bi > 0is assumed Corollary 1is then applicable and
its conditions become those in this corollary after using the
above relations. The proof is completed. ]

Ill. INTERCONNECTED NONLINEAR SYSTEMS

Consider two coupled Lur’e Postnikov systems with delayed
interconnections, as shown in Fig. 1. Each open-loop plant
without interconnections (rj_(_y ; = 0) is described by its
state space representation:

X(t) = Api(t) + Bjuj(t),j = 1,2,

S Jui(t) = gi(gj(1); ¢;(0) =0, (35)
gj(t) = —Cix(t — d)),

where
_ ; -1, 17
50 = [0, 50, o]
0 1 0 0
1
A = 0 ,
! 0 0 1
S R S
L @ a4 @ an
T kj
sz[O ... 0 bj] , bj=—=,
dn
. . .qT
G=[d - dao ]
7j, dj : are time delays,
rjj—(—1y : are the interconnection variables.

Using the Mean Value Theorem, one gets

a . .
9i(e(1)) — 9;(0) = g”a’(a’) (git) —0),
&j

which gives
9j(j(1) = —@;()Cix(t — d)).

Therefore, ¢;(.) can be interpreted, in certain cases, as the
instantaneous gain at any point of the characteristic of the
nonlinearity ;. Then (35) becomes

(1) = A1) + B} ()x;(t — dy). (36)

VOLUME 9, 2021
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('._\'T(‘—n’l s
1

Iy
“U (sl — Ay) 7By >
]
T2
u
!‘SF - ("’I‘[H - A-Q)_IBQ >
('\‘g(‘—u’gn
FIGURE 1. Two coupled Lur’e Postnikov systems with delayed interconnections.
with and
Hl ~ T
Bl() = —Big;()C] S | 07
0 0 0
(oj,1) (tj,n—1)
- 0 0 0 Pi=1 (aj1)? (@ n—1)? =12
~1,j ~1,j ~1,j : :
—by’ () -b,’50)  —b,7,() : ; 0
. . . (o )n—l (o )n—l 1
From the equation (36), we notice that the system S; is a L1 Jon—1 .
particular form of (1). i F Ak, L k=12, n—1

Now, we consider the interconnection between S; and
ij(fl),- given by Fig.1 with r; ;__); 7 0. Then, we obtain

(1) = @& + 11y &1y = Tim(my):
and the system (36) changes to
(1) = Apxi(t) + B} O)xj(t — dj)

B %yt = @y T oy GD)
where
52 T
Bj = =Bjrji_—1y,iCi_yy
0 e 0 0
| o 0 o |
~by’ by b,
-1y . 2 .
with bi j() = bjCJlgﬂj() and bi J = j,j—(—l)jbj—(—l)ici"
Apply the state transformation:
Pt O
X(@) = [ 0 PZ}Z(I), (38)

where

xo =[do. do]
2w =[dw. 4 (z)]T,

VOLUME 9, 2021

The whole system is given by

. vl -
Z() = [f)‘ ﬁz}Z(t)Jr [%‘ ;&]Z(r —dy)
2

0 B -
+[1§§ OI]Z(I—dz), (39)

where

- T
Za—ay=[dfa-an, Fa-an|

2 —dy) = [« @ +d),
T T
Fe—@+a)|
Fj = P; AP,
(ajy 0 ... 0 g ]
0 o2 ]2
= O | s
0 te 0 ®jn—1 IBil_l
_Vj,l )’j,n—l Vj,n |
51 _ p=l5l \p.
! = PIBlOP;
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0 0
1o 0
85,0 w1 ()
o
B} =P B Py
0 0 0
1o 0 0
2 2 2
8j,1 8]}1 1 8])’[
with,j =1, 2,
Yii = —Pai(ai),
8140 = —Pp1 (),
2
8 = —rp (@1
i=1,...,n—1,
j n—1
Yin = — - Zaj,i»
i=1

1 1
8l.()=—b,’ 1O
2
Sin = by 1

n—

'd .
pa(s) ="+ Z —Ls',

PB}(.)(S)

Pi? (s) =

Applying two permutations to the state vector: the first
is between n—th and (2n — 1)-th rows, the second between
n-th and (2n — 1)-th columns. The new state space represen-

=0 a{’l

n—1 ) '
- ZE}’J(.)S’,

Zz“

8,0

tation (while we retain Z as the state) is given by

Z(t) = YZ(t) + E1()Z(t — d1) + EaZ(t — do),

where
REH! 0 Y13
T = 0 Yoo Y23 |,
| V31 Y32 T33
0 0 0
Ei() = '0 _0 'O , j=1,2,
LE5,0 B0 850
with
Y, = diag (1,1 a2 A1),
Yoo = diag (e2n—1 @21 ... @u-2),
T
v .= |PL1 P2 B1,n—1
3= 10 0 0 ’

20984

- T
0 0 0
Y23 = ,
27 Bt B B2,n—2 :|
=% ]
i 0 0 0
2 | V2.n—1 V2,1 V2,n—2
_Vl,n 0
T3’3 - | 0 VZ,n:| ’
2 (= [0 L0 8,0
== 0 0 ’
=1 0= [ 0 0 0
ST 8,00 8,0 8)n2()
20 = [P0 )0
T35 | 0 8,017
2 [0 0 0 ]
231 = 52 2 2 )
3! [ 912 St
2 2 2
22 = 52;1 1 52,1 82n 2
32710 0 0 ’
=2 [ 0 Sg,n
=33 — _3%n o |

Theorem 2: The closed-loop system (37) is asymptotically
stable if there exist distinctoj; < 0, j = 1,2,i=1,...,
n — 1, such that there holds the following,

2 n—1 -

Zzyjl(”ﬂjl -0.

j=1 i=1
Proof: Consider the matrix T() given in (42), as
shown at the bottom of the next page, with y;;(.) = y;; +
| supp SJ{i(.)I + |8j2,i|’ Vi=1,...,n—=1,j=12y,0) =
Yin+|supp SJ{H(.)|+|8j%n|. Since oy j, k,i=1,...,n—1,are
arbitrary, we choose ay; < 0 with o ; # ayj, Vk, £ = 1,2,
Vi,k = 1,...,n — 1, such that I'(.) is a A-matrix. Thus,
it follows from Lemma 2 that if (41) holds true, there exists
a constant vector » > 0 such that T()p < 7 forj < 0.
Hence, we choose the radially unbounded, positive definite
Lyapunov function candidate as
2n—2
V() = BlZiO] + Banet vano1 () + v2u(0)) . (43)
i=1

max ()71,n(~)v V2.n(. ) (4D)

with

n—1 ¢
i) = s+ supsl 0] [ iz
i=1 D t=d

t

+sup 81,0 [ 1Zan1v)lav
D t—d

t
/ 1Za)ldv
t—dp

t
/ | ZusiW)ldv
t—dy

2
+ ‘82,n—1
n—2
2
+) “Sm
i—1

t
f | Zan)ldv,
t—dy

+]%3,
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and

t
f 1Za)ldv
t—d,

t
/ _NZpiW)ldv
t—d;

t
+supsd,0) /  Zaa)ldv
D t—d

n—1 ¢
+Z‘af,. / 1Ziw)ldv
i=1 t—dy

t
/ | Zan )l
t

_dZ

vau(t) = 1Z20(O)] + sup (83,1 )
D

n—2
+3 sup ‘55,,.(.)
i=1 D

+

2
81,n

— |Zon1e = dn)]) + |8, | 1z

n—2
— |7 = a)]) + 3 [83,] 0200
i=1

— [Zusit = d)]) + [83.,| (1Z2a()
— |Zont = dr)]) (46)
At dT | Zo,(0)

3, 0] 4z

drt
_ n—2

= [Zate = @) + Y sup[81,00| (o)
i=1

= kit = ) + sup |31, 0] (Z2n(o)

The right Dini derivative of V (z(¢)), along the solution of (40), . n—1 ,
is given by — [Zaate —an]) + Y |83 ] 1z
i=1
2n—2
= d*|Zi(1)| d*|Z, (1) 7 ‘ 2
+ _ = i = n — 1 Zi(t — d + |8 Zon—1(t
DV = Z P TP |Zi( Z)Q Tl (Z2n—1 ()]
i=1.izn — |21t — d)|) - (47)
_ dvyu_1(t)  vau()
TPu-1 dit T at One sees that
It is seen that d* | Zop—1()]
dt \|Zt d¥Zi(t dr*
—U'h ;( N — sign oy dtf) n_1
. = Y1,eZe(t) + V1,nZon—1(1)
= sign (Z{(1)) (@1 Zi(t) + Br.iZon-1(1)) ; m
< a1 |ZiO| + |Br.i| 1Zan—1 ()] n—1 . )
i=1,....2n—2i%n, (44 > 81 OZot — dv) + 8] ,(VZon-1(t — dy)
d™\Z,(2) , =1
% = Slgn(Zn(t)) (a2,n—IZn(t) + IBZ,n—IZZn(t)) 5 _ n—2 5 B
é Zy(t —dy) + 85 7, t—d
< @2t 1Ol + Bt | 12200, 45) HO2 1 Znll = ) ; 2eZntelt = )
dtvau1()  d¥ 1Zu O S 2 D)) si
_ . +685 Zon(t — dy) ) sign(Zop—1(t 48
- = s +§S%p‘5l‘i(')|(|zl(l)| n_lz,n 2n( 2)) gn(Zan—1(1)) (48)
— |Zit — dy)|) + sup ‘511’}1(,)‘ (1Zon—1(0)] < Z V1,1 Ze(O] + y1,nlZ2n—1(2)]
D =1
[ i 0 0 |B11] 7
0 : :
a1,n—1 |B1n—1]
_ o2 n—1 |ﬂ2,n—l|
Q)= 42
¢ a1 82,1 42
0 .
0 0 o n—2 |B2.n—2|
L V110 Vin-1G)  Van-1() Vono()  V21() max{y,().¥2,0)}]
20985
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n—1
D 181 ONZett — )| + 18] ()1 Zan—1(t — )|
=1

n—2
183, 1Za(t = A + D185 11 Zuso(t — dd)]
=1
+183 411 Zon(t — )], (49)
and
d* | Zon(1)]
drt
n—2
= (J/z,nlzn(f) + Z V2.0Z¢(2)
=1
+V2.0Z0n(t) + 83 1 (VZu(t — d))
n—2
+ 383 ((VZnrolt — dr) + 8}, (VZan(t — )
=1
n—2
+ ) 81 Ze(t — )48y Zon 1 (t — d2)>
=1
x sign(Zay (1))
n—-2
< V21 ZaOL+ D 1yl 1Ze@)] + Vol Zon()]
=1
_ n—2 B
1830 1 ONZa(t = dD)l+ Y 183 /(O Zuge(t — )|
=1
n—2
+ ) 18T 1 Ze(t — d2)| + 18}, ()1 Zan(t — )]
=1
187 W1 Zan—1(t — o). (50)

The use of (48) in (46) yields

dt v 1) < 1

E2n D < 3 (Il +sup 9 -(.)D 120
+ )L 1,i

dt 01 D

+ (J/l,n + S%p ‘5f,n(-)‘> 1Zon—1(0)|

n—2
62,1 1201+ 3 |83, 1Z0sico
i=1
+[82,] 1Z2nco). (51)
and the use of (50) in (47) yields
)

V2n (t)

dt+ Z <|7/2,i| + sup \85@]) 1Zni(0)]

+ (m,n_n + sup \55,,,_1(»\) 1Z,(0)
D

-2

L

(Vz o sup 31, )D Za(®l. (52)

2
‘al,n
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- T
Let Z = [|Zil, ... |Zan-al. (1Zon-1] 4 1Z24]) ] . It then

follows from (44), (45), (51) and (52) that

2n—1
DYV <Z OTOB <Z W<y Zi; <0.
i=1

The proof is completed. ]
When no delay exists in the feedback in Fig. 1, that is,

di =0,j=1,2, Theorem 2 can be much simplified.
Corollary 3: The closed-loop system defined by (37) is

asymptotically stable if there exist distinctoj; < 0, j =1, 2,

i=1,...,n— 1, such that there holds the following,
2 n—1 ‘
Y, 1(5])| |/3] i
lnjajz O D e (N )

j=1 i=l

Proof: From Fig.1, when there is no delay in the feed-
back of each subsystem, the system (35) changes to

55(0) = Aj(e(0) + Bi__iyxim iyt = T o1y (54)

where
A()—[ ~ Bigi()C] |
0 0
, 55
0 1 (55)
—ap(.) —i,_5()  —d,_;()
BJ —(= l)lj ( 1y
0 0 0
_ . N N 7 56
0 0 0 ( )
~by -B,_, b,

Wlthal()_ a_l +bCl(pj()andb] =Triji—(- 1)]b (_1)1({
Apply the same state transformation as in (38), the whole
system becomes

. | 1) 0
Z(t)—|: 0 F2(-)i|Z(t)

+ [ 0 %‘}z(; —1), (57)
where

T
za-m = [fe—m, de-w)]
Fi() = PJ.—lAj(.)P,-
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i 0 0 B
0 aj,z ﬂjz
= -.. 0 N 9
0 00 e -1
| 7.10) Yin—10G)  ¥in() |
. s
Bj = P; BjPj_(-1y
0 0 0
| o 0 0|
8] 1 Sj,n—l 8] n
with, j = 1,2,
Y1.i() = —paj)(@i),
8ji = —p;(@i),
i=1,...,n—1;
) n—1
Vin() = =a@,_ ()= > i,
i=1
7
8/»” = _bnfl’
n—1 ) )
PaO(s) = 5"+ Y @le)s,
i=0
n—1 )
pai(s) =Y _Bs'.
i=0
The new state space representation is given by
Z(t) = Y(e1, e)Z(1) + EZ(t — 1), (58)
where
B Y11 0 Y13
T() = 0 12,2 12,3 )
| T3,1(e1)  T3p2(e2)  T33(e1,€2)
[0 0 0
E = 0 0 0 ,
| E31  E32 E33
with
Y11 :diag(al’l o2 0[1,,,_1),
Yy = diag (@201 021 @20-2)
- T
Bl B - BL
T2 = | P 2 n—1
B=lo o - 0 ’
. C 0 0o .. 0 }T
23 = | z2 2 2 ,
L Bar BT B
v yvipe) oo yia—ien)
T3,1(') - i 0 0 . O k]
i 0 0 0
Y32(.) = ,
32() | V2n—1(82)  v2,1(82) J/z,n2(82)}

VOLUME 9, 2021

[ Yin(er) 0
Ti30) = | ,
230 | 0 V2,n(82):|
[0 0 0
FIT s s 811
[ S2n-1 21 82.n—2
E3o = 0 0 0 ,
[0 b
3= 15, 0
In this case, we get
Vi) = |yiep)| + 18], Vi=1,....,n—1,
Vin() = vjulg) + ‘(ij(fl)i,n ,j=1,2.

We choose ap,; < 0 with og; # oapj, Yk, £ = 1,2,
Vi,k = 1,...,n — 1, such that (53) holds true. Then I"(.)
is a A-matrix, and Lemma 2 is invoked. The rest of the proof
follows the similar arguments to the proof of Theorem 2 and
is omitted. The proof is completed. |

IV. EXAMPLES

We illustrate, in this section, some numerical examples

together with their simulations in order to show the validity

and enumerate the benefits of the developed approaches.
Example 1: Consider the example in [64] (page 69) with

added complexity: the system have time variable delay 7(t)

Lo | 248 g()
0 = [ e(t) —0.9 + g(1) } x(0)
—1+g(t) 0
+B [ i L g(t):|x(t — (1)), (59)

where x(¢) € R2, B € R and |g(r)| < 0.1.
The condition (7) of Theorem 1 becomes

1 1
7(t) < 1 — max u, 1 +@] .
1.1 1.1
In this case, the matrix I'(.) is evaluated as
) = [ () lg(0)] + 18] }
' g —0.9+g@)+ 1.1|B]

where o(.) = —2+4g(t)+ 1.1|8|. By Theorem 1, the stability
condition is given by
18I + lg)I|B]
—094g() + 1.118] — < 0.
S A T Ty
Knowing that |g(¢)| < 0.1 then (60) holds true if || < %
In fact, we can verify that a(.) = —2 4+ g(t) + 1.1|8| < 0,
and (60) becomes

(60)

18] < 0.667.

However, the authors, in [64], obtained by solving LMIs a
more restrictive result: the system is asymptotically stable and
independent of delays for || < 0.644.
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Example 2: Consider the system in Fig.1 with second-order
dynamics for each plant,

0 1
A= __ 1 RIARS P
i 11,2 14,2
0
0
B ; [b]} ’
L M 11452
¢/ =[x 1], x%>0,
ki(s + X))

T (s + D@wjas+ 1)
~ - 0 O
Bi() = @), [ "y 1} :

~ 0 0
2
Bj = i1y jbj [A. . 1} :

J—(=1y
The choice of @1,] = —A; and g1 = —X2, leads to
=, 1
F: = Wil + w2
J —pa (=) A — 2. e
L M 11,2
v [0 0
Bl() = N ,
() |0 - j§0j(8j)]
v [0 0
B = }
PO b
M = 0 1
ro=| 0 s L ,
_|pA1(—x1)| Ipay(—22)| 1112]?15)(2{)/,',2(-)}
where
_ Wil + 12 -
Via() = & — L2 sup [bigice)
J j 112 g |J] J|
F = 1y il

By Theorem 2, the stability condition in this particular case
is given by

_pay(=AD1 [pay(=22)]

V(. 0. (61
e {7520} e Sy (61)
For simulation, we consider a numerical case with
_ 0.2(s + 0.75)
Cl(sh—A)~'B) = :
(14 1.25)(1 +0.25)
_ 0.5+ 1)
Clsh —A)7'By = ,
26k =A2) B = S T 03
rpo = 0.5, mn1= —1.

Then, (61) becomes
max {—4.25 + 0.83 sup |@1(.)|, —2.44 + 1.11 sup |¢2(.)|}
D D

| —0.3542] ]0.7778|
— — <0,
-0.75 -1

that is,
max {—4.25 + 0.83 sup |@1(.)|, —2.44 + 1.11 sup |¢2(.)|}
D D
+1.25 < 0.

20988

Let
—4.2540.83sup |@1(.)| < —2.44 + 1.11sup |@2(.)| < 0.
D D

This yields the stability region determined by

2.1667 < supp |@1(.)| < 3.60,
—1.6250 + 0.75 supp |91(.)| < supp |@2(.)] < 2.2.

These inequalities define the stability region (supp |91 (.)|,p |
@2(.)]) which are illustrated in Fig.2.

251
— 2t
~—
o4
9.
Qs}
a1
=
1k
o5 ~
LS
Stability region
0 = . L . i . ‘
2 22 24 26 238 3.2 34 36

3
supp |31(.)

FIGURE 2. Stability region of the nonlinearities (supp |61 (.)|,
supp |$,(.)1) for particular values of o ; = —0.75and o3 ; = 1.

Example 3: Consider the system in Fig.1 with second-order
dynamics for each plant,

0 1
A= 1 ROARNOY NN
L M2 M, 11,2
0
b
L M 11,2
T
Gl =[» 1], %>0,
ki(s + Aj)

cl(sh —A)™'B; = ,
J T (s + D(pjos + 1)

Ai(.) = Aj — Bigi()CT,

- 0 0
Bj = _”j—<—1y',jbi[ . 1} :

A1y
The choice of a1,1 = —A; and g1 = —A2, leads to
AG) [ = 1
() = (Wja+wi2)+k@gice) |
/ __ij(_)\tj) )\J - = ;’Zylzl)l,j,zj(p](sj
v [0 0 ]
B = ,
TTLO —rcy b
—Al 0 1
ro=| 0 —h2 b :
| 14201 Ipa (=2l max {7550

VOLUME 9, 2021



S. Elmadssia, Q.-G. Wang: Analytical Stability Conditions on Interconnected Nonlinear Systems With Delays

IEEE Access

where
(mj1 + wj2) + ki@i(e))
Wi 14,2

By Corollary 3, the stability condition in this particular case
is given by

Vi2() = 1= rjiygbil + 2 —

_ pay(=AD0 [pay(=22)]

lrg;lfxz {7520} e — <0. (62)
For simulation, we consider two numerical cases.
Case 1. Suppose two stable subsystems,
+ 1.5
Cclsh, —A)™'B) = s—’
1R = A BL = T 05
_ 0.5(s + 3)
Cl(sh —A)7'By = ,
2 (6 =A) By = s T 0.25)
r = 5, n1= —1.
Then, (62) becomes
—0.25 —2.2
max {0.5 — 2¢1(.), 6.2 — 1.6¢>(.)} — | 5 | — | 3 | <0,

that is,
max {0.5 —2¢1(.), 6.2 — 1.6¢2(.)} + 0.9 < 0.
Let
0.5—-2¢1() < 6.2 —1.6¢02(.) < 0.

é1() > 0.7,
4.4375 < Go(.) < 3.5625 + 1.25¢1(.),

This yields the stability region (¢(.), ¢2(.)) which are illus-
trated in Fig.3.

Stability region

@1(.)

FIGURE 3. Stability region of the nonlinearities (¢4 (.), @,(.)) for
particular values of 7 ; = —1.5and o3 ; = -3.

Case 2. Suppose one of the subsystems is unstable,

B 10(s + 2.5)
CT(sly — AN 'By = — "7
1 Gl 1) Bi T =5+
_ 1.5(s + 1.25)
Cl(sh, — A2 'By = ,
26k =A) By = e S T 5
rip =35, =-2.
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=50

-200

-250

-300 z .
-5 o 3 10

@1(.)

FIGURE 4. Stability region of the nonlinearities (¢,(.), @,(.)) for
particular values of ¢; ; = -2.5and o, ; = —1.25.

Then, (62) becomes
max {—47 — 10¢1(.), 1.0883 4 0.5¢2(.)} +2.45 < 0.
Let
—47 — 10¢1(.) < 1.0883 4+ 0.5¢2(.) < 0.
This yields the stability region determined by

¢1(.) > —4.455,
—96.1766 — 20¢1(.) < ¢2(.) < —7.0766,

which are illustrated in Fig.4. Example 4. Consider the exam-
ple in [2] with added complexities: two plants, ¥ and X,
have time delay 7 and some plant parameters, w; and wy, are
nonlinear:

. —X1 + X2
Ypix = ——— +wiln @ — 1),
I+ x7
$2
Yo X = —2x0 + ! 5 + wa(Dx2(t — 1)).
I+ xj
In this case, the matrix T'(.) is evaluated as
® !
ol
= 1+ x?
re) = | 1 , (63)
su wa()| —2
where o(.) = sup |wi(.)| — 5 By Theorem 2, the sta-
D X1
bility condition is given by
lx1]
sup (wr()| -2 — ———— < 0. (64)
D (1 +x2a()
(1 — |x1))?

Note that (64) holds true if su wi(.
(64) Pp IOl < S

In fact, we can verify that

3
and supp [w2()] < 3"
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45 T T T
- = =x,it)
¢ X, (1)
0 | . —_—
0 5 10 15 20
Time t (in second)
_ 2
FIGURE 5. State response under conditions w;(.) = w wy, =1
2+x2)?
and t = 0.8 seconds.
45 T T T
- - =x,t)
%50 | ]
20
Time t (in second)
- _=x)?
FIGURE 6. State response under conditions w;(.) = —————,
(2 +x2)?
_ 13 _
wy(.) = vl and t = 5 seconds.
® ()] — — 21 o, and (64)
a(.) = supp [wi(.)| — < < 0, an
1+x2  (A+x})?
|x1]
becomes supp [wa(.)| —2 — ————=—— < sup [wa(.)| —
(1 +x2e() D

1 3
2 + = < 0. which yields supp [wa(.)] < oA The state
variabzle responses are shown in Fig.5 and Fig.6.  Example 5.

Consider the example in [5] with added complexities: the
interconnections between two plants, X1 and X5, have a time
delay t and nonlinearities with y; and y»:

Tpik = —x —x + nOnt - 1),
Yo iy = —Xp — x; + ya()x1(t — 7).

In this case, the matrix T'(.) is evaluated as

Foo (1= Supplyz(-)l)
F(')_<supp|m<.>| —1-2 ) (65)

20990

— — =%
15 ; x| 1

——=
-
~
4

0 20 40 60 80 100 120
Time t (in second)

FIGURE 7. State response under conditions y; = 10, y, = 0.02 and
7 = 10 seconds.

2
—_—— = x1it}
Lt J
15 |1l ®o(t)
I\
1t I '\ b
I \
\
05 1
| \
AN,
ol T e
4
!
05
1 L L L L L L
0 5 10 15 20 25 30 35

Time t (in second))

FIGURE 8. State response under conditions y; = 10, y, = 0.02 and
T = 2 seconds.

By Theorem 2, the stability condition is given by

supp |y1()| supp |y21(.) -
1 +x12

—1-x+ 0. (66)

It can be verified that (66) holds true if
sup [y1(.)| sup [y2()] < 1.
D D
The state variable responses are shown in Fig.7 and Fig.8.

V. CONCLUSION

In this work, we have presented the new stability conditions
for interconnected nonlinear systems with delay. The condi-
tions are explicit, scalar and easy to check. Indeed, the appli-
cation of the proposed method to delayed interconnection
between two Lur’e Postnikov system shows simplicity and
effectiveness. Moreover, our approach is self-contained, and
systematic, and it does not go through the M-matrix and
the arrow form. Our theorems can deal with time delays,
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non-linearity and interconnections, and thus have more gen-
eral applicability than those in the related literature.
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