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Abstract

The key aim of the present work is to analyze the magnetohydrodynamic 2D �ow of Williamson type nano�uid. Heat and 
mass transfer impacts are carried out in the manifestation of nonlinear thermal radiation, Cattaneo–Christov heat and 
mass �ux models and varying thicker surface. By applying the appropriate similarity transformations, the mathemati-
cal equations of velocity, temperature and volume fraction transform to NODEs. An analytical scheme is pragmatic to 
estimate the convergence solutions in terms of power series. The dimensionless velocity pro�le, temperature pro�le and 
nanoparticle volume fraction with the administrative physical aspects are depicted through graphs. It is evidently osten-
sible that the dimensionless velocity declines for the augmented index parameter and wall thickness while cumulative 
values of M and � , the horizontal �uid velocity decreases. Temperature specie upsurges with rising of Nb, Nt, n, � , Rd , �w 
and M. Consequently demotes with the higher values of Pr and De

1
. Nanoparticle volumetric specie escalates with the 

growing e�ects of Nt, while it diminishes with Nb, Sc and De
2
. Comparison is the key procedure for validation our results 

with the earlier literature.

Keywords Williamson nano�uid · Nonlinear thermal radiation · Variable thickness · HAM · Cattaneo–Christov heat/mass 
�uxes

1 Introduction

Nano�uids is the name discovered by Choi [1] to inter-
pret this novel class of nanoparticles based �uids that 
demonstrates thermal inheritances higher-up to those of 
their base �uids. Due to their small size usually less than 
100 nm, nanoparticles �uidize simply in the base �uid 
and as a result, clogging and erosion in channels are no 
longer a problem. These particles carry only a few thou-
sand atoms and own properties that are substantially dif-
fer from their original materials. Recently there have been 
several advancements which have made the nano�uids 

more stable and ready for use. Nano�uids �nd potential 
applications in electronic devices as they have higher 
denser chips with compact design which makes heat dis-
sipation di�cult, heat pipes in the computer devices to 
improve heat dissipation, industrial cooling uses result-
ing in excellent energy savings and emission reduction, 
for cooling nuclear systems, space and defense because 
of the restriction of space and heat exchangers to improve 
heat transfer rates, in fuel cell, Solar water heaters, chillers, 
domestic refrigerator and as lubricants in machining.

Nano�uids are not merely liquid–solid amalgams but are 
composed by dispersing nanometer-scale solid particles into 
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the base liquids such as water, oils, ethylene glycol, etc. It is 
well known that the metal nanoparticles oxidize in the pro-
cess of preparation and their high density paved the path 
for the simple sedimentation. It is observed that the oxide 
nanoparticles are found chemically stable and are simple to 
generate and disperse in the process of preparation. Among 
the oxides  Al2O3 nanoparticles �nd in major applications and 
exhibit less wear and friction properties in comparison of the 
others apart from higher thermal conductivity and low den-
sity. Consequently,  Al2O3 nanoparticles are chosen for the 
present investigation. Base �uids generally employed in the 
production of nano�uids are the well-known working �uids 
in heat transfer practices; such as water, engine oil and eth-
ylene glycol. Therefore,  Al2O3- water nano�uids are suitable 
for cooling applications in the automotive industry. In the 
present work  Al2O3 nanoparticles are dispersed in de-ionized 
water (here after referred to as water) in fraction of volume.

The nano�uid have been investigated both theoretical 
as well as experimental accomplishments [2–19]. Sheik-
holeslami et al. [20] discussed an experimental study on 
use of nano-refrigerant for boiling heat transfer enrich-
ment. In an article Sheikholeslami et al. [21] also elabo-
rated the heat transfer enhancement with turbulator and 
entropy generation. Some remarkable work on the energy 
storage and entropy generation can be cited in [22–25]. 
Jha and Malgwi [26] investigated the combined e�ects 
of slip current and Hall on MHD �ow in a vertical micro-
channel with free convection. Dabe et al. [27] examined 
Von Karman similarity transformation to evaluate the heat 
and mass transfer features on MHD power law �uid. Kumar 
et al. [28] discussed the stagnation point �ow for the Wil-
liamson and Casson �uid with new heat �ux model.

Our key objective is to examine the MHD �ow of Wil-
liamson nano�uid con�ned by the stretching sheet with 
the variable thickness. Heat and mass transfer phenom-
ena is inspectedby nonlinear thermal radiation and Cat-
taneo–Christov heat and mass �ux principles. Impact of 
Brownian motion (BM) and Thermophoresis diffusion 
(TD) are also discussed. The transformed boundary layer 
approximations for velocity, energy and concentrations are 
contemplated by the homotopy analytic method (HAM). 
Some prominent literature on the HAM are [29–47] and the 
references therein. The dimensionless velocity, tempera-
ture and nanoparticles concentration are discussed in the 
form of graphs in view of several governing parameters.

2  Mathematical formulations

Here we examine the steady MHD two dimensional (2-D) 
laminar Williamson nano�uid �ow owing to stretching 

surface with variable thickness given by y = �
∗(x + b)

1−n

2  . 

A varying magnetic �eld (MF) B(x) = B
0
(x + b)

(n−1)

2  is taken 
in y-direction. Impact of viscous dissipation, slip condi-
tion and induced magnetic �eld are not deliberated for 
the �ow. Features of heat, mass transfers are inspected by 
using the concept of Cattaneo–Christov heat/mass �uxes 
and nonlinear thermal radiation. Natures of nanoparti-
cles are determined by noting the e�ects of BM and TD. 
Velocity of the surface is Uw(x) = a

1
(x + b

1
)n

∗

 , here a
1
 and 

b
1
 denotes the dimensional constants. The Fig. 1 demon-

strates the coordinate system and �ow regime.
The upper convective material derivative of any vector 

can be represent as

In Eq.  (1) V
1
 denotes the velocity vector while  A1 be 

extra vector that regraded for the heat or mass �ux vec-
tor. Therefore the Cattaneo–Christov indi�erent di�usion 
model are presented as

(1)
DA

1

Dt
=

�A
1

�t
+ V

1
⋅ ∇A

1
− A

1
⋅ ∇V

1
+ (∇ ⋅ V

1
) ⋅ A

1

(2)

q + �
1

[

�q

�t
+ V

1
⋅ ∇q − q ⋅ ∇V

1
+ (∇ ⋅ V

1
) ⋅ q

]

= −kf∇T

Fig. 1  Diagram of the problem
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and

In the Eqs. (1)–(3) q be the normal heat �ux, N be the nor-
mal mass �ux, kf  is the thermal conductivity (TC) of the 
�uid, D

B
 is the Brownian di�usion coe�cient (BDC), �

1
 is 

the relaxation time due to heat �ux, �
2
 is the relaxation 

time because of mass �ux, D
Dt

 is the material derivative and 
∇ is the di�erential operator of the vector function. In the 
case of steady laminar �ow we have �q

�t
= 0 , �N

�t
= 0 and 

assuming ∇ ⋅ V = 0 the above equation can be rewritten as

Upon using the following assumptions the ruling equa-
tions of the problem are presented by

Along with the subsequent boundary conditions (BCs):

In the Eqs. (6)-(10) u∗ and v∗ are the components of the 
velocity,� is standing for the kinematic viscosity, �f  is the 
density of the �uid, (cp)f  is the heat capacity at uniform 
pressure, � is the electrical conductivity, B is the magnetic 

(3)

N + �
2

[

�N

�t
+ V

1
⋅ ∇N − N ⋅ ∇V

1
+ (∇ ⋅ V

1
) ⋅ N

]

= −D
B
∇C

(4)q + �
1

[

V
1
⋅ ∇q − q ⋅ ∇V

1

]

= −kf∇T

(5)N + �
2

[

V
1
⋅ ∇J − J ⋅ ∇V

1

]

= −D
B
∇C

(6)
�u∗

�x
+

�v∗

�y
= 0

(7)u∗
�u∗

�x
+ v∗

�u∗

�y
= �

�2u∗

�y2
+

√

2 � �
�u∗

�y

�2u∗

�y2
−

�∗B2
0

�f

(8)

u∗
�T ∗

�x
+ v∗

�T ∗

�y
=

kf
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�2T ∗

�y2
− �
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�
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�y
= D∗

B

�
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�
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,

(10)u∗ = Uw(x) = a1(x + b1)
n∗, v∗ = 0, T ∗ = Tw , C

∗ = Cw at y = �(x + b1)
(1−n∗)

2

u∗ → 0, v∗ → 0, T ∗
→ T∞, C∗

→ C∞ at y → ∞

�eld, T ∗ and C∗ are standing for the �uid temperature and 
nanoparticle fraction respectively, T

w
 and T

∞
 are indicating 

the temperature of the fluid at the wall and ambient 
boundary, D∗

B
 and D∗

T
 are respectively the Brownian motion 

and thermophoretic di�usion coe�cient (TDC), �∗ =
(pcp)p

(pcp)f
 

is the ratio of the e�ective heat capacity of nanoparticles 
and base �uid, �

1
 and �

2
 are respectively heat and mass �ux 

relaxation parameters and n∗ is the power index.
Heat �ux by Rosseland theory is presented as

In Eq. (11) � stands for the Stefan–Boltzmann constant and 
k∗ shows mean absorption coe�cients.

O n  e m p l oy i n g  t h e  s u b s e q u e nt  s i m i l a r i t y 
transformations

(11)qr = −
4�

3k∗
�T ∗4

�y

(12)

� =

√

2

(n ∗ +1)
a1�(x + b1)

n∗+1 f ,

� =

√

(n ∗ +1) a1 (x + b1)
n∗+1

2 �
y,

� =
T ∗ − T∞

Tw − T∞
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C∗ − C∞

Cw − C∞
,

(13)

T
∗ = T∞

(

1 + (�w − 1)�
)

, u
∗ = a1(x + b1)

n∗
f ,

v
∗ = −

√

(n ∗ +1) a1 �(x + b1)
n∗−1

2

[

f + �

(

n∗ − 1

n∗ + 1

)

f
�
]
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The Eq. (6) trivially holds while other equations give [45] 

With the subsequent boundary conditions (BCs):

In the above equations M indicates the magnetic param-
eter (MP), �

1
 represents the non-Newtonian parameter 

(NNP), Rd stands for the radiation parameter (RP), �
w

 indi-
cates the temperature parameter, Pr stands for the Prandtl 
number (PN), Nb is the Brownian motion parameter (BMP), 

N
t
 is the thermophoresis parameter (TP), Sc represents the 

Schmidt number (SN), De
1
 indicates the Deborah number 

(DN) in terms of heat �ux relaxation time, De
2
 is the Deb-

orah number (DB) in terms of mass �ux relaxation time, 
respectively and are described as

Skin friction coe�cients (SFC) Cfx and the LNN Nu
x
 are pre-

sented as

where �
w

 stands for the surface shear stress and qw be the 
surface heat �ux i.e.

(14)f
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Finally the skin friction and the LNN are given as follows

In the above equations Rex =
Uw (x+b)

vf

 is indicating the local 

Reynold’s number (LRN).

3  Homotopy analysis method

Liao [35] was the �rst to described HAM and successfully 
applied to compute the solution of the nonlinear di�eren-
tial equations. Initial guesses for the dimensionless equa-
tions are given below:

and with the auxiliary linear operators as

with the property that

and

where K
i
(i = 1… 7) are constants and evaluated by the 

BCs.
The solution obtained by the HAM is given by

(21)
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7
e
�
.



Vol.:(0123456789)

SN Applied Sciences (2020) 2:438 | https://doi.org/10.1007/s42452-020-1995-x Research Article

4  Results and discussions

The HAM contributes sovereignty to select the auxiliary 
parameters and these parameters have noticed remark-
able concurrence in regulating and adjusting the con-
vergence region. For the present problem to find the 
convergence region, the ℏ-curve were presented at the 
15th terms. Figure 2 displays precisely the range of the 
permissible value of ℏf  and ℏ

�
 are −1.65 ≤ ℏf ≤ −0.55,

−1.8 ≤ ℏ
�
≤ −0.42 and −1.74 ≤ ℏ� ≤ −0.48. the conver-

gence of the solution are taken as ℏf = ℏ� = ℏ� − 0.82.

Also Table  1 indicates that the convergence of the 
HAM solution for several iterations. In Table 2, compara-
tive investigation has been reported for the Rashidi et al. 
[45] and others with the present result (HAM). Numerical 
results for the SFC, NN and SN for various parameters are 
determined in Table 3.

In�uences of the Magnetic parameter M, Prandtl Num-
ber Pr, radiation parameter Rd , Fluid parameter � , Index 
parameter n∗ , Thermophoresis parameter N

t
, BMP Nb, 

Deborah number in terms of thermal and concentration 
relaxation parameters De

1
 and De

2
 respectively, Schmidt 

number Sc and Wall temperature �
w

 on the velocity, tem-
perature and Nano concentration pro�les are investigated 
in the form of graphs given by Figs. 3, 4, 5, 6, 7, 8, 9, 10, 11, 
12, 13, 14, 15, 16, 17, 18, 19 and 20.

Figure 3 demonstrates the domination of index param-
eter n∗ on the dimensionless velocity. Higher values of n 
enhances the stretching velocity followed by the higher 
rate of deformation in the �uid. Figure 4 portrays to show 

the consequence of wall thickness parameter � and veloc-
ity pro�le. Uplifting values of wall thickness, grounds in 
the increment to momentum boundary layer thickness 
and hence the velocity upsurges. Figure 5 plotted to carry 
out the inspection of non-Newtonian parameter � and 
velocity. Velocity pro�le goes higher with the growing 
e�ects of the parameter � . Physically enriching values of 

� , micro structure resistance due to material derivative 
increases and consequently the �uid viscosity decreases, 
leads to velocity enlarge. Figure 6 exhibits the e�ect of 
M on the pro�le f ′. . Using Fig. 6, it is seen that enhancing 
values of M slows down the velocity of �uid in the bound-
ary region. The purpose behindhand this phenomenon 
is that the uplifting values of M produces Lorentz force 
performed in contradiction of the velocity of the �uid in 
an electrically conducting area. The e�ect of temperature 
distribution against power index parameter and non-
Newtonian parameter � are qualitative similar as shown 
in Figs. 7 and 8. Figure 9 demonstrates the impact of M 
on the temperature. The temperature increases as ther-
mal boundary layer hikes. In Fig. 10, the impact of Ther-
mophoresis parameter Nt with temperature profile is 
presented. It can be perceived that the hikes of Nt, the 
temperature pro�le is also hike ups. In Fig. 11, impacts 
of BM parameter Nb corresponding to the temperature 
pro�le is presented. We can see that as the value of BM 
parameter Nb hikes up, the mass diffusivity becomes 

Fig. 2  Variation of ℏf ,ℏ�
 and ℏ�

Table 1  Convergence of the HAM solutions for distinct order of 
iterations at n∗ = 0.5,M = 0.1,ℏ = −0.82, �1 = 0.2, Pr = 1, � = 0.2,

De1 = De1 = 0.1, Sc = 1.1, �w = 1, Rd = 0.1,Nt = 0.2 = Nb

Approximations 
order

−f ��(0) −��(0) −��(0)

1 0.71582 0.82478 0.69584

5 0.68451 0.81734 0.67120

10 0.67414 0.80285 0.66458

15 0.64125 0.78212 0.65379

20 0.63742 0.77189 0.64896

25 0.63742 0.77189 0.64896

30 0.63742 0.77189 0.64896

Table 2  Comparative discussion of the skin friction factor with the 
numerical techniques and present results for �∗

= 0.5, M = �1 = 0.

n Rashidi et al. 
[45]

Fang et al. [46] Khader and 
Meghad 
[47]

Present (HAM)

0 0.9576443 0.9576 0.9576 0.95764211

0.5 0.9799497 0.9799 0.9798 0.97997652

1 1.0000084 1.0000 1.0000 1.00000000

2 1.0234206 1.0234 1.0234 1.02341876

3 1.0358835 1.0359 1.0359 1.03591048
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greater which paves the path to the increase temperature 
pro�le in the boundary layer area. Figure 12 is schemed for 
the Deborah number De

1
 with temperature outline. Since 

De
1
 resembles from the relaxation time because of heat 

�ux. The higher Deborah number De
1
 causes a lessening in 

the dimensionless temperature �eld and thickness of the 
boundary layer pro�le shrinks. Figure 13 portrays the con-
sequences of radiation on velocity pro�le. It is very clear 

that the radiation parameter hikes up the velocity �ow. 
Physically, a growth in the radiation discharges the heat 
to the �ow which helps to hike up the thermal boundary 
layer thickness. Figure 14 depicted the wall temperature 
e�ects on temperature pro�le. When adiabatic wall tem-
perature increases the distribution of the temperature in 
the case of heating generates a marked dilatation of the 
interaction region and shows a great augmentation in the 

Table 3  Numerical principles 
of SFC, the Nusselt number 
(NN) and the Sherwood 
number (SN) aimed at distinct 
parameters

n
∗

� �
1

M Pr �
w

N
t

Nb Rd De
1

De
2

Sc f ��(0) �
�(0) ��(0)

1 0.2 1 1 1 1 0.1 0.1 0.2 0.2 0.2 1 − 1.02457 − 0.75621 − 0.81232

1.2 − 1.04269 − 0.75160 − 0.81201

1.4 − 1.05317 − 0.75035 − 0.81002

1.6 0.3 − 1.11755 − 0.68521 − 0.76325

0.5 − 1.13496 − 0.69330 − 0.76123

0.7 − 1.16127 − 0.72319 − 0.77089

1 1.1 − 1.25675 − 0.73598 − 0.77284

1.2 − 1.24376 − 0.79664 − 0.80325

1.3 − 1.22471 − 0.81273 − 0.84037

1.5 1.2 − 1.08675 − 0.85231 − 0.83792

1.4 − 1.09702 − 0.84120 − 0.83700

1.6 − 1.12393 − 0.82078 − 0.82793

2 3 − 1.23173 − 0.86705 − 0.84397

5 − 1.24500 − 0.87221 − 0.84562

7 − 1.52193 − 0.92176 − 0.96380

0.71 1.5 − 1.34586 − 0.67848 − 0.83793

1.7 − 1.34586 − 0.69741 − 0.84463

1.9 − 1.34586 − 0.72996 − 0.85097

2 0.3 − 1.08398 − 0.71861 − 0.75361

0.5 − 1.08931 − 0.73510 − 0.79639

0.7 − 1.08931 − 0.78869 − 0.84510

0.8 0.2 − 1.18397 − 0.67413 − 0.72634

0.4 − 1.19825 − 0.72741 − 0.76585

0.6 − 1.20174 − 0.75557 − 0.77233

0.7 0.4 − 1.13768 − 0.84538 − 0.76142

0.6 − 1.08695 − 0.88579 − 0.76896

0.8 − 1.05106 − 0.90425 − 0.77698

1.0 0.6 − 1.07931 − 0.73655 − 0.78223

0.8 − 1.08523 − 0.73655 − 0.78223

1.0 − 1.12378 − 0.73655 − 0.78223

1.1 0.3 − 1.15862 − 0.84320 − 0.74745

0.4 − 1.15862 − 0.85379 − 0.74745

0.5 − 1.15862 − 0.86413 − 0.74745

0.7 1.3 − 1.10217 − 0.73981 − 0.69114

1.5 − 1.10217 − 0.73924 − 0.76258

1.7 − 1.10217 − 0.7289 − 0.78912
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heat transfer. Figure 15 represents the consequences of PN 
with the temperature pro�les. Prandtl number relates with 
the reversible thermal di�usivity. This grounds to decay 
in temperature distribution. Figure 16 represented the 
e�ect of nanoparticles concentration �(�) and non-New-
tonian parameter. Consequently the pro�le is decreases. 
In Fig. 17, responses of nanoparticles concentration with 

thermophoresis parameter Nt is presented. It is noticed 
that the concentration pro�le hikes up with enhancement 
of Nt. Figure 18 represents the �(�) for various value of Nb. 
We have observed that an hike of the value of Nb, pave the 
way to decrease the thermophoresis force. Subsequently 
the nanoparticles concentration profile reduces with 

Fig. 3  In�uence of index parameter n∗ on velocity

Fig. 4  In�uence of wall thickness � on velocity

Fig. 5  In�uence of � on velocity

Fig. 6  In�uence of magnetic parameter M on velocity
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the intensi�cation of Nb. In Fig. 19 the consequences of 
Schmidt number Sc along with nanoparticles concentra-
tion pro�le is presented. A higher ideal of Schmidt number 
Sc resembles a depletion in the concentration pro�le. Last 
but not least the in�uence of Deborah number De

2
 and 

nanoparticles volume fraction were described in Fig. 20. 
Since De

2
 corresponds from the relaxation time owing to 

mass �ux. Higher values of De
2
 causes a small penetration 

depth in concentration layer and in results reduction in 
the pro�le recorded.

Fig. 7  In�uence of index parameter n∗ on temperature

Fig. 8  In�uence of � on temperature

Fig. 9  In�uence of magnetic parameter M on temperature

Fig. 10  In�uence of Nt on temperature
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Fig. 11  In�uence of Nb on temperature

Fig. 12  In�uence of Deborah number De
1
 on temperature

Fig. 13  In�uence of Radiation parameter Rd on temperature

Fig. 14  In�uence of wall temperature parameter �
w

 on temperature
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Fig. 15  In�uence of Pr on temperature

Fig. 16  In�uence of � on nanoparticles concentration

Fig. 17  In�uence of N
t
 on nanoparticles concentration

Fig. 18  In�uence of Nb on nanoparticles concentration
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5  Conclusions

Here, we discussed the magnetohydrodynamic two 
dimensional Williamson nanofluid flow over a stretch-
ing surface pertaining to the heat and mass transfer in 
the occurrence of nonlinear thermal radiation, Catta-
neo–Christov heat and mass �ux models, thermophore-
sis and Brownian motion. The transmuted equations of 
velocities, temperature and nano-pro�le are elucidated 

analytically by HAM. High accuracy of the convergent 
series solution is handled by the Mathematica 9.0. A great 
agreement between HAM and existing results are demon-
strated via tables. On the basis of contemporary examina-
tion the key outlines are as listed below:

• Accelerating values of index parameter n∗ and wall 
thickness parameter � the horizontal �uid �ow veloc-
ity promotes.

• Increasing values of M and �,the horizontal �uid veloc-
ity decreases.

• Temperature specie upsurges with rising of Nb, Nt, 
n∗, � , Rd , �w and M. Consequently demotes with the 
higher values of Pr and De

1
.

• Nanoparticle volumetric specie escalates with the 
growing e�ects of Nt, while it diminishes with Nb, Sc 

and De
2
.
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