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Analytical Study of Cavitation
Surge in a Hydraulic System
In order to clarify effects of an accumulator, pipe lengths and gradients of pressure and
suction performances on cavitation surge, one-dimensional stability analyses of cavita-
tion surge were performed in hydraulic systems consisting of an upstream tank, an inlet
pipe, a cavitating pump, a downstream pipe, and a downstream tank. An accumulator
located upstream or downstream of the cavitating pump was included in the analysis.
Increasing the distance between the upstream accumulator and the cavitating pump
enlarged the stable region. On the other hand, decreasing the distance between the down-
stream accumulator and the cavitating pump enlarged the stable region. Furthermore,
the negative gradient of a suction performance curve and the positive gradient of a pres-
sure performance curve cause cavitation surge. [DOI: 10.1115/1.4027220]
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Introduction

Cavitation is usually observed in various turbomachines. Vari-
ous cavitation instabilities are often observed in a range of cavita-
tion numbers, which are higher than a degradation of a pump
performance due to cavitation [1,2]. Cavitation instabilities may
induce flow and pressure oscillations and result in a severe shaft
vibration.

Cavitation instabilities are classified into two categories. One is
generally called a “local instability,” which is caused by the mutual
interference between cavitation and an impeller, including
“rotating cavitation,” “alternate blade cavitation,” and “asymmetric
cavitation”. The other is generally called a “system instability,”
which is caused by the mutual interference between cavitation and
a hydraulic system, i.e., “cavitation surge” focused in the present
study.

Two mechanisms of cavitation surge have been reported [3].
One is called a “positive mass flow gain factor” [4,5], which
occurs when the cavity volume decreases with an increase in a
flow rate. The destabilizing effects of the positive mass flow gain
factor can be physically explained as follows. If the cavity volume
decreases, the inlet flow rate increases, which causes the decrease
of the cavity volume further due to the decrease of the incidence
angle. This positive feedback causes cavitation surge [6]. The
other mechanism is related to the cavitating pump performances.
The cavitating pump performances are generally described by
pressure and suction performance curves. The pressure perform-
ance curve is a relation between a total pressure rise and a flow
rate at a constant cavitation number. The suction performance
curve plots a total pressure rise versus a cavitation number at a
constant flow rate.

Figure 1 shows the suction performance of a four-bladed in-
ducer for various flow rates and the amplitude of the pressure os-
cillation [7]. At /¼ 0.076, we can observe the sudden pressure
breakdown at higher cavitation numbers. In 0.015< r< 0.020,
the static pressure coefficient of /¼ 0.077 is larger than that of
/¼ 0.076. That is, the gradient of the pressure performance curve
in 0.015< r< 0.020 has the positive value, i.e., “positive flow
gain.” The amplitude of the pressure oscillation with the fre-
quency of 5�10 Hz is observed in 0.015< r< 0.020, as shown at
the bottom of Fig. 1. This result suggests that the gradient of the
pressure performance curve can be changed due to cavitation and

that the positive gradient of the pressure performance curve causes
“choke surge.”

Figure 2 shows the suction performance curve for an axial
pump [8]. The auto oscillations considered as cavitation surge
indicated by the star symbol are observed in lower cavitation
numbers than r¼ 0.04 in which the negative and positive gra-
dients of the suction performance curve is observed due to cavita-
tion. Thus, the gradient of the suction performance curve, i.e.,
“pressure gain,” is closely related to the onset of cavitation surge.
However, the effect of pressure gain on cavitation surge has not
yet been clarified.

Several studies on the unsteady performance curves and the
unsteady cavitation characteristics have been reported. Yamamoto
[9] and Yamamoto and Tsujimoto [10] investigated the flow insta-
bilities in a centrifugal cavitating pump, and it was found that the
phase delay of the backflow vortex cavitation is closely related
to cavitation surge. Kawata et al. [11] showed an example in which
the negative gradient of the pressure performance curve under
quasi-steady conditions becomes positive under unsteady condi-
tions due to the phase delay. Brennen and Acosta [4], Otsuka et al.
[12], Watanabe et al. [13], and Rubin [14] showed that the mass
flow gain factor and the cavitation compliance have the phase delay
under the unsteady conditions. Therefore, the unsteady characteris-
tics of performance curves and cavitation characteristics are impor-
tant to discuss the stability of the hydraulic system.

For the suppression of Pogo instabilities of liquid rockets,
which is longitudinal vibration caused by the coupling of the
thrust fluctuation, the structure vibration, and the fluctuation of
propellant supply to the engine, an accumulator reducing the flow
oscillation with minimal pressure rise has been installed in the hy-
draulic system [15]. However, the effect of the accumulator on
cavitation surge has not yet been revealed.

The stability analysis of cavitation surge was firstly conducted
by Tsujimoto et al. [16], with the assumption that the flow oscilla-
tion does not occur downstream of a cavitating pump and that the
pressure rise is not changed due to cavitation. The onset condition
of cavitation surge was given by M> 2(1þ ru) /K. That is, cavita-
tion surge occurs when a mass flow gain factor M is larger than a
certain value calculated from a cavitation number ru, a flow coeffi-
cient / and a cavitation compliance K. Here, the mass flow gain
factor M indicates the variation of the cavity to the inlet flow oscil-
lation. The cavitation number ru shows how close the pressure in
the liquid flow is to the vapor pressure. The cavitation compliance
K implies the variation of the cavity to the inlet pressure oscillation.

In a cavitation surge of a real cavitating pump, an outlet flow
oscillation was observed [10]. As shown in Figs. 1 and 2, at lower
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cavitation numbers, the changes of gradients of the suction and
pressure performance curves appear due to cavitation. The effects
of pressure rise due to cavitation and the outlet flow oscillation
were not taken into account in the previous study.

In the present study, one-dimensional stability analyses of cavi-
tation surge were performed with respect to three hydraulic sys-
tems. All systems consisted of an upstream tank, an inlet pipe, a
cavitating pump, a downstream pipe, and a downstream tank, as
shown in Fig. 3. The variation in the three systems was in the
position of the accumulators. The first system does not have an ac-
cumulator as shown in Fig. 3(a), the second has an accumulator
upstream of the cavitating pump as shown in Fig. 3(b), and the
final system has an accumulator downstream of the cavitating
pump as shown in Fig. 3(c). The pressure rise by cavitation was
taken into account when evaluating the lumped-parameter of the
cavitating pump.

For comparison of the analytical results with the experimental
results, the mass flow gain factor and the cavitation compliance
should be known. However, the quantitative evaluations of the
cavitation compliance and the mass flow gain factor of real cavi-
tating pumps are extremely difficult. Although few papers

[5,14,17] evaluating the mass flow gain factor and the cavitation
compliance of real cavitating pumps exists, the reliable data is
limited. Thus, we qualitatively discussed the effects of the accu-
mulator, the pipe lengths, and the gradients of suction and pres-
sure performance curves on cavitation surge within the range of
the mass flow gain factor and the cavitation compliance shown in
the experiments [5,14,17].

Table 1 shows the analytical parameters determined by consid-
ering test facilities at Osaka University [2]. These parameters are
used in the present paper as the default parameters.

Fig. 3 Analytical model of cavitation surge in the hydraulic
systems

Table 1 Default analytical parameters

Tip diameter (mm), D 150.8
Tip velocity (m/s), U 23.5
Dimensionless inlet pipe length, lu 10
Dimensionless chord length, lp 0.3
Dimensionless outlet pipe length, ld 100
Flow rate, �/ 0.1
Inlet and outlet loss coefficients, ku, kd 0.01
Flow gain, Rp �3
Pressure gain, Sp 0
Dimensionless compliance of accumulator, c 100
Density of working fluid (kg/m3), q 997

Fig. 1 Suction performance curve of four bladed inducer
(upper) and the amplitude of pressure oscillation (bottom),
from Watanabe et al. [7]

Fig. 2 Suction performance curve of impeller IV at 9000 rpm [8]
with the amplitude of auto-oscillation indicated by$
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Analytical Method

The dynamics of hydraulic systems were treated in terms of
lumped-parameter models [18], which simplifies the description
of the physical effects between two measuring sections. The
lumped-parameter model is usually considered valid when the
dimensions of a hydraulic system are shorter than the acoustic
wavelength at the considered frequency. For simplicity of the ana-
lytical model, the following assumptions are adopted in the pres-
ent analysis.

(1) The flow is one-dimensional.
(2) The flow oscillations are expressed as a temporally har-

monic oscillation and infinitesimal. The second or higher
order quantities, therefore, are negligible.

(3) The working fluid is incompressible. The pressure loss is
considered as the loss coefficient.

(4) The elastic deformation of all pipes is negligible and the
cross-sectional area of the pipe is constant.

(5) The potential energy of the fluid is negligible.
(6) The compliance of a tank is large and, thus, the pressure os-

cillation inside tanks is negligible.

Under the above assumptions, the dimensionless pressure oscil-
lation and the dimensionless flow oscillations can be written in the
complex form as follows:

wðtÞ ¼ �wþ ŵejxt;/ðtÞ ¼ �/þ /̂ejxt (1)

Here, �w ¼ �p=qU2 and �/ ¼ �Q=AU are the steady pressure coeffi-
cient and the steady flow coefficient. ŵ ¼ p̂=qU2 and /̂ ¼ Q̂=AU
are the complex amplitudes of the unsteady pressure coefficient
and the unsteady flow coefficient. t ¼ s� U=D and
x ¼ X� D=U are the dimensionless time and the dimensionless
complex angular frequency. A and D are the cross-sectional area
and the diameter of the pipe. X and U are the angular velocity and
the tip velocity of an impeller. q is the density of the working
fluid. j is the imaginary unit.

Consider the flow through the inlet pipe shown in Fig. 3(a). By
putting Eq. (1) into the dimensionless unsteady continuity equa-
tion and the dimensionless unsteady momentum equation and sub-
tracting the steady terms of them from themselves, the following
equations can be introduced:

/̂i ¼ /̂u (2)

ŵu ¼ �kulu �//̂u � jxlu/̂u (3)

Here, superscripts i and u indicate the inlet tank and the inlet pipe,
respectively. k is the loss coefficient. l¼ L/D is the dimensionless
pipe length. The first and second terms of the right side in Eq. (3)
indicates the hydraulic resistance and the hydraulic inertance,
respectively.

Next, we consider the flow through the accumulator shown in
Fig. 3(b). The fluid inside the accumulator tank is assumed to be
an isentropic fluid and then the flow through the accumulator can
be expressed as

/̂u � /̂1 ¼ �jx
va

c �w1

ŵ1 ¼ �cjxŵ1 (4)

Here, va ¼ Va=AD is the dimensionless fluid volume at the top of
the accumulator. c is the specific heat ratio of the fluid at the top of
the accumulator, and c is the compliance of the accumulator.

A cavity volume Vc is assumed to be formed upstream of the
cavitating pump. Then, the dimensionless continuity equation can
be expressed as

/dðtÞ � /uðtÞ ¼
dvcðtÞ

dt
(5)

Here, vc ¼ Vc=AD is the dimensionless cavity volume. The
change of the cavity volume dvc can be considered to be functions

of the upstream cavitation number ru ¼ 2ðpu � pvÞ=qU
2 and the

upstream flow coefficient /u ¼ Qu=AU. Thus, it can be written as

dvc ¼
@vc
@/u

�

�

�

�

ru

d/u þ
@vc
@ru

�

�

�

�

/u

dru

 !

¼ �Md/u � Kdruð Þ (6)

where M and K are the mass flow gain factor and the cavitation
compliance, respectively. By putting Eqs. (1) and (6) in Eq. (5),
the following equation yields:

/̂d ¼ �jx2Kŵu þ ð1� jxMÞ/̂u (7)

The pressure rise supplied from the cavitating pump can be
expressed as the total pressure rise coefficient. The total pressure
rise coefficient is defined as

wp ¼ ðptd � ptuÞ=qU
2 (8)

Here, ptu and ptd are the total pressures upstream of the cavitating
pump and downstream of the cavitating pump, respectively. The
unsteady pressure rise can be expressed as

ŵd � ŵu ¼ ŵp �
�/ /̂d � /̂u

� �

� jxlp/̂d (9)

Here, lp ¼ Lp=D is the dimensionless inertial length of the cavitat-
ing pump. Lp is the mean value of the chord length of an impeller.
The first term of the right side indicates the unsteady total pressure
rise of the cavitating pump. The second term of the right side
shows the unsteady dynamic pressure rise. The last term of the
right side is caused by the inertia due to the discharge flow oscilla-
tion. ŵp can be considered to be functions of the upstream cavita-
tion number ru and the discharge flow coefficient /d on the
assumption that cavitation occurs upstream of a cavitating pump
and that the total pressure rise depends on the discharge flow rate.
Thus, we can represent the unsteady pressure rise as

ŵp ¼
@wp

@/d

�

�

�

�

ru

/̂d þ
@wp

@ru

�

�

�

�

/d

r̂u

 !

¼ Rp/̂d þ 2Spŵu

� �

(10)

Here, Rp and Sp are flow gain and pressure gain, respectively. In
the present study, the influences of these parameters on cavitation
surge will be examined.

From above formulations, we obtained the homogeneous linear
equations for each analytical model tested in the present
research. The analytical model without the accumulator can be
expressed as the third-order homogeneous linear equation written
as

Ba3x
3 þ Ba2x

2 þ Ba1xþ Ba0 ¼ 0

Ba3 ¼ 2Kldlujþ 2KLpluj

Ba2 ¼ ldð�Mþ 2K �/lukuÞ þ lpð�Mþ 2K �/lukuÞ þ 2 �/Klu

� 2KRplu þ 2 �/KldkdluÞ

Ba1 ¼ ð�ldj� lpj� lujþ �/ðMj� 2K �/lukujÞ

� RpðMj� 2K �/lukujÞ

� 2Splujþ �/ldkdðMj� 2K �/lukujÞÞ

Ba0 ¼ Rp � 2Sp �/luku � 2 �/ldkd � 2 �/luku (11)

The third-order homogeneous linear equation has the three
dimensionless complex angular frequencies x1¼x1Rþ jx1I,
x2¼�x1Rþ jx1I, x3¼ jx3I. xR and xI show the angular fre-
quency and the damping rate, respectively. x1 and x2 are the one
pair solution of cavitation surge and x3 is the divergence solution.
On the other hand, the analytical models with the upstream and
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downstream accumulators can be expressed as the fifth-order
homogeneous linear equations written as

Bb5x
5 þ Bb4x

4 þ Bb3x
3 þ Bb2x

2 þ Bb1xþ Bb0 ¼ 0

Bb5 ¼ �2l1cðKldlujþKlplujÞ

Bb4 ¼ ðlpð2Kð� �/l1luk1c� �/l1lukucÞ þ l1McÞ � 2 �/Kl1luc

þ 2Kl1luRpc� 2 �/Kl1ldlukdcþ ldð2Kð� �/l1luk1c� �/l1lukucÞ

þ l1McÞ

Bb3 ¼ �/ð2Kð �/l1luk1cþ �/l1lukucÞj� l1McjÞ � Rpð2Kð �/Kl1luk1c

þ �/Kl1lukucÞj� l1McjÞ � ldð�l1c� 2Kð �/2l1luk1kucþ luÞ

þ �/l1Mk1cÞj� lpð�l1c� 2Kð �/2l1luk1kucþ luÞ

þ �/l1Mk1cÞjþ l1lucjþ 2l1luSpcjþ �/ldkdð2Kð �/l1luk1c

þ �/l1lukucÞj� l1McjÞÞ

Bb2 ¼ � �/ð2Kð� �/2l1luk1kuc� luÞ þ �/l1Mk1cÞ

þ Rpð�l1cþ 2Kð� �/2l1luk1ku1c� luÞ þ �/l1Mk1cÞ

� ldðM� 2 �/Kluku � �/l1k1cÞ � lpðM� 2 �/Kluku � �/l1k1cÞ

þ 2Spð �/l1luk1cþ �/l1lukucÞ � �/ldkdð�l1c� 2Kð �/2l1luk1c

þ luÞ þ �/l1Mk1cÞ þ �/l1luk1cþ �/l1lukucÞ

Bb1 ¼ ð�ldj� lpj� lujþ �/ðMj� 2K �/lukujÞ

� 2Spð �/
2l1luk1kucjþ lujÞ þ Rpð�Mjþ 2 �/Klukujþ �/l1k1cjÞ

� �/ldkdð�Mjþ 2K �/lukujþ �/l1k1cjÞ � �/2l1luk1kucjÞ

Bb0 ¼ Rp � �/ldkd � �/luku � 2 �/lukuSp

(12)

and

Bc5x
5 þ Bc4x

4 þ Bc3x
3 þ Bc2x

2 þ Bc1xþ Bc0 ¼ 0

Bc5 ¼ �2l2cðKldlujþ KlplujÞ

Bc4 ¼ ð�l2cðlpð�M þ 2 �/KlukuÞ þ 2 �/Klu � 2KluRp þ 2 �/Kldlukd

þ ldð�M þ 2 �/KlukuÞÞ þ �/l2k2cð�2Kldlu � 2KlpluÞÞ

Bc3 ¼ �l2ð�2Klu þ cðldjþ lpjþ luj� �/ðMj� 2 �/KlukujÞ

þ RpðMj� 2 �/KlukujÞ þ 2luSpj� �/ldkdð�M þ 2 �/KlukuÞÞj

þ 2Kldlujþ 2Klplujþ �/l2k2cðlpð�M þ 2 �/KlukuÞ þ 2 �/Klu

� 2KluRp þ 2 �/Kldlukd þ ldð�M þ 2 �/KlukuÞÞj

Bc2 ¼ �l2ðM � cð �/ldkd � Rp þ �/luku þ 2 �/lukuSpÞ � 2 �/KlukuÞ

þ ldð�M þ 2 �/KlukuÞ þ lpð�M þ 2 �/KlukuÞ þ 2 �/Klu

� 2KluRp � �/l2R2ð�2Klu þ cð�ld � lp � lu

� �/ð�M þ 2 �/KlukuÞ þ Rpð�M þ 2 �/KlukuÞ � 2luSp

� �/ldkdð�M þ 2 �/KlukuÞÞ þ 2 �/Kldlukd

Bc1 ¼ ð�l2j� ldj� lpj� lujþ �/ðMj� 2K �/lukujÞ

� RpðMj� 2 �/KlukujÞ � 2Spluj� �/l2k2ð�Mjþ cð �/ldkd

� Rp þ �/luku þ 2 �/lukuSpÞjþ 2 �/KlukujÞ

þ �/ldkdðMj� 2K �/lukujÞÞ

Bc0 ¼ Rp � �/l2k2 � �/ldkd � �/luku � Sp �/luku

(13)

respectively. The fifth-order homogeneous linear equations have
the one pair solution of cavitation surge, the one pair solution of
normal surge, and the divergence solution. In the present study,
the one pair solution of cavitation surge will be mainly discussed.

Results and Discussion

Influence of the Inlet Pipe Length. For the further simplicity
of the analytical model without the accumulator shown in

Fig. 3(a), we assumed that the flow oscillation does not occur
downstream of a cavitating pump /̂d ¼ 0. This would be the case
if there is a very long conduit or a large resistance existing down-
stream of a cavitating pump. By using Eqs. (3) and (7), we obtain
the second-order linear formulation as

lux
2 þ

M

2K
� �/kulu

� �

jx�
1

2K
¼ 0 (14)

Here, the first, second, and third terms correspond to the mass,
damping, and stiffness coefficients, respectively. If the damping
coefficient has the negative value, the infinitesimal magnitudes of
the pressure and flow oscillations shown in Eq. (1) becomes infi-
nite, which indicates that cavitation surge occurs. The angular ve-
locity at the onset condition of cavitation surge is identical to the
undamped natural frequency of Eq. (14). Thus, the onset condition
of cavitation surge and its angular frequency can be analytically
obtained as

M > 2K �/kulu (15)

xR ¼

ffiffiffiffiffiffiffiffiffi

1

2Klu

r

(16)

These solutions show that cavitation surge occurs when the
mass flow gain factor is larger than the certain value and that the
angular frequency is evaluated from the cavitation compliance
and the inlet pipe length. The onset condition of cavitation surge
and its angular frequency are qualitatively the same as the results
of the reference [16].

Figure 4 shows the stability map of cavitation surge for various
inlet pipe lengths. The horizontal and vertical axes show the mass
flow gain factor and the cavitation compliance, respectively. The
very long outlet pipe ld¼ 10,000 was used for the comparison of
the result of Eq. (15), represented as the bold line. The zero damp-
ing rates, obtained from the homogeneous linear equation for the
analytical model without the accumulator, are plotted as the open
symbols. The boundaries of cavitation surge obtained from the
present results with ld¼ 10,000 are the perfect agreement with the
result of Eq. (15). The upper and lower regions of the open sym-
bols indicate the stable and unstable regions of cavitation surge,
respectively. The result shows that the onset condition of cavita-
tion surge indicates the positive slope. That is, the increase of the
cavitation compliance has the stabilizing effect and the increase
of the mass flow gain factor causes cavitation surge. For lu¼ 10,
point A is located in the cavitation surge region. On the other

Fig. 4 Stability map for various inlet pipe lengths with
ld5 10,000
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hand, for lu¼ 50, point A is located in the stable region. This indi-
cates that the longer inlet pipe length has the stabilizing effect.

Figure 5 shows the angular frequencies at the onset boundary of
cavitation surge shown in Fig. 4, against the cavitation compli-
ance for various inlet pipe lengths. The horizontal and vertical
axes represent the cavitation compliance and the angular fre-
quency, respectively. The open symbols indicate the present
results and the bold line represents the result of Eq. (16). All
results are completely the same as the result of Eq. (16). The
angular frequency of cavitation surge is identical to the resonance
frequency of the hydraulic system. The inlet pipe length and the
reciprocal of the cavitation compliance correspond to the fluid
mass and the spring element, respectively. Thus, the angular fre-
quency of cavitation surge is reduced with the increases of the
inlet pipe length and the cavitation compliance. By the compari-
son of Eqs. (15) and (16), it can say that the present results have
quantitative reliability and validity.

Next, we discuss the energy balance in the hydraulic system.
The positive and negative energies mean the supplied energy and
the energy loss in the hydraulic system, respectively. If the
unsteady work of the hydraulic system for one cycle is positive,
the hydraulic system will gain energy from themselves, i.e., this
phenomenon is called a self-excited oscillation.

Since the integration of the first-order terms of the unsteady
work within a period T is zero, the second-order term of the
unsteady work remains. Thus, the unsteady work of the inlet pipe
E1 can be expressed as follows:

E1 ¼ �

ðT

0

Re½ŵue
jxt�Re½/̂ue

jxt�dt� kulu �/

ðT

0

Re½/̂ue
jxt�2dt (17)

Here, the first and second terms of E1 show the unsteady pressure
work and the unsteady viscosity work, respectively. By Eq. (7)

with the assumption of /̂d ¼ 0, ŵucan be written as

ŵu ¼
ð1� jxMÞ

jx2K
/̂u ¼ �

M

2K
�

j

2xK

� 	

/̂u (18)

By putting Eq. (18) in Eq. (17) and by assuming the zero imagi-
nary part of /̂u, we can obtain the following equation:

E1 ¼
M

2K
� kulu �/

� 	

/̂2
u

p

x
(19)

If E1 has the positive value, cavitation surge occurs. Thus, cavita-
tion surge occurs in M > 2K �/kulu, which is identical to Eq. (15).
This result shows that cavitation surge occurs due to the positive
mass flow gain factor and the unsteady viscosity work makes cavi-
tation surge stable.

Figure 6 shows the unsteady pressure work and the unsteady vis-
cosity work of E1 at point A of Fig. 4, calculated by Eq. (17) with
the assumption of /̂u ¼ 1. The abscissa and ordinate show the inlet
pipe length and E1, respectively. The right and left sides of the
dashed line indicates the stable region xI> 0 and cavitation surge
xI< 0. The open symbols show the unsteady pressure work and the
unsteady viscosity work. As the inlet pipe length increases, both the
unsteady pressure work and the unsteady viscosity work increase.
When the unsteady viscosity work is larger than the unsteady pres-
sure work, E1 has the negative value and then cavitation surge
becomes stable. Since the gradient of the viscosity work is
expressed as the loss coefficient ku and the steady flow coefficient
�/, the increases of ku and �/ make cavitation surge stable.

Influence of Outlet Pipe Length. Figure 7 shows the stability
map of cavitation surge for various outlet pipe lengths with

Fig. 5 Angular frequencies for various inlet pipe lengths with
ld5 10,000

Fig. 6 Unsteady pressure and viscosity works for various inlet
pipe lengths with ld5 10,000

Fig. 7 Stability map for various outlet pipe lengths with lu5 10
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lu¼ 10. The zero damping rates are plotted as the open symbols.
As the outlet pipe length decreases, the stable region is extended
toward the bottom. That is, decreasing the outlet pipe length has a
stabilizing effect. This stabilizing effect is enhanced at shorter
outlet pipe lengths.

Figure 8 shows the angular frequencies at the onset conditions
of cavitation surge against cavitation compliance for various out-
let pipe lengths. At lower cavitation compliances, the frequency
of cavitation surge is slightly increased with the decrease of the
outlet pipe length.

Figure 9 indicates the influence of the inlet and outlet loss coef-
ficients on cavitation surge with lu¼ 10 and ld¼ 100. The inlet
loss coefficient is more effective for the suppression of cavitation
surge. This suggests that the inlet valve is more suitable for the
suppression of cavitation surge than the outlet valve.

Figure 10 shows the unsteady work of the inlet pipe E1 at point
B, point C, and point D of Fig. 7, calculated by Eq. (17) with the
assumption of /̂u ¼ 1. The horizontal and vertical axes show the

dimensionless outlet pipe length and E1, respectively. As the out-
let pipe length increases, E1 is increased but converged at a certain
value for all cases. The converged unsteady works are decreased
with the increase of K and decrease of M. This shows that M
causes cavitation surge and K has a stabilizing effect. Moreover,
the gradient of E1 is increased with the decrease of the outlet pipe
length. That is, the unsteady work of the inlet pipe is sharply
decreased for shorter outlet pipe lengths. This result shows the
reason that the stabilizing effect is enhanced at the decrease of the
outlet pipe length as shown in Fig. 7.

The unsteady energy of the hydraulic system without an accu-
mulator is divided into three parts, which are the unsteady work of
the inlet pipe E1, the unsteady work of the cavitating pump E2,
and the unsteady work of the outlet pipe E3. The unsteady work of
the cavitating pump E2 can be written as

E2 ¼

ðT

0

Re½ŵde
jxt�Re½/̂de

jxt�dt�

ðT

0

Re½ŵue
jxt�Re½/̂ue

jxt�dt

¼ Ep þ Ec

(20)

The unsteady work of the cavitating pump E2 consists of the
unsteady pump work

Ep ¼

ðT

0

Re½ŵde
jxt � ŵue

jxt�Re½/̂de
jxt�dt (21)

and the unsteady cavitation work.

Ec ¼

ðT

0

Re½ŵue
jxt�dvc ¼

ðT

0

Re½ŵue
jxt�

dvc

dt
dt

¼

ðT

0

Re½ŵue
jxt�Re½ð/̂de

jxt � /̂ue
jxtÞ�dt (22)

The unsteady work of the outlet pipe E3 can be expressed as
follows:

Fig. 8 Angular frequencies for various outlet pipe lengths with
lu5 10

Fig. 9 Influence of the inlet and outlet loss coefficients with
lu5 10 and ld5100

Fig. 10 Unsteady works of the inlet pipe for point B, point C,
and point D in Fig. 7
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E3 ¼

ðT

0

Re½ŵde
jxt�Re½/̂de

jxt�dt� kdld �/

ðT

0

Re½/̂de
jxt�2dt (23)

Figure 11 shows the all unsteady works E1, E2, Ep, Ec, E3, at
point B of Fig. 7. The horizontal and vertical axes show the
dimensionless outlet pipe length and the unsteady works, respec-
tively. Except for Ec, all unsteady works increase with the
increase of the outlet pipe. The zero damping rate corresponds to
the zero unsteady works of the inlet pipe and the outlet pipe. Ep

make cavitation surge stable, and Ec has the destabilizing effect.
Figure 12 shows the complex magnitudes of the unsteady outlet

flow and the unsteady inlet and outlet pressures in the complex
plane. The outlet pipe length is decreased in the direction of the
arrow. The complex magnitude of the unsteady outlet flow is

located in the second quadrant and the magnitude of the unsteady
outlet flow is increased as the outlet pipe length decreases. The
location of the complex magnitude of the unsteady inlet pressure
is moved to the second quadrant from the first quadrant as the out-
let pipe length decreases. The complex magnitude of the unsteady
outlet pressure is located in the first quadrant and the magnitude
of the unsteady outlet pressures is increased as the outlet pipe
length decreases. These results show that E1, E3, Ep are decreased
and Ec is increased as the outlet pipe length decreases, expected
from Eqs. (17), (21), (22), and (23).

Influence of Accumulator. Figure 13 shows the influence of
accumulators on the onset condition of cavitation surge. The
closed symbols show the results without the accumulator and the
open symbols show the results with the accumulators upstream

Fig. 11 All unsteady works in the hydraulic system at point B
in Fig. 7

Fig. 12 Complex amplitudes of the unsteady outlet flow and
the unsteady inlet and outlet pressures

Fig. 13 Influence of the accumulators on the stability map: (a) influence of the accumulator
upstream of the cavitation pump with ld5 10 and (b) influence of the accumulator upstream of
the cavitation pump with lu510
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and downstream of the cavitating pump as shown in Figs. 3(b) and
3(c). The results with the accumulator upstream of the cavitating
pump for lu¼ 10 and lu¼ 20 are similar to the results without the ac-
cumulator for lu¼ 10 and lu¼ 20, as shown in Fig. 13(a). In the
results with the accumulator downstream of the cavitating pump,
the results for ld¼ 20 and ld¼ 100 are similar to the results without
the accumulator for ld¼ 20 and ld¼ 100, as shown in Fig. 13(b).
These results show that the onset condition of cavitation surge
depends on the pipe length between the cavitating pump and the ac-
cumulator. Increasing the distance between the upstream accumula-
tor and the cavitating pump enlarged the stable region. On the other
hand, decreasing the distance between the downstream accumulator
and the cavitating pump enlarged the stable region. The influence of
the compliance of the accumulator on the onset condition of cavita-
tion surge was investigated. No significant difference, however,
could be observed.

Influence of Flow and Pressure Gains of Cavitating Pump.
Figure 14 shows the influence of flow gain on the onset condition
of cavitation surge for the default parameters shown in Table 1,
with the zero gradient of the suction performance curve Sp¼ 0.
The region of cavitation surge is widened with the increase of
flow gain. This suggests that the positive flow gain causes cavita-
tion surge called as choke surge.

Figure 15 shows the damping rates of cavitation surge x1I and
the divergence solution x3I at point B and point C shown in Fig. 7.
The horizontal and vertical axes show flow gain and the damping
rates, respectively. The damping rates of cavitation surge x1I are
represented by the open symbols, and the divergence solution x3I

are plotted by the closed symbols. The divergence solution x3I

does not depend on the cavitation compliance. It can be considered
that the divergence solution is closely related to the onset condition
of normal surge. As flow gain is increased, both the damping rates
of cavitation surge x1I and the divergence solution x3I are
decreased. That is, the increase of flow gain causes not only normal
surge but also cavitation surge. If flow gain was increased due to
cavitation, for K¼ 1, cavitation surge occurs before normal surge.

Figure 16 shows the influence of pressure gain on the onset con-
dition of cavitation surge for the default parameters shown in
Table 1 with the negative gradient of the pressure performance
curve Rp¼�3. The region of cavitation surge is suddenly wid-
ened for Sp¼�1.0. This shows that the negative pressure gain
leads to cavitation surge.

Fig. 16 Influence of pressure gain on the stability map

Fig. 17 Damping rates of cavitation surge and normal surge
for flow gains at point B and point C shown in Fig. 7

Fig. 14 Influence of flow gain on the stability map

Fig. 15 Damping rates of cavitation surge and normal surge
for flow gains at point B and point C shown in Fig. 7
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Figure 17 shows the damping rates of cavitation surge x1I and
the divergence solution x3I at point B and point C shown in
Fig. 7. The damping rates of cavitation surge x1I are represented by
the open symbols and the divergence solutions x3I are plotted as
the closed symbols. As pressure gain decreases, the damping rates
of cavitation surge and the divergence solutions are decreased and
increased, respectively. This result shows that the decrease of pres-
sure gain causes cavitation surge but not normal surge.

Influence of Unsteady Effect. In order to investigate the influ-
ences of the unsteady performance curves and the unsteady cavita-
tion characteristics, Rp, Sp, M and K are expressed as the complex
number as follows:

Rp ¼ ~Rpe
ia; Sp ¼ ~Spe

ia;M ¼ ~Meia;K ¼ ~Keia (24)

Here, a is the phase delay to the inlet flow rate oscillation.
Figure 18 shows the damping rates of cavitation surge x1I for

the phase delay of M, Rp, K, and Sp to the inlet flow oscillation, at
point B shown in Fig. 7. For M, K, and Rp, the damping rates of
cavitation surge x1I were evaluated with the amplitudes ~M ¼ 0:1,
~Rp ¼ �3, ~K ¼ 0:4, and ~Sp ¼ 0. In order to investigate the influ-
ence of Sp, the amplitude ~Sp ¼ 1 was used. At the phase delay of
180 deg, M has the maximum damping rate and both K and Rp

have the minimum damping rates. On the other hand, Sp has the
minimum damping rate at the phase delay of 90 deg. This means
that the onset of cavitation surge is closely related to the real parts
of M, K, and Rp and the imaginary part of Sp.

Conclusion

The influences of the hydraulic system on cavitation surge
based on the one-dimensional linear stability analysis by the
lump-parameter models were investigated. The following conclu-
sions are obtained:

(1) The relative long inlet pipe and short outlet pipe have a sta-
bilizing effect.

(2) The inlet loss coefficient is more effective for the suppres-
sion of cavitation surge. This suggests that the inlet valve is
more suitable for the suppression of cavitation surge than
the outlet valve.

(3) The onset condition of cavitation surge depends on the pipe
length between the cavitating pump and the accumulator.

This suggests that the accumulator downstream of the cavi-
tating pump has the stabilizing effect.

(4) The negative gradient of the suction performance curve and
the positive gradient of the pressure performance curve
cause cavitation surge.

(5) The real parts ofM, K, and Rp and the imaginary part of Sp are
closely related to the onset condition of cavitation surge.
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Nomenclature

A ¼ area of pipe (m2)
c ¼ compliance of tank, defined by Eq. (4)
D ¼ diameter of pipe (m)
Ec ¼ cavitation work, defined by Eq. (22)
Ep ¼ unsteady pump work, defined by Eq. (21)
E1 ¼ unsteady work upstream of the cavitating pump, defined by

Eq. (19)
E2 ¼ unsteady work between the cavitating pump, defined by

Eq. (20)
E3 ¼ unsteady work downstream of the cavitating pump, defined

by Eq. (23)
j ¼ imaginary unit in time
K ¼ cavitation compliance, defined by Eq. (6)
l ¼ dimensionless length of pipe
L ¼ length of pipe (m)
M ¼ mass flow gain factor, defined by Eq. (6)
p ¼ pressure (N/m2)
Q ¼ volume flow rate (m3/s)
Rp ¼ flow gain, defined by Eq. (10)
Sp ¼ pressure gain, defined by Eq. (10)
t ¼ dimensionless time
T ¼ period of the oscillation
U ¼ tip velocity of a impeller (m/s)
va ¼ dimensionless fluid volume at the top of the accumulator
vc ¼ dimensionless cavitation volume
Va ¼ fluid volume at the top of the accumulator (m3)
Vc ¼ cavitation volume (m3)

Fig. 18 Damping rates for the phase delay of M, Rp, K, and Sp to the inlet flow oscillation with
lu510, ld5 50
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a ¼ phase delay to the inlet flow oscillation (rad)
c ¼ specific heat ratio
k ¼ loss coefficient
q ¼ density of working fluid (kg/m3)
r ¼ cavitation number, r ¼ 2ðp� pvÞ=qU

2

s ¼ time (s)
/ ¼ flow rate coefficient
w ¼ pressure coefficient
wp ¼ pressure rise supplied from the cavitating pump, defined by

Eq. (8)
x ¼ complex number of angular velocity

Subscripts

d ¼ downstream of the cavitating pump
i ¼ inlet tank
I ¼ imaginary part of the complex number
o ¼ outlet tank
R ¼ real part of the complex number
t ¼ total pressure
u ¼ upstream of the cavitating pump
v ¼ vapor pressure
1 ¼ inlet pipe
2 ¼ cavitating pump
3 ¼ outlet pipe

Superscripts

ˆ¼ complex number of unsteady component
- ¼ steady component
� ¼ real amplitude of unsteady component
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