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Abstract

Classical gene expression models assume exponential switching time distributions between the active and
inactive promoter states. However, recent experiments have shown that many genes in mammalian cells may
produce non-exponential switching time distributions, implying the existence of multiple promoter states and
molecular memory in the promoter switching dynamics. Here we analytically solve a gene expression model
with random bursting and complex promoter switching, and derive the time-dependent distributions of the mRNA
and protein copy numbers, generalizing the steady-state solution obtained in [SIAM J. Appl. Math. 72, 789-818
(2012)] and [STAM J. Appl. Math. 79, 1007-1029 (2019)]. Using multiscale simplification techniques, we find that
molecular memory has no influence on the time-dependent distribution when promoter switching is very fast or
very slow, while it significantly affects the distribution when promoter switching is neither too fast nor too slow. By
analyzing the dynamical phase diagram of the system, we also find that molecular memory in the inactive gene
state weakens the transient and stationary bimodality of the copy number distribution, while molecular memory in
the active gene state enhances such bimodality.

1 Introduction

Gene expression in individual cells is an inherently stochastic process due to small copy numbers of biochemical
molecules and probabilistic collisions between them [1]]. Over the past two decades, numerous strides have
been made in the models and theory of single-cell stochastic gene expression dynamics [2], which has a dual
representation in terms of its probability distribution and stochastic trajectory. The former is described by a system
of chemical master equations (CMEs), while the latter is described by a continuous-time Markov chain that can be
simulated via Gillespie’s stochastic simulation algorithm. The simplest stochastic gene expression model is the
so-called one-state model, where the promoter of the gene of interest is assumed to be always transcriptionally
active [3l]. This model takes into account synthesis and degradation of mRNA or protein, as well as possible
transcriptional or translational bursting with the burst size having a geometric distribution, which was widely
observed in experiments [4} 5]. If bursting is not considered, then the steady-state solution of the one-state model is
the well-known Poisson distribution; if bursting is considered, then the steady-state solution is given by a negative
binomial distribution [3[], which was also extensively used in single-cell data analysis [6].

A more detailed gene expression model that is closer to the underlying molecular biology is the classical
two-state model, where the promoter of the gene is assumed to switch stochastically between a transcriptionally
active state and a transcriptionally inactive state [[7H11]. This model has made great success in interpreting
many experimental phenomena. Specifically, the two-state model can be used to reveal the biophysical origin of
transcriptional bursting [12-14]], which is due to a gene that is mostly inactive but transcribes a large number of
mRNA molecules when it is active. Moreover, it can account for the experimentally observed bimodal distributions
of mRNA and protein copy numbers that cannot be captured by the one-state model [9]]. The two-state model is also

analytically solvable. If bursting in each gene state is not considered, which usually occurs for the mRNA dynamics,
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then the steady-state distribution of the gene product number is given by a confluent hypergeometric function [7]]
and the time-dependent distribution can also be derived [[LO]. If bursting in each gene state is considered, which
usually occurs for the protein dynamics, then the steady-state solution is given by a Gaussian hypergeometric
function [9] and the time-dependent solution was derived in [15]. In addition, the steady-state and time-dependent
solutions for the two-state model of an auto-regulatory gene network were also extensively studied [16-20].

In the two-state model, the time spent in the active or inactive gene state has an exponential distribution. This
is generally a reasonable assumption for bacteria [21]. However, recent studies in mammalian cells have shown that
the inactive periods for many genes may have a non-exponential peaked distribution [22}23]]. This indicates that
the gene dynamics in the inactive period may contain multiple exponential steps and exhibit a “refractory” behavior:
after leaving the active state, the promoter has to progress through multiple inactive states before becoming active
again. In addition, there have been some experimental studies suggesting that the promoter may also have multiple
active states, yielding a non-exponential active period [24-28]]. In such cases, one could still use a two-state
model by accepting the loss of the Markov property [29]. However, adding intermediate states not only provides a
convenient way to keep the Markov property, but also has the opportunity to reveal the details of the underlying
biological mechanisms behind promoter switching.

In fact, gene expression models with complex multi-state promoter switching mechanisms have been widely
studied from the theoretical perspective [30-37]]. However, most previous papers focus on the steady-state behavior
of the system, while its time-dependent behavior has received comparatively little attention. If there is only one
active gene state and multiple inactive gene states, it has been found that the steady-state distribution of the mRNA
copy number is given by a generalized hypergeometric function [38H42]]. Thus far, there is still a lack of a detailed
study about the time-dependent solution of a multi-state gene expression model with transcriptional or translational
bursting. In this paper, we fill in this gap by computing the analytical time-dependent distributions of mRNA and
protein copy numbers and investigate the influence of molecular memory on such distributions.

The structure of the present paper is organized as follows. In Sec. 2, we describe our multi-state model in
detail and provide its CMEs. Our model can simultaneously capture non-exponential active or inactive duration
distribution, as well as non-bursty or bursty gene expression pattern, and thus is very general. In Sec. 3, we obtain
the analytical time-dependent solution of the multi-state model, discuss how our results reduces to previous results
in one-state and two-state models, and reveal three types of possible dynamics behaviors of the system. In Sec. 4,
using multiscale simplification techniques, we provide simplified expressions for the time-dependent distributions
when the promoter switches rapidly or slowly between the multiple states. In Sec. 5, we investigate the phase
diagram characterizing the dynamics of the multi-state model and use it to reveal the influence of molecular memory

on the time-dependent distributions. We conclude in Sec. 6.

2 Model

The classical two-state gene expression model assumes that the promoter of a gene can switch between an
active and an inactive state with the active state having a higher transcription rate than the inactive one [[/]. In the
two-state model, the durations of the active and inactive states both have an exponential distribution. However,
recent studies have shown that in mammalian cells, the inactive periods for many genes may have a non-exponential
distribution with a nonzero peak [22} 23], since the activation of the promoter is a complex multi-step biochemical
process due to chromatin remodeling and the binding and release of transcription factors. This indicates that the
gene dynamics in the inactive period may contain multiple exponential steps and in sum, the gene would undergo a
multiple-state switching process with molecular memory (recall that an exponentially distributed transition time
guarantees the Markovian property which is memoryless). Similar multi-state behavior has also been found for the
active period [24-238]].

Here we consider a gene expression model with complex promoter switching (Fig. [T[a)). Specifically, we

assume that the promoter of the gene can exist in L + 1 states, denoted by Gy, G1, . . ., G 1. Biophysically, these
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states correspond to different conformational states during chromatin remodelling or different binding states with
transcription factors [39} 40]]. Moreover, we assume that the gene product of interest, i.e. mRNA or protein, is
produced in a non-bursty (constitutive) or bursty manner. In each gene state G;, the synthesis of the mRNA is
usually non-bursty, while the synthesis of the protein is often bursty due to rapid translation of protein from a
single, short-lived mRNA molecule [13}114]. Both non-bursty and bursty gene expression are commonly observed
in naturally occurring systems [43]].

In the bursty case, the synthesis of the gene product is assumed to occur in bursts of random size sampled
from a geometric distribution with parameter p, in agreement with experiments [3]. Then the effective reactions

describing the gene product dynamics are given by

GZEL)GJ, Z,]:07177L7 7’7&]’
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Go PP % Go+kP, Gi 2% G+ kP, k21, i=1,...,L, M
ro,

where ¢ = 1 — p. Here the first row describes switching of the promoter between all gene states with rates k;;, the
second row describes bursty production of the gene product P in all gene states, and the third row describes the
decay of the gene product with rate d due to active degradation and dilution during cell division [44}45]. Following
[40], we assume that bursts occur at a rate py when the promoter is in state Gy and occur at a different rate p;
when the promoter is in other states G1,...,Gr. If pg > p1, then Gy is the active state and G, ..., G, are the
inactive states. In this case, the active period is exponentially distributed, while the inactive period may have a
non-exponential distribution. If py < p1, then Gy is the inactive state and G1, ..., G, are the active states. In this
case, the inactive period is exponentially distributed, while the active period is non-exponential distributed.

In our model, the switching dynamics between the L + 1 gene states and the switching rates between them
can be chosen arbitrarily, and thus the sojourn time in the states GG1, . .., G, can have a very general probability
distribution. A special case occurs when promoter progression has an irreversible cyclic structure, as illustrated
in Fig. [T[b) [38L 39]. If py > p1, then the corresponding model is referred to as the multi-OFF model since
the promoter must undergo L inactive states one by one before entering the active state. If pg < pi, then the
corresponding model is called the multi-ON model. For both the multi-OFF and multi-ON models, the sojourn
time in the gene states i1, ..., G is the independent sum of L exponential random variables and thus has a
hypoexponential distribution (also called a generalized Erlang distribution).

In the non-bursty case, the effective reactions describing the gene product dynamics are given by

Gi—J>Gja Za.]zoalv"'aLaZ#,%

Gy 2% Go+P, G 2Gi+P, i=1,...,L, )
PLg.

Here we assume that the gene product is produced in a constitutive manner with rate sy, when the promoter is
in state Gy and is produced with a different rate s; when the promoter is in other states G1, ..., G. Note that
when the synthesis rate in the inactive gene state is zero (s9p = 0 or s; = 0), the non-bursty model introduced
above reduces to the model proposed in [40]. Interestingly, the non-bursty model described by Eq. (@) is actually a
limiting case of the bursty model described by Eq. (T)) [19,[46]. Since the burst size is geometrically distributed, the
mean burst size is given by B = Y7 | kp*q = p/q. It is easy to see that when pg, p; — oo and B — 0, while
keeping poB = sg and p1 B = s; as constant, we have p — 0, ¢ — 1, and

pipg = si, pip"q—0, k>2, i=0,1.

This clearly shows that the bursty model reduces to the non-bursty model in the above limit. Hence in the following,
we will first derive the analytical results for the bursty model and then use them to obtain the relevant results for the

non-bursty model by taking the above limit.
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Figure 1: Multi-state gene expression models. (a) Schematic diagram of a multi-state model with complex promoter switching
and bursting dynamics. The promoter can exist in L + 1 states Go, G1, ..., G and the connections between them can be
arbitrary. The transcription rate is po in gene state G and is p; in all other gene states. The gene product is produced in a
bursty manner. (b) Schematic diagrams of the multi-OFF and multi-ON models, where promoter switching has an irreversible
cyclic structure. For the multi-OFF model, there is only one active state and multiple inactive states. For the multi-ON model,
there is only one inactive state and multiple active states. (c) Transition diagram for the Markovian dynamics associated with
the multi-state model. Note that bursting can cause jumps from microstate (¢, n) to microstate (¢, n + k) for any k > 1. This
this is shown for microstates (¢, 0) in the figure but is also true for other microstates. (d) The reduced Markovian model in
fast promoter conditions. When promoter switching is fast, the microstates (0,n), (1,n), ..., (L,n) in (c), as enclosed by red
dashed squares, are in rapid equilibrium and thus can be aggregated into a group that is labeled by group n.

The microstate of the bursty model can be represented by an ordered pair (7, n): the state ¢ of the promoter and
the copy number n of the gene product. Let p; ,,(¢) denote the probability of having n copies of the gene product
when the promoter is in state ¢ at time ¢. Then the stochastic gene expression kinetics can be described by the
continuous-time Markov chain illustrated in Fig. [Tc). The evolution of the Markovian model is governed by the
following set of CMEs:

n—1 00
Po,n = Z popn—kqpo,k - Zpopqu)o’n + [(n + 1)dpo,nt1 — ndpo,n)
Lk=0 k=1
+ > (kjopsn = kojpo,n);
J#0
fn—1 oo (3)
Pin = Z pip"Fapi — Zmpkqpm +[(n + 1)dpin+1 — ndp; »]
Lk=0 k=1
+ Z(ka‘pj,n — kijpin), i=1,...,L.
J#i

Here the first term on the right-hand side represents bursty production of the gene product, the second term
represents decay of the gene product, and the last term represents promoter switching. In what follows, for

convenience, we set d = 1 [42]], which is equivalent to dividing each parameter by d and rescaling time by 1/d.
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3 Analytical time-dependent solutions

3.1 Analytical solution for the bursty model

Before stating our results, we first introduce some notation. Let K = (k‘ij)( L+1)x(L+1) denote the generator
matrix of promoter switching dynamics, where k;; = — > i k;; for each 0 < i < L. Following [42]], we assume

that K is irreducible, which means that for any pair of gene states G; and G, there exists a transition path
Gi:Gil %Gig *)Gi?) *)"'*)Gin :Gj

from G to G; with positive transition rates, i.e. ki, 4,Kiyi, - - K > 0. Moreover, let H = (k;j)1<i j<r be the

matrix obtained by removing the first row and the first column of the matrix K. Since K is a generator matrix,

in—1%n

one eigenvalue of K must be zero. Let p1, ..., i denote all the nonzero eigenvalues of —K and let Ay, ..., g
denote all the eigenvalues of —H. It follows from the Perron-Frobenius theorem and the irreducibility of K that \;
and p; all have positive real parts [42].

To proceed, we define the generating function f;(¢,z) = > oo pin(t)z" foreach 0 < i < L. Then Eq.
can be converted into the following system of partial differential equations (PDEs):

0 — 0
0o _ f’@”’*_zpzl)fﬁ (1= 4 S kol = 3 hoso,

ot 1 : 4
Jj#0 j#0 @

O _ppz=1) oy ) 0f e, .

8t - 1_pz f’L+(1 Z)az +;k]zfj ;kljfl,zl,...,_[/.

Furthermore, let p,, (t) = ZiL:o Pi,n(t) denote the probability of having n copies of the gene product at time ¢ and
let f(¢,2) = Ef:o fi(t, z) denote its generating function. To simplify the above system of PDEs, we define a new
variable w = B(z — 1). Let f;(t,w) and f(t,w) denote the functions with variables ¢ and w that are associated
with f;(t, z) and f(t, 2), i.e.

ﬂ(taw):fi(tvw/3+l)v f(trw):f(t7w/B+1)' )

Then Eq. @) can be rewritten as

0fo _ pow ; fo = 2
2% 1w 0—w87+zkjofj—zk0jf07

Jj#0 J#0 (6)
ofi _ pw ;  Of; 7 P
J#i Jj#i
For convenience, we set p = pp — p1 and
gilt.w) = (1= w) fi(t,w), i=0,1,...,L, g(t,w)=(1—w)"f(t,w). ™)
Moreover, let o7 be the differential operator defined by
0 0]
o = — —_—.
ot “ow
It is straightforward to check that g; satisfies the following system of PDEs:
pw
9o — 90 +Y kojgo— Y kjog; =0,
J#0 J#0 (8)
gfgi+2kijgi—2kjigj:0, Zzl,,L
i i
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Note that Eq. (8) is much simpler than Eq. () since the latter contains both py and p1, while the former only
contains their difference p = pg — p1. Summing up all the equations in Eq. (§) yields

1—-w
gO(t7w> = pT&Q{g(tﬂ'dL (9)
which shows that gy can be expressed explicitly by g. Complex computations show that gg, g1, ..., gr can all be
expressed by g as
go(t,w) g(t,w)
g1(t,w) A g(t,w)
: = Aw) : . (10)
gr(t,w) gt w)

where A(w) is a square matrix of order L + 1 with its entries being functions of w (see Appendix for the detailed
proof and the explicit expression of A(w)). Substituting Eqs. (9) and (T0) into the relation g = Zf:o gi, we obtain
a PDE specifically for g, which is given by (see Appendix [A]for the detailed proof)

L L+1
{%H(ﬂf—lwi)—wH(ﬂm)}g(t,w):o, (11
i=1 i=1
where 71, ..., 7r41 are constants satisfying the equations
Uk(717~-~7’7L+1):Uk(le-wML)"‘Pkal()\17~-~,/\L)7 k:177L+17 (12)
with o (p1, - . ., pur ) being the kth elementary symmetric polynomials defined by
O—k(,ulv"'a,u‘L): Z Hoiy g+« o iy -
1<iy <-+<ix<L
Here we assume that oo (1, ..., 4r) = land o1 (g1, .., 1) = 0. Since Vieta’s formulas relate the coefficients
of a polynomial to the elementary symmetric polynomials of its roots, we can see that 7y;, ..., yr4; are actually all
the roots of a polynomial of degree L + 1. The fundamental theorem of algebra guarantees that vy, ..., yp41 are

uniquely determined by Eq. (12).

To solve Eq. (T1]), we use the method proposed in [10}[13] to convert it into a solvable ordinary differential
equation (ODE). To this end, we make the variable transformation £ = logw — ¢t and = w. Let g(§,n) be the
function with variables & and 7 that are associated with ¢(¢,w), i.e. §(&,1) = g(logn — &, 7). In terms of the new
variables, we have

oA = 9 + wi = 772.
ot Ow on

Then Eq. (TT) can be converted into the ODE
L L+1
0 0 0
— — -1 i — —+vi |9 n) =0. 13
{nan}:{(nan +u) 7721:[1(77377 7)}9(577) (13)
Note that for each given &, Eq. (T3) is a generalized hypergeometric ODE with respect to 7 [47} Eq. 16.8.3] and its
general solution is given by the linear combination of generalized hypergeometric functions [47, Eq. 16.8.6]

L

g(&m) = Cil&)wi(n),

i=0
where C;(£) are constants depending on & and y;(n) are functions defined by

yo(n) = L1 FrL (Y, .- YL, YL A1 15 - -, BL3 M)

L (14)
yin) ="M L FL (Lt v — sy Db yogn — a3 2 — iy L i1 — Ry ooy ooy L i — pism)

6
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fori =1,...,L. Here 11 F(aa,...,ar41;P1,. .., Br; ) denotes the generalized hypergeometric function [47]]
and “x” represents that the entry 1 + p; — p; is removed. In terms of the original variables ¢ and w, the function

g(t,w) is given by
g(t,w) = di(we "yi(w), (15)

where ¢;(x) = C;(log z).

The remaining question is to determine the functions ¢; based on the initial conditions, or more precisely, the

functions g;(0,w),? = 0,1, ..., L that are associated with the initial distributions. Note that for each n > 0, it is
easy to check that 3
d"g(t,w) = Z 9"y (w)di(we™), (16)
i=0

where ¥ = w%. Inserting the above formula into Eq. (I0) and setting ¢ = 0 yield

90(0,w) )  nw) ... ) ¢bo(w)

g ((?7 w) —Aw) 19y0.(w) ﬁyl.(w) . ﬁyL.(w) ¢1FW) ’ a7

9.(0,w) Hyow) Iy(w) ... yr(w) ¢r(w)

from which the functions ¢;(w) can be recovered from the initial conditions g;(0,w). Using the transformations

given in Egs. (8) and (7), in terms of the original variables ¢ and z, the generating function f (¢, z) is given by
f(t,z)=[1—=B(z—1)]""g(t,B(z — 1)). (18)

Taking partial derivatives of f(t, z) with respect to z at z = 0, we finally obtain the time-dependent distribution of
the gene product number:
1 an

nl 9zn

f(t,2). 19)

z=0
We then focus on the steady-state gene product number distribution. At the steady state, the functions f (¢, z)

Pn (t) =

and g(t,w) are independent of time ¢ and we denote them by f*°(z) and ¢*°(w), respectively. Then Eq.
reduces to

L L+1
{191_[(19 =14 p) —w H(19+%)} 9% (w) = 0.
i=1 i=1
Note that this is a generalized hypergeometric ODE and its solution is given by

% (W) = L1 FL (V1 YL VL4115 - - BL3 W) -

In terms of the original variable z, the generating function f*%(z) is given by

[¥()=[1-B(z-1)]""g¢*(B(z - 1)) 20)
=[1-B(z-1)]"" 1 Fr(v,- YL, Y413 My - - prs Bz — 1)).

Taking derivatives on both sides of the above equation at z = 0 and using the differentiation formula for generalized
hypergeometric functions [47, Eq. 16.3.1], we finally obtain the steady-state distribution p;° of the gene product
number:

n L+1
s 4™ (n> 12 ()
= =
i—o \! Hj:l(:uj)i

where (z); = x(z +1)...(z + i — 1) is the Pochhammer symbol. In the special case of p; = 0, i.e. no gene

prFL(vn+i, . yper Fispa 4 i, up + i —B)p" T B (p1),,_;

product molecules are produced during the inactive period, the expression can be simplified as

ss B™ Hfill(’)/j)n

n = = o L+1fL (vi+n, . yL + Y s 0, pr 0 —B)
n Hj:l(/ij)n
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3.2 Analytical solution for the non-bursty model

Next we focus on the non-bursty model. Recall that the non-bursty model given in Eq. (2)) is a limiting case
of the bursty model given in Eq. (I) when pg, p1 — oo and B — 0, while keeping poB = s¢ and p1 B = s; as

constant. Under this limit, it is clear that
lp| = |po — p1l = |so — s1|/B = 00, pB — s:= 50— $1.

From Eq. (I2), it is easy to see that 71, ...,z are functions of p, 1, ..., puz, and Ay, ..., Az, In Appendix [B]
we have proved that

lim v =X, i=1,...,0L, lim 2L —1, Q1)

|p|—oc0 lp|—o0 p
Recall that when ;47 — oo and z — 0, while keeping a4 2 as constant, we have the following limit for

generalized hypergeometric functions [47, Eq. 16.8.10]:

r+1Fr(ar, .. ap,ape1; 81,0, Briz) = pFr(ag, ... apn; B, ..., Briapy 2).

Applying this formula and taking pg, p1 — oo and B — 0, while keeping pgB = s¢ and p; B = s; as constant,
we obtain the following limits:
[1—B(z—1)]" — ez,
L1 Fo(v, v ver i, s B(z = 1) = pFL(My - Ay, - pns s(2 = 1),
Lt Fo(U 4y = iy Vb o — pas 2 — iy L pn — iy oo y% oo T pp — g Bz — 1))
= L FL(L+ M = iy, LA = 0352 = gy L g — gy ook oo L i — gy s(2 — 1)),

Thus from Eqs. (T3] and (T8), the generating function f (¢, z) for the non-bursty model is given by

f(t,2) = 631(2_1)g(ta s(z —1)),
where
L —
g(t,w) = Zq&i(we_t)@i(wL
i=0
with the functions ¥y, . . .,y being defined by

yo(w):LFL()\1,~~;)\L§M17~~~,ML§W),
Ui(w) =w' TP L FL (L A = oy L AL = 32— iy L i1 — fhi e ooky ey L i — pijw)

fori = 1,..., L. Here the functions ¢, can be determined by using similar methods. Then the time-dependent
copy number distribution can be recovered from f (¢, z) based on Eq. (19).
At the steady state, it follows from Eq. that the generating function reduces to

fss(z) - 681(Z71)LFL (>‘13 .. '7)\L;,u'17 sy UL S(Z - 1)) .

Taking derivatives on both sides of the above equation at z = 0 yields the steady-state copy number distribution
=— Tyoon, 1; iy, i;—s)sy  's".
Dy, ol 2 ;)L L 2 B 1

In the special case of s; = 0, i.e. no gene product molecules are produced during the inactive period, the expression
can be simplified as

sn
pflszniolLFL(Al +na"'a)‘L+n;lJ’l +na"'7/’4L+n;_30)'

This coincides with the results obtained in [40} 42]].
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3.3 Special case of L =0

We next focus on two important special cases. In the case of L = 0, there is only one gene state Gy and
the promoter is always active. If the gene product is produced in a bursty manner, then our model reduces to the

classical bursty gene expression model [3], whose effective reactions are given by
G Gikp k>1, PS o,
where we assume d = 1 for simplicity. Since L = 0, it follows from Eq. that
9(t,w) = do(we™"yo(w). (22)

If the initial gene product number is zero, then we have g(0,w) = f(0,w) = 1. It the follows from Eq. 22) that

1 1

Polw) = vow)  1Fo (po3;w) (L= wy?.
Then we obtain ool t) . o
_ ¢o(we™") —we~
g(taw)* (bO(W) - < 1—OJ ) :

In terms of the original variables ¢ and z, the generating function f (¢, z) is given by

_t1P0
1—-B(z—1)e t] (23)

Ft.2) =gt B = 1) = | T2

Thus when the promoter is always active, the time-dependent distribution of the gene product number can be

recovered from f (¢, z) by taking the partial derivatives with respect to z at z = 0:

n B \" /14 Bet\" 1+ B
pn(t)Z(pO) ( > ( +oe ) o Fy (—n,—po;l—po—n * ) (24)

n \1+B 1+B "'+ B

This agrees with the results obtained in [9]. Taking ¢ — oo in the above equation yields the following steady-state

distribution of the gene product number:
ss __ (po)npnqu ]

" n!
This is the well-known negative binomial distribution and agrees with the results obtained in [3]].
If the gene product is produced in a non-bursty manner, then our model reduces to the following simple gene

expression model:
G2 a+pr, PSo.

To solve this model, we only need to apply the limit py — oo and B — 0, while keeping pp B = s¢ as constant, to
the above results. Taking this limit in Eq. (23), we obtain

£(t,2) = esoi=e )1,

Taking the derivatives of the generating function f (¢, z), we find that the gene product number has a Poisson

time-dependent distribution that is given by

[80(1 - e_t)]ne—so(l—eft).

Palt) = n!
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3.4 Special casesof L =1 and L =2

We next consider the special case of L = 1, where there are only two gene states Gy and G;. If the gene
product is produced in a bursty manner, then our model reduces to the classical two-state bursty gene expression

model [9,[14], whose effective reactions are given by
k(n kl(]
G() — Gl, Gl — GOa
k k
Go 22 % Go+ kP, Gy 224G +kP, k>1, PS5 o,

where we assume d = 1 for simplicity. Since L = 1, it is easy to check that Ay = k¢, 1 = ko1 + k1. It follows
from Eq. (I2) that 4 and +, are determined by

M2 = kiops 71+ 72 = kio + ko1 + p.
Based on Egs. (13) and (I7)), we have
g(t,w) = po(we™ Yo (w) + p1(we™ y1 (w), (25)
where
Yo(w) = oF1 (71,725 130), n(w) = w9y (T4 — pn, T2 — 32 — s w)

and ¢g(w) and ¢, (w) satisfy the following two restrictions:

Yo(w)do(w) + y1(w)d1(w) = go(0,w) + g1(0,w),
1—w 1-—

o0 (0()) 0() + —0 (1) 61 () = 90(0.).

Here the first equation follows from Eq. (25)) and the second one follows from Eq. (9). If the initial gene product
number is zero and the promoter is in the state G, then we have go(0,w) = (1 — w)** and g1 (0,w) = 0. Solving

the above two equations yield

do(w) = (1 —w)® 9P (1+y1 — p1, 1472 — p1; 1 — pgsw)

1 pu w(l —w)o P (1+m —p1, L +92 — p132 — pisw)
— 1

— koip 7 Po . .
¢1(OJ) - ,Ufl(]-f,ufl)w (1_("1) 2F1(717727M1 —I—l,OJ),

where we have used [47, Egs. 15.5.4 and 15.5.21] in the calculations. Inserting the above formulas into Eq. (23]
gives the explicit expression of g(¢,w). Then the generating function in terms of the original variables ¢ and z is
given by f(t,z) = (1 — B(z — 1))Pg(t, B(z — 1)). This is in agreement with the result obtained in [15]]. The
time-dependent copy number distribution can be recovered from f (¢, z) by taking derivatives.

If the gene product is produced in a non-bursty manner, then our model reduces to the following classical

two-state non-bursty gene expression model [[7]]:

k k
Go = G1, Gi —> Go,

Go 2% Go+P, G 5G +P, k>1, P4 o

To solve this model, we consider the limit pg, p1 — 0o and B — 0, while keeping poB = s¢ and p1 B = s1 as
constant. Under this limit, it follows from Eq. 1) that 1 — A1 = k10 and y2/p — 1. If the initial gene product
number is zero and the promoter is in the state G, then taking the above limit in Eq. (25) gives the generating

s1(z—1)

function f(t,2) = e g(t,s(z — 1)), where s = sp — s1 and

9(t,w) = do(we™ " )Po(w) + ¢y (we™" )7, (W),
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with
To(w) = 1 F1 (k103 kor + k1osw), Ty (w) = w' 7F0r k0, By (1 — ko132 — kot — kiosw)
and
_ wefsow/s
bo(w) = e/ Fy (1 — kor; 1 — kor — kio;w) — ———————1F1 (1 — ko132 — ko1 — kio;w)
1 — ko1 — k1o

k01wk01+k1oe—sow/s
(ko1 + k10)(1 — ko1 — kio)

¢1(w) =

1F1 (k103 1+ ko1 + ks w) -

In the special case of sy = 0, which means G is the inactive state and G is the active state, our result has a
slightly different form but is essentially in accordance with the one obtained in [10].

Finally, we consider the case of . = 2, where the promoter can switch between three states. In this case, our
model reduces to the classical refractory model proposed in [22]. Note that in the original refractory model, Gy is
an active gene state, and the bursting in each gene state is not considered. The analytical solutions for this model

are given in Appendix [C]

3.5 Three types of dynamic behaviors

To validate our analytical solutions, we compare them with numerical solutions obtained using the finite-state
projection algorithm (FSP) [48]. When performing FSP, we truncate the state space at a large integer N and solve
the truncated master equation numerically using the MATLAB function ODE45. The truncation size is chosen
as N = 5max(poB/d, p1B/d). Since poB/d and p1 B/d are the typical gene product numbers in the active and
inactive gene states, respectively, the probability that the copy number is outside the truncated size is very small
and practically can always be ignored. From Fig. [2| we can see that our exact solution coincides perfectly with the
numerical solution obtained by the FSP at all time points.

In what follows, we assume that the initial gene product number is zero and the promoter initially starts from
the steady-state distribution of all gene states Gy, . .., G, unless otherwise stated. Recall that the gene product
number distribution can be divided into being unimodal or bimodal according to the number of modes. In general,
bimodality implies multiple phenotypic states of the underlying biological system [49]. To further understand the
shape of the time-dependent distribution, we classify the dynamic behavior of our model into three different phases,
following [20]: (i) the distribution is unimodal at all times (Fig. [2(a)); (ii) the distribution is unimodal at small and
large times and becomes bimodal at intermediate times (Fig. Ekb)); and (iii) the distribution is unimodal at small
times and becomes bimodal at large times (Fig. [J[(c)). Multimodality with more than two modes is not detected
over large swaths of the parameter space. To distinguish between them, we refer to (i) as unimodality (U), to (ii) as
transient bimodality (TB), and to (iii) as stationary bimodality (SB). It is clear that all the three types of dynamic

behaviors can occur in our model.

4 Cases of fast and slow promoter switching

We next focus on two nontrivial special cases. The first case occurs when the promoter switches rapidly
between all gene states, i.e. k;; > po, p1,d. In this case, the gene product number n is a slow variable and the
promoter state ¢ is a fast variable. Hence our model can be greatly simplified using the classical simplification
technique of two-time-scale Markov chains called averaging [19} 51} 152]. For simplicity, we only consider the
bursty model here; the non-bursty model can be analyzed in a similar way. Since k;; are large, for each n > 0,
the microstates (0,n), (1,n), ..., (L,n) are in rapid equilibrium and thus can be aggregated into a group that is
labeled by group n, as illustrated in Fig. [Ic). In this way, our model can be simplified to the Markovian model
illustrated in Fig. [T{d), whose state space is given by

roup 0, group 1,--- ,group n, - - - },
group U, group group

11
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Figure 2: Three types of dynamic behaviors for the multi-state model. (a) Unimodality. The blue curve shows the exact
solution computed via Eq. (I3) and the red circles show the numerical solution computed via FSP. When computing the exact
solution, we use the discrete Fourier transform algorithm proposed in [S0]. This algorithm can recover the distribution directly
from the generating function without calculating the higher order derivatives as in Eq. (T9), which is very time-consuming
and numerically unstable. Here we have assumed that ko1 = w and k12 = ko3 = -+ = ko = Lv. The parameters are
chosen as u = 50,v = 20,p0 = 240,p1 = 20,B = 1,L = 3. (b) Transient bimodality. The parameters are chosen
asu = 0.65,v = 1.2,p9 = 66,p1 = 10.5,B = 1.5, L = 3. (c). Stationary bimodality. The parameters are chosen as
v =0.1,v = 0.25,po = 70, p1 = 10, B = 1.5, L = 3. In (a)-(c), the initial gene product number is zero and the promoter
initially starts from the steady-state distribution of all gene states.

The remaining step is to compute the effective transition rates between two groups. In the fast switching
regime, for each n > 0, the microstates (i,n), i = 0, 1, ..., L will reach a quasi-steady state. Since the transition
rates between gene states are independent of n, the quasi-steady-state distribution is also independent of n. Let pg,
denote the quasi-steady-state probability of being in gene state G;. It then follows from [42, Lemma 5.3] that

ey = A AL 26)
M1 QL

For convenience, we define the effective transcription rate as

Ao\ A ---\
lipw(l—lL) pr. 27)

p~:
,u'l"'lJf /“Ll'../’LL

Let q(i,n),(i7,n’) denote the transition rate from microstate (4,n) to microstate (', n") for the full model. According

to the averaging theory [51}52]], the effective transition rate from group n to group n + k is given by

L

> PG A(im).ntk) = Paopor™a + (1= pa,)pp*a = ppta,
=0

and the effective transition rate from group n to group n — 1 is given by

L

Z PaG; q(i,n),(i,n—l) = nd.
=0

Thus far, we have obtained all effective transition rates for the group dynamics (Fig. [I(d)). Note that this is

equivalent to a one-state model in the case of L = 0, where the transcription rate pg in the gene state Gy is

12


https://doi.org/10.1101/2022.01.05.475050

bioRxiv preprint doi: https://doi.org/10.1101/2022.01.05.475050; this version posted January 6, 2022. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

replaced by the effective transcription rate p. Since we have assumed that the promoter initially starts from the
quasi-steady-state distribution of all gene states, the averaging theory guarantees that distributions of the full and
reduced models agree with each other over the whole time axis [S3]. If the initial gene product number is zero, then
it follows from Eq. (24) that the approximate time-dependent distribution of the gene product number in the fast

switching regime is given by

(P [ B \'[1+Bet\’ . _  1+B
pn(t) = T+ B T B oF1 | —n,—p;1—p n’et—&—B . (28)

To validate this result, we compare the approximate solution with the exact solution in Fig. [3[a). It can be seen that
they coincide with each other perfectly at all time points.

The second case occurs when the promoter switches slowly between all gene states, i.e. k;; < po, p1,d. In
this case, the gene product number n is a fast variable and the promoter state ¢ is a slow variable. Since k;; are
small, for each 0 < i < L, the microstates (¢, 72), n > 0 will relax to a quasi-steady state before promoter switching
takes places. If the initial gene product number is zero, then it follows from Eq. (24) that the distribution p,,;(t) of

the gene product number conditioned on gene state G; is given by

n B \" [1+ Be t\" 1+ B
Pn\o(t):(po) ( > ( ) 2 (-n,—po;l—po—n ),

n \1+B 1+ B e+ B
(p1) B \" (14 Be t\"” 1+B 9
1)n .
nli(t) = Bl—n—pyl—pr—n——]), t=1,...,L.
pai(t) = =71 <1+B> ( 1+ B ) 21(” prtm ”et+B> !
Let p, denote the steady-state probability of being in gene state GG;, respectively. It follows from Eq. (26)) that

A AL
PGo = ——
M1 L

Since we have assumed that the promoter initially starts from the steady-state distribution of all gene states, the
approximate time-dependent distribution of the gene product number in the slow switching regime is given by

L AL AL A AL
pu(t) = ;pc,pn\i(t) = mpmo(t) + <1 - M) Pnj1(t), (30)
where py,|(t) and p,1(t) are given in Eq. ([29). Taking ¢ — oo in the above equation yields the steady-state

distribution of the gene product number, which is given by

pss _ AL AL (Ioo)npnqpo + (1 _ A1 /\L) (pl')npnqpl.
U1 n!

n U1 QL n'

This is the mixture of two negative binomial distributions. Since a negative binomial distribution is unimodal,
the mixture of two negative binomials can yield a bimodal copy number distribution. To validate this result, we
compare the approximate solution with the exact solution in Fig. [3(b), from which we see that they coincide with

each other perfectly at all time points.

5 Influence of molecular memory on the time-dependent distribution

5.1 Fast and slow promoter switching

The major difference between our model and the classical one-state or two-state model is the complex promoter
switching mechanism, which leads to complex non-exponential distribution of the active or inactive period, i.e.
molecular memory. Here we investigate the effect of molecular memory on the time-dependent distribution of the
gene product.

To do this, we focus on the multi-ON and multi-OFF models with L + 1 gene states (Fig. [I{b)). For the

multi-ON (multi-OFF) model, the active (inactive) period has a non-exponential distribution. Here the parameter L

13
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Figure 3: Comparison between the exact and approximate time-dependent distributions in fast and slow switching
conditions for the multi-OFF model. (a) Fast promoter switching. The parameters are chosen as v = 100, v = 200, pp =
42, p1 = 10, B = 1.5. (b) Slow promoter switching. The parameters are chosen as u = 0.003,v = 0.005, po = 32, p1 =
5, B = 1.5. In (a),(b), the blue curve shows the exact solution when L. = 2, the red circles show the approximate solution
when L = 2, and the grey region shows the exact solutions when L = 10. The exact solution is computed via Eq. (I8), while
the approximate solution is computed via Eq. for fast switching and via Eq. for slow switching. Clearly, molecular
memory has no effect on the distributions in fast and slow switching conditions.

can be understood as the strength of molecular memory. A larger L usually gives rise to a larger deviation from the
exponential distribution. To make an equitable comparison between models with different values of L, we assume

that the promoter switching rates are given by
L L L L
Go 5 G =5 G2 25 G = Go.

In other words, we assume kg; = u and k1o = kog = -+ = krg = Lv. Under this assumption, the transition
time from Gg to G1, denoted by T}, has an exponential distribution with mean 1/u. Moreover, the transition time
from G to Gy, denoted by T}, has an Erlang distribution with shape parameter L and mean 1/v. Therefore, the
parameter v can be interpreted as the effective switching rate from G; to GGy. Note that the means of the two
transition times are independent of L. The noise, characterized by the coefficient of variation squared, in 77 is
given by 1/L. As L — oo, the noise in 7} tends to zero and thus 77 converges to a point mass at 1/v, in which
case the molecular memory is the strongest.

To understand the influence of molecular memory on the time-dependent distribution, we first focus on the
cases of fast or slow promoter switching. For both the multi-ON and multi-OFF models, the eigenvalues y1, . .., pur,
of the matrix — K satisfy

p1 - pp = det(—K) = (Lv)* + Lu(Lv)F 1,

and the eigenvalues A1, ..., Az, of the matrix —H satisfy
A Ap =det(—H) = (Lv)".

Combining the above two equations shows that the steady-state probability of being in gene state Gy is given by

MM w
pGO_,LLl"',UrL _u_|_fu,

which does not depend on L. In the fast switching regime, the effective transcription rate given in Eq. and the
time-dependent distribution given in Eq. (28] are both independent of L. On the other hand, in the slow switching
regime, the time-dependent distribution given in Eq. (30) is also independent of L. This shows that molecular
memory has no effect on the time-dependent distribution in the limiting cases of fast and slow promoter switching,
as illustrated in Fig. [3]

14


https://doi.org/10.1101/2022.01.05.475050

bioRxiv preprint doi: https://doi.org/10.1101/2022.01.05.475050; this version posted January 6, 2022. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

5.2 General case

We have seen that molecular memory has no influence on the time-dependent distribution when the promoter
switches rapidly or slowly between all gene states. A natural question is whether molecular memory will affect the
time-dependent distribution when promoter switching is neither too fast nor too slow. To see this, recall that the
gene expression system can exhibit three types of dynamical behaviors: unimodality (U), transient bimodality (TB),
and stationary bimodality (SB). To gain a deeper insight into a bimodal copy number distribution, following [20]],

we define the strength of bimodality as
_ Hlow - Hval]ey

Hyign ’
where H,y is the height of the lower peak, Hpigp is the height of the higher peak, and Hyqyey is the height of the
valley between them. For unimodal distributions, « is automatically set to be 0. For bimodal distributions, « is

K

a quantity between 0 and 1 since Hyajiey < Hiow < Hpign. In general, to display strong bimodality, the following
two conditions are necessary: (i) the two peaks should have similar heights and (ii) there should be a deep valley
between them. The former ensures that the time periods spent in the low and high expression states are comparable,
while the latter guarantees that the two expression levels are distinguishable. Clearly,  is large if both conditions
are satisfied and is small if any one of the two conditions is violated. Hence, « serves as an effective indicator that

characterizes the strength of bimodality.
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Figure 4: Dynamic phase diagrams for the multi-OFF and multi-ON models as « and v vary. The green and yellow curves
enclose the regions for TB and SB, respectively. (a) Phase diagram for the multi-OFF model under different choices of L. The
parameters are chosen as pg = 40, p1 = 0,p = 0.3. (b) Same as (a) but for the multi-ON model. The parameters are chosen as
po =0,p1 =40,p=0.3.

To understand the influence of molecular memory on the copy number distribution, we illustrate the u — v
phase diagrams for the multi-ON and multi-OFF models under different choices of L in Fig. ] Clearly, for both
models, U occurs when promoter switching is very fast, while TB and SB can only occur when promoter switching
is relatively slow. This is in sharp contrast to a positive or negative feedback genetic loop, where TB can also occur
in fast switching conditions [20]]. Compared with TB, the occurrence of SB requires slower promoter switching
rates. Previous studies [40] have shown that for both models, the steady-state noise in the gene product number will
decrease as the strength L of molecular memory increases. This is because the increase of L leads to a smaller
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noise in the transition time from G to G and thus will also reduce noise in the steady-state distribution. Generally,
unimodal distributions have smaller noise than bimodal ones. Hence intuitively, we expect that the increase of L
should reduce the regions of TB and SB in the phase diagram. For the multi-OFF model, we find that this is indeed
the case, where the regions of TB and SB both shrink remarkably as L increases (Fig. ff(a)). However, for the
multi-ON model, we find that the intuition is incorrect and the opposite is true — the regions of TB and SB both
enlarge with the increase of L (Fig. @{b)).

To explain this counteractive phenomenon, we illustrate the steady-state copy number distribution under
different choices of L in Fig. [5 for both the multi-OFF and multi-ON models. In Fig. [5(a), the steady-state
distribution is bimodal when L = 1 with two nonzero modes. This usually occurs when pg and p; are both
nonzero, which means that mRNA can be produced in all gene states. Clearly, increasing L results in a distribution
that is more concentrated and has smaller noise, just as expected. Interestingly, the ways that the distribution is
concentrated are significantly different for the two models. For the multi-OFF model, the left mode moves to the
right and becomes higher as L increases, while the right mode remains almost unchanged and becomes lower. For
the multi-ON model, however, the right mode moves to the left and becomes higher as L increases, while the left
mode remains almost unchanged and becomes lower.

We emphasize that similar distribution properties also hold when the left mode is located at zero. In Fig. [5|b),
the steady-state distribution is bimodal when L = 1 with a zero mode and a non-zero mode. This usually takes
place when pg = 0 or p; = 0, which means that mRNA can be produced only in the active gene state. For the
multi-OFF model, the zero mode moves rightwards as L increases and thus the distribution has two non-zero modes
when L is large. Note that the fact that the multi-OFF model may produce two non-zero modes even when p; = 0
has already been reported in [40]. For the multi-ON model, however, the zero mode still exists and the non-zero

mode moves leftwards.
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Figure 5: Influence of molecular memory on the steady-state distributions. (a) The case where the steady-state distribution
is bimodal when L = 1 with two non-zero modes. The three curves show the distributions under different choices of L. The
parameters are chosen as © = 0.35,v = 0.46, po = 42, p1 = 10, B = 1.5. (b) The case where the steady-state distribution is
bimodal when L = 1 with a zero mode and a non-zero mode. The parameters are chosen as u = 0.4,v = 0.7, po = 70, p1 =
0, B = 1. (c) The case where the steady-state distribution is bimodal when L = 1 with an apparent zero mode and an inapparent
non-zero mode. The parameters are chosen as u = 0.8,v = 0.8, po = 40, p1 = 0, B = 1.5.

We next use these distribution properties to explain the counterintuitive enlargement for the TB and SB regions
in the phase diagram for the multi-ON model. In Fig. [5[c), the steady-state distribution is bimodal when L = 1
with the left mode being dominant and the right mode being inapparent. This usually occurs around the cusp of
the SB region in Fig. @[b). For the multi-OFF model, the left mode moves to the right as L increases and thus U
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becomes more apparent when L is large. This is consistent with the observed shrinkage of the TB and SB regions
in the phase diagram for the multi-OFF model. In contrast, for the multi-ON model, the right mode moves to the
left and becomes higher with the increase of L. Since the left model is dominant, when L is large, the heights of
the two modes become closer and bimodality becomes more apparent. This explains why the TB and SB regions
enlarge in the phase diagram for the multi-ON model.

To summarize, we find that molecular memory has a marked impact on the dynamical behavior of the system
when promoter switching is neither too fast nor too slow. Enhancing molecular memory in the inactive period
reduces the TB and SB regions, while enhancing molecular memory in the active period enlarges them. Recent
experiments have shown that in mammalian cells, the inactive periods for many genes has a non-exponential
distribution [22}[23]]. Our results suggest that this non-exponential behavior can significantly reduce transient and
stationary bimodality, and thus stabilize both time-dependent and steady-state gene expression levels. This may

explain why non-exponential inactive duration distributions are widely observed in nature.

6 Conclusions and discussion

In this paper, we derived the time-dependent distributions of mRNA and protein copy numbers for a multi-state
gene expression model with complex promoter switching. Our model allows two different transcriptional rates,
one corresponding to the transcriptionally active periods of the promoter and the other corresponding to the
transcriptionally inactive periods. Moreover, our model takes into account two possibilities: (i) there are multiple
inactive states of the promoter and only one active state; (ii) there are multiple active states and only one inactive
state. The former corresponds to the case where the inactive period is non-exponentially distributed and thus has
molecular memory, while the latter corresponds to the case where the active period has molecular memory. In each
gene state, our model assumes that the gene product is produced in a non-bursty or bursty manner. The non-bursty
case usually occurs for the mRNA dynamics while the bursty case usually occurs for the protein dynamics.

Following previous work, we transformed the CMEs satisfied by the probability distribution into the PDEs
satisfied by the generating function. The key to our analytical approach is to make nontrivial temporal, spatial, and
functional transformations to obtain a generalized hypergeometric differential equation satisfied by the (transformed)
generating function. Once this is done, the generating function can be represented as the linear combinations
of fundamental solutions of the generalized hypergeometric differential equation. Moreover, we focused on the
special cases where the promoter switching dynamics is very fast or very slow. By using multiscale simplification
techniques of Markov chains, we obtained the simplified analytical expressions of the time-dependent distributions
in the fast and slow switching limiting cases when the gene product number is initially zero and the promoter
initially starts from the steady-state distribution of all gene states.

We then investigated the dynamical behavior of the multi-state model. We identified three dynamical phases
of the multi-state model that are associated with three distinct types of time-evolution: unimodality, transient
bimodality, and stationary bimodality. To understand the influence of molecular memory on the gene product
number distribution, we determined the dynamical phase diagram of the multi-state model as the strength L of
molecular memory varies. Based on the analytical solution and the phase diagram, we showed that (i) molecular
memory has no influence on the time-dependent distribution when the promoter switches rapidly or slowly between
all gene states; (ii) molecular memory significantly affects the time-dependent distribution when the promoter
switching dynamics is neither too fast nor too slow. In the latter case, we found that molecular memory remarkably
enhances the regions of transient bimodality and stationary bimodality if the active period has a non-exponential
distribution, while the opposite is true if the inactive period is non-exponentially distributed.

For simplicity and analytical tractability, here we have not included any feedback regulation and cell cycle
events. While we have considered an implicit description of gene product dilution due to cell division, via the
effective gene product decay rate, it has recently been shown that in some parameter regimes, this type of model

cannot capture the stochastic dynamics predicted by models with an explicit description of the cell cycle [54]. We
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hence anticipate that a more detailed gene expression model with the inclusion of feedback loops [16H20] and cell
cycle events, such as cell growth, cell division, and gene replication [54H59] may display more complex behavior
of time-evolution and may even introduce novel dynamical phases hitherto undescribed. These effects are currently

under investigation.

Appendix A Derivation of Egs. and

We first rewrite Eq. (8) in matrix form as

d -5+ Ko ko 0 —kro 90
—ko1 o+ Ky - —kr1 g1 0
—kOL —]ﬁL JZ{—FKL ar
where K; = Z#i k;j fori=0,1,..., L. This equation, together with Eq. (9), shows that
N o+ K o
vT . + Ko
— : = T 9o — r |9 3D
A1~ H o7 0
gL
where v+ = (k10, ..., kr0),v. = (ko1,--.,kor), I is the identity matrix, H = H? is the transpose of H, and 0

denotes the row vector whose components are all 0. Let S be an (L — 1) x L operator-valued matrix defined by

vT 0 0 0 0
vl v H 0 : 0
S = vTal? 4 vr o/ H + vrﬁ2 4t 0 + :
: : : orH P 0
v/ b2 vr/ P 3 H deL74F2 UTWFL_?) UTFLiz

=81+ S2+ 8534+ Sp_2+SL-1,

where the vectors v1.o7* are defined by v+.&/* = (k1oo/?, ..., kroo/?). Then we have

S(AT —H) = oASy — (S H — oA Ss) — (SoH — #S3) — -+ — (Sp_oH — A Sp_1) — Sp_1H.  (32)
Note that - -
UTH 0 ’UTH
’UTWF ’U‘p@fﬁ 0
S1H — o7 Sy = vr/*H — vre/?H = 0
UT,QfL_2F UTﬂL_2F 0

Similarly, we have

0 0 0
0 0 0
SiH—-o/Si=| ovrH ' |- 0 =|vHZ |, 3<i<L-1.
vrdH ' vrd H 0
R p———
vt/ ""H vr A H 0
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Inserting the above equations into Eq. (32)), we obtain

UT,Qf UTF UTF
_ v l? vTFQ UTFQ
S(#I—-H)= ] — ] = v()Tvr — , , (33)
vra/tt orH ! vrH" !

where v(&) = (&, ..., a/F~1). Next we define an L x (L + 1) operator-valued matrix 7" as
-1 0
T= .
—()T S

T ur - T - M
o1 —H —v() vr + S(o/1 — H) ’

Then we obtain

where

M=- . (34)

g1
. o + K o
Ml o= o Je-T g
oT 0 (35)
gr

Since g can be expressed by g via Eq. (), the above equation indicates that all g1, . . ., gz, can also be expressed
by g. This is exactly Eq. (T0) in the main text. Clearly, the matrix 7" only involves terms .«7* with i < L — 1. Hence
both by (o7) and by () involve terms /¢ with i < L. It then follows Eq. () that by («7)T go involves terms «7‘g
with @ < L + 1. This shows that by (/)T gg — ba(7)T g only involves terms /g with i < L + 1. To summarize,
we can obtain from Eq. that

" g(t,w)
o q(t,
il | —w | T 36)
o A g(t, w)

where B(w) is an L x (L + 2) matrix with its entries being functions of w.

In general, the matrix M defined in Eq. may not be invertible. However, it is easy to check that M is
always invertible when L = 1 and is always invertible when L = 2 for the multi-OFF and multi-ON models under
all model parameters (see Appendix [C]for the proof). Even if M is not invertible, it can always be approximated by
an invertible matrix with an arbitrary degree of accuracy. Thus, without loss of generality, we assume M to be
invertible.

By using the Cramer’s rule, we obtain
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where | M| represents the determinant of M, and M; is the matrix formed by replacing the ith column of M by the
vector by (/)T go — ba()Tg. Since g = go + g1 + - - - + gz, we obtain

L

90 1
[Mlg = [Mlgo + ) |Mi| =
’ Z; —bi () g0 + ba(/)Tg M
“lr ~ —To T UTi 9o — v ~ T UTi 9
—v I — H o” I — H

=11,

where 1 denotes the row vector whose components are all 1. We first analyze the first part I. Note that

1 1

I= <—=537—K0 vT ) Jgo = ( -1 0><—ﬂ—Ko VT ) 9o

T T ¥ T T T

—v] oI —H —v()" S —v] oI —H
1

= -1 0 -1 0 g+ Ky —vr 90 (38)

(e 9 (o ) )

1

= 1 0 o + Ko —vT 9os

<v(£{)T S ) < —oT %I—H)

where K = K7 Since 1(«/I — K) = 1o/, we have

1o/ 1 1
N = 1 0 o + Ky  —vr go = 1 0 | (#I-K) |g
v()T S T I -H v()T S (39)
1 —
== 4 |/ T — K| go.
To proceed, note that
1 -1
vT vT
1 = ’UT% + UTﬁ = — 'UTF
S .
T P2 o E S H 4ot ot H vrH
——1 ——1
= —|-ME | = — |- [H | = (~) ) m),
where we have used the fact that LH = —uv. Since we have assumed that M is invertible, i.e. | M| # 0, it follows

from the above equation that |17 ST'| # 0. Note that
T —F| = o (o + ). ( +pp).

Combining this equation with Egs. (38) and (39), we obtain

I=-— (JZZ—’-LH)...(JZ%-FML)Q& 40)

S
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We then analyze the second part I1. Since 1(<«/I — H) = /I + v, we have

0 1 0 1
II= T —af T T = o —UT g
o” o1 —H dv() —v() o1 + S(A1 — H)
0 1
A1+ vt — o7 “41
B B C ETP
o7 S(«/I—H)
1 vT 1 = vT
= - I — H| g+ — = — g+ N)g + — .
s |l K ST —H) |7 s E( 95 - |7
It is easy to see from Eq. (33) that
vT vT
o —vrH —vrH
UT B _ vT uT _ uT _ 7|M‘ (42)
S(/T — H) . -
’UTWL_l - ’UTFL_l —’UTHL_1
Inserting Eqs. @0), @), @2) into Eq. (37) and using the fact that |17 ST| # 0, we obtain
L L
116 +2)g = [[(# + ni)go = 0. 43)

i=1 i=1

By induction and using Eq. (9)), it is not difficult to prove that

L I ‘ . |
H(%+ul)go = {”Q{Hi—l(iij_ 1 +Mz) B er{Hl_lgfz{""Mz) } g

Inserting the above equation into Eq. (@3) yields

g=0.

L L L
[ﬂ_ﬂ(ﬂlwnw (wﬂ(ﬂw)wr{(wxi))

=1 i=1

Note that
L L L+1

o [[( +pi)+ o] (7 +X) =[] (& +7),

i=1 i=1 i=1
where ; are determined by Eq. (12). We then obtain Eq. (TI) in the main text. From Eq. (T1)), it is clear that we
can express &/ Lt1g by g, 7, ..., /L g. Combining Eqs. (9) and (36), we finally obtain Eq. (T0) in the main text.

Appendix B Derivation of Eq. (21)

By the definition of elementary symmetric polynomials and Eq. (I2), we have

L+1 L+1 L+1
=) =Y ortv v (~DFa T F = 2P 4 Y " op (o ypg) (1) R
k=1 k=0 k=1
L+1
=" > ok, - i) + poko1 (A, Ap)] (1) R
k=1
L L
=zt 4+ Z%(Ml, ) (=D)Fr R PZ or(Ats. . AL)(=D)Fatr,
k=1 k=0
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where we have used o741 (p1,-..,ur) = 0. Let f be a function defined by

oLt + Zle Uk(,ul, . a,UL)(—l)ka'H—k
al + Zé:l ok My ML) (—1)kal—F

fz) =

—p.

Clearly, the function f has exactly L + 1 zeros 71, ..., yr+1 in the complex plane. Moreover, it is easy to see that

25:1 [ok(p1, -y pn) — or(Ap, ..o, AL)] (=1)kg L=k
zl + 25:1 oA,y Ap)(—1)kgL—k
Zé:_ol [Oks1 (s o) — ohp1 (A1, .o, AL)] (=1)FH gl
S o ok(ALy . AL) (—1)kzE—k

f@)=z—p+

= r — p +
=z — p+ h(z).
Since the numerator and denominator of i(x) are polynomials of the same degree, we have

lim h(z) < oco.

Hence there exists a constant C' > 0 such that |h(x)| < C when |z| is sufficiently large. Thus for any e > 0,
whenever p > pg = C/¢, we have
f((A+e)p)) =ep+h((1+€)p)zep—C =0,
f(1=e)p)=—ep+h((1+€)p) < —ep+C<O0.
By the mean value theorem, there exists zg € [(1 — €)p, (1 + €)p] such that f(x¢) = 0. Since x is a zero of f, for
convenience, we denote it by y741. By the arbitrariness of €, we have

lim 2L —q,
p—=oo P

Along the same line, we can also prove that the above limit holds when p — —oo. Finally we obtain

lim Rt g, (44)
lo|—=o0 p
We then prove by induction that
lim or(v1,-..,7L) = ok(A1, -, AL), (45)

[p|—o00

forany k = 1,..., L. To this end, we first prove that Eq. (@3)) holds for k = L. Setting k = L + 1 in Eq. (12), we

obtain
L+1 L

H Vi = /)H)\i-
i—1 i=1

This equation, together with Eq. [@4)), shows that Eq. (@3) holds for k = L. Then we prove the desired result by
induction. Suppose that Eq. (@5) holds for some k& = 2, ..., L. Then it follows from Eq. (I2) that

k(Y1 vL41) = 0k(p1, o o) + po—1(A1, ..., AL). (46)

By the definition of elementary symmetric polynomials, it is easy to see that

Uk(’)’h cee ,WLA’LH) = Uk(%a e 77L) + '7L+10'k71(’)’17 cee 7'YL)'

Then it follows from Eq. that
ok(v1y - 5vL) F Vip10k—1 (1, - vL) = ok(pt1s - o) F pok—1( A1, .., AL).
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Since Eq. (@3) holds for k, it follows from Eq. (44) that
lim op_1(y1s---,7L) = 0k—1(A1, -+, AL),

lp|—o0

which shows that Eq. holds for & — 1. Therefore, Eq. holds for any & = 1,..., L. Finally, by the
fundamental theory of algebra, we obtain from Eq. that

[p|—o00

Appendix C Time-dependent solution for the three-state model

For the three-state model with L = 2, we have

—ko1 — ko2 ko1 ko2
—kig— k k
Q= ko —kio—ki ki , H= oo v :
ko —koo — ko1
koo ko1 —kag — ka1

It follows from Eq. that

g(t,w) = do(we "yo(w) + ¢1(we™ " )y1(w) + pa(we™ "y (w), 47)
where
Yo(w) = 3Fa (71,772,735 1, p2; W),
yi(w) =sF(1+v —p1, L+y2 — g, L+ 95 — 152 — pa, 1+ po — psw)w' =41,
Yo(w) = sFo(1 471 — pig, 1472 — pio, 1+ 93 — 1252 — pa, 1+ pig — prow)w' 2.

It is easy to check that u;, \;, and ; are determined by the following equations:

1
p+pe = —tr(Q), pape = 3 [tr(Q)? = tr(Q%)], A1+ Ag = —tr(H), Ay = det(H),
Y123 = pAiA2, Y2 +7Ys + ey = pape + (A + X2), i+ 2+ s =+ pe +p.

Straight forward computations show that Eq. has the form of

ul )= —/ — ko1 — ko2 o
= 2 go + 5 |9 (48)
92 —a/® — (ko1 + ko2)« + ko1kio + kozkao o
where

_ —k1o —koo
/ffo + kiok12 — Kki2k20 k%o + kooka1 — Kioka1

is a constant matrix. It is easy to check that
det(M) = k3oko1 — k12k3y + kiokao (k1o + k12 — kao — k21).

For the multi-ON and multi-OFF models, we have ko = k21 = k19 = 0 and thus det(M) = —k12k§0, which is
always non-zero. Since the analytical solution in the general case is too complicated, we next only focus on the
multi-ON and multi-OFF models. From Eq. (9), it is not difficult to prove that

) 1\e i+1
Mgo—{%(”iw D —”‘Zip }g, i>1.

Applying this equation, Eq. becomes

w— — %
0 k20 g1 w + 1 1 wp 1 0 ,
—k1ok k2 koo 1 ko1 (w—1) 2 1 w—1 g
12/~20 20 g2 + o +

pw pw pw pw d3
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This shows that

ko1 — 1 k01+,0) l-w ,

t,w) = — g(t,w) + dg(t,w).

ga(t; ) < kao pw kaop 9(t) kao pw 9(t)
This equation, together with Eq. (9), yields
go(t,w) + g1(t,w) + g2(t,w) 1 0 0 g(t,w)
— 1—w

go(t,w) =0 ) 1p7wk N 1O o g(t,w)
g2(t’w) 0 kgtl);w B ]ggopp kz;;)w &ﬂg(t,w)

Applying Eq. (I6) to the above equation and then setting ¢ = 0, we obtain

Yo(w) Y1 (w) Y2 (w) Po(w) 90(0,w) + g1(0, w) + g2(0,w)
Liyo(w) Loy (w) 20y (w) 1w | = 90(0,w) , (49
ho(w) hi(w) ha(w) $2(w) 92(0,w)

where

kor =1 ko1 +p 1—w .
(o) — _ , . —0.1.2.
h’l(w) ( kQOpw kQOp ﬂyl(w) + kQOpwﬁ yl(w)v ? 07 )

We then use Cramer’s rule to solve the above system of linear equations. Let A(w) denote the coefficient matrix of

the above system of linear equations. It is easy to see that

yo(w) y1(w) Y2 (w) yo(w) Y1 (w) Y2 (w)
det(A@)) = | E2oyo(w) L2oy(w) S20paw) | =| Z2yhw) S2yiw) W)
ho(w) ha (w) ha(w) Uowloyiw)  Uodeyr(y)  Uowdeyn(y)
(1—w)w

- WW (yo(w), y1(w), y2(w)) -

where W (yo(w), y1(w), y2(w)) is the Wronskian of the functions yo(w), y1(w), and y2(w). We emphasize here
that the Wronskian is defined with respect to the original derivative, instead of 1. The following lemma gives the

analytical expression for the Wronskian.

Lemma 1. Let yo(w),y1(w),- -, yr(w) be the functions given in Eq. (TI4). Then for each L > 1, the Wronskian
of these functions is given by

L
(1 _ w)lll"r"“'l‘llL—"‘/1—“‘—"YL+1—L
W(yo(w)ayl(w)aayl/(w)) = H(l _/’LZ) H (:ul _/’(‘J) L(L—1) (50)
i=1 1<i<j<L what R
Proof. It has been shown in [[61]] that
C(l — w)/11+"'+l"L_’Yl—"'—’YL+1—L
w e = 51
(yo(w), Y1 (OJ), ’yL(W)) wMJrMJmuLJrL(Lz—l) ’ G
where C'is an undetermined constant. Here we give the explicit expression of C'. From Eq. (51)), we have
C= ‘})IE)I%) W(?JO(W)7 Y1 (Cu'), ) yL(w))wﬂl—i_ et (52)

It is clear that yo(w) — 1 asw — 0. For any n > 1, it is easy to see that y(()n) (w) = Cy, as w — 0 for some

constant C,,. For any i > 1 we write y;(w) = w!™"Y;(w), where Y;(w) is a hypergeometric function which
satisfies Y;(w) — 1 as w — 0. Note that

TROEDY @ (i = (=10 ), i > 1

k=0
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Thus for each n > 0, we have

(n)
lim v (@) —1, i=1,...,L.
w0 (p; — 1)pwl—Hi—n(=1)n
Using the above limit, we obtain
1 w1 wl—h2 wl=HL
Cl —(Ml - 1)1(,{]_“1 —(MQ - 1)10‘)—”2 [N —(/JL — ].)1(41_/“‘
Co (=12 (1 — Daw =1 (=1)%(pg — Dow ™27t o (=1)*(pp — 1w et
Cr (=) (p =gt (=) (up — 1) gt~ (=1)F(pp — 1)pw! et
1= lim
w—0 W(yo(CU), Y1 (OJ), cee 7yL(W))
(=11 (p2—1)1 ... (pz—1n
ey | (1 —=1)2 (2 —1)2 ... (up —1)2
(1) = . . , .
. (=D (p2—1r ... (pr—1)r
:3}11)% o+ HED
W(yo(w)7 Y1 (CU), cee 7yL( ))w'ul Ko
p—1 pe—1 ... opp—1
sy | (=127 (p2—1)2 ... (ur—1)?
(1)~ = . . _ .
. (o =D% (p2—1)% ... (p—1*
= lim LT

w0 W(yo(w)ayl(w),...7yL( ))w“l"" Hpr+
L(L+1) L
(=1 ILi: (i = D Thgjcicn (i — 1)
N L(L-1)>
2

W (yo(w), y1(w), . . ., yp (w))wHr T Frrt

where the second equality follows from the expansion of the determinant with respect to the first row, the third

equality follows from the fact that (u; — 1) = E?Zl C;(pi — 1)7 for some constants C; that are independent
of ¢, and the fourth equality follows from the expression of the Vandermonde determinant. Combining the above
equation with Eq. (32) yields

L L
L(L+1)
C=-1"7 [[wi-1 JI w-w)=]]0-n) [[ -mw)
i=1 1<j<i<L i=1 1<i<j<L
Inserting the above equation into Eq. (31)), we finally obtain Eq. (30). O

By using Lemma[I] we immediately see that for L = 2,

(1-w)

(1-w)w
kzopzwﬂl‘i’lﬂ ’

det(A(w)) = Foop?

W (yo(w), y1(w), y2(w)) = (1 = p1) (1 — p2) (1 — pi2)
If the initial protein number is zero and the promoter is in state G, then the initial conditions are given by
gl((),w) = 92(07w) =0, go(O,Ld) = (1 - w)pl'

It then follows from Eq. (49) and Cramer’s rule that

do(w) = (Y1 (w)P?y2(w) — Fy2(w)P?y1 (w)] (1 — w)rot? N ka0 p2[y2 (w)hi (w) — y1 (w )hg(w)](l )

(L= 1) (X = p2)(pr — po)w?=ra—he (= p)( - Mz)( prg)w™H ’
61 (w) = [?9?42(00)1922!0(&1) Yyo(w) Py (w )] (1 —w)rot? . koo p? [yo(w)ha(w) — y2(w)ho(w)](1 — )

(1 —p)(d - #2)(ﬂ1 fiz )wTH TR (1= ) (1 = p2)(p1 — po)w—ra—pz 7
ba(w) = [Dy0(w)9?y1 (w) — Iy (w)P?yo(w)] (1 — w)rot? N koo p? [y1(w)ho(w) — yo(w )ho(w)](l —w)Po

(1= p1)(1 = p2) (1 — po)w?—ra—r2 (T—p)(d - M2)( fig)w ™R H2
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Inserting these equations into Eq. (@7), we obtain the explicit expression g(¢,w). Finally, in terms of the original

variables, the generating function f (¢, z) is given by Eq. (T8).
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