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Abstract. In this paper we consider an oscillation model to a plate comprised of two
different thermoelastic materials; that is, we study a transmission problem to thermoe-
lastic plates. Our main result is to prove that the corresponding semigroup associated
to this problem is of analytic type.

1. Introduction. In thermoelasticity, the classical linear model to thermoelastic
plates is given by the following system:

gy — pAuy +YA*u+aAf =0 in Q C R? (1.1)
cl; — kAO —aAu; =0 in QCR? (1.2)

where p,7,a, ¢,k and p are positive constants. The physical model can be seen in [2]
and the references therein. Several authors studied this system with different types of
boundary conditions (Dirichlet, Neumann, clamped, etc.) and proved the exponential
stability of the solutions; see for example [Il, [7, [8, [I1] and references therein. In the
particular case p = 0, it was proved in [3, 4} 5] that the semigroup associated to the
above system is analytic. If g > 0, the system has a hyperbolic character and hence
the corresponding semigroup is not analytic, but the exponential stability of solutions is
kept; see for example [7].
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On the other hand, in the case of transmission problems in thermoelasticity, the
situation concerning exponential stability is more delicate and, to our best knowledge,
there exist only a few results. For example, in [9], the authors proved that a partial
thermoelastic dissipation is enough to stabilize the system exponentially. That is, they
considered the model

prte — 1 Aug + AU+ 0 A0 =0 in Q (1.3)
by — KAO —alAuy =0 in O, (1.4)
P2Vt — o Avy + ’YQAQ’U =0 in (15)

where Q = Q; UQy C R™,Qy NQy = 0, with p;, i, a,¢c,6 > 0, u >0, (i = 1,2) together
with Dirichlet boundary conditions, suitable transmission conditions and of course initial
conditions. Using multiplier techniques they proved the exponential stability of the
solutions u and v.

Returning to analytical results, as it is known to linear systems, analyticity is syn-
onymous with asymptotic stability and smoothing effect property, which means that no
matter how irregular the initial data is, the corresponding solution is of C*°—class, for
any t > 0. Then the question that arises is the following: Is it possible to obtain ana-
lytic semigroups associated to transmission problems in thermoelasticity? To our best
knowledge, there are no results about this matter in the literature and to fill this gap we
study this point here.

Fic. 1

In other words, we consider a transmission problem associated to thermoelastic plates,
which can be seen as an evolution system with discontinuous coefficients. With this
in mind, we cannot expect C'° solutions on the whole domain Q, for ¢ > 0. More
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ANALYTICITY OF TRANSMISSION PROBLEM TO THERMOELASTIC PLATES 3

precisely, the transmission problem to thermoelastic plates that we consider here, over
each component of 2 = 7 Uy, can be written as

prug + AU+ a1 A0=0 in O (1.6)
c10; — k1A — a1 Auy =0 in (1.7)
oy + 72 A%+ asAw =0 in (1.8)
Cowy — KoAw —agAvy, =0 in Qo (1.9)
with boundary conditions
u:%:() in Iy v:%:O in Iy (1.10)
and transmission conditions
ou Ov .
U=, o= in Ty (1.11)
00 ou Ow ov .
0=w, 515 +a18—;:/@25+a28—; in Ty (1.12)
0Au 00 0Av Oow .
V1Au = yAv, T 5 + ozl% =9 £y O[Q% in Tg. (1.13)
The initial conditions are given by
u(-,0) =wug, u(-,0)=wuy, 6(,0)=06y, in (1.14)
’U(‘,O) = o, Ut(',o) = V1, (JJ(',O) = Wo, in Q27 (115)

where p;,vi, a;, ¢i, k; stand as positive constants (¢ = 1,2). The domain Q = Q; U Qo
is a bounded open set in R? with boundary 092 = I'1 UT'y where I'1, I’y are two smooth
curves such that T'y NTs = @) and v is the unit normal vector outside of . Let us denote
by I'g the common smooth curve between 2, and 5.

The main result of this paper is to prove that the semigroup associated to system
(L8)-([TI3) is analytic and, by direct consequence of this result, the solutions u and v of
this system are exponentially stable when the time goes to infinity; they also have the
smoothing effect property over 2; and s respectively, but not over the whole domain
Q.

It is important to emphasize here that the main contribution of this paper is to connect
solutions of a thermoelastic transmission problem (discontinuous in principle because we
have two different materials to = Qq U §23), with analytic semigroups which gives us
the regularity of the solutions u and v in each sub-domain €2; and 2 respectively, where
the solutions are defined. Of course, from the theory of analytic semigroups, we deduce
directly the exponential stability of the solutions of our system, but the case where only
one region includes the thermoelastic coupling (for example, only in ;) is the most
interesting to be considered and was solved satisfactorily by the authors Munoz Rivera,
J. E. and Portillo Oquendo, H. in [9].

This paper is organized as follows. In section 2 we establish the semigroup formulation
associated to system ([LG)-(I5) as well as the main tools used in the next sections. In
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4 HUGO D. FERNANDEZ SARE anp JAIME E. MUNOZ RIVERA

section 3 we establish and prove the main result of this paper; that is, we prove that the
semigroup associated to system (L6)-(LIH) is analytic.

2. Notations and semigroup formulation. Here we establish the notations and
main tools that will be used in the next sections. First, we define the Hilbert spaces

H™(Q) = H™(Q) x H™(Q) (m > 1),
HY(Q) = L*(Q) x L*(Qw)
and
HZ(Q) = {(¢1,¢2)€Hm(ﬂ) . ¢i=0 in [;(i=1,2) and
o1 0o

= = — >
= L Lo, k=0,1,..,(m 1)} (m > 1).

Using these notations, let us define an appropriate Hilbert space where the semigroup
will be defined, which is

H = HAQ)x H(Q) x HO(Q), (2.1)
with associated norm to U = (u,v, 2,9, 6,w)’ € H defined by
1013 = mllAullZziq,) +72llAvl7aq, + pillzlT2 ) + P2llyllZ2 (0,
+01||9H%2(91) + C2Hw||%2(92)~

Also, we define the linear operator

U z
v y
z — A%y — A

A = (2.2)
Y 72 A%y — apAw
0 K1AO + a1 Az
w KQAUJ + agAy

over the domain D(A) C H defined by

D) = {U=(uvzy60) €M (uv) e HQNHNQ), (2y) € B Q)

(0,w) € H*(Q)NHE(Q) , (71Au,v2Av) € HE(Q)
00 0z ow

— 4t — —+a2—y in Ty and
v v

) o %9 £y

8Au+ a9 8Av+ ow . F}
m v 0”81/_72 Ov a28y mweoto g
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ANALYTICITY OF TRANSMISSION PROBLEM TO THERMOELASTIC PLATES 5
which is associated to system (L6])-(TI0) with the classical notations z := u; and y := vy.
It is not difficult to prove that the operator A is dissipative and

0 € p(A).
Therefore, using semigroups theory (see [6] [10]), we have the following theorem.

THEOREM 2.1. The linear operator A given by (2:2)) and associated to system (L6])- (TI0)
is the infinitesimal generator of a Cy-semigroup of contractions on the Hilbert space H

defined by (21J).

On the other hand, the main tool to prove the analyticity of the semigroup generated
by A is the following well-known theorem

THEOREM 2.2. A semigroup of contractions {etA}tZO in a Hilbert space H with norm
I - | is of analytic type if and only if

iR C o(A) (2.3)
and
lm  [|AGA — A) 7| 230y < o0 (2.4)
|A]—o0

Proof. See, e.g., [0, Theorem 1.3.2]. |
In order to apply Theorem we will analyze the solution of the resolvent equation
(M -AU=F in H (2.5)

which, in terms of its components, can be written as
iu—z = f* in H*(Qy) (2.6)
iw—y = f? in H?*(Qy) (2.7)
idp1z + 1A u+ a1 A0 = pif? in  Ly() (2.8)
iAp2y + V2 A% + anAw = pof? in  La(Qo) (2.9)
ixcil — kA — Az = ¢ f° in La(y) (2.10)
iINow — KoAw — asAy = cof© in La(Qo). (2.11)

Our starting point to arrive at the hypotheses of Theorem is to use the estimate
given by the thermal dissipation, which is given by the following Lemma.

LEMMA 2.3. Let U = (u,v,2,y,6,w)’” € D(A) be a solution of the system (2.6)-(Z11)

k|| VO[22 + m2llVwllZa oy < CHUIF ||,
where C' is a positive constant independent of A and U € D(A).

Proof. By multiplying (28] by U € H and taking the real part, our conclusion follows.
O
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3. Analyticity. In order to prove our main result, note that to show the condition
24) from Theorem is equivalent to stating that there exists a constant C' > 0 such
that

U113 = [|GM = A) 7 Fl3 < 11 F I, YIALZ 20 >0, (3.1)

|
[A]

or state that for any € > 0, there exists C. > 0 such that
MENONE, < ePPIUIG + CElIFIE,  VIAL= Ao > 0.

This late relation will be established as a consequence of the following Propositions

B.1 B3 and [3:41

PROPOSITION 3.1. Let U = (u,v,z,y,0,w) € D(A) be a solution of the system (2.6l)-
@I with F = (fY, f2, £2, 4, f2, ) € H. Then, for any ¢ > 0, there exists C. > 0
such that

AP0 20, + AP IwlT2@y < eAPITIE + ClIFIR,.

Proof. Multiplying equation (ZI0) by i\ in L?*(Q4) and (ZII)) by i \w in L?(£2), we
obtain

. 00— . . 07—
26120 — ml)\/ro 29Ar — i NV )~ WM/FO o far

—ion\ [ V2V0 drdy = —idey [ £°0 dedy
Ql Q1

and

. : dy_
IAPeallwl|Z2 0, — mz)\/ —wdr—mz/\HwHiQ(QZ)—wQA a—yde‘

—ia\ [ VyVw dedy = —ide, | f°@ dady,
QQ QZ

respectively. Therefore, adding the last two equalities and using the transmission condi-

tions (LII)-(TI3), we have
AP [edll6llZaq,) +02\|w||%2(92)] < CRNUTAF + aal MV 2l 222 (VO] L2 (@)

+az|M|[Vyl| L2y IVW|| 22 (0y)- (3.2)

To complete the proof we will now estimate ||Vz|[12(q,) and [[Vy|[12(q, in B.2). In
fact, from (2.6) and ([2.71) we get

l2llazoy < llullazy + 11 m200 (3.3)
lyllazen < IMIollE20) + 1] H200)- (3.4)
On the other hand, using Gagliardo-Nirenberg inequalities we have
1/2 1/2
lellmey < Cllzllgaayll2ll g, (3.5)
1/2 1/2
llan < Cllylliey 150, (3.6)
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Then, applying (B3] into B3]) and B4) into (B6) respectively, we deduce the following

estimates:
lellmi@y < CIANY2Ul + CUIFI15 (3.7)
1/2 1/2
Wiy < CINY2(U + ClUI N FI3 (3.8)

Finally, using (8.7) and Lemma [2.3] for each ¢ > 0 we have

ANVl 2@l VOl ey < oz M=l g + CANIVOIE o,
< SPIUIR + CNIIU el F e
< JPPIUIR + P
this is
at A1Vl IVOllaen < ZIAPIUI + CellF I (3.9)

Similarly, using ([B.8) and Lemma 23] we have
€
aMIVYll2 @ [Vellizy < ZAPIUIR + Cel PR (3.10)

Therefore, applying (39)-(BI0) into [B.2]) our result follows. O
As a consequence of Proposition B.J] we now formulate and prove the following lemma,

which will play an important role in the proof of Proposition 3.3l

LEMMA 3.2. With the same hypotheses as in Proposition [3.1] for any € > 0 and for any
|A| > 1, the following inequality

1
IV2l720, +11V¥llZ2y < €C\>\IIIU\I3{+CEWIIFII%

holds.

Proof. First, replacing € > 0 by €2 > 0 in Proposition 3.1} we have

1
INNOIZ2 0y + MwllZz @, < e*IIUIG + CEWI\FH% (3.11)

for any |A| > 1. On the other hand, multiplying (ZI0) by z in L?(Q;) and ZII) by y in
L?(£2y) respectively, we obtain

a0 B
ixer | 6% dedy + / {m— o —1 Zdl + w1 | VOVZ dady
1 To 81/ 81/ N
+041HVZH%2(91) = Cl/ f52 d.’[dy (312)
(951
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8 HUGO D. FERNANDEZ SARE anp JAIME E. MUNOZ RIVERA

and

8 8
iXea / Wy dedy — / {m—“ +as —y] 7dl + ko | VwVg drdy
Qs Ty aV 61/ Qs

0|Vl = /Q 157 dady, (3.13)
2

respectively. Now we will estimate some terms of (8:12) and BI3). In fact, by Lemma
23] we have the following inequalities:

a
w1 | VOVZdady) < ClUlul[Flln + 5 [IV2llZ2(0,
Q1
1 (65)
< UG + CEWHFH% + 5 IV2ll2 0y
for any |A| > 1. This is
_ 1 o
K1 /Q Vovz dxdy' < MU, + CEWHFH%L + éHVzHQLz(QI). (3.14)
1

Analogously we have

_ 1 «
. wadacdy\ < EIUIB + Corgr P+ RVl (1)
2

for any |A\| > 1. Also, applying ([BI1]) we deduce that

. . 1
iAcy szacdy’ < g‘)\|||9‘|%2(91)+€|AH‘ZH2L2(QI)

@
< €|>‘|||UH3-L+C€ﬁ||F||g-L+5‘)‘|||UH3-L;
this is
iAcr /91% dxdy‘ < 25|>\|\|U||${+C€%||F||${. (3.16)
Similarly we get
iAcz/szydxdy’ < 25|>\|||U|\%+Cgﬁ||F||§{. (3.17)

Therefore, adding the equalities (B.12)-(B.13), using the transmission conditions (LIT])-
(CI13) and estimates (B.14)-(B.IT), our conclusion follows immediately. O

The aim of the next proposition is to obtain estimates to |A|||z|[z2(q,) and |[A|[|w||L2(qy,)-
As mentioned previously, the key tool is Lemma [3.2} more precisely, that Lemma will be
used in the proof of inequality (B21).

PROPOSITION 3.3. Let U = (u,v,z,y,0,w)” € D(A) be a solution of the system (2.6])-
EZII) with F = (f1, f2, 3, f4 f5,f%) € H. Then, for any ¢ > 0 there exists C. > 0
such that

MPlllZ2 0 + PNl T2 < eCINPIUNE, + CelIF |1, (3.18)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf
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Proof. First we set z = z1 + 22 and y = y; + y2, where 21, y; satisfy

iAp1z1 — Az = Plf3 in (Y
i)\pgyl - Ayl = p2f4 in Qg

with boundary-transmission conditions

0 0
21:£=O in I'y, y1:%20 in I,
. 0z Oy .
21 =Y m 0> o p) m 05
and hence zo, yo satisfy
idp1za = —A%u— Az —aAf
iNpoys = —7A% — Ay — azAw.

From BI9)-@20) we deduce that

A

Mzl + lallmz@y < CllP ey

A

Myillzzy + Inllzey < CllA ),

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

which implies that z1, y; satisfy inequality (BI8]). Therefore, to complete the proof,
it is only necessary to verify that zo, yo also satisfy inequality (BI8]). In fact, from

B21)-B22) we find

A

Allz2ll-20y < C[l1AU]|L20y + |21l 2202y + 11012200

IN

‘)‘|||92||H*2(92)

Then, using inequalities ([3.23)-(3.24), we deduce that

<

IMlz2ll -2y + Mvellg-—20 < ClU|[% + B

C 1AV 20y + w1l 2220 + w20y -

(3.25)

The next steps are directed to obtain estimates to 21, y1 in L?(Q1), L2(€2g). To this aim
we will establish estimates in the H—! and H' norms, and we will apply interpolation to

obtain the desired L?—estimates.

In fact, first note that by applying interpolation results, estimates (3.23)-(3.24]) lead

to

1
21l )y + vl ey < Cw—l/QHFHH-

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf
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Then, applying interpolation again, from estimate ([8:26) and Lemma we deduce

2/3 1/3
ool < Cllzally a2l Hiay
1/3
< Clleall}fa oy (lalliy + 12l e an)
03 1/3
< Ollalf sy (AA0T+ Cos1FI) - @20

Therefore, applying ([B:25)) into (B27)), we have

2/3 1/3
(m 101he + s ||F||H) (ewwwnﬂ + CerstslIFlbe)

||Z2||H*1(Ql) S
this is
1
l|22]|lm-10) < |/\|1/2\IUIIH+C |/\|3/2HFHH~ (3.28)
Analogously we find

Also, applying [3:26) and Lemma B2l we have

ezl + el < elAY2U | + Ce ||| (3.30)

1
‘)\|1/2|

Finally, using interpolation, the inequalities [B:28) and ([B30) lead to

1/2
l2llz2@y < Cllzally 2 a2l iy

1/2

1 1/2
C (eryzallVle + CorglIFle) (W10 + ez

< Cel|Ully + Ce B |||F||H7
or equivalently
Mllz2llz@y < eCNU x4 Cel[Flln- (3.31)
Similarly, inequalities (3:229)-(330) lead to
Mlly2ll2@g < eClANUTI# + Cel|F |- (3.32)

As mentioned previously, z; and y; verify inequalities like (B:31)) and ([B:32]), respectively.
Therefore, we deduce that

MPlzllZ2@) < eCIAPIUIR, + CIIFII%

NPyl Z20n < eCIAPIIUNG + CElIF |13,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf
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which leads to (B.I8]). O
Finally, we estimate [A||[Aul[z2(q,) and [A[||Av||z2(q,) by the following Proposition.

PROPOSITION 3.4. Let U = (u,v,z,y,0,w) € D(A) be a solution of the system (Z2.6l)-
EII) with F = (fY, f2, £2, f4, £2, ) € H. Then, for any ¢ > 0, there exists C. > 0
such that

IAP[|Au[Z2qy + APIAV][Z2 0y < eCIAPIIUNIE + Ce| |13,
Proof. Multiplying equation (Z.8) by 2z in L?(Qy) and [23) by v in L?(Qy), we have

. 0Au _ oz o0
ZAlezH%Q(QD - Vl/r EY zdl' + ”Yl/r Auadr — Oz1/F Ezdr
o o o

—ag / VOVZ dedy +v1 | AulZ dedy = p1 | f3Z dady
Q1 Qq Q

=1

and

dAv oy O
A\ 2 IV — Av=2dl ydl'
iAp2| Y7200 — 2 /Fo ov Y 72 - Vg, e /FO 4

—ay | VoVGdedy + v [ AvATG dedy = ps | fA7 dzdy,
Q, Qs Q,

=1y

respectively. Substituting z given by (Z.0)) into I; and y given by (271) into I> we deduce
that

: . 0Au 00 _ 0z
Z)‘p1||z||2L2(Ql) — Z)\’}qHAuHiz(Ql) - A |:’}/1W + a1 $:| zdl + ")/1/F AUEC[F
0 0

—oq | VOVZdxdy =p, | fPZdedy+v | AuAfldzdy (3.33)
o) Q ol

and
0Av Ow Jy
. 2 . 2 _
iAp2|[Yl| 720y — iAV2l|AV[|720y + /FD [%W + aza} ydl' + 72 s Avgdf
—ag/ VwVy dedy = po | fA9 dedy + 72/ AvAf? dxdy. (3.34)
Q2 Q2 Q2
Adding equalities (8:33)-([334) and using transmission conditions (IITI)-(LI3), we obtain

=i [illAulEaqy + 2l 80lEe @y = =i [pillzl2 g0y + o2l lE e

oy | VOVZdedy+ oy | VoVy dedy+py | f2Z dedy+v | AuAf dzdy
Q Q0 o Q

+p2 | fydrdy + 2 / AvAf? dxdy.
Q2 Qo
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12 HUGO D. FERNANDEZ SARE anp JAIME E. MUNOZ RIVERA
Therefore, multiplying the last equality by ¢A and using Proposition [3.3] we obtain
AP [alldulay + 2l AolZaey] < cCIAPIUIE + CollFIB,

FCNVOll L2 2y V2|22 (020

+CA[[Vwl[z20)IVYllL2(0y-  (3-35)
Note that, by Lemmas 2.3] and 3.2, we have
NIV L2V 2l 22 (02

A

eCIAP|UII3, + Ce|IFII,

Vw2 @ IVallz@y < cCIAPIUIE, + CelIF I,

Finally inserting these inequalities into (B.35]), our conclusion follows. O
We are now in position to establish the main theorem of this paper.

THEOREM 3.5. The semigroup generated by the linear operator A given by ([Z2) and
associated to system (L6)-(LI3) is of analytic type.

Proof. By Theorem it is enough to show that the operator A verifies conditions
23)-24). It’s not difficult to verify condition ([2.3) (see [6]). In order to verify condition
24), let U € D(A) and F € H such that

(N -AU=F in H.
Then, by Propositions B.1], and [3.4] we obtain
APIUIE, < eCIAPIUIE, + CeIF|13,.
Choosing ¢ small enough, we deduce that there exists M > 0 such that
AU < M|IF]3;

this is
IAGAT = A) Ml <M, VA2 1.
Then
lm  [JAGA — A) 7|3 < 00,
|A|—o0
which completes the proof. O
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