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@ Historic background

Motivation: explanation of anomalies in X-ray absorption in metals

VOLUME 18, NuMBER 24 PHYSICAL REVIEW LETTERS 12 JUNTE 1967

INFRARED CATASTROPHE IN FERMI GASES WITH LOCAL SCATTERING POTENTIALS

P. W. Anderson
Bell Telephone Loboratories, Murray Hill, New Jersey
[Received 27 Murch THGT)
We prove Lhai the ground slule of 8 system of N lepmions ig apthogonal wo the ground
state in the presence of a finite range svattering potential, g N—=_ Thiz implies thal
the responze to application of such a potential involves only emission of excitalions into

the continmum, and that certain processes in Termi gases may be blockead by orthogonali-
Ly in a low-7, Low-encregy limit,

@ ground-state overlap < N™"" in the macroscopic limit

@ controverse discussion in the Physics literature in the 1970ies
@ still of interest in Physics today

@ no mathematical explanation



@ Model and result

@ Schradinger operators on L2(IRY)
Hi=-A+Vy and H':=H+V
Vo Kato decomposable perturbation 0 < V € L2°(IRY)

@ Finite-volume restrictions to box A, := [-L,L]? with Dirichlet b.c.

Ho= D N o) (ef]  and  H[ =) s |y5) (w) ]
JjeIN JjelN

@ Non-interacting system of N spinless fermions on AY; L2(A)
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@ Particle number to yield given Fermi energy £ € R in the mac. limit
N=NL(E):=#{jeIN:\; <E}
@ Ground-state overlap

(‘P%,W%) (‘P%,WIL\;L(E))
.- L L — .
SL(E) = (2K, (6. By o) = det : :
L L C.. L L
(‘PNL(E):W1) (‘PNL(E),wNL(E))

Theorem A. [Gebert, Kiittler, M. - to appear in CMP]

V sequence of lengths (Ln)nen, Ln t 0o, 3 subsequence (Ln, Jken  Such that
for Leb.-a.e. E € R | | (E)|
n SL"
lim sup : YO

k—o00 In Lnk ) 2

with
o1 ,
V(E) = lim — 1 (VV e £1(Hoc) V Lig g (Hi) VV).




Theorem A. [Gebert, Kiittler, M. - to appear in CMP]

V sequence of lengths (Ln)nem, Ln 1 00, 3 subsequence (Ln, )kew Such that
for Leb.-a.e. E € R

In|s., (B)  vE)
li : <-
':;n_i::p In Lnk ‘ 2
with :
V(E) = lim — 1 (VV e £1(Hoc) V g grcr(Hic) VV).

@ y(E) well defined for Leb.-a.e. E € R
avéE) InLp, +0q(In L,,k)} VO<a<«1

® ISy, (E) <exp]-

@ if d = 1or £2(Z9) no subsequence necessary
@ y(E)=0 V E ¢ specsc(H) [ =specq(H)]
@ connection with Frank, Lewin, Lieb, Seiringer (2011).



Relation to scattering theory

1 ,
V(E) = lim — 47 (VV Liee £1(Hoe) V g rcr(Hie) V'V ).

Proposition.
For Leb.-a.e. E € specy.(H)

V(E) = (2m) 2 ||S(E) - 1|55 = @m) 2 || T(E)|If,s

with fixed-energy scattering matrix S(E): L2($91) — L2(391).

Corollary.
Assume d = 3, Vp = 0, and V radially symmetric. Then for Leb.-a.e. E >0

V(E) = = Y (20+ 1) (sin6u(E))’
™ "o

with scattering phases 6,(E), £ € INo.

Coincides with Anderson's decay exponent (only point interaction there)!



e Sketch of the proof . ((tpéiw%) ((p%,.w

For simplicity: H = Hoe and H' = H!, (oR. WD) 0 (ok.WR)
Lemmal. Let E € R and recall N = N, (E). Then

o0

|SL(E)| = | det A| =exp{—%2%fr((PﬂP)k)}sexp{—%fr‘(P )}
k=1

with P := 1]_001)\%\]](HL) and TT:= 1[p,L\M/oo[(HZ)'
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Definition. Anderson integral
T, (E) = tr (P TT) J

Lower bound on Z; (E) needed!
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Lemma 2. V sequence of lengths (Ln)nem, Ln 100, 3 subsequence (L, )kem
such that for Leb.-a.e. E € R

IL,,k (E) -tr (h-oo,E](HLnk ) 1]5,00[(H[,,k )) | = o(ln Lnk)




Lemma 3. Let E € R. Then

du.(x,y)
tr (1o £1(H) Lig oot (HD) = /
(treset) e t(H0) Foo EE ool (¥ = X)?

with s (8 % B)i= tr (v V1s(H) V 15/ (H{ V'V




Lemma3. LetEe€elR Then V a>0

du(x.,y)
tr l-oo H)1 o) H, 2 / (v_ v 4] -a\2
(] E1(HL) 11 oo ( L)) oo EE ool (y = X +L0)2

with p. (B x B’) i= tr (\/Vlg(HL) V13'(H[)\/V)




Lemma 3. LetEe€lR. Then V a>0

duc(x,y)
11 (1100 £1(HL) 11E 0o (H] 2/ I
(] E1CHL) L oor( L)> oo, E WIE ool (y = X +L72)2

with 1, (8 x 8') = tr (V/V1a(H.) V 1a.(H{ W/ V)

Lemma4. V O<a<1 for Leb.-ae. E€R
/ duc(x,y) / dulx.y) 0u(1)
] ]

00, EIE 0ol (Y =X+ L79)2 " J 1o ElxIE00f (y = X +L79)?

with p(B x B’) :=1r (\/\_/IB(H) VIB,(H’)\/\_/)

o

Idea of the proof: regularise, Helffer-Sjéstrand, remove regularisation!



Lemma 3. LetEe€lR. Then V a>0

duc(x,y)
11 (1100 £1(HL) 11E 0o (H] 2/ I
(] E1CHL) L oor( L)> oo, E WIE ool (y = X +L72)2

with 1, (8 x 8') = tr (V/V1a(H.) V 1a.(H{ W/ V)

Lemma4. V O<a<1 for Leb.-ae. E€R
/ duc(x,y) / dulx.y) 0u(1)
] ]

00, EIE 0ol (Y =X+ L79)2 " J 1o ElxIE00f (y = X +L79)?

with p(B x B’) :=1r (\/\_/IB(H) VIB,(H’)\/\_/)

o

Idea of the proof: regularise, Helffer-Sjéstrand, remove regularisation!

Lemma 5. V a>0 for Leb.-ae. E €R

du(x.y)
—————=ay(E) InL +oq4(InL
~/]-00,E]x]E,oo[ o-x=Lz “VE) a(InL)




Q@ Towards the exact asymptotics ...
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Ground State of a Magnetic Impurity in 2 Metal

Turme W, Axncrzon
Ball Felephine Lubaratarien, Murray Hill, New Ferney
(leocived 21 July 1965}

. This is the exact version of the or-
thogonality theorem proved as an inequality in Ref, 15,
It is interesting that the main difference from the
previous result is to replace sin® by &,
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Theorem B. [Gebert, Kiittler, M., Otte - in prep.]

V sequence of lengths (Ln)nem, Ln 1 o0, 3 subse-
quence (Ln, )ken such that for Leb.-a.e. E € R

In |8Lnk(E)| ) WE)

lim su <
. fana I Ln, 2 Compare Theorem A:
wi
B || arcsin | T(E)/21|% T2}
W(E) = — : V(E) = ITEv2ll.s > s
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