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Angle and Time of Arrival Statistics for
Circular and Elliptical Scattering Models

Richard B. Ertel and Jeffrey H. Ree8gnior Member, IEEE

Abstract—With the introduction of antenna array systems y % scatterer
into wireless communication networks comes the need to better A A =
understand the spatial characteristics of the channel. Scattering
models provide both angle of arrival (AOA) and time of arrival
(TOA) statistics of the channel. A number of different scattering
models have been proposed in the literature including elliptical
and circular models. These models assume that scatterers lie
within an elliptical and circular region in space, respectively.
In this paper, the joint TOA/AOA, the marginal TOA, and the
marginal AOA probability density functions (pdf's) are derived
for the elliptical and circular scattering models. These pdf's base station
provide insight into the properties of the spatial wireless channel.

Index Terms—Antenna arrays, propagation. Fig. 1. Scatterer geometry.

|. INTRODUCTION derived for the elliptical and circular scattering models. The
OR beamforming and emitter localization applications ipdf’s for the elliptical model were previously derived in [7].
which an array of sensors is used to receive commuriere a more general approach is used that allows the pdf's
cation signals, it is necessary to have channel models tfi@at both models to be derived using a common approach. The
provide angle of arrival (AOA) and time of arrival (TOA)joint TOA/AOA pdf and the marginal TOA pdf for the circular
information about the multipath components. To meet thisodel are original contributions of this paper.
challenge, geometrically based single bounce channel models
have been proposed. These models assume that scatterers are [I. PROBLEM GEOMETRY AND ASSUMPTIONS
randomly located in two-dimensional space according to a
joint probability density function (pdf). For convenience, thisr
joint pdf will be referred to as the scatterer density functiog

or just scatterer density. From the assumed scatterer den ly one scatterer is shown in the figure, it is assumed that

it iz possilblel t_:_jotfri\é?, thi jgint TCl)A/ Ar? A, marginal AOA, there are many scatterers, the locations of which are described
anV margina AP sdolthe muglpat compoge_ntsr.] i by the statistical scatterer density functigh ,(x,y). The
arlous scattering models have been proposed In the We{ag 15 gerived here apply to the ensemble of randomly located

tre [1]-[6]. Here we consider only the circular and e"ipticaécatterers and make no assumptions regarding the number of
models described in [1] and [2], respectively. The first assUMES. varers present

a uniform pdf for the position of scatterers inside an ellipse, It is assumed that the effective antenna patterns are om-
n \.Nh'Ch the base station and the mot_nle are Iocgted at tnl%iirectional for both transmit and receive. In practice, the
foci [2]. The model was proposed for microcell environments

erived pdf's should be used in conjunction with knowledge of

where multipath components may originate near both tli‘r?e actual antenna radiation patterns. The following additional

mqb|le and the base _s_tatlon. The secon_d _model _assumegsgumptions are common to both the elliptical and circular
uniform pdf for the position of scatterers within a radius aboW1Odels [1]

the mobile [1]. Such a scatterer density is more appropriate Iin
macrocell environments in which antenna heights are typically
higher than surrounding scatterers, making it less likely for
multipath reflections to occur near the base station. ements

In this paper, the joint TOA/AOA pdf, marginal AOA pdf, 3) The sianals that ved at the b tation h
and marginal TOA pdf at both the base station and mobile are ) he signals that are received at the base station have
interacted with only a single scatterer in the channel.

Fig. 1 shows the geometry and notation used to derive the
OA and AOA pdf's of the scattering models. The mobile is
eparated from the base station by the distabce\lthough

1) The signals received at the base station are plane waves
which propagate in the horizontal plane.
2) Scatterers are treated as omnidirectional reradiating el-
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the zy coordinate system be defined such that the base statwmere .J(r, 8,) is the Jacobian transformation

is at the origin and the mobile lies on theaxis, as shown

in Fig. 1. It will be useful to express the scatterer density
function with respect to the polar coordinates, 8,) as an
intermediate step in deriving the joint TOA/AOA pdf. The
polar coordinates are related to the rectangular coordinates via

the following set of equations

r= Vet g &)
Y
0, = atan(;) 2
x = 1, cos(l,) (3)
YU=Tp sin(ﬁb) (4)
where(z,y) denotes the location of the scatterer.
The joint pdf £, g, (74, 8,) is found using [8]
oy Jew(@y)
Jro,0, (T8, 60) = T )] | = costen) (5)

y=ry sin(6;)

where J(r;, 8,) is the Jacobian transformation given by

Oz Oz
) = | T G
Iy 0,
_|cos(6y)  —rysin(6y) -t _ 1 ©)
T sin(6,)  mycos(8y) | T

Substituting (6) into (5) gives
f””gh (7’(,, 91,) = |7’b| f%y (7‘(, COS(Q(,)7 b sin(ﬁb)). (7)
If we restrictr, to be positive, then (7) becomes

f””gb (7’(,, 91,) =Ty fm7y(7’b COS(Q(,)7 b sin(ﬁb)). (8)

-1

87’(,

J(ry,0,) = o

B 2(D cos(6,) — 7c)?
- D2c+72¢3 — 272D cos())

(13)

Substituting (13) into (12) gives

D?c+7%¢® — 27¢2D cos(6y)
2(D cos(8y) — 7¢)?
D2 _ 722

e <2(D cos(6y) — 7c)’ 9b>' (14)

Next, we may express the joint TOA/AOA density in terms of
the original scatterer density function using (8) and (11). The
resulting joint pdf becomes

(D? —72?) (D?*c+ 72¢® — 27D cos(6),))
4(D cos(6y) — 1¢)3
Fog(rycos(60), rsin(6,))

wherery, is given by (11). Equation (15) expresses the joint
TOA/AOA observed at the base station in terms of an arbitrary
scatterer density.

When the scatterers are uniformly distributed within an
arbitrarily shaped regio®® 4 with an areaA, then the scatterer
density function is given by

f‘r,@b (7_7 9(,) =

f‘r,@;, (7_7 9(;) =
(15)

1
h¢@w={z’wamy634 (16)

0, else.
In this special case, the joint TOA/AOA pdf reduces to

(D? — 722) (D?c+ 122 — 272 D cos(6),))

fre,(7,00) = 4A(D cos(y) — 7¢)3

17)

The next step is to find a relationship betwegnand the where the appropriate range ofandé, are assumed.
delay 7 of the multipath component. Applying the law of Equation (17) gives the joint TOA/AOA pdf observed at the

cosines to the triangle shown in Fig. 1 gives
r2 = D? 41} — 2r, D cos(6y). 9)

The total path propagation delay is given by

s+ Ty
C

- % <7’b + \/D2 +77 = 2r,D Cos(eb)) (10)

Squaring both sides of (10) and solving for results in

D? _ 122
" T 9(Dcos(By) — 1)

(11)

The joint TOA/AOQA pdf is given by

_ fr;,,@;, (Tb, 9b)

fre.(7,0) =
’ |’](Tb7 9b)| ry=(D2—72¢2/2(D cos(8)—7c))

(12)

base station. Due to the symmetry of the geometry shown in
Fig. 1, the joint TOA/AOA pdf at the mobile will have the
same form as the TOA/AOA pdf observed at the base station.
The only difference between the two is the range-@&nd 4,
where the pdf is nonzero.

The relationship between, and 7 is identical in form to
the relationship between, and =, namely

D2 — 722
" T 9(Dcos(8,) —7e)

(18)

Repeating the derivation with respect to the polar coordinates
at the mobile gives

f‘r,eS (7_7 95)

B (D2 _ 7-202) (DQC + 7268 — 27¢2D COS(QS)) (19)
= 4A(D cos(0,) — 1¢)3 '

Note, however, that the range 6§ and + for which (17) is
valid will be different from the range over whidh, andr is
valid in (19).
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Scatterer Region

Base Station

Base Station Mobile

Fig. 3. Calculating TOA cumulative distribution function.

Scatterer Region

Fig. 2. Calculating AOA pdf. B. TOA pdf

Deriving a general TOA pdf for an arbitrary scatterer density
function is more difficult. Integrating the joint TOA/AOA pdf
- ) , over AOA, even for the case of a uniform scatterer density
A. AOA Probability Density Function function, is nearly intractable and does not yield manageable

Although the AOA pdf could possibly be found by integratresults. A second, more promising approach is to first derive
ing the joint TOA/AOA pdf overr, a more straightforward the TOA cumulative distribution function (cdf) and then take
approach is to integrate the polar coordinate system represire derivative with respect to to obtain the desired TOA pdf.
tation of the scatterer density function given in (8) with respe@he TOA cdf may be calculated as the probability of a scatterer

IV. MARGINAL PDF'S

to », over the range1(6;) to ry2(6;) being placed inside the ellipse corresponding to a delay equal
52(65) to r. The area of overlap of the ellipse with the scatterer region
Jo,(6) = / Sy 0, (70, 00) dry is illustrated in Fig. 3. In general, calculating the probability
751(6s) of a scatterer being placed inside the ellipse would involve
702 (0) ) a double integral of the scatterer density function over the
= /Tbl(eb) bea;,y(Tb COS(Q(,), () 8111(9(,)) dTb. (20) Overlap region.

. _ For the case of a uniform scatterer density function, the
Fig. 2 shows the definitions of,;(6,) and r;2(6,) for an TOA cdf is simply

arbitrary scatterer region. For a uniform scatterer density with

Frw(@y) = (1/A) Fr) = Afp (25)
ru2(65) 1
fo,(6,) = / i dry, Taking the derivative with respect togives the desired TOA
ro1(6s) pdf
= L (2,0, — 2 (6)). (21) 1 d
24 fo(r) = 5 2 (A7), (26)

The functionsr,1(6,) and r,2(6,) may be obtained from . _ _
the polar coordinate representations of the boundary of thee functionA.(r) and the approach used to find this area
scatterer region. When the base station is located inside of #€ dependent upon the particular scatterer density function.

scatterer regiony;; (6,) = 0 and the AOA pdf reduces to The TOA pdf observed at the base station is exactly the
1 same as the TOA pdf seen at the mobile, since the distance
Jo,(6) = ﬂré(eb). (22) traveled by a multipath component between the mobile and

) ) the base station by way of a scatterer is independent of the
The same equations apply at the mobile when the Scatteﬁ%?spective.

density is referred to the polar coordinate systém,d.,)
defined at the mobile (see Fig. 1). Hence, the AOA pdf at

N V. ELLIPTICAL SCATTERING MODEL
the mobile is given by

1 The assumed geometry for the elliptical scattering model
fo.(6,) = 71 (r2,(65) — r2,(65)) (23) (Libert’'s model) is shown in Fig. 4 [2], [7]. Scatterers are
) ) uniformly distributed inside the ellipse with foci at the base
where the functions:.»(6,) andr., () define the boundary giation and mobile. The major axis of the ellipse is given
of the scatterer r(_aglon. When the mobile is located inside g{, T, Where 7, is the maximum delay associated with
the scatterer region;s1(6;) = 0, and the AOA pdf at the gcatierers within the ellipse, and is the speed of light.
mobile becomes The model is appropriate for microcell environments where
_ 1 antenna heights are relatively low. With low antennas, the base
fo.(05) = 2A752(95)' (24 - . . . .
station may receive multipath reflections from locations near
These results will be used to find the AOA pdf's for thehe base station as well as around the mobile. The elliptical
elliptical and circular scattering models in the correspondingodel has the physical interpretation that only multipath
sections that follow. components that arrive with a maximum delay of are
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y A. Joint TOA/AQA pdf (Elliptical Model)

1) Joint TOA/AOA pdf at the Base Statiorhe joint TOA/
AOA pdf was derived in Section Il for the case of a uniform
scatterer density. The result given in (17) is repeated here for
convenience

;;;;; — ;D: = , X o (D? — 72%) (D?*c+ 72¢® — 21D cos(6)))

- Fron(7,00) = 4A(D cos(6p) — 7c)® '

_ Scatterer Region.

Base Station

\

= (31)
The area of an ellipse is given by = na,, b,,. Substituting

this expression into (31) and explicitly stating the range of

Fig. 4. Elliptical scatterer density geometry. validity gives (32), shown at the bottom of the page. The case

when #, = 0 is considered separately, due to the zero/zero

condition which occurs when substitutiy = 0 and 7 =

considered. Ignoring paths with longer delays may be justifie&a/c) directly into the first expression of (32). However, when
since such signal components will experience greater path I%s: 0, several terms may be cancelled, leaving only
and hence will have relatively low power compared to those o(D + 7¢)

with shorter delays. Therefore, provided that is chosen

sufficiently large, nearly all of the power of the multipath A b

signals of a physical channel will be accounted for by th&hich may be evaluated at = (D/c). _

model. For verification purposes, the analytically derived pdf's are
The parameters,,, andb,, shown in Fig. 4 are the semi- compared against scatter plots. Fig. 5(a) and (b) shows the

major axis and semiminor axis values which are given by J0int TOA/AOA pdf present at the base station fBr= 1000
m andr7,, = 5 us. Fig. 5(a) is a plot of the closed form

expression for the joint pdf given in (32). Fig. 5(b) is a
scatter plot created by randomly placing 10000 scatterers in
b — 1 m 28) the ellipse using a uniform distribution and then plotting the
"2 ™ ' corresponding TOA/AOA pairs. The scatter plot shows a high
) o ) ] concentration of points where the joint pdf is high. Also, both
The ellipse shown in Fig. 4 may be described by either thgqts show a high concentration of scatterers with relatively
Cartesian equation small delays near the line-of-sight.
2) Joint TOA/AOA pdf at the MobileDue to the symme-

I am ;l

(33)

CTm

Uy = (27)

<a: _D )2 try of the ellipse with respect to the base station and the
2 I y_2 -1 (29) mobile, by inspection, the same TOA/AOA pdf will be valid
a2, b2, when related to the mobile perspective. The resulting joint pdf
as a function ofr and 6, is shown in (34) at the bottom of
or by the polar coordinate equation [9] the next page.
Ar2 — D?

(30) B. AOA pdf (Elliptical Model)

1) AOA pdf at the Base Stationthe polar equation defin-
For each of the pdf's shown below) = 1000 m and the ing the boundary of the scatterer region is
maximum delay was,,, = 5 us. Each of the histograms 72— D?
shown to validate the closed form expressions of the pdf s = 27mc — 2D cos(0,) (35)
are generated by placing 50000 scatterers uniformly into t,ce the base station is located inside the scatterer region,
ellipse, measuring the desired property (AOA or TOA), a”ﬁ'sing (22), the AOA pdf is
then creating a histogram containing 75 bins. The number

o= 2¢T, — 2D cos(6y)

of points in each bin is divided by the total number of fo,(6) = iré(eb)

points to give the normalized histogram. In all cases, there 5 o ) 9

is good agreement between the closed form expression and — 1 < Tm¢ — D ) ) (36)
the normalized histogram. 8mamby \ Time — D cos(f))

(D? — 72¢%) (D%c + 72¢% — 27¢* D cos(6)) 7 D 620
s A7 by (D cos(8y) — 7¢)3 c (32)
T T’ =
By AT Vb M’ BSTSTW 6, =0
A7 b c
0, else
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Fig. 5. Elliptical model: joint TOA/AOA pdf.

The elliptical AOA pdf and the normalized histogram arevheref, = 0 in the direction toward the mobile and increases
plotted in Fig. 6(a) forD = 1000 m and7,, = 5 uS. As in a clockwise direction.
expected from the joint TOA/AOA pdf, Fig. 6(a) shows that
the scatterers are concentrated near line-of-sight. C. TOA pdf (Elliptical Model)

2) AOA pdf at the MobHe:Agaln due to thg symmetry of As derived earlier, the TOA pdf may be calculated using
the ellipse, the same pdf applies at the mobile, namely
1 d

1

_t .2 - -
f@s (95) - 2A752(95) fT(T) A dT (AT(T)) (38)
2 2 2 2
= ! < Tm¢ = D ) (37) Where A (7) is the area of intersection of the ellipse corre-
8T b, \ Tme — D cos(f) sponding to a delay of with the uniform scatterer region. For

(0% = 12) (D2 17~ 2D ()
f ( 9 ) 47rambm (D COS(HS) - TC)3 7
7,0:,\T,Us) =
b M — <7< T, ;=0

Aramby, = ¢
else.

IA

T Ty, 0:#0

ol

(34)

7
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Fig. 6. Elliptical model: AOA and TOA pdf's.

the case of an elliptical scatterer regioh,(r) is the area of  Fig. 6(b) is a plot of the TOA pdf function and the normal-

the ellipse itself. The area of an ellipse is given by ized histogram. The plot shows that there is a high density of
scatterers with relatively small delays.
A (1) =7ma by = 7;—;6 V722 — D2, (39)
Taking the derivative with respect toand simplifying gives VI. CIRCULAR SCATTERING MODEL
5 9 ) The geometry of the circular scattering model (also referred
a4 (A (7)) = ”0(27 ¢ —-D ) ) (40) to as the geometrically based single bounce macrocell model
dr 4v/12c? — D? [1]) is shown in Fig. 7. The model assumes that the scatterers
are uniformly distributed within a radiug about the mobile.
Dividing by A = ma,b;, gives the TOA pdf The model is based upon the assumption that in macrocell
environments where antenna heights are relatively high, there
0(27202 — DQ) Q <r< will be no signal scattering from locations near the base station.
fo(m) = Slambm\/TQc? —p2 - =T (4D Although it is relatively easy to extend the pdf's derived

else. below to allow any value ofz, to maintain the premise of the
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Fig. 8(b) is a scatter plot created by placing 10000 scatterers
and then plotting the corresponding TOA/AOA pairs.
\ 2) Joint TOA/AOA pdf at the MobileAs stated in Sec-

D % Mobhile tion 111, the joint TOA/AOA pdf observed at the mobile will
fBase Station |

y Scatterer Region

\ £

have the same form as the joint pdf observed at the base station
with only the range of parameters wheftes, (7, 6,) # 0 being
different. The joint TOA/AOA pdf observed at the mobile is
shown in (46) at the bottom of the page. The range aind

Fig. 7. Circular scatterer density geometry. 65 for which f. o (7,65) # 0 is found by considering the
condition on the original scatterer density, namely

model that scatters are not located about the base station, we 22+ < R? (47)
consider here only the case whefRe< D.
Each of the histograms shown to validate the closed forwhere now for convenience the new Cartesian coordinate
expressions of the pdf's were generated as described eardigstem(z., ) is defined at the mobile such that = —z+ D.
for the elliptical model. With this definition, the inequality given in (47) may be
expressed as
A. Joint TOA/AOA pdf (Circular Model)

1) Joint TOA/AOA pdf at the Base StatiolVhen the scat-
terer region is circular, the area of the scatterer region wherer, = \/x2 4+ 4?2 is the radius of the polar coordinate
A = 7R2. Substituting this expression into (17) gives thgystem defined at the mobile. Substituting (18) into (48) gives
joint TOA/AOA pdf shown in (42) at the bottom of the pagethe desired result
where the range of and#é, for which f, 4, (7,6,) # 0 was D2 _ 222 5
found by considering the condition on the original scatterer < ) < R?. (49)
density, namely 2(D cos(fs) — 7c)

r2 < R? (48)

(x— D)2 +4* < R (43) Fig. 8(c)_and (d) show the joint TOA/AOA pdf observed
at the mobile and a scatter plot of 10000 TOA/AOA samples
Expanding and then transforming into polar coordinates givéem the circular model. There is good agreement between the

) ) ) two plots.
ry — 2rpDcos(8y) + D° < R, (44)
Substituting the expression for, found in (11) and then B- AOA pdf (Circular Model)
simplifying results in 1) AOA pdf at the Base Stationfthe general expression
for the AOA pdf was derived in Section IV-A. In this section
2 2 2 )
D” —2reDcos(6y) +77¢ < 2R. (45) the AOA pdf corresponding to a circular scatterer density

e — Dcos(f) function is derived. The polar coordinate expression for a
Again, the case whef, = 0 is considered separately, due t¢ircle centered a0, D) with a radiusR is described by
the zero/zero condition which occurs when substituting- 0 9 9 9
andr = (D/c) directly into the first expression of (42). my, = 2D cos(fy)r, + D7 — R°=0. (50)
Fig. 8(a) and (b) shows the joint TOA/AOA pdf that iSUsing the quadratic formula
observed at the base station for= 1000 m andR = 100 m.
Fig. 8(a) is a plot of the closed form expression given by (42). r, = Dcos(6y) + /D2 cos?(6,) — D? + R? (51)

(D? = 72¢%) (D?c+ 72 — 27c*Dcos(y))  D? — 27¢D cos(8y) + 72

<2R,0 0
An R2(D cos(8;,) — 7¢)3 ’ Tc— D cos(6;) S 2.6 7
fro(1,00) = «(D+7¢) D D+2R (42)
, —=27< ) 0, =0
47 R? c c
0, else
(D? — 72¢%) (D?%c+ 72 — 21¢2D cos(6,)) ’ D? — 722 <R 6,40
fro(r.6,) 47 R?2(D cos(f;) — 7¢)3 2(D cos(fs) — Tc) (46)
0, \T,Us) =
6 (D + 71c) B<T§D+2R, 6, — 0

4rR?

[ c
0, else.
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Fig. 8. Circular model: joint TOA/AOA pdf. (a) Joint pdf: base station (log-scale). (b) Scatter plot: base station.

which implies that Fig. 9 shows the AOA pdf observed at the base station for the
ru1(6y) = Dcos(6y) — /D2cos?(6,) — D2 + R2  (52) case ofD = 1000 m and R = 100 m.
y2(0y) = D cos(6) + /D2 cos?(6,) — D2 + R2.  (53) 2) AOA pdf at the Mobile:The AOA pdf observed at the
Substituting (52) and (53) into (21) witth = xR? and Mobile is trivial. Since the scatterers are uniformly distributed
simplifying results in (54), shown at the bottom of the pagevithin a radius about the mobile, the AOA density will be

feb (91,) = 7 R2
0, else.

2D cos(6 D2 cos2(0,) — D2 + R? . _1(R . 1 (R
(0) /DT ) e (B)ensat(B) e
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Fig. 8. (Continued) Circular model: joint TOA/AOA pdf. (c) Joint pdf: mobile (log-scale). (d) Scatter plot: mobile.

independent of angle. The resulting pdf is desired pdf (see Section IV-B)
I £o(r) = % e (A(r)) (56)
A7) =— — (4-(7)).
f@s(es) = 2_7 0 < 95 < 2. (55) A dr
Us

The area of intersection of the ellipse with the circular
C. TOA pdf (Circular Model) scatterer region is most easily derived using the polar coor-
The derivation of the TOA pdf, while straightforward icdinate equations of the circle and ellipse referred to the polar

tedious. The approach to be taken is to find the area of th@erdinate system defined at the mobile,,6,). (Note the
intersection of an ellipse with major axis equal te with honconventional orientation of this coordinate system which

the circular scatterer region. The derivative of the resultirig used for convenience, namely increases in the clockwise
function of 7 divided by the total area of the circle gives thalirection.) With respect to this coordinate system, the ellipse
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Fig. 10. Circular model: TOA pdf calculation.

and the circle are described by the following two
respectively

627'2 _ D2
© = 2¢r —2D cos(fs)

Ts

75, = I

0 2
Angle of Arrival (degrees)

Since there is symmetry about theaxis, it is possible to
find the overall area of intersection by multiplying the area of
intersection above the axis by two. Hence, the overall area
of intersection may be expressed

A (1) = A1 + Ay (60)
—2 / L2 0y do 42 / 12 9) 46 (61)
0 2" @ 2
o ™ 2, 2 2 2
_ 5 cte—D
N /0 R db + /a <267’ —2D COS(9)> d9(62)
- 2,2 2 2
— R _CT o2 ) . 63
a—i—/a <2c7—2Dcos(9)> (63)

equations,
The last term may be integrated using integral formulas given

in [10]. The resulting expression for the area as a function of

Fig. 10 shows the situation being considered. The area of

intersection is divided into two separate regiods, and A,,

by the rays from the mobile to the points of intersection of the
circle with the ellipse. The angle from the mobile to the point
of intersection labeledr may be determined by substituting
« for 85 and solving (57) and (58) simultaneously fer The

resulting positive value ofv is

o = acos(

D? +2R7rc— 722
2RD

)

(57) 7 becomes
2_ 2.2
(58) A _R? D= —r=c
T(T) &4 + 4
—nTe Dsin(«) n 2r¢
V22— D2 tc— Dceos(a) /22— D2
V72c2 — D?tan (g)
-atan 2 (64)

Tc— D

Substituting the expression fer given in (59), taking the

(59)
derivative with respect te with the aid of Matlab’s Symbolic
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Fig. 11. Circular model: TOA pdf.

Toolbox, and then dividing byl = 7 R? gives the TOA pdf

c
J-(7) = T2
7722 ky — Tck3 + mkok? + Tck? — 2RE?
4k1ko
72 koky + Tckok? TR + KE
2k3 + 2k3 k3 2k
/{}0/{}1 R—7c
- atan — 73
ks (4R2D? — k2)
Tck2k4(1 + kQ)
2R? 4 0/ (65)
< 2k3 + 2k3 k3
where
b — ta 1 s —12¢2 + D? +2R7c
0= MRS 9RD
]{}1 = \/’1’262—.D2
ks = \/D? —4R? — 72¢2 + 4Rrc
ks = =122 + D? 4+ 2R7c
k=D —7e.

This expression is valid only fofD/c) < 7 < (D + 2R/c).
When+ = (D/¢), ko = 0, ky = 0, andks = 0 and a few

of the terms result in an indeterminate zero/zero conditionz;
Although it may be possible to apply I'Hopital’s rule and find

the limit asT — (D/c), we will just restrictr to be strictly

greater thanD/c. Fig. 11 shows the resulting TOA pdf and a

simulated normalized histogram fér = 1000 m andR = 100
m verifying the validity of (65).

VII. CONCLUSIONS

The joint TOAJAOA, marginal AOA, and marginal TOA
pdf's for the elliptical and circular scattering models were
derived. A general approach was taken that could easily
be extended to other uniform scatterer density functions.
General results were derived for the AOA marginal pdf's.
Also an approach for deriving the TOA marginal pdf function
was presented that could be applied to any scatterer density
function.
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