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Abstract

We study the angular process related to random walks in the Euclidean and in the non-Euclidean
space where steps are Cauchy distributed.

This leads to different types of non-linear transformations of Cauchy random variables which
preserve the Cauchy density. We give the explicit form of these distributions for all combinations of
the scale and the location parameters.

Continued fractions involving Cauchy random variables are analyzed. It is shown that the n-stage
random variables are still Cauchy distributed with parameters related to Fibonacci numbers. This
permits us to show the convergence in distribution of the sequence to the golden ratio.

Keywords: hyperbolic trigonometry, arcsine law, continued fractions, Fibonacci numbers, non-linear trans-
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1 Introduction

We consider a particle starting from the origin O of R? which takes initially a horizontal step of length 1
and a vertical one, say Cy, with a standard Cauchy distribution. It reaches therefore the position (1, Cy).
The line /; joining the origin with (1, C;) forms a random angle ©; with the horizontal axis (See Figure
1(a) below).

On [; the traveller repeats the same movement with a step of unit length (either forward or backward)
along [y and a standard Cauchy distributed step, say Cs, on the line orthogonal to l;. The right triangle
obtained with the last two displacements has an hypothenuse belonging to the line I with random
inclination ©9 on 5.

After n steps the sequence of random angles ©4,--- ,0,, describes the rotation of the moving particle
around the starting point, their partial sums describe an angular random walk which can be written as

Sn:@1+~-~+@n:Zarctaan (1.1)
j=1
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Figure 1: The angular process in the Euclidean plane.

where C; are independent standard Cauchy random variables. If the random steps of the planar random
walk above were independent Cauchy random variables with scale parameter a; and location parameter
b; then the process (1.1) must be a little bit modified and rewritten as

Sp =01+ - +0, =) arctanC}, (1.2)

j=1

where C; ~ C(q; p,)- The model (1.2) can be extended also to the case where the first step has length d;
and the second one is Cauchy distributed with scale parameter a; and position parameter b; (see Figure
1(b)), then

The same random walk can be generated if the two orthogonal steps, at each displacement, are
represented by two independent Gaussian random variables X; and Y;. In this case, for each right
triangle, we can write
X

tan©; = v
J

If X; and Y} are standard Gaussian random variables then tan ©; = % possesses standard Cauchy distri-
J

bution and we get the model in (1.1). The model (1.2) can be obtained by considering orthogonal Gaussian
j
steps with different variances and in this case the parameter a; of the random variables C; is the ratio Z—y

*

The model (1.1) describing the angular random process has an hyperbolic counterpart. We consider
a particle starting from the origin O of the Poincaré half-plane H = {(z,y) : y > 0}. At the j-th
displacement, j = 1,2..., the particle makes two steps of random hyperbolic length n; and 7; on two
orthogonal geodesic lines. The j-th displacement leads to a right triangle 7} with sides of length ;
and 7); and a random acute angle ©;. In each triangle 7; the first step is taken on the extension of
the hypotenuse of the triangle T;_; (see Figure 2). From hyperbolic trigonometry (for basic results on
hyperbolic geometry see, for example, [5]) we have that

sinh 7); sinh 7; cosh 7);

sin®; = , c€osO; = .
\/cosh2 nj cosh®7j; — 1 \/cosh2 n; cosh?7j; — 1
From the above expressions we have that
tanh 7j
tan®; = An Ty
sinh n;



If we take independent random hyperbolic displacements 7; and 7); such that the random variables

E; = Z?SEZJJ are standard Cauchy distributed then ©; = arctan C;. If the triangles T; were isosceles
then tan ©; = ﬁ and the angle ©; € [-7, §] so that in this case the Cauchy distribution cannot be

attributed to tan ©;.

Figure 2: The angular random process in the Poincaré half-plane.

In the model described here the random steps (and therefore the random angular windings ©;) are
independent. If we consider the model of papers [2] and [3], where the displacements are taken orthogo-
nally to the geodesic lines joining the origin O of H2+ with the positions occupied at deviation instants,
the angular displacements ©; must be such that

Wb J
sin®; = Snll 1y = sinh n; cos (arctan H cosh? nr>
\/1 +[I2_, cosh®n,

and therefore involve dependent random variables.
The process A,, = Z;;l area(T}), describing the sum of areas of the hyperbolic triangles T}, has a
much more complicated structure. For the area of the random hyperbolic triangle T; we note that

T A T tanh 7); tanh 7;
area(T;) = 5 0, -0, = 5 [arctan (smhnj) + arctan (smhﬁj)]

thn; th7); thn; th7);
= T avctan [ S5 SRR _ areotan (Sl SO0 )
2 sinh7); = sinhn; sinh7); = sinhn;

r=1

Since each acute angle inside T} is linked to both sides of the triangle the analysis of the random process
A, = Z;’:l area(T}) is much more complicated and we drop it.

Let Cj ~ C(a;5,), 7 = 1,2... be independent Cauchy random variables with scale parameter a; and
location parameter b;. In the study of the angular random walk (1.1) and (1.2) we must analyze the
distribution of the following non-linear transformations of Cauchy random variables

Ci1+Cy

since
Ch+ Oy

arctan C7 + arctan Cy = arctan ——————.
! 2 1—C10,



We will show that the random variable (1.3) is endowed with Cauchy distribution but the value of the
parameters aq, by of C; and as, by of Cy heavily influence the structure of the parameters of U.

In particular, if b5 = b = 0 and a; = ay = 1, then U is still distributed as a standard Cauchy
distribution and therefore in (1.1) we have that

&

Shn 4 arctan C.

Since also & is a standard Cauchy, from (1.3), a number of related random variables preserving the form
of the Cauchy distribution can be considered. For example, the following random variables
CiCo+1 1-C,C C,+C
g=etl o, 170t St e
C; -G, C,+6C, C.;Cy—1
also possess standard Cauchy distribution. We can also derive much more complicated random variables
by suitably combining three (or more) independent standard Cauchy Ci,Cs, Cj3 as

C,+C:
Ci+ = 52033 Ci +Cy +C3 - C1CC5

T 1o C, Cﬁ%z 1-C1Cy; — C1C3 — CyC3

and so on.

If by = by = 0 and the scale parameters a;,as are different, then (1.3) still preserves the Cauchy

distribution but with scale parameter equal to lai(:‘f; and location parameter equal to zero. This can be

grasped by means of the following relationship

arctan C7 + arctan Cy td- o retan {MC} , (1.4)
1+ a1a9

where Cj ~ C(q, 0)- Result (1.4) is illustrated in Figure 3.
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Figure 3: The figure shows that shooting a ray with inclination ©1, uniformly distributed, against the line at
distance a1 and then shooting a ray with a uniformly distributed angle ©2 on the line at distance as is
equivalent to shooting on the barrier at the distance a = % with a uniformly distributed angle ©.

By iterating the process (1.4) we arrive at the formula

3 3
; _, 0 +ajazas3
E arctan C} “d oretan { EJ 1 C}
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which gives an insight into further extensions of the process outlined above.
Many other relationships can be produced by combining the above results and we can observe that if

C1 ~ Clqa,,0) and Cy ~ C{g, o) are independent Cauchy random variables, then
Cy +C,

W = -

e C1C — (&1a2)2

ai1+az
1+aias”

also is a centered Cauchy random variable with scale parameter equal to

Much more complicated are the cases where the location parameters of the Cauchy distributions are

different from zero. For the special case where C and C3 are independent Cauchy such that C1 ~ C(y p)

and Cy ~ C(1 ), the random variable (1.3) still possesses Cauchy density with scale parameter 25144 and

2b°
bi+4-

location parameter

We have obtained the general distribution of (1.3) where C; and C5 are independent Cauchy such
that C1 ~ C(q, ;) and Cz ~ C(q, p,) and also the distribution of

OzCl + 602
v+ 60102

for arbitrary real numbers «, 3,v,d. In particular, if C; and Cy are independent standard Cauchy then

U is Cauchy with scale parameter equal to % and location parameter equal to zero.

ﬁ:

In the last section we have examined continued fractions involving Cauchy random variables. In
particular we have studied

1
Vi=——""7— (1.5)
14 Ju——
+4.4Hic
and 1
Up=——7— (1.6)
L P — m—
14— 1

1+C2

which generalize the random variables V; = H% and U; = H% Continued fractions involving random

variables have been analyzed in [4] and more recently in [1]. The random variable U; has the arcsine
distribution in [0, 1], while U; = tU;, with ¢ > 0, has distribution

d
Pr{U, €ds} = —— 0<s<t.

m\/s(t —s)

For each n > 1, the random variables V,,, are Cauchy distributed with scale parameter a,, and position
parameter b,, that can be expressed in terms of Fibonacci numbers. This permits us to prove the mono-
tonicity of a, and b, and that lim,, .., a, = 0 and lim,_,,, b, = ¢ — 1 where ¢ = % is the golden
ratio. Finally we obtain that the sequence of random variables 1 + V,, and 1 + U,,, n > 1, converges
in distribution to the number ¢ = 1+T‘/5 This should be expected since it has the infinite fractional

expansion
14++/5 1
V5 =1+ I (1.7)

which is related to (1.5) and (1.6).

2 Centered Cauchy random variables

Our first task is the study of the distribution of the random variable

Ci+ Oy

U:1—0102



where C; ~ C(4, 0) are independent Cauchy random variables with location parameter equal to zero and
scale parameter a;, j = 1,2. We can state our first result.

ajtasz

Theorem 2.1. The random variable U in (2.1) possesses Cauchy distribution with scale parameter oo

and position parameter equal to zero. We can also restate the result in symbols as

id. 01+ a2
1+ a1a9

U

Proor 1
We can prove Theorem 2.1 in two different and independent ways. The first one is rather technical and
starts with

Cy+ Cs C1 + Oy 1 /C>O ai /ﬁwyy ai
pr 1t = E{Pr{ T2 —yloy=gyll=— [ Y g L
r{1C102<w} { r{10102<w 2=V 2 J_ o y? +a? Y oo T2 A4 a} *

then

Ci+ Cy aragdw [ 1+ g2 dy
Pri L2 eyl = 5 ; ; .
1—-C1C 2 oo Y2t a3 y?(w?a? + 1) + 2yw(ad — 1) + w? + a?

The integral can be conveniently rewritten as

Pr Ci+ Oy c dw . alagdw/oo Ay+ B Cy+ D
1-CCy B y2+a2  y2(w2a? + 1)+ 2yw(a? — 1) + w? + a?

dy (2.2)

where

A= 2w(a?—1)(a§—l)
T [w2(1—a1a2)?+(a1—a2)?][w?(14+aiaz)?+(a1+as2)?]’
- (a2—1)[a?—a24+w?(1—a2a?)]

B=- [w2(1—a1a2)22+(a1—1a2)22] [w2(1+a13121)2+(a1 +a2)?]’

C = —A(a3w? + 1),

D= (1—aD)[w*(1—a3a})+w’(1—af)(3—a3)—(af—a3)]
[w2(1—aiaz2)?+(a1—a2)?][w?(1+aiaz)?+(a1+a2)?]"

Two terms of (2.2) can be developed in the following manner

[ Ay Cy
7+ 2 2 5 | dy
y2 +a3  y*(w?ai + 1) + 2yw(ai — 1) + w? + af

2y(a3w? + 1) £+ 2w(a? — 1)
) T 322 5 B 5| dy (2.3)
y? +a y*(w?ai +1) + 2yw(at — 1) + w? + af

where

/°° { 2y 2y(aqw? + 1) + 2w(a? — 1) ] dy
y*+a3  yr(w?a] +1) + 2yw(a — 1) +w? +af
d

C

= lim lo a3+ y°
doorm—co B y2(w2a? + 1) + 2yw(a? — 1) + w? + a?

and by means of the change of variable

2-1) w?(af — 1)2 ay(w?* + 1)
yyJwad + 14+ ————= =z /w2 +a? — =z .
! \/w2a2+ U w2} +1 fw?a? + 1



the last integral in (2.3) reduces to the form

/°° dy B /°° dy
2 (1202 2 _ 2 2 = 2
— YA(w2af + 1) + 2yw(at — 1) + w? + af -0 WP 114 w(a2—1) L ta? w2(a2—1)2
1 VwraZ 1 1 w2a?+1
1 < d
- 1 / SR — (2.4)
ar(w?+1) J_o22+1  aj(w?+1)
Result (2.4) leads us to the final expression of the probability
Pr{ C1+ Cs edw} s [ 2w?(a3 — 1)(a? — 1)? T
1-C1Cy w2 | [w2(1 = a1a2)? + (a1 — a2)?][w2(1 + a1a2)? + (a1 + az)?] ay (w2 + 1)
Br Dn
— 4+ ———| dw. 2.5
+a2 +al(wz—i—l)} v (2:5)

The most clumsy part of the proof consists in summing up the three terms of (2.5), after some algebra,
(2.5) takes the form

Pr{ G 46 Edw}

1—C1Cs
ai1as (1 + wz)(ag + al)(l + (12&1)[11)2(1 — a2a1)2 + (a1 — CL2)2] dw
7 [w2(1 —a1a2)? + (a1 — a2)?][w?(1 + a1a2)? + (a1 + a2)?|araz(1 + w?)
1 astay
= S lhea g,

2
T () e
This concludes the first proof.
PRrROOF 2
An alternative proof is based on the properties of the standard Cauchy distribution:
o If C is a standard Cauchy random variable, then é is also a standard Cauchy random variable.

e If C; and C; are independent standard Cauchy, then 1(11('3"1%22 is also a standard Cauchy as a direct
proof easily shows.

We therefore have the following identities in distribution

U — C1+ Cy i.d. (a1 + ag)C id. (a1 + az)C
1 —0102 1—a1a2C1C2 1+a1a2[1—01C2 — 1]
i.d. (a1 + GQ)C 1
Law 4 aal016) C, +C,
i.d. art+az 14 a1 + az
172‘17&‘124»“1(?2 2 1 —aias + 2a1a9

and this confirms our result. W

Remark 2.1. Since for a; = as = 1 we have that U is still a standard Cauchy random variable, it follows
that if a; =1 for j =1,...n, we have

n

i.d.
E arctan C; £ arctan C.
Jj=1



Remark 2.2. A simple byproduct of Theorem 2.1 is that

i 1 i3ty ajasdzd _aj tan6j+agtan by
EefU = — ey — L 22 2y == BT=a ap tan 0; tan 65 d6,db,
72 Jre (a3 +22)(a5+y%) %

ajtag

— 67 1+a1a2‘ﬁ‘. (26)

In (2.6) we have used the transformations = a; tan 6, and y = ag tan 6. In the special case a; = ag =1
the relationship (2.6) yields

tan 61 +tan 6 % % .
e~ 18l — / / BT an oy tan 0z 10, dfy = = / / eiPtan(01+62) 49 49,
-z -3/-3

xcos(ﬂtanx)dx (2.7)

7T2 0

In the last step of (2.7) we have used the transformations 6, + 62 = x and 6 = y. The integral (2.7)
shows that, if (©1,03) is uniform in the square S = {(01,62) : =% < |6;| < 5}, i = 1,2, then the random
variable W = tan(©; + ©3) has characteristic function e~ 18l .

Remark 2.3. Tt is well-known that for a planar Brownian motion (Bj(t), B2(t)) starting from (z,y) the
random variable By (T}) possesses Cauchy distribution with parameters (z,y) where

T, =inf{t > 0: By(t) =0}.

If the starting points of two planar Brownian motions (Bi(t), Bs(t)), for i = 1,2, are located on the y
axis as in the Figure 4 below we have therefore that

©=0,+060, = arctan Bj(T,,) + arctan B}(T,,)
“d arctan C1 + arctan Cy
id. a1 + a
= arctan ———
1+ aia9

where C and C5 are two independent Cauchy random variables with scale parameters a; and as respec-
tively and position parameter equal to zero. Therefore if the starting point of a third Brownian motion is
(0 Litdz ) then B (Ta1+a2 ) represents its hitting position on the z-axis. This point forms with (0, 1)

)
14aia2 Traras

and the origin a right triangle with an angle ©® = ©1 + Os.

Theorem 2.2. If C; and Cy are two standard, independent Cauchy random variables, then

fj _ ~vC1 4+ 0Cs
B o — ﬂCl CQ
has Cauchy distribution with scale parameter ’Y+,6 and location parameter equal to zero.
Proor
By applying the arguments of Theorem 2.1 we have that
aw—38y
~Cy 4 dCs d 1 [ dy /Wwﬁy dz
Prq————— ¢€d = d
r{a—ﬂClcge ¥ dw 72 ,Ool—i—yz T+a2”
d 1 8 By?
- oy + 0By dy (2.8)
U 1492 y? (w2 + 6%) + 2yw(By — da) + w?a® + 92
o dw * [Ay+ B Cy+D d
- 1142 " g2+ 09) + 2yw(By — 0a) + wa? + 42| Y
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Figure 4: The hitting position on the z-axis of a planar Brownian motion is Cauchy distributed. In the figure

the random angles ©1, ©2 and © = ©; + O3 are shown.

where
A= 2w(By—ad)(B6—ay)
[w2(a—PB)2+(v—8)?][w?(a+B)2+(v+9)2]’

B = . (@=B)(*—0*)+w(a® )]
W (a=p)7+(y=8)?][w?(a+B)*+(r+8)7]"

C = —Aw?p? +6?),

D = Br—ad)lw'aB(B—a?)+w?(By—ad)(3ay—B0)+76(y2 =6?)]
[ (a=B)7+ (=)W (a+B)+(7F6)7] '

We start by evaluating the first part of the integral (2.8) as

/°° Ay n Cy d
e T2 T 2232 4+ 0%) + 2w (By — b)) + w2a? + 42| Y
B é /°° 2y 2y(w? 32 + §2) & 2w(By — da)
2 ) Y
A

T+ 92 PP +0%) 1 2y(By — 00) + o 1 2

= = lim log ( Lty ) i
2 dmoocoe F \ W25 + 07) + 2yl — ba) + wPa? 7).
Al =t0) | ey s T

= A=t [ ey T

= Aw(By = 00) oo

where the last integral is obtained by means of the change of variable

/, 1232 2 w(ﬁ’y_éa) _ 2.2 2_w2(ﬂ7_5a)2 _ w2aﬂ+75
YV Wi+ 0%+ /w252+52_z wiatty w2(2 + 62 —Z /232 62

(2.9)



In view of result (2.9) and inserting the values of A, B and D we have that

dw [* [Ay+ B Cy+D
2Ty " P22+ 0%) + 2yw(By — 60) + w22 + 12| Y
dw 1

dw { (70 + w?af)(By — ad)[w?(82 — o®) + (v* — §%)]
T [(Waf +70)w(a—B)? + (v = 0)?’][w?(a + B)% + (v + 0)]
(70 + w?af)(ay — BI)w?(a® — §2) + (+* — 8%)] ]

(W2af +70)[w? (e = 8)* + (v = 0)?|[w?(ar + B)* + (v + 0)?]

dw (52 — a®)(8 — a) (v + ) + (4? = %) (e + B)(y — 9)

m [Wa=8)?+ (v - 0w (a+ B)? + (v +0)?]

dw (a4 B)(y+9)w(a = )% + (v = 6)°]

™ [wia =)+ (v = 6w (@ + 0)? + (v +6)?]

dw (a4 ) (v +9)

T W (ot B) + (v +0)*

Remark 2.4. The result of Theorem 2.2 implies that for independent, centered, Cauchy random variables
with scale parameters ay, as, we have that

7C1 +6Cs i 7a1C1 +0a2Cs i.a. a1 + daz C

ﬁ = = =
o — 50102 o — 6&1&20102 o+ ﬁalag

3 Non-Centered Cauchy random variables

For independent Cauchy random variables C; and C5, with location parameters b; and by and scale
parameters equal to one, the random variable U is still Cauchy distributed with both parameters affected
by the values of the location parameters by and bs.

Theorem 3.1. If C; and Cy are two independent Cauchy random variables with location parameter b and
scale parameter equal to one, then the random variable U is still Cauchy distributed with scale parameter

20244 s 2b%
S and position parameter (e
PrOOF

Since C; o C; +b,i=1,2, we have the following relationships which hold in distribution:

U - Ci+C ia Ci+Ca+2b ind. Ci+Cy+2b 1
1 70102 170102 7b(C1 +Cz) — b2 716131522 —b— 701502 Cl +CQ
id. 1+012be2 id. 1+ 2 id. 1+06C
L ESE v she &b cu-%)-b

In the steps above we repeatedly used the properties of the standard Cauchy distribution and also The-
orem (2.2).

10



These transformations permit us to write down the distribution of U as

Ip ot g\ - dp ) 1406\ _dp ). tHbw
dw 1-C0, dw C( _%)_b dw w( —b—)—b

d [*® dz 1 % +1
dw 1+4bw 7T(1‘2 + 1) T [w(l — E) — b]2 =+ (1 + wb)2

w(1—b2)—p

b’ 26244
_ 1 7 1 _1 b
- 2(b% 3 2 - 2
Tw (G +1)+wb+02+1 T 5 i1y (B4
w +wb4 + v Iz
Tt T4l Tt
1 20244
_ bi+4
oo 2 b3 b2+1 e 41 ? 2b244 2
w w — | -3
Temntag T \wma) ( b4+4)
1 2b% 44
_ bt+4
™

ops 1%, (2p24a)?
o+ )+ (3)

Remark 3.1. The result of Theorem 3.1 shows that U has center of symmetry on the positive half-line
if b > 0 and on the negative half-line if b < 0, therefore the non linear transformation U preserves the
sign of the mode.

We have now the following generalization of Theorem 3.1.

Theorem 3.2. If C;, i = 1,2, are two independent, Cauchy random variables with location parameters
b; and scale parameters a;, then the random variable U is still Cauchy distributed with scale parameter

_ (a1 + ag)(l + ajag — ble) + (b1 + 62)(a1b2 —+ agbl)
(14 ajag — b1b2)? + (a1b2 + azb1)?

)

and position parameter

(a1 + ag)(albg —+ (12(71) — (bl —+ bQ)(]. + a1 — blbg)

brr —
v (14 arag — b1b2)? + (a1be + azb1)?

PRrROOF
Observing that C; id a;C; + b; and taking into account result of Theorem 2.2, it follows that

U - C1+Cy i a1C1 + a2Cs + by + by
1-— 6’102 1— a1a20102 - aleCl - a2b1C2 — b1b2
i.d. (a1 4+ a2)C + by + by 1 id. aiter 4 %
G - Mg - i Gt G T e Ry
i.d. a1 + as + (bl =+ bg)c

(1 + aja2 — blbg)c — (a1b2 + azbl)'

11



1 C1+ Co d a +a2+(b1+b2)C
—Pr{-2T 2 cqu}=—P
dw r{1—0102 < w} dw r{(1+a1a2 —blbg)C—(a1b2+a2b1) sw

’LU((leg + azbl) + a1 + a2 }
= —Pr<C>
dw r{ w(l + ajag — bibe) — (b1 + b2)
l (1 + aiag — blbg)[w(albg + agbl) —+ a1 —+ ag} — (albg + agbl)[w(l + aiag — blbg) — (b1 + bg)]
s [w(l + ajas — blbg) — (bl + b2)]2 + [w(a1b2 + agbl) +a; + a2]2

(a14az)(1+aiaz—biba)+(b1+b2)(a1ba+azb1)
(14+a1a2—b1b2)?2+(ar1ba+a2b1)?

2 2
w4 (a1+a2)(arbatasby)—(bi+ba)(1+aiaz—bibs) + (a1+az)(1+aiaz—biba)+(bi+b2)(a1ba+azby)
(14a1a2—bib2)?+(a1ba+azbi)? (1+ai1az—b1b2)%2+(ar1ba+azb1)?

Remark 3.2. From Theorem 3.2 it is possible to obtain as a particular case the result of Theorem 3.1
by assuming that a; = as = 1 and by = by = b. For a; = a3 = a and by = by = b we have that U is still
Cauchy distributed with scale parameter

2a(1 4 a? + b?)
(14 a2 —b2)2 + (2ab)?’

ay =

and position parameter
2b(a® + b* — 1)
(1+a?—b%)%+ (2ab)?’
We note that ay and by depend simultaneously from the scale and location parameters of the random
variables involved in U.

by =

4 Continued Fractions

The property that the reciprocal of a Cauchy random variable has still a Cauchy distribution has a
number of possible extensions which we deal with in this section.
We start by considering the sequence
1 1 1

Vie—— Vo= ——— .. V= 4.1
1 2 1+1+% n 1+ 11 ( )

T+ i
and show the following theorem.

Theorem 4.1. The random variables defined in (4.1) have Cauchy distribution V,, ~ C(q4, »,) where the
scale parameters a, and the location parameters b, satisfy the recursive relationships

QA
It = ) a2 n=12... (4.2)
and by + 1
byl = —— =1,2,... 4.3
+1 (1400 +a2 n (4.3)
Proor

Let us assume that V,, possesses Cauchy density with parameters a,, and b,,, therefore V, ;1 writes

1 1
Pr{V, =P =Pr{ —mM8M8M— .
r{Viy1 < v} r{1+Vn<v} r{1+an+an<U}

After some computations the density of V11 can be written as

Qn
(14-a,)24+b2
an+1 (U) = b L 2 5 B NS R
nt+ an
™ [” - (1+bn)2+a3} + [(1+bn)2+a2]?
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It can be directly ascertained that Vi possesses Cauchy distribution with parameters a; = 1/2 and
bhh=1/2. 1

Remark 4.1. We have evaluated the following table of parameters a,, and b,:

n 1 2 3 e 102
an 1/2 1/5 1/13 . 5.77e~*2
bn 1/2 3/5 8/13 . 0.618034

For n = 1,2,3 we can observe that the scale parameters a,, coincide with the inverse of the odd-indexed
Fibonacci numbers while the sequence b,, has the numerators coinciding with the even-indexed Fibonacci
numbers and the denominators correspond to the odd-indexed Fibonacci numbers.

In light of the previous considerations we can show that for n > 1

F2n 1
Qnp

bn -

— , 4.4
F2n+1 ( )

N F2n+1 ’

where F,,, n > 0 is the Fibonacci sequence. Recalling that the Fibonacci numbers admit the following

representation (it can be easily checked by induction)

¢n _ (1 _ (b)n
V5

1+V5

where ¢ = 52 is the golden ratio, we now prove that if a,, and b,, have the representation in (4.4), then
also an41 and b,y can be expressed in the same form. From (4.2) and (4.3) we have

Fp = (4.5)

Faon
b o Fong1 + 1 o F2n+2F2n+1
1 = =
" Lo 41 2 4+t F22n+2 +1
Fonyr F22n+1

¢2n+1 _ (1 _ ¢)2n+1
Fonyo Lb4n+4 T (1 — ¢)intd —2g2nt2(1 — §)2n+2 1 5

]\/3

¢2n+1 _ (1 _ ¢)2n+1
= Fonto | oy 2n+1] [A2n+3 23\/g
[p?nH — (1 = ¢)2n ] [p?n 13 — (1 — ¢)?nH3]
_ Fonge
Fopys
Similar calculations prove that a,4+1 = ﬁ In view of representation (4.4) and (4.5), it is easy to show
that
()
Fy, 1
lim b, = lim —2" — lim ¢ . lim a, = lim —0.
n—00 n— o0 F2n+1 n— 00 ¢ _ (1 . ¢) (ﬂ) q§ n— o0 n— 00 F2n+1
¢
Otherwise, observing that the sequence b,, n > 1 is increasing, because
bui1  FangoFonpr ¢+ (1—9)" P 41 >1
by, o F2n+3F2n - ¢4n+3 + (1 _ ¢)4n+3 _9 =
and taking the limits in (4.2) and (4.3) we have that
L H+1
[ =— — H= ——— 4.6
(1+H)?2+ L% (1+H)?2+L?*» (4.6)

13



AL

0.618034 0.618034

Figure 5: In the first figure are shown the densities of the Cauchy random variables V1, V2, V3 and V. In the
second figure the densities of U;, Uz, Us and Uy are plotted.

where H = lim,, . a,, and L = lim,, . b,. From the relationships in (4.6) we derive the equality

L__ L
H H+1

that implies L = 0. In fact, for L # 0, we arrive at the absurd that H = H + 1. Substituting L = 0 in

the second formula of (4.6) we obtain
1

H=—
H+1
since H satisfies the algebraic equation H? + H — 1 = 0 it follows that H = ¢ — 1 where ¢ is the golden
ratio (see Figure 5(a)).

Remark 4.2. A slightly more general case concerns the sequence

1 1 1 1

= — 5 = T E—— W = T TR R
c1+diClagpe) €1+ aodr + bod1C T e+ doWy 57 s+ dsWy

By performing calculations similar to those of Theorem 4.1 we have that W; has Cauchy distribution
with scale parameter a; and position parameter b; such that

0 — dyag by — c1 +dibo
YT e+ dibo)? + d2a2 T (¢r + dibo)? + d2ad’
Similarly, if Wy, ~ Ca,, b,.), than Wiy p1 ~ Cqa,,, b,.,) Where
dn+1an Cn+1 + dn+1bn
a = y o by = 4.7
e (Cn+1 + dn+1bn)2 + d%-i—la’% i (cn+1 + dn+1bn)2 + d%-q—la% .0
for every n > 2. The sequences in (4.7) for ¢, = d,, = 1 coincide with (4.2) and (4.3).
Another sequence of continued fractions involving the Cauchy distribution is the following one
1 1 1
U= ——, U= ——5—,... Up= 35— (4.8)
1+C I+ 7e =

14



It is well-known that the random variable U; possesses the arcsin law. Unlike the sequence V,, studied
above the new sequence U,, n > 1, has a density structure changing with n. Some calculations are
sufficient to show that Uy, Us, Us, Uy have density, respectively equal to

1

fu,(u) = m7 O<u<l,
1 1

Joalw) = mur/ (1 —w)(2u — 1)7 2 <u<l,

1 1 2

fos(w) = (1 —u)\/2u -2 —3u) gty

fu,(w) = ! §<u<g

T r2u—1)V(2 30 (Gu - 3) 5 3

The general result concerning U, is stated in the next theorem.

Theorem 4.2. For every n > 1 the distribution of the random variable U, is given by

1 1
Pr{U, € du} =
{ } 77[(_1)”+1a” + (_1)nﬁ"u} \/(_l)nﬂn + (_1)n+1(an + ﬂn)u
1
X du, (4.9)
VED a4 8,) + (1) (e + 26,)u
where ey 5
«
and oy, By € N satisfy the recursive relationships a, = Bn_1, Bn = Qn_1 + Bn_1-
Proor
Since from (4.8) we have that
U 1
n+1 — 1 i Unv
proceeding by induction, that is assuming that U,, has distribution (4.9), we have that
d 1 —u d h(avuﬁn)
Pr{Ups1 € du} = @Pr {Un > u} du = Tu /11u Pr{U, € du}
_t 1 1
Tu? [(=1)" oy, + (—1)nﬁn(1_7“)] \/(_1)715” + (=) (ay, + /Bn)(l_Tu)
1
X du
VD o + Ba) + (1) (o +28,) (122)
B 1 1
m[(=1)"Bn + (1) an + Bu)u] /(1) (o + Bn) + (=1)" (o + 26, )u
1
X

du
V(=D (e +26,) + (1)1 (2a,, + 38, )u
In the first integral the function h(«,, 3,) represents the right boundary of the support of U,,. We con-
clude that U, 1 possesses distribution (4.9) by taking a,4+1 = 8, and B,41 = ap + G, B

Remark 4.3. The sequence 3,, is a Fibonacci sequence since we have that 8, = 8,1 + ap_1 = Bn_1 +
Bn_2. We note that the sequence of coefficients «,, and [3,, are such that

= lim Bn
n—0oo ﬂn—i—l n—oo ﬂn—&-l

—6—1.
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On the base of arguments similar to those of Remark 4.1 it is possible to show that the sequence U,,
n > 1, converges in distribution to ¢ — 1. In this case the upper and lower bounds of the domain of
definition of the densities fy, (u), n > 1 are expressed as ratios of Fibonacci numbers (see Figure 5(b)).

References

[1] Asci, C., Letac, G., Piccioni. M.: Beta-hypergeometric distributions and random continued fractions.
Stat. Prob. Lett., 78, 1711-1721 (2008)

[2] Cammarota, V., Orsingher, E.: Travelling randomly on the Poincaré half-plane with a Pythagorean
compass. J. Stat. Phys., 130, 455-482 (2008)

[3] Cammarota, V., Orsingher, E.: Cascades of Particles Moving at Finite Velocity in Hyperbolic Spaces.
J. Stat. Phys., 133, 1137-1159 (2008)

[4] Chamayou, J.-F., Letac, G.: Explicit stationary distributions for compositions of random functions
and products of random matrices. J. Theoret. Probab., 4, 3-36 (1991)

[5] Faber, R. L.: Foundations of Euclidean and Non-Euclidean Geometry. Dekker, New York (1983)

16



