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The importance of anharmonic effect on dissociation of molecular systems, especially clusters, has been
noted. In this paper, we shall present a theoretical approach that can carry out the first principle calculations
of anharmonic canonical and microcanonical rate constants of unimolecular reactions within the framework
of transition state theory. In the canonical case, it is essential to calculate the partition function of anharmonic
oscillators; for convenience, the Morse oscillator potential will be used for demonstration in this paper. In the
microcanical case, which involves the calculation of the total number of states for the activated complex and
the density of states for the reactant, we make use of the fact that both the total number of states and the
density of states can be expressed in the inverse Laplace transformation of the partition functions and that the
inverse Laplace transformation can in turn be carried out by using the saddle-point method. We shall also
show that using the theoretical approach presented in this paper the total number of states and density of
states can be determined from thermodynamic properties and the difference between the method used in this
paper and the thermodynamic model used by Krems and Nordholm will be given. To demonstrate the
application of our theoretical approach, we chose the photodissociation of ethylene at 157 and 193 nm as an

example.

1. Introduction

The present investigations focus on the quantitative examina-
tion of the anharmonic effect on the dissociation of molecules
and the interpretation and analysis of the observed kinetic results
from the viewpoint of the first principle calculations. In
unimolecular reactions under collision-free conditions, according
to the RRKM (Rice—Ramsperger—Kassel—Marcus) theory (or
quasiequilibrium theory), the total number of states and density
of states plays an important role in the calculation of the rate
constants. To describe the anharmonic effect, the Morse
oscillators (MOs) are commonly used. Recent reviews of the
anharmonic effect on unimolecular reactions can be found in
refs 1—12. Some vibrational modes in molecules or clusters?
correspond to relatively weak bonds; in this case, the Morse
potential can be conveniently used to fit the PES (potential
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energy surface)? and to simulate the bonding. Typical features
of the anharmonic effect include a decrease in vibrational bond-
stretching frequencies (a red shift) and an increase in the bond
lengths and distance of bond dissociation.>** An important type
of anharmonicity investigated by Bhuiyan and Hase*" is the
decrease in the bending frequency as a bond defining that the
bend is stretched. For the H—C—C model triatomic, these
authors found that at 90 kcal/mol the bend—stretch anharmonic
correction is 1.81 and the MO anharmonic correction is 1.63,
for a total correction of 2.95. For separable systems, a state
counting technique has been elaborated by Beyer and Swinehart
using the Beyer—Swinehart algorithm for harmonic oscillators
(HOs) and extended by Stein and Rabinovitch to anharmonic
separable systems.®*® The anharmonic shift of energy, the
anharmonic correction factor, and the anharmonic vibrational
mode have often been used to calculate the total number of
states and density of states of the system.6~°

Recent studies*® have shown that anharmonic effects have
become very important in clusters and macromolecules. The

10.1021/jp069012i CCC: $37.00 © 2007 American Chemical Society
Published on Web 05/10/2007



Anharmonic Effect on Unimolecular Reactions

anharmonic force field calculations have been carried out.®
The need for anharmonic correction to existing reaction rate
theories has been emphasized by several authors,’~® and Troe!°
proposed a simple empirical method for generating anharmonic
vibrational densities of states using experimental thermodynamic
data.

Recent rapid developments in quantum chemistry calculations
have made it possible to perform the first principle calcula-
tions of reaction rate constants within the framework of the
transition state theory. However, in unimolecular reactions, most
of these calculations are still limited to the HO approximation.
It is thus desirable to develop an elementary systematic
theoretical approach that can be easily used to treat the
anharmonic effect in both canonical and microcanonical uni-
molecular reactions.

For this purpose, in this paper, we present a method that can
compute the total numbers of states, densities of states, partition
functions, and rate constant by using the Morse potential as an
example of an anharmonic potential, which in turn is determined
by ab initio calculations. This can be accomplished by using
the inversion of partition function (IOPF) method!'!!? or the
Darwin—Fowler method? for calculating the number and density
of states of the system. However, in this paper, the IOPF method
will be used. Although the anharmonic effects have been studied
by using the IOPF and Darwin—Fowler methods,!!!> the
detailed calculations are different from those to be presented in
this paper. A main purpose of the present paper is to discuss
how to make use of anharmonic potential surfaces obtained from
ab initio calculations to treat the anharmonic effects on both
canonical and microcanonical unimolecular reactions within the
framework of the transition state theory. We shall show that
the central point of the approach to be presented in this paper
is the calculation of partition functions, which can then be
applied to canonical unimolecular reactions and to microca-
nonical unimolecular reactions by using the IOPF method. It
should be noted that using a personal computer, Pentium 4 (775
506E/2.66G), for a system of seven vibrational modes, it will
take only about 10 s to obtain the total number of states and
density of states by using the IOPF method, while using the
exact counting method, it will take about 1 day; the compu-
tation time increases rapidly with the size of the system.
Furthermore, the accuracy of our calculations can be within 1%
if the second-order approximation of the saddle-point method
is used. To demonstrate how we can perform the first principle
calculation of anharmonic unimolecular reaction rate constants
by combining this approach with ab initio calculations of
anharmonic oscillators, we chose the photodissociation of
ethylene as an example. In 1927, Bates and Taylor'? began to
study the physical insight into the ethylene decomposition. This
subject has been studied subsequently by many chemists through
theoretical and experimental investigations (for detailed discus-
sion, see refs 14—30).

In our previous papers,3! =3¢ we performed ab initio calcula-
tions of the PES for photodissociation of ethylene and obtained
branching ratios of the dissociation products by using RRKM
theory in the harmonic oscillator (HO) approximation. In this
paper, the anharmonic effect will be considered.

The present paper is organized as follows. In section 2, we
present the theoretical treatment of the anharmonic effect on
canonical and microcanonical unimolecular reactions, which will
be followed by a numerical demonstration (see section 3). The
theoretical application to ethylene is given in section 4.
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2. Theory of Unimolecular Reactions and Anharmonic
Effect

2.1. Microcanonical Case. Dissociation of molecules is an
important type of chemical reaction that has been widely studied
using transition state theory. For treating microcanonical uni-
molecular reactions, the RRK theory was developed by Rice
and Ramsperger’” in 1927 and Kassel*® in 1928. By taking the
transition state theory developed by Eyring®® in 1935 into
account, the RRK theory was generalized into the RRKM theory
in 1952 by Marcus.*? The theory assumes that intramolecular
vibrational energy redistribution occurs on a time-scale much
faster than the unimolecular reaction. This method enables us
to compute the unimolecular reaction rates from a few charac-
teristics of the PES. Despite the consensus on the applicability
of the RRKM theory, the possible role of restricted vibrational
energy flow in modifying the rate of unimolecular reactions
has resurfaced many times, and it has also been improved by a
number of groups.*!=46

For a microcanonical system, according to the RRKM
theory,?* the unimolecular rate constant is given by

v =L W EZED 21
u( )_h p(E) (')

where 4 is Planck’s constant, p(E) is the density of the states
of the unimolecular reactant, and W *(E — Ef ) is the total
number of states of the activated complex. Here, £ and E:
represent the total energy given to the system and the activation
energy, respectively. Thus, in essence, as is expected in a
statistical treatment, the RRKM theory simply states that the
rate constant is proportional to the fraction of molecules having
an internal energy E that are apt to react’’~* irrespective of
the way that the molecule has been activated to that energy. It
should be emphasized that conventionally W “(E — Ef ) and
p(E) have been evaluated in the harmonic approximation. Notice
that in general from the definition of W(E), the total number of
states can be expressed as'l1249

W(E) = Z H(E - E) (2-2)

where H(E — E;) denotes the Heaviside function. In this case,
energy levels E; are calculated explicitly and W(E) can then be
obtained by direct counting of those states, which are below or
equal to E. From eq 2-2, we obtain!1:1249

o _
B

where 8 = I/kT, k is Boltzmann’s constant, T is the temperature
of the system, and Q(f3) is the canonical partition function of
the system. Similarly, we obtain, from the definition of the
density of states,!:12:49

Sy B wE) = LIWE]  (23)

Ji7 dEe "p(E) = Q(B) = LIp(E)] (2-4)

That is, eqs 2-3 and 2-4 denote the Laplace transformation of
W(E) and p(E), respectively.

In other words, W(E) and p(E) can be obtained from eqs 2-3
and 2-4 by inverse Laplace transformation, which in turn can
be expressed in terms of contour integrals. The contour integrals
involved in the inverse Laplace transformation can be evaluated
by using the saddle-point method (or method of steepest
descent).!11249 To the first-order approximation of the saddle-
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point method, for W(E), we find

— OB
(B) = 1 P2 n (@)
ﬂf{ 27 ﬁ_ikz + (% an(ﬁ))ﬁ*ll}
where
E= f%i“ - [% 1nQ(ﬁ)]ﬂ*l (2-6)

and S¥ denotes the saddle-point value of 8. Similarly, for p(E),
we have

eﬂ;EQ(ﬁ;)
p(E) = 7 7 (2-7)
2m|—1
{ "lop? nQ(ﬁ)]ﬁ*z}
where
E= —[% nQ(B)], 2-8)

and f3¥ denotes the saddle-point value of 3.!1124% The second-
order approximation calculations have also been accomplished
but will not be presented in this paper.

2.2. Canonical Case. For a canonical system, using the
transition state theory, the rate constant for unimolecular
reactions can be expressed as'!30:4449

KT o7 (T) o~ (ETIT)
h Q)
where Q(T) and Q™(T) represent the partition function for the

reactant and the activated complex, respectively. In this case,
we have

k(T) = (2-9)

N—1 N

"M =[]4 MM =[]aD

i

(2-10)

where N is the number of the vibration modes of the reactant
and qf(T) and ¢i(7T) are the vibrational partition function for
the activated complex and reactant for each mode, respectively.
From the above discussion, we can see that the partition
function Q(f3) plays a very important role in the calculation of
both canonical and microcanonical rate constants. To consider
the anharmonic effect on a unimolecular reaction, the anhar-
monic number and density of states for a system of coupled
MOs take a particularly simple form. For the MO, we have

—(+ Vg — 1
E, = (ni + 2) hw, — x; (ni + 2) hw,

(2-11)
where x; is the Morse parameter, ; is the frequency of the i-th
vibrational mode, and #; is the vibration quantum number of
the vibrational mode. The maximum value of #; is represented
by ni(m). In other words, the anharmonic effect has two
features: One is that the energy spacings are not equal, and the
other is the existence of a maximum quantum number n;(m). It
should be noted the anharmonic constants x; for various
molecules can be determined by ab initio calculations.

We shall study the effect of the second feature first. The
general case of anharmonic effect will be presented in the next

Yao et al.

section. For this purpose, we shall use the so-called truncated
harmonic oscillator (THO), that is,

ni(m) 1 —e [(ni(m)+1Dhw/kT]

_ —[(ni+1/2)hw/kT] __
q(T) = Z e =
n=

JOIKT =/ 24T)
(2-12)

which should be compared with the harmonic case

1
a(Dy = ST~ (hoo/2kT)

(2-13)

A main difference between the ¢;(T) and the ¢,(T)y is that as T
— oo, g{(T) — ni(m) + 1 while g(T)y — c. In numerous cases,
the reaction rate is relatively little affected by rotation. However,
there are cases where rotational effects on the rate constants
have been experimentally and theoretically demonstrated.** So,
for simplicity, only the vibrational degrees of freedom will be
considered in this paper; the rotational contribution can easily
be included.

2.3. Determination of p(E) and W(E) from Thermody-
namic Properties. A thermodynamic method for calculating
the molecular density of states has been proposed by Krems
and Nordholm.! A starting point of their method is to propose
a function form for p(E),

o(Ey=alE—Db)° E>b

p(Ey=0 E<b (2-14)

where a, b, and c are to be determined. They then calculate the
corresponding canonical partition function

o) = [ dEe™ " p(E) = a(kT) cle™
(2-15)

Using the partition function Q(7), various thermodynamic
properties can be calculated, which can then be used to
determine parameters a, b, and c. It should be noted that another
functional form for p(E) has been suggested by Song and Hase.”
A starting point of our approach is to notice that eq 2-8
basically describes the relation between the thermodynamic
energy E and the temperature 5* = [/kT* through the partition
function Q(f*). Next, we make use of the relation between
Helmbholtz free energy A and the partition function

1
A=— ﬁ_* InQ(f*) (2-16)
Using eqs 2-8 and 2-16, we can easily obtain
w Sl
p(E) = —(mcy)vz (2-17)
k

where S and Cy represent the entropy and heat capacity of the
system, respectively. Equation 2-17 shows that p(E) can be
determined from thermodynamical quantifies. To evaluate W(E),
we can use p(E) = dW(E)/dE. Various other methods have been
proposed; for example, Troe'? had used the phase-space method,
while Hase and co-worker>” had calculated relative anharmonic
density of states by the multiple histogram/Nosé> dynamics
method.

3. Numerical Demonstration

3.1. Microcanonical Case. For numerical computation, for
convenience, we shall consider the coupled oscillator case; for
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example, for the HO case, we have

N 1
= _— 3-1
oh=[—m (3-1)
It follows that
N-1
eﬁjE - E) I_l 1
=1 1 — ¢ PR
WHE-E)=
pe 12
27[1 + B|— InQ(B.)
p* B
(3-2)
where
1 M1 Rol
E-E=—+Y ——— (3-3)
ﬂi = o™ 1
and
N
BE |_| 1
=1 ] — ¢ Phoi
p(E) = (3-4)
2 12
27[|— InQ(B*)
0B’ 5
where
N Ao,
E=% — (3-5)
&1 Lo

Similarly, for the case of MO, we have

N nim)

op) = |:| ZO e P (3-6)

and a similar expression for Q*(f3). It should be noted that the
classical phase space integral has been determined for low
frequency intermolecular modes of the C1~—CH;Cl ion—dipole
complex to determine the anharmonic correction.?

To test the performance of the approximation method
discussed in this paper, Tables 1 and 2 present the comparison
of the HO case between the exact results,* which are the exact
harmonic results by direct count, and the first-order approxima-
tion results of the saddle-point method for cyclopropane and
acetylene as a function of energy. The MO results of W(E) for
x; = 0.01 and x; = 0.1 are also given for comparison with the
HO results. The real values of x;'’s can be approximately
determined by ab initio calculations.

As the energy E increases, as expected, the W(E) increases
sharply for all results in Tables 1 and 2. Comparing the exact
results and the saddle-point method results for the HO case,
the uncertainty is less than 7% at the lowest energy and
decreases to 0.12% with E increasing from 10 to 150 kcal/mol
in Table 1. The similar conclusion can be seen in Table 2 for
acetylene; the uncertainty is decreased from 20 to 2% with
energy increasing from 2.31 to 36.9 kcal/mol. The agreement
between the exact and the approximate results is satisfactory;
the small difference is because of the first-order approximation

J. Phys. Chem. A, Vol. 111, No. 29, 2007 6725

TABLE 1: Comparison of the Evaluation of W(E) by the
Exact and the Saddle-Point Method Results of the HO and
the MO Cases with x; = 0.01 and 0.1 for Cyclopropane with
Frequencies €; = 3221(6), 1478(3), 1118(7), 879(3), and
750(2) cm™1e

W(E) cyclopropane
E (kcal/mol) exact harmonic  harmonic MO x;=0.01 MO x;= 0.1

10 802 746 852 4856

20 7.75 x 10* 772 x 104 9.66 x 10+ 1.59 x 10°
30 2.69 x 10° 2.68 x 10°  3.63 x 10°  1.08 x 108
40 4.97 x 107 501 x 107 731 x 107 2.74 x 10°
50 6.12 x 108 6.19 x 108 9.70 x 108 3.58 x 10'°
100 5.84 x 108 587 x 103 1.30 x 101*  5.60 x 103

150 3.00 x 10 3.00 x 10 9.59 x 105 4.02 x 10"

@ The exact harmonic value is determined by direct count, and the
“harmonic” is the approximate harmonic value from the saddle-point
method. Exact results are given in ref 49.

TABLE 2: Comparison of the Evaluation of W(E) by the
Exact and the Saddle-Point Method Results of the HO and
the MO Cases with x; = 0.01 and 0.1 for Acetylene with
Frequencies €; = 612(2), 729(2), 1974(1), 3287(1), and
3374(1) cm ™1

W(E)

E (kcal/mol) exact harmonic  harmonic MO x;=0.01 MO x;=0.1
2.31 5 4 4 7
4.61 15 15 16 39
9.23 94 100 111 343
13.8 387 402 468 1277
18.5 1.21 x 103 125 x 10> 1.51 x 103 3.36 x 103
23.1 3.23 x 103 324 x 103 4.08 x 103 7.20 x 103
27.7 7.34 x 103 7.47 x 10> 9.79 x 103 1.33 x 10*
36.9 2.98 x 10* 3.04 x 10*  4.35 x 10* 3.19 x 10*

“ The exact harmonic value is determined by direct count, and the
“harmonic” is the approximate harmonic value from the saddle-point
method. Exact results are given in ref 49.

in the saddle-point method used in this paper and also due to
the fact that the saddle-point method is an asymptotic ap-
proximation method. Our second-order saddle-point approx-
imation yields the results within 1% accuracy even for the
lowest energy. This shows that the saddle-point method is a
good approximation method in analyzing the experimental
data of unimolecular reactions. Next, we study the anharmonic
effect on W(E). Again, cyclopropane and acetylene have been
used as examples (see Tables 1 and 2). The anharmonicity
values of x; = 0.01 and x; = 0.1 of the MO have been used.
From Tables 1 and 2, we can see that even for the x; = 0.01
case the anharmonic effect is significant, which can be as high
as a factor of 3 for cyclopropane. For the energy range of 0.0—
150.0 kcal/mol, however, the effect is only about 40% for
acetylene. Next, we consider the case of x; = 0.1. For
cyclopropane, the effect starts at a factor of 6 at 10 kcal/mol,
reaches the maximum at a factor of 60 at E = 50 kcal/mol, and
then decreases to a factor of 0.13 at £ = 150 kcal/mol. This
dramatic decrease of W(E) at E = 150 kcal/mol is due to the
fact that E has gone beyond the dissociation energy of
low-frequency modes; in fact, the energy is enough to break
all of the bonds, and in that case, the number of the states
cannot increase as fast as in the HO case. Unlike HO, the MO
has a maximum energy level, and the maximum value de-
creases with the increase of x;. So, it is this reason why the
W(E) of the MO case increases more gently than that of
the HO case for x; = 0.1. For acetylene, the anharmonic ef-
fect starts at a factor of 1.3 at E = 2.31 kcal/mol, in-
creases with E to a maximum factor of 3 at £ = 13.8 kcal/mol,
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Figure 1. Plot of Ry vs T* according to eq 3-14 for x; = 0.05, 0.08,
0.10, 0.15, 0.20, and 0.25 where the temperature 7* as defined in eq
3-10 is in the range of 0.01—5.0 and is unitless. Ry, given by eq 3-14,
is the ratio of the rate constant of the THO to the HO.

and then decreases to the HO value at E = 36.9 kcal/mol.
From the above discussion, we can see that the anhar-
monic effect depends not only on the anharmonicity x; values
but also on the size of molecules and the energy in the
molecule.

It should be noted that the individual vibrational energy
levels for HyCO and acetylene have been measured at high
energies and the actual anharmonic density has been com-
pared with the harmonic approximation. The anharmonic density
is found to be 10 times larger for HyCO and six times larger
for acetylene. These experimental studies have been
reported.°

3.2. Canonical Case. For numerical calculations, for simplic-
ity, we shall assume that!!-30:4449

kT 1
b q(T)

k(T) = e BTHD 3-7)

In eq 3-7, it is assumed that except for the degree of
freedom along the reaction coordinate, the vibrational properties
for other degrees of freedom are the same for both reactant and
activated complex. It is often more reasonable to include the
zero-point energy (ZPE) in E,. In this case, we find for the
THO

1— e_ﬁfi["i(m)+ 1]

ol =" (3-8)
and
kT 1 — e P —(EZIKT)
k(D=7 [ et 11 © (3-9)

where ¢; = Aw;. In terms of reduced variables, defined by

a

how,

1

_ kT - ]
T = b (ED* (3-10)

and

(3-11)
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we obtain
(1 — e_(l/T*)) (BT
k(T = 1 — o~ WUTII2+(25)] (3-12)
which should be compared with the harmonic case,
(T = TH(1 — VT (BT (313)
It follows that
KAT*)
- L= 1 >1 (3-14)

TH — - —(1/T* ) =
k:f(T*)H 1—e (UTH[(1/2x)+(1/2)]

Next, we consider the MO case

ni(m) -1

— —(UT*)[n—x(nP+ny)] —[(ES)*/T*]
kA(T*),0 = T* Ze L B
n=
(3-15)

and
K(T*)y0

KA(T),,

Ryion =

ni(m) -1

— — — —x(n2+n;
(1 — e (1/7"‘)) 1 ZD e (1/T*)[ni—x(ni*+n;)] (3-16)
n;=

Results of numerical computation are shown in Figures 1
and 2.

In Figure 1, the ratio of the rate constants of the THO to the
HO Ryy is shown as the function of the temperature 7% from
0.01 to 5.0. The ratio increases with anharmonic constant x;
from 0.05 to 0.25 orderly with 7* in the range of 0.01—5.0.
There is only a small difference between the rate constant of
HO and that of the THO for x; = 0.05, while the difference
becomes very pronounced when x; = 0.25, reaching a factor of
2. Figure 2 shows the behavior of the ratio of rate constants of
MO case to HO case Ryon determined in eq 3-16 vs temperature
T* for various x; values ranging from 0.01 to 0.25; below T* =

1.8 4 .
x=0.25
s
1.6 7’
4,-
o/'
1.4 , x=0.15
ke L ‘/'
, Lo x=0.20
1.2 4 R
4 ~
T .
(=3
=
| [
1.0 1
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Figure 2. Plot of Rvon vs T* according to eq 3-16 for x; = 0.05,
0.10, 0.15, 0.20, and 0.25. Rmoun, given in eq 3-16, is the ratio of the
rate constant of the MO to the HO in the same temperature range as
Figure 1.
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TABLE 3: Harmonic Frequencies (in cm™!) of the Reactant, Transition States, and Intermediates for the C,H, Dissociation
Calculated at the B3LYP/6-311G** Level

CyHy CHCH3 CHCH, H,CC TS1 TS2 TS4 TS5 TS7 H---CHCH,
3136.9 3078.9 3235.8 3118.5 776.2i 1539.3i 631.5i 854.8i 590.5i a b
1691.6 2987.3 3134.5 1710.4 3089.3 3239.5 32234 3368.7 3504.3 992.8i 447.9i
1379.5 2902.3 3040.5 1210.7 2987.9 3136.3 3116.9 2486.2 3411.7 3276.1 3252.1
1066.4 2830.8 1649.6 748.4 2953.7 2657.4 3056.2 1853.5 2005.8 3174.2 3144.8
3121.7 1512.8 1391.1 3197.3 2255.8 1616.9 1683.7 923.5 820.8 3058.2 3042.5
1472.0 1350.1 1045.8 337.2 1532.6 1383.9 1433.4 600.2 666.5 1659.3 1652.8

972.7 1304.1 711.4 1371.8 1043.5 1342.3 369.9 1383.1 1387.9
3221.6 1265.4 920.7 1272.1 762.1 859.5 767.1 1036.3 1034.6

834.6 1118.8 819.2 1259.7 1469.7 584.9 645.4 760.0 711.3
3193.2 959.4 1127.9 1007.0 886.7 470.9 189.1
1238.7 613.3 1056.7 838.9 763.5 927.6 922.6

973.3 476.9 960.0 552.3 603.5 833.9 819.2

436.4 181.1

« Geometry optimized at C+++H = 2.4 A. ® Geometry optimized at C---H = 3.0 A.

TABLE 4: Anharmonic Constants x; (in cm~!) Corresponding to Table 3

C,Hy CHCH3 CHCH, H,CC TS1 TS2 TS4 TS5 TS7 H---CHCH,
0.0214 0.0236 0.0224 0.0234 0.0210 0.0259 0.0243 0.0210 0.0179 a b
0.0085 0.0326 0.0253 0.0042 0.0292 0.0247 0.0241 0.0162 0.0175 0.0229 0.0225
0.0086 0.0249 0.0272 0.0187 0.0285 0.0248 0.0485 0.013 0.0056 0.0231 0.0245
0.0097 0.0251 0.0096 0.0152 0.0001 0.0190 0.0092 0.0017 0.0132 0.0180 0.0265
0.0289 0.0141 0.0117 0.0259 0.0145 0.0144 0.0001 0.0087 0.0130 0.0094 0.0095
0.0113 0.0178 0.0244 0.0923 0.0215 0.0222 0.0125 0.0240 0.0083 0.0113
0.0067 0.0154 0.0287 0.0150 0.0099 0.0089 0.0103 0.0167 0.0189
0.0225 0.0137 0.0073 0.0177 0.0001 0.0282 0.0001 0.0128 0.0278
0.0011 0.0115 0.0117 0.0277 0.0133 0.0091 0.0001 0.0001
0.0222 0.0091 0.0128 0.0001 0.0105 0.0074 0.0025
0.0083 0.0990 0.0113 0.0116 0.0195 0.0099 0.0133
0.0056 0.0710 0.0001 0.0001

@ Geometry optimized at C+++H = 2.4 A. ® Geometry optimized at C---H = 3.0 A.

2, the anharmonic effect is not large, but the behavior is quite
dramatic. From Figures 1 and 2, we can see that for temperature
T* below 2, the anharmonic effect for the models described by
eqs 3-14 and 3-16 is not significant. This is because we are
dealing basically with the anharmonic effect on a single
vibrational mode case.

4. Applications to Ethylene

As reported in our previous papers,3! 73 the ethylene photo-
dissociation occurs via a vibrationally equilibrated hot ground
state following internal conversion by hopping from one PES
to another via the radiationless transition from an excited
electronic state initially pumped through the excitation energy
of 193 or 157 nm.

The rate equations of the C,Hy4 photodissociation at 193 and
157 nm under the collision-free condition are given by

k
C,H, == CHCH,

o 4-1)
CHCH, — HC=CH + H,

k4
C,H,—~H,CC: +H
2°74 . 2 2 (4_2)
H,CC: —HC=CH

k
C,H, — CHCH, + H
. 4-3)
-CHCH, — HC=CH + H

Two separate H; elimination channels are inferred as follows:
a 1,1-elimination producing the vinylidene radical in eq 4-2 and
a 1,2-elimination producing the acetylene molecule in eq 4-1
and only one H loss channel in eq 4-3 with one-photon

absorption considered in this paper (multiphoton absorption is
neglected).!* We have applied the RRKM theory in the harmonic
approximation to analyze the experimental data in the previous
papers.3! 3¢ In this paper, we shall study the anharmonic effect
on these reactions. The ground state PES (including the
anharmonic effect) of ethylene is obtained by ab initio calcula-
tions; transition states and isomers relevant to the primary
dissociation channels eqs 4-1 to 4-3 are characterized in this
paper. The rate constants of the ethylene photodissociation based
on the calculated PES are computed by using the RRKM theory
(including the anharmonic effect) at 193 and 157 nm.

The geometry optimization and vibration frequencies of HOs
and anharmonic oscillators of ethylene, intermediates, transition
states, and products related to the possible dissociation channels
were performed at the B3LYP/6-311G(d,p) level.’° The single-
point energy calculation was carried out using the CCSD(T)/
6-311+G(3df,2p) method.’! The energies were corrected by
ZPE, either harmonic ZPE or anharmonic ZPE, to obtain the
relative energies, corresponding to harmonic and anharmonic
considerations. The rate constant of H-elimination from ethylene
is obtained by scanning the distance of C—H via variation
RRKM theory, which was described in our previous study. All
ab initio calculations were carried out using the Gaussian 03
program package.>?

Previous electronic structure B3LYP/6-311G(d,p) calculations
in our group have characterized the relative energies and
transition states frequencies of ethylene. The dissociation
reactions discussed below are the reactions that are energetically
possible for ethylene when the molecule absorbs 193 or 157
nm photons. Thus, over most of the VUV range (but not at 193
nm), we expect that two H atoms or H, will be liberated.
However, the H atoms should emerge sequentially, one from a
hot ethylene and the other from a hot vinyl radical.
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TABLE 5: Relative Energies (in kcal/mol) of the Transition States and Intermediates for the C,H, Dissociation Calculated at
the CCSD(T)/6-311+G(3df,2p)//B3LYP/6-311G** Level (the First and Second Lines Are the Results Based on Harmonic and
Anharmonic ZPE Values)*

C,Hy CHCHj; H + CHCH, H,CC + H» TS1 TS2 TS4 TS5 TS7 H:--CHCH,
0.0 73.33 107.16 82.11 74.56 107.30 93.79 83.25 145.69 93.37
0.0 72.97 106.62 81.70 73.36 104.99 92.80 82.08 144.95 92.37

@ The harmonic and anharmonic frequencies (in cm™') of H*+*CHCHj based on the distance of H++-C at 2.4 A3 for the C,H, dissociation calculated
at the CCSD(T)/6-311+G(3df,2p)//B3LYP/6-311G** level.

TABLE 6: Number of States W(E) and Density of States p(E) for the Dissociation of Ethylene at 157 and 193 nm Obtained
Using the Harmonic and Anharmonic Approximations

W(E) p(E)
157 193 157 193
C,Hy harmonic anharmonic harmonic anharmonic harmonic anharmonic harmonic anharmonic
ki 429 x 108 1.15 x 10° 1.16 x 107 2.95 x 107 2.76 x 107 9.58 x 107 3.92 x 10° 1.05 x 107
k- 3.36 x 100 2.68 x 101 4.56 x 10° 2.63 x 10 1.09 x 108 1.33 x 108 1.51 x 107 1.71 x 107
ko 3.49 x 1010 2.10 x 10" 3.08 x 10° 1.28 x 10 1.09 x 108 1.33 x 108 1.51 x 107 1.71 x 107
ky 4.65 x 108 1.50 x 10° 7.92 x 10° 1.92 x 107 2.76 x 107 9.58 x 107 3.92 x 10° 1.05 x 107
ke 9.13 x 108 1.98 x 10° 1.46 x 107 2.55 x 107 2.76 x 107 9.58 x 107 3.92 x 10° 1.05 x 107
ke? 5.59 x 10° 1.47 x 10'° 8.58 x 107 1.82 x 108 2.76 x 107 9.58 x 107 3.92 x 10° 1.05 x 107

@ Geometry optimized at C+++H = 2.4 A. ® Geometry optimized at C---H = 3.0 A.

TABLE 7: Rate Constants of the C,H4 Dissociation
Calculated Using Eqs 2-1 to 2-8 for the HO and MO Cases

defined in eqs 4-1 to 4-3 are not included in this table, because
we cannot easily determine the energy of the intermediates

157 nm 193 nm H,CC: and CHCH; exactly. Furthermore, the present paper is
C.H, harmonic anharmonic harmonic anharmonic focused only on the anharmonic effect on the rate constan'ts
;A 165 < 101 361 < 101 889 < 10° 846 1010 rather than on the‘ react'lon mecl}amsms: So, _the anharmonic
[ 9:23 % 1012 6:07 % 1013 9:07 % 102 4:62 < 1013 effect on ks and k7 is not included in our discussion. From Table
ks 961 x 1012 475 x 10 6.12 x 1012 3.00 x 10'3 7, we can see that in most cases, the anharmonic effect is
ks 5.04 x 10" 473 x 10" 6.06 x 101°  5.50 x 10'° significant. As expected, the anharmonic effect at 157 nm is in
ke 9.90 x 10" 6.19 x 10" 1.12 x 10" 7.30 x 10" most cases more pronounced than that at 193 nm. The computed
ke” 4.66 x 10 340 x 10" 5.09 x 10" 5.22 x 10" anharmonic rate constants k_; and k, are in the range of 10'3

¢ Geometry optimized at C-+*H = 2.4 A. ® Geometry optimized at
C-*H = 3.0 A.

The numerical results obtained for the photodissociation
reactions based on the harmonic and anharmonic surfaces at
193 and 157 nm are given in Tables 3—7. All of the vibration
modes have been treated as anharmonic MO; the harmonic
frequencies of various species and corresponding anharmonic
constants x; values, calculated by the Gaussian033% program
package, have been chosen as effective dissociation energy
parameters for the Morse potential in the calculations for each
vibration mode.

Table 3 gives the harmonic frequencies of the reactant,
transition states, and intermediates for the C,H, dissociation,
which are obtained from ab initio calculations for the channels
in eqs 4-1 to 4-3, and to show the anharmonic effect, the x;
values corresponding to Table 3 are given in Table 4. From
Table 4, we can see that the x; values are quite small for all
modes. The relative energies of the transition states and
intermediates for the C,H, dissociation are given in Table 5.
Using the above data, in Table 6, we have calculated the total
number of states of the activated complexes and the density of
states of the reactant and intermediates for the reactions
described by eqs 4-1 to 4-3 by using the methods discussed in
sections 2 and 3, for HO and MO at wavelengths of 193 and
157 nm. From this table, we can see that the values of W(E)
and p(E) for the MO case are always bigger than those of the
HO case; because the energy levels E; in the MO are smaller
than or nearly equal to the corresponding energy levels in the
HO, these results will introduce larger numbers of states and
densities of states for the MO.

The rate constants for kj, k-1, ka, k4, and k¢ from eqs 4-1 to
4-3 of the C,H4 dissociation are given in Table 7. ks and k7

s~! by the order of magnitude, at 157 and 193 nm, which has
nearly approached the applicability limit of the RRKM theory.
This is because the validity of the RRKM theory is based on
the assumption that the intramolecular vibrational relaxation is
much faster than the bond dissociation or rearrangements.
Similar results have been reported in refs 31—36. The bond
rupture rate constant k¢ is calculated employing the variational
transition state geometry in which the dissociating C—H bond
was chosen as 2.4 and 3.0 A; this has been proven to be
sensible.33735 As expected, the rate constants k(E) obtained by
the RRKM theory increase with E or the wavelength changing
from 193 to 157 nm, and while the k(E) of the HO will keep
increasing, k(E) for the MO will reach a limit because of bond
dissociation energies. The rate constants within the MO ap-
proximation are much larger than those obtained with HO in
the channel k—; and k,, whereas the other cases show the
opposite tendency. This is because k(F) involves both W*(E —
Ef ) and p(E) and their dependence on E can be different in
different situations. The present results should still be considered
as preliminary and can be improved by obtaining better
anharmonic surfaces involved in the reactions.

5. Conclusions

In this paper, we have presented a systematic approach to
treat the anharmonic effect on unimolecular reactions, including
both canonical and microcanonical cases. An emphasis is placed
on the demonstration of the combination of this approach with
the use of the anharmonic potential surfaces obtained from ab
initio calculations. For numerical demonstration, we have used
the Morse potential to describe the anharmonic effect. We have
shown that according to our approach both W(E) and p(E) can
be determined from thermodynamic quantities. As a practical
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example for studying the anharmonic effect on unimolecular
reactions, we chose to test ethylene photodissociation at 157
and 193 nm; this has been carried out by the first principle
calculations. The Morse anharmonicity model is employed for
calculations of the number of states, density of states, and the
rate constants using the RRKM theory. By comparing the
harmonic and anharmonic results, the anharmonic effect is in
most cases not negligible and increases with energy, the
anharmonicity factor, and the size of the systems. As is to be
expected, the anharmonic effect is in most cases significant and
should be considered especially for the dissociation of less stable
systems. For these systems, it can be expected that the HO
approximation is not valid and not only the anharmonic effect
but also the rotation—vibration coupling become very important,
which can be treated by using the approach presented in this
paper. It is hoped that the theoretical treatment developed in
this paper can be applied to isomerization and dissociation of
neutral and ionic clusters.
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