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Low dimensional systems with a vanishing band-gap and a large electron-hole interaction have
been proposed to be unstable towards exciton formation. As the exciton binding energy increases
in low dimension, conventional wisdom suggests that excitonic insulators should be more stable in
2D than in 3D. Here we study the effects of the electron-hole interaction and anharmonicity in
single-layer TiSe2. We find that, contrary to the bulk case and to the generally accepted picture,
the electron-hole exchange interaction is much smaller in 2D than in 3D and it has negligible effects
on phonon spectra. By calculating anharmonic phonon spectra within the stochastic self-consistent
harmonic approximation, we obtain TCDW≈ 440K for an isolated and undoped single-layer and
TCDW≈ 364K for an electron-doping n = 4.6 × 1013 cm−2, close to the experimental result of
200−280K on supported samples. Our work demonstrates that anharmonicity and doping melt the
charge density wave in single-layer TiSe2.

The occurrence of charge ordering in bulk TiSe2 (see
Fig. 1) and its possible interplay with electronic ex-
citations has attracted increasing interest over the last
years. Two scenarios for the occurrence of the charge
density wave (CDW) have been proposed: the first one
is purely electronic and is based on exciton condensation
[1–5], while in the second the lattice plays a dominant role
via the electron-phonon interaction [6–8]. However, both
scenarios are incomplete, as there are currently no expla-
nations of the strong temperature dependence of phonon
spectra in the high-T [7] and low-T phases [9, 10] and
of the magnitude of TCDW. Surprisingly, little is known
about anharmonicity and its effect on the CDW in TiSe2.

From the theoretical point of view, it has been
shown that harmonic calculations in bulk TiSe2 including
the electron-phonon interaction within density-functional
perturbation theory (DFPT) [11] correctly reproduce the
occurrence of a CDW with a 2×2×2 periodicity [6, 8, 12].
However, the electronic structures of the high- and low-
T phases as well as Raman and infrared spectra of the
low-T phase at T = 0K can only be explained by includ-
ing the electron-hole exchange interaction within hybrid
functionals [8]. Density functional theory (DFT) with
semi-local kernels leads to a metallic electronic structure,
in disagreement with the angle-resolved photoemission
spectroscopy (ARPES) experiments [6, 12, 13] that show
a weakly doped semiconductor in both phases. Moreover,
they underestimate the square of the electron-phonon de-
formation potential of a factor of 3 [8].

Recently, single-layer TiSe2 was synthesized either by
exfoliation or molecular beam epitaxy (MBE). It displays
a 2 × 2 CDW with a TCDW that is enhanced with re-

spect to the bulk case (Tbulk
CDW ≈ 200K) and is strongly

substrate dependent [14–20]: single-layer TiSe2 on top
of insulating MoS2 has TCDW= 280K [14], while on top
of n-doped bilayer graphene or highly oriented pyrolytic
graphite (HOPG) [14, 18–20] TCDW= 200 − 230K. This
strong variability of TCDW has been tentatively ascribed
to the different substrate dielectric constants in possible
relation with an excitonic insulator picture [14]. Indeed,
as the exciton binding energy increases in low dimen-
sion [1–4, 21], conventional wisdom suggests that exci-
tonic insulators should be more stable in 2D than in 3D.
However, other effects such as charge transfer from the
substrate, the non-stoichiometry due to Se vacancies or
doping could be very relevant. From theory, on the one
hand the TCDW of TiSe2 monolayer has up to now only
been estimated from a variation of the electronic tem-
perature Te. At the harmonic level this assumption pre-
dicts a TCDW≈ 1195K within PBE and TCDW≈ 1920K
by including the exchange interaction via HSE06 [22], in
complete disagreement with the experimental data and
leading to an incorrect estimation of TCDW of at least a
factor of 5. On the other hand, little is known about the
effects of electron-hole exchange interaction on the vibra-
tional properties of single-layer TiSe2 and its dependence
on doping. It has been shown that, neglecting the spin-
orbit coupling, semi-local functionals are successful in re-
producing the semiconducting state of the low-T phase
[23], contrary to what happens in the bulk case.

In this work we study the anharmonic phonon spec-
tra of an isolated single-layer TiSe2 within the stochas-
tic self-consistent harmonic approximation (SSCHA) [24–
27] that has been successfully applied to study the an-
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(a) top view

(b) side view

(c) displacements in CDW phase

Ti

Se

FIG. 1. (a) and (b): top and side schematic views of crystal
structure of monolayer TiSe2 in the high-T phase on a 2× 2
cell. (c): top view of the atomic displacements of the low-T
phase (i.e., the CDW phase) with respect to the high-T phase.
Blue and green balls represent Ti and Se atoms, respectively.

harmonicity of other transition metal dichalcogenides
[28, 29]. In particular, by including the exchange in-
teraction via semi-local and hybrid functionals [30], we
determine the CDW transition and demonstrate that its
melting is determined by the combined effect of phonon-
phonon scattering and electron doping and not by an
excitonic mechanism.

ARPES measurements show that the high-T phase of
single-layer TiSe2 is a weakly n-doped semiconductor [18,
19, 31] with a 0.098 eV indirect band gap between the
Γ (i.e., derived from Se 4pxy states) and M (i.e., derived
from Ti 3d states) points in the Brillion zone (BZ). In Fig.
2 (a) the calculated electronic band structures in both
PBE and HSE06 approximations are presented. PBE
predicts a metallic state with a negative band gap of
−0.45 eV between the Γ and M points in BZ, in good
agreement with previous calculations [23, 32, 33] but in
disagreement with ARPES. The HSE06 yields a positive
band gap of 0.092 eV, in perfect agreement with ARPES.

The PBE and HSE06 harmonic phonon dispersion are
very similar, despite a different electronic structure, as
shown in Fig. 2 (b). The A1u mode at the M point
is strongly unstable (imaginary phonon frequencies are
represented as negative values in all dispersion plots),
indicating formation of a 2 × 2 superstructure. The two
functionals lead to ≈ 20 cm−1 (i.e., 12%) difference in the
A1u imaginary phonon frequency. Other modes at higher
energy suffer of a somewhat stronger renormalization. In
order to understand if the effect of exchange on the CDW
is small, we also calculate the energy gain with respect to
the displacement of Ti atoms corresponding to the CDW
pattern (see Fig. 1) using the experimental ratio δTi/δSe
= 3 [20, 34], as shown in the inset of Fig. 2 (b). Again,
the two approximations yield a similar minimum indicat-
ing a similar CDW instability, which eventually confirms
the negligible effect of electron-hole exchange in the soft-
mode harmonic phonon bands. Interestingly, also the
position of the energy minimum versus δTi is practically
the same, indicative of an akin CDW structure. Note
that in bulk TiSe2, the energy gain for a distortion hav-
ing modulation q = ΓL in HSE06 is approximately three

times larger than the PBE one [8] and the minimum oc-
curs at substantially larger δTi in HSE06 than in PBE.
This puzzling difference between bulk and single layer

can be understood by noting that in the former the strong
electron-hole interaction is between the 4pxy occupied
states at zone center and some of the empty Ti 3d states
at the L point. In the bulk, for a distortion having pe-
riodicity q = ΓM (i.e., all the TiSe2 layers distort in
phase), and coupling the Brillouin zone regions around
the A point with those around the L point, the energy
gain by the distortion is reversed with respect to the case
of a distortion having modulation q = ΓL, namely the
PBE energy gain is much larger than the HSE06 one
[22]. Thus, in the bulk, the exchange interaction effects
depend crucially on the modulation of the distortion and
on the electronic states involved. In the single layer, the
electronic structure of the high-T phase along ΓM is very
similar to the one of the undistorted bulk along the A-
L line, with Γ and M in the single layer corresponding
A and L in the bulk. For this reason, the effect of the
exchange interaction on the phonon dispersion is much
weaker for a q = ΓM modulation in the single layer than
for the case of a q = ΓL distortion on the bulk. On top of
that, other effects contribute to the different energy gain
by the q = ΓM distortion in bulk and single layer, such
as the weak but non-negligible band dispersion along kz
close to the A and L high symmetry points in the bulk
and the slightly different fillings of the Ti d-band at L
in the bulk and M in the single layer. This explains
why in single layer the effects of exchange on the charge
density wave distortion are negligible and demonstrates
how simple arguments based on isotropic coulomb inter-
actions [1–4, 21] do not apply easily in layered materials
with weak interlayer binding, such as TiSe2.
Even if the two functionals give practically identical

energy versus displacement profiles, this is not enough
to conclude that the exchange interaction is irrelevant
for the soft mode at the anharmonic level. For this pur-
pose, we calculate the phonon dispersion including non-
perturbative anharmonic effects within the SSCHA us-
ing both HSE06 and PBE as force engines. Namely, we
evaluate the temperature dependent dynamical matrix

D = M− 1

2
∂2F

∂R∂R

∣

∣

∣

Req

M− 1

2 whereM is the matrix of the

ionic masses Ma with Mab = δabMa within the SSCHA.
The free energy curvature with respect to the vector of
the centroid positions R reads [25]:

∂2F

∂R∂R
= Φ+

(3)

ΦΛ(0)
(3)

Φ +
(3)

ΦΛ(0)ΘΛ(0)
(3)

Φ , (1)

where Φ represents the SSCHA force constant,
(3)

ΦΛ(0)
(3)

Φ is the so-called “static bubble term”, and
(3)

ΦΛ(0)ΘΛ(0)
(3)

Φ contains the higher order terms. Here
(n)

Φ refers to the n-th order anharmonic force constants
averaged over the density matrix of the SSCHA hamil-
tonian (see Ref. [25] for more details on notation). All
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FIG. 2. (a) Electronic bands from PBE and HSE06 approximations. (b) The harmonic phonon bands calculated on a 4 × 4
supercell and the energy gain as a function of δTi where ∆E is the energy difference per 2×2 cell. (c) The anharmonic phonon
dispersion on a 4× 4 supercell at 0 and 100 Kelvin from PBE and HSE06 force engines. PBE and HES06 results are obtained
from QUANTUM ESPRESSO and CRYSTAL, respectively.

these quantities can indeed be recasted as appropriate
stochastic averages over the atomic forces. As the HSE06
calculation is computationally expensive, we perform the
calculation on a 4 × 4 supercell (i.e., 48 atoms). Even if
this supercell size is not completely converged and TCDW

is underestimated, as it will be shown later, it is clear
from Fig. 2 (c) that PBE and HSE06 yield practically
the same low energy dispersion around the M point even
with full inclusion of anharmonicity. Moreover, the tem-
perature dependence of the soft mode is also very similar,
indicative of a practically identical TCDW (i.e., identi-
fied as the point where the energy of the soft phonon
at M crosses zero) for the two functionals on the 4 × 4
cell. Other phonon modes, particularly around zone cen-
ter, suffer of a somewhat stronger renormalization by ex-
change (analogous to the harmonic case), however, as we
are mainly interested in the CDW transition, we can stick
to the PBE functional and proceed with calculations on
larger supercells (see [22] for additional technical details
and the magnitude of the different terms in Eq. (1)).

The anharmonic phonon spectrum obtained by evalu-
ating Eq. (1) on a 8 × 8 supercell (i.e., 192 atoms) for
several temperatures is shown in Fig. 3. As it can be
seen, the harmonic phonon frequency of the lowest en-
ergy mode at M is ωA1u

≈ −135 cm−1, while at 300K
the anharmonic phonon frequency of the same mode is
≈ −26 cm−1. Thus, already at room temperature, the
anharmonic correction is of the same order of the har-
monic phonon frequency. Between 400 and 500K, this
phonon mode becomes positive, compatible with a CDW
transition within this temperature range. Note that this
transition temperature differs substantially with respect
to the one on a 4× 4 supercell which reflects the impor-
tance of cell size. To better illustrate this point, in the
inset of Fig. 3 we show the convergence of the soft mode
phonon frequency as a function of the cell size at 300K.
The A1u phonon frequency at M is fully converged on the
8 × 8 cell [22]. We can then obtain TCDW≈ 440K for a
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FIG. 3. Harmonic and anharmonic phonon dispersion on a
8× 8 supercell. Inset: the convergence of the lowest phonon
frequency at the M point ωA1u

with respect to the size of the
cell at 300K. The results of the cell larger than 8 × 8 come
from the interpolation method detailed in [22].

suspended and undoped monolayer TiSe2.

Our calculated TCDW from first-principles SSCHA is
1.6-2.0 times higher than the measured one (depending
on the substrate [14–16, 35]). However, our calculation is
for an undoped isolated monolayer, the measured samples
are instead supported by the substrate and substantially
n-doped. In order to understand the origin of this dis-
crepancy, we investigate the effect of electron-doping to
see if it can be responsible for the decrease in TCDW. To
this end, we first determine the electron doping amount
by performing HSE06 n-doped electronic structure calcu-
lations by changing the number of valence electrons and
adding a compensating jellium (i.e., the virtual crystal
approximation (VCA)) until the bands agree well with
the ARPES spectra [19] (see [22] for details). With this
electron density (i.e., 4.6×1013 cm−2 indicative of a sub-
stantial doping), we then perform a PBE linear response
harmonic calculation to obtain the harmonic phonon dis-
persion shown in Fig. 4. It turns out that the harmonic
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FIG. 4. Harmonic and anharmonic phonon spectra for doped
(n = 4.6× 1013cm−2) samples calculated on a 8× 8 supercell.

phonon dispersion (and consequently the effects of the
electron-phonon interaction) are doping independent at
this level of doping (by comparing the two black dot-
ted curves in Figs. 3 and 4), consistent with an earlier
study [23]. However, when anharmonicity is included, the
electron-doping substantially suppresses the CDW insta-
bility as illustrated in Fig. 4 leading to TCDW≈ 364K for
a suspended TiSe2 monolayer, close to the experimental
data of 280K on insulating MoS2 substrate [14].

In conclusion, we study anharmonic effects in a free-
standing TiSe2 monolayer within the stochastic self-
consistent harmonic approximation. We have shown that
the electron-hole exchange plays only a marginal role on
the vibrational properties of its high-T phase, at odds
with its bulk counterpart where the exchange interac-
tion is crucial. We showed that the weakening of the
electron-hole interaction in single layer is related to the
different periodicity of the modulation with respect to
the bulk and the fact that it couples different states in
the electronic structure. Our results upturns the conven-
tional wisdom that the electron-hole interaction should
be stronger in low dimension due to an increase in bind-
ing energy [1–4, 21], mainly because of the strong mo-
mentum dependence of the electron-hole interaction and
the complex multiband nature of the electronic structure
in TiSe2. It also underlines that simple qualitative ar-
guments based on the exciton binding energy and its de-
pendence on the effective mass and on the screening (see
Eq. (1) in Ref. [1]) do not easily apply since they are
unable to explain the occurrence of charge density waves
and the temperature dependence of phonon spectra when
reducing the dimensionality.

By studying the temperature dependence of the A1u

soft mode at the M point, we find the TCDW of an
isolated and undoped single-layer to be ≈ 440K, while
TCDW≈ 364K for an electron-doping n = 4.6 × 1013

cm−2, close to the experimental value for supported sam-
ple. Thus, TCDW is strongly doping dependent when in-
cluding anharmonicity, an effect completely absent at the
harmonic level as harmonic spectra are weakly doping

dependent. Our work establishes phonon-phonon scat-
tering and the density of carriers in the conduction band
as the two mechanisms determining the melting of CDW
in a single-layer TiSe2.
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