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Abstract. In this paper, we consider a multidimensional convolution model for which we provide adaptive anisotropic kernel
estimators of a signal density f measured with additive error. For this, we generalize Fan’s (Ann. Statist. 19(3) (1991) 1257-1272)
estimators to multidimensional setting and use a bandwidth selection device in the spirit of Goldenshluger and Lepski’s (Ann.
Statist. 39(3) (2011) 1608-1632) proposal for density estimation without noise. We consider first the pointwise setting and then,
we study the integrated risk. Our estimators depend on an automatically selected random bandwidth. We assume both ordinary
and super smooth components for measurement errors, which have known density. We also consider both anisotropic Holder
and Sobolev classes for f. We provide nonasymptotic risk bounds and asymptotic rates for the resulting data driven estimator,
together with lower bounds in most cases. We provide an illustrative simulation study, involving the use of Fast Fourier Transform
algorithms. We conclude by a proposal of extension of the method to the case of unknown noise density, when a preliminary pure
noise sample is available.

Résumé. Dans ce travail, nous considérons un modele de convolution multidimensionnel, pour lequel nous proposons des estima-
teurs a noyau anisotropes pour reconstruire la densité f d’un signal mesuré avec un bruit additif. Pour ce faire, nous généralisons
les estimateurs de Fan (Ann. Statist. 19(3) (1991) 1257-1272) a un contexte multidimensionnel et nous appliquons une méthode
de sélection de fenétre dans I’esprit des idées récentes développées par Goldenshluger et Lepski (Ann. Statist. 39(3) (2011) 1608—
1632) pour I’estimation de densité en 1’absence de bruit. Nous considérons tout d’abord le probléme de 1’estimation ponctuelle,
et nous étudions ensuite le risque global intégré. Nos estimateurs dépendent d’une fenétre aléatoire sélectionnée de fagon automa-
tique. Nous considérons les cas ou les composantes du bruit, supposées connues, peuvent étre ordinairement ou super réguliéres.
De plus, nous étudions des classes de fonctions f a estimer aussi bien dans des espaces de Holder anisotropes que dans des espaces
de Sobolev. Nous prouvons des bornes de risque non asymptotiques ainsi que des vitesses de convergence asymptotiques pour
nos estimateurs adaptatifs, en méme temps que des bornes inférieures dans un grand nombre de cas. Des simulations illustrent la
méthode en s’appuyant sur des algorithmes de transformation de Fourier rapide. En conclusion, nous proposons une extension de
la méthode lorsque la loi du bruit n’est plus connue, mais remplacée par un échantillon préliminaire ou le bruit seul est observé.
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1. Introduction

There have been a lot of studies dedicated to the problem of recovering the distribution f of a signal when it is
measured with an additive noise with known density. Several strategies have been proposed since Fan [14] in order
to provide adaptive strategies for kernel (Delaigle and Gijbels [9]) or projection (Pensky and Vidakovic [28], Comte
et al. [8]) estimators. The question of the optimality of the rates revealed real difficulties, after the somehow classical
cases studied by Fan [14]: the case of super smooth noise (i.e. with exponential decay of its characteristic function)
in presence of possibly also super smooth density implies nonstandard bias variance compromises that require new
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methods for proving lower bounds. These problems have been studied by Butucea [2], Butucea and Tsybakov [4,5]
and by Butucea and Comte [3].

Then new directions lead researchers to release the assumption that the characteristic function of the noise never
vanishes, see Hall and Meister [18], Meister [24]. Others released the assumption that the density of the noise is
known. In physical contexts, where it is possible to obtain samples of noise alone, a solution has been proposed by
Neumann [26], extended to the adaptive setting by Comte and Lacour [6], another idea is developed in Johannes [19].
Other authors assumed repeated measurements of the same signal, and proposed estimation strategy without noise
sample, see Delaigle et al. [10].

All these works are in one-dimensional setting. Our aim here is to study the multidimensional setting, and to pro-
pose adaptive strategies that would take into account possible anisotropy for both the function to estimate and the
noise structure. As already explained in Kerkyacharian et al. [20], adaptive procedures are delicate in a multidimen-
sional setting because of the lack of natural ordering. For instance, the model selection method is difficult to apply
here since it requires to bound terms on sums of anisotropic models. In this paper, we use a unified setting where all
estimators can be seen as kernel estimators, and we use the method recently developed in Goldenshluger and Lepski
[16,17] to face anisotropy problems. The originality of our work is to use Talagrand inequality as the key of the de-
viation in the mean squared error case. This idea is also exploited in a different context by Doumic et al. [13]. And
indeed, we succeed in building adaptive kernel estimators in many contexts. The bandwidth is automatically selected.
We provide risk bounds for these estimators, for both pointwise risk when local bandwidth selection is proposed and
for the integrated mean square risk (MISE) when the global selection is studied. We also consider both anisotropic
Holder and Sobolev classes for f, the Fourier-domain-definition of the last ones allowing to also deal with the case of
super smooth functions. Few papers study the multidimensional deconvolution problem; we can only mention Masry
[23] who considers mainly the problem of dependency between the variables without anisotropy nor adaptation, and
Youndjé and Wells [31] who consider a cross-validation method for bandwidth selection in an isotropic and ordinary
smooth setting. Our paper considerably generalizes their results with a different method, and provides new results and
new rates in both pointwise and global setting.

We want here to emphasize that our setting is indeed very general. We consider all possible cases: the noise
can have both ordinary smooth (OS) components (i.e. a characteristic function with polynomial rate of decay in the
corresponding directions) and super smooth (SS) components (exponential rate of decay), and the signal density also.
In particular, we obtain surprising results in the mixed cases: if one component only of the noise is SS (all the others
being OS), in presence of an OS signal, then the rate of convergence of the estimator is logarithmic. On the contrary,
if the signal has k out of d components SS in presence of an OS noise, then the rate of the estimator is almost as good
as if the dimension of the problem was d — k instead of d. We obtain also natural extensions of the univariate rates,
and in particular the important fact that the rates can be logarithmic if the noise is SS (for instance in the Gaussian
case) but are much improved if the signal is also SS: for instance, if the signal is also Gaussian, then polynomial rates
are recovered.

In spite of the difficulty of the problem, in particular because of the large number of parameters required to formal-
ize the regularity indexes of the functions, we exhibit very synthetic penalties than can be used in all cases. We also
provide more precise but more technical results. It is certainly worth mentioning that the adaptive strategy we propose
in the pointwise setting is not only a generalization of the one-dimensional results obtained in Butucea and Comte [3],
but is also a different procedure. Lastly, we prove original lower bounds for both pointwise and global setting, and
this requires specific constructions.

The plan of the paper is the following. In Section 2, we describe the model and the assumptions: the functional
classes and the kernels used in the following. We both give the conditions required in the following for the kernels
and provide concrete examples of kernels fulfilling them. We define the general estimator by generalization of the
one-dimensional kernel to multidimensional setting. In Section 3, we study the pointwise risk and we discuss the
rates. We also assert the optimality of most rates by proving lower bounds. Then we propose a pointwise bandwidth
selection strategy and prove risk bounds for the estimator in the case of Holder classes and for Sobolev classes. As
in the univariate case, adaptation costs a logarithmic loss in the rates. In Section 4, we provide global (upper and
lower) MISE bounds and describe an adaptive estimator, which is studied both on Nikol’skii (see Nikol’skii [27] and
Kerkyacharian et al. [20]) classes and for Sobolev densities. Here, it is possible that adaptation has no price and that
the rate corresponds exactly to the optimal one found without adaptation. We provide in Section 5 illustrations and
examples in dimension 2, for models having possibly very different behavior in the two directions. We give results of a
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small Monte-Carlo study, obtained by clever use of IFFT to speed the programs. Up to our knowledge, these effective
experiments are the first ones in such a general setting. In a concluding Section 6, we pave the way for a generalization
of the method to the case where the known noise density is replaced by an estimation based on a preliminary sample.
To finish, all proofs are gathered in the Appendix.

2. Model, estimator and assumptions
2.1. Model and notations

We consider the following d-dimensional convolution model

Yii Xin &i1
Y, = =X, +¢ = + , 1=1,...,n. (D)
Yia Xia &id
We assume that the ¢; and the X; are i.i.d. and the two sequences are independent. Only the Y;’s are observed and our
aim is to estimate the density f of X| when the density f. of ¢ is known.

As far as possible, we shall denote by x variables in the time domain and by 7 or u variables in the frequency
domain. We denote by g* the Fourier transform of an integrable function g, g*(¢) = f ellr ”‘>g(x) dx where (t,x) =

Z?: 1 tjxj is the standard scalar product in R?. Moreover the convolution product of two functions g and g is
denoted by g1 * g2(x) = [ g1(x — u)ga(u) du. We recall that (g; * g2)* = 278> As usual, we define

12
||g||1=/|g<x)|dx and ||g||=||g||2=</|g(X)|2dX> .

The notation x4 means max(x,0), and a < b for a,b € R“ means ay <by,...,aq < by. For two functions u, v, we
denote u(x) < v(x) if there exists a positive constant C not depending on x such that u(x) < Cv(x) and u(x) ~ v(x)
if u(x) <v(x)and v(x) Su(x).

2.2. The estimator

Let us now define our collection of estimators. Let K be a kernel in LZ(R?) such that K* exists. Then we define, for
he (R,

1 Kt
Kn)=—K (2L, ... 2%) and Ly (@) = h()_
hy---hg \hi ha fE@®

The kernel K is such that Fourier inversion can be applied:

Ly(x)=@2n)™ / e VK@) /fE () e if f() #0.
Considering that fy = f * f; and thus f* = fJ/f7, a natural estimator of f is such that

IO
fr@’

— 1 < .
where fF(t) =~ ) el-Ye)
@) n};

HOENHOVMOEDS HO!
provided that f;* does not vanish, and thus, by Fourier inversion,

A 1 &
Ja(x) = D Loy = ).
k=1
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Note that our estimator here is the same, in multivariate context, as the one proposed in one-dimensional setting by
Fan [14]. It verifies

fr @
SE@)

To construct an adaptive estimator, we also introduce auxiliary estimators involving two kernels. This idea, already
used in Devroye [12], allows us in the following to automatically select the bandwidth 4 (see Section 3.4), following
a method described in Goldenshluger and Lepski [17]. We consider

T () = K % fn(x),

which implies that

E(ff 1) = Ki @) = K;(t)f* (1) sothat E(fy)=Kp*f=:fp

fy ()

HON

Note that, for all x € R¢, we have fh’ w(x) = fh/, n(x). The estimator which is finally studied is f;l where / is defined
by using the collection ( fh’ W)

Friw®=KiOKj@)

2.3. Noise assumptions

We assume that the characteristic function of the noise has a polynomial or exponential decrease:
(He) Jee Ry, pe Ry, BeRI(B; >0if p; =0)s.t. Vi e RY,

d
|£20| = [T + 1) exp(—ajlr; 1)
j=1

Note that this assumption implies f;*(¢) #0, Vt € R¢. A component j of the noise is said to be ordinary smooth (OS)
if j =0 or p; =0 and super smooth (SS) otherwise. We take the convention that o; =0 if p; =0 and p; =0 if
a; = 0.

Let us recall that exponential or gamma type densities are ordinary smooth, and that Cauchy or Gaussian densities
are super smooth. The Gaussian case is considered in many problems and enhances the interest of super smooth con-
texts. But exponential-type densities keep a great interest in physical contexts, see for instance the fluorescence model
studied in Comte and Rebafka [7] where the measurement error density is fitted as an exponential type distribution,
belonging to the ordinary smooth class.

To be more precise, we introduce the following notation. We denote by OS the set of directions j with ordinary
smooth regularity (a; = p; = 0), and by SS the set of directions j with super smooth regularity (o; > 0) so that under
(He),

|f8*(t)| ~ l_[ (t]2 + 1)_'3"/2 1_[ (t,? + 1)_/3]‘/2 exp(—ak|tk|p’°).

jeos keSS

2.4. Regularity assumptions

We consider in the sequel several types of regularity for the target function f, associated with slightly different
definition of the estimator: the choice of the kernel depends on the type of regularity space. We used Greek letters for
the noise regularity, and now, we use Latin letters for the function f regularity indexes.

First, for pointwise estimation purpose, we consider functions f belonging to Holder classes denoted by H (b, L),
b= (b1, ..., by) such that: the function f admits derivatives with respect to x; up to order |b; | (where |b;] denotes
the largest integer less than b ;) and

albil f
T A -xla
(3x;)bi

albilf

. I _ 1 . |bi—lbj]
...,xj_l,xj,x]+1,...,xd) (Bx]')u’/'J(X) §L|xj xj’ .
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Next for global estimation purpose, the functional spaces associated with standard kernel estimators are the
anisotropic Nikol’skii class of functions, as in Goldenshluger and Lepski [16], see also Nikol’skii [27], Kerkyacharian
et al. [20]. We consider the class N (b, L) which is the set of functions f:R? — R such that f admits derivatives
with respect to x; up to order |b; ], and:

@) || )Lb 7l <L, forall j=1,...,d, where | - || denotes the L2(R%)-norm.
(ii) For all j=1,...,d,forall y e R,

athil f il y 2,2
e X XY Xy, Xg) — ————(x dx<L bj=LbjD),
/’(ax)m“ A e ) G () i

Lastly, and for both pointwise and global estimation, we shall consider general anisotropic Sobolev spaces
S(b,a,r, L) defined as the class of integrable functions f :R? — R satisfying

d
Z/[f*(tl, ...,td)|2(1 +tj2-)b-f exp(2a;lt;|7)dty -~ dtg < L?
j=1

fora; >0,r; >0,b;j e R, when j =1,...,d. We set aj =0 if r; =0, and reciprocally, and in this case, b; > 1/2
(otherwise b; € R). If some a; are nonzero, the corresponding directions are associated with so-called “super smooth”
regularities. To standardize notations, we set a; =r; = 0 when Holder or Nikol’skii regularity is considered.

We refer to Triebel [29] for definitions and comparison of these spaces with other type of anisotropic regularity
spaces such as Besov spaces.

We can note that Sobolev spaces allow one to take into account a global regularity rather than a pointwise one.
Nevertheless, they have a convenient Fourier-domain representation, in particular when one wants to consider super
smooth or analytical functions, even in pointwise setting. If the noise density can have such property in the case of
Gaussian measurement error, it is natural to think that the signal density may have the same behavior.

2.5. Assumptions on the kernel

For the estimators to be correctly defined, the kernel must be chosen sufficiently regular to recover integrability in
spite of the noise density.
We assume that K (x) = K(x1,...,xq) = ]_[?:1 K j(x;). This assumption is not necessary, but simplifies the proofs.

Besides, the kernels used in practice verify this condition. Moreover, we recall that K belongs to L>(R?) and admits
a Fourier transform.
To ensure the finiteness of the estimators, we shall use the following assumption:
Kvar(B) For j € OS: f|K*(u)| (1 4+ u*)Pidu < oo and JIKF@)l(1 + u?)Pi’2du < oo. For j € SS: K5(t) =
0if 7] > 1 and sup;|<; |K ()| < oo.
Moreover, we may require a classical assumption to control the bias for functions in Holder or Nikol’skii spaces
described above.

Korder(¢) The kernel K is of order £ = (£1,...,44) € Rf{_, ie.:

° f K(x)dx =1,
o VI<j<d Vi<k<tj [xhK(x)dx =0,
e Vi<j<d, [(1+ |x,|)lf|1<(x>|dx < oo0.
Note that this implies condition (A2) used in Fan [14] which is stated in the Fourier domain. Condition Korder(£) is

verified by the following kernels defined in Goldenshluger and Lepski [16]. We start by defining univariate functions
uj(x) such that [u;(x)dx =1, [ |x|%|u;(x)|dx < 400 and then

£

1
Kj<xj>=2<e )( D (ij) o)

k=1
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Then K is a univariate kernel of order £ ;. The multivariate kernel is defined by
d
K@) =K@, ....xa) = [ [ K;(x)). 3)
j=1

The resulting kernel is such that f]_[‘le xij(x)dxl <-dxg=0if 1 <k; <{; for one j € {1,...,d}, and thus
satisfies Korder(£).

We can give an example of kernel satisfying Assumptions Kvar(f) and Korder(£). We can use the construction
above with u;(x;) = vg_i+2(xj) where

2npep
2r

sin(x/p)
x/p

p
v,,(x):c,,( ) , v, (0) =cp, v, () = Lg% %11 11(p1),

p times

and ¢, is such that f v, (x)dx = 1. This is what can be done when the function under estimation is assumed to be in
a Holder or in a Nikol’skii space.
When considering Sobolev space, since Assumption Kvar(8) only is required, we simply use the sinus cardinal
kernel denoted by K = sinc and defined by
sin(x ;) 1
K@) =11 11(t) = v (1), Ki(x;)= ey K;(0)=—.
/() [ 1,1]() U]() j(x]) X j( ) -

Remark. When only ordinary smooth noises are considered on Holder or Nikol’skii spaces, we may also use other
type of kernels. For instance, the construction of kernel of order £ based on

1 LBj]+1 1 LBj]+1
uj(xj)=cj <x4/ - 5) <Xj + 5) Ip-1/2,1/21(x)

would suit. Indeed, it can be proved that K;.‘(tj) =0(Jt; |~(BiI+2)) ywhen |tj] — +o0.

3. Pointwise estimation
3.1. Bias and variance

Let xo be a point in RY. We aim to study the risk of the estimator fn of £ atpoint xo: | f(x0) — fa(x0)|. Recall that
/o =E(fn) = Kj » f and that

E| f(xo) — fh()€0)|2 = | f(x0) — fh(XO)|2+]E|fh(x0) - fh(XO)|2~

bias variance

We first control the bias. We define

If = frlloo if | K1 < oo,
Bo(h) = { ||f* - ||1/(2Tl7)d otherwise.

We recall that, when considering all types of spaces (Holder and Sobolev), we standardized notations by setting
aj =rj =0 when Holder regularity is considered. The following proposition holds.
Proposition 1. The bias verifies | f (x0) — fn(x0)| < Bo(h) and, under assumptions:

o f belongs to Holder class H(b, L) and the kernel verifies Korder(£) with £ > |b], or
o f*e LYR), f belongs to Sobolev class S(b+ 1/2,a,r, L) and K = sinc,
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j+ri/2

then Bo(h) S LY 4_ 77" exp(—a;h ™).

. b; . . N
Thus, we recover the classical order h j’ when a; = 0. Let us now study the variance of estimators f},.

2

Proposition 2. The variance verifies E| f, (xo) — fh (x0)|% < Vo(h) where
Ki | | X

2
_n . 4
fs* fs* 1) ( )

Moreover, under (Hg) and Kvar(B), if h; < 1 for all j,

)

2

I 1
Vol = G i 17

2m)2d n

d
1 (0j=D4+p;=1-28; —pj
Vot S — T ]hj exp(2a;h;").
j=1

When f; =1 (no noise), we obtain the classical order [ | j 1/(nh;j).
Eventually, the bound on the MSE is obtained by adding the squared bias bound and the variance bound.

3.2. Rates of convergence

3.2.1. Homogeneous cases
We first give the bandwidth choices and rates of convergence which are obtained when all components of both f and
f¢ have the same type of smoothness (all OS or all SS). Recall that in dimension 1, the minimax rates are logarithmic
when the noise is super smooth, unless the function f is super smooth too: see Fan [14], Pensky and Vidakovic [28],
Comte et al. [8].

First, consider that both the function f and the noise are ordinary smooth. We can compute the anisotropic rate
that can be deduced from a “good” choice of & = (hy, ..., hg). Indeed, setting the gradient of h%bl + -4 hflb” +

Zh./' _ h2bk

n! ]—[?=1 hi_(z’3 "+ et h to zero, we easily obtain A Therefore the optimal bandwidth choice to mini-

Jj.opt k,opt*
mize the risk bound is
d
hj,opt o~ 1/ @bj+bj Y [@Bi+1)/bi]) 5)
and the resulting rate is proportional to
_ d . .
Y =n /A2 2i=1Bi+1)/bi) ©)

Secondly, consider the case where the noise is super smooth (all (8;, p;) nonzero) but the function is ordinary
smooth. Then A opr = (2a; + 1)/ log(n))l//’_/ and the rate is of order

Yin = [log(m)] 2=, (M)

We can remark two things in this case: the rates are logarithmic, and the bandwidth choice is known because it only
depends on the parameters of the noise density, which is assumed to be known. This explains why no bandwidth
selection procedure is required here, as long as only classical Holder regularities are considered for f.

Now consider the case where the noise is ordinary smooth (all p;’s are zeros) but the function is super smooth
(with all (a;, ;) nonzero). Then we take i opt = (a;/ log(n))l/rf and the rate is

d_ 0B 11y/rs
¥ = [logm == P i, ®)

We can see that here, the rates are very good. It is worth mentioning that the first paper considering super smooth
function f is Pensky and Vidakovic [28].
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We do not give a general bandwidth choice in the case where both functions can be super smooth, because it is
very intricate. General formula in dimension 1 are given in Lacour [22], see also Butucea and Tsybakov [4,5]. We can
just emphasize that in such case the rates can be considerably improved, compared to the logarithmic issue above. We
give an example below.

Super smooth f/super smooth f. example. For instance, it is easy to see that the compromise between a bias of
order exp(—1/h?) and a variance of order exp(1/h?)/n is obtained for h = \/2/1og(n) and gives a rate of order
1//n. To be even more precise, the optimal rate in dimension 1, if the signal is N'(0, 6%) and the noise N (0, 082), is

0=V log ()|~ I+ 1/AH12 62 = 62 /62, for 1/ hop = /Tlog(n) + (1/2) log(log(n))]/ (0% + 62).

As the bandwidth choice is very difficult to describe in the general case, this enhances the interest of automatic
adaptation which is proposed below, when Sobolev spaces are considered. Note that optimal choices of the bandwidth
are of logarithmic orders in all those cases.

3.2.2. Discussion about mixed cases

Let us consider now the case where the function is still ordinary smooth, but components 1 to jj of the noise are
ordinary smooth while components jj + 1 to d are super smooth, 1 < jy < d. Then it is clear that exponential com-
ponents must first be “killed” by choosing logarithmic bandwidths and as the bandwidths are involved additively in
the bias term, the rate becomes logarithmic. More precisely, taking for j =1, ..., jo, /1 opt n~1/2dQ2Bi+1) and for
J=Jjo+1,....d, hjop= [log(n)/(4dozj)]_1/p-i gives a variance term of order

Jo d
-1 l—[ —2Bj—1 1—[ (pj=D4+(p;j—D—28; —pj
n hj,optj hj,(J)pt ! ! exp(zajhj,oljat)
i=1

j=Jjo+1

o = O QAHA— )/ ) 1660 (1) = =12 10g® (),

where w = 27: o+l (2Bj+1—pj —(pj — 1)1)/pj. Therefore, the variance is negligible and the rate is determined
by the bias terms and is proportional to

% = [log(n)]_2minj0+1§j§d(bj/pj). )

The conclusion is that the presence of one super smooth component of the noise implies a logarithmic rate, when the
function to estimate is ordinary smooth (and bandwidth selection is not required).

The other case we can handle is when the noise has all its components ordinary smooth, but the function has its jo
first components ordinary smooth and the d — jj last ones super smooth. Let us take d =2 and jy = 1 for simplicity.
Clearly, we can choose h7 opt = (log(n)/ag)_l/rz, so that the MSE for (11, opt, #12,0pt) is proportional to

2by+ry
2,0pt

+ n—z[log(n)]_(2b2+r2)/r2 + n_lhl_f)lstl_l [log(l’l)](Z'Berl)/rz.

h2b1

T exp(—2a2h; 2 ) +n~ a0 2

+h 2,0pt 1,0pt 2,0pt

2by

O(hl,opt

Therefore, the optimal choice of h; is obtained as in dimension 1 with respect to a sample size n/
[log(n)1?A2+D/72 and we find hyop o (n/[log(n)]?F2+D/r2)=1/2Ai+201+D  The final rate is proportional to
(n/[log(n)] @2+ D/r2y=201/CAi+2b1+1) Thjs is the rate corresponding to the one-dimensional problem, up to a loga-
rithmic factor. In the general case, we obtain a rate proportional to

—1/(+(1/2) X0, @Bi+1) /b))
) (10)

d
¢n=<n/ [ Gogm)@i+bir

Jj=Jjo+1

In other words, we obtain in dimension d, the rate corresponding to dimension jy of the OS—OS problem, up to
logarithmic factors.
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3.3. Lower bounds

To get a validation of our method, we need to prove lower bounds for the rates computed above, at least in part of the
cases. In particular, we can extend the results of Fan [14] and Butucea and Tsybakov [5] to the multivariate setting.
Our next result is not straightforward and requires specific constructions, since it captures mixed cases which could
not be encountered in univariate setting.

Theorem 1. We assume that the noise has its components independent. We also assume that, for j =1,...,d, and
foralmostall uj in R, f* (uj) admits a derivative and
Lj

Juj1P7 explerjluj17)| (f7: ) ()] is bounded, (11
for a constant ﬂ} such that ,3; > Bj if €1, is OS. Moreover, either

Case A. For j=1,...,d, the components €; are ordinary smooth, D = H(b,L) or D =8 +1/2,a,r, L) with
ri<2,andif 1 <r; <2, f; j(uj) admits in addition a second order derivative for almost all u; in R such that

|u |ﬂ}, exp(e;|uj [P)|(f7 l_)”(u./)| is bounded, with /3}/ a positive constant.
or
Case B. There exists at least one component of € which is super smooth and D ="H(b, L) or D=8(b+1/2,0,0, L).

Then for any estimator fn (x0), and for n large enough,
» 2
sup E ¢ [(fu(x0) = f(x0))"] Z ¥n,
feD

where Yy, is defined by (6) in Case A and D ="H(b, L), by (10) in Case Aand D =S(b +1/2,a,r, L) withall r;’s
less than 2, and by (9) in Case B.

Note that our condition on the noise improves Fan’s [14] conditions: in the OS case, Fan requires a second order
derivative of f;* and in the SS case, he gives a technical condition which is difficult to link with the functions at hand.
The improvement took inspiration in the book of Meister [25] who also had first order type conditions.

We therefore conclude that the rates reached by our estimators for estimating an ordinary smooth function or a
super smooth function if the noise is ordinary smooth, are optimal. We also have optimality in the case of an ordinary
smooth function f and super smooth noise.

3.4. Adaptive estimator

Now, our aim is to automatically select a bandwidth in a discrete set Hg (described below) such that the corresponding
estimator reaches the minimax rate, without knowing the regularity of f. We may also ignore if f is ordinary or super
smooth, or partially both, depending on the direction.

3.4.1. General result . . .
We have at our disposal estimators fj(xo) and fp p(x0) = Kpr x fi(xo), for xo = (x0,1,...,%0,4) € R? such that

Fnw (x0) = fur.n(x0). We define

[ fi x0) = funw (x0)| =/ Vo ()] . (12)

Ao(h, xg) = sup
h'eHy
and

h(xo) = arg min { Ao(h, x0) +/ Vo ()}
0



578 F. Comte and C. Lacour
with
Vo(h) = colog(n) Vo (h) (13)

and cg is a numerical constant to be speciﬁed later. The final estimator is f (x0) = fh (XO)(xo) The term Vo(h) cor-

responds to the variance of the estimate fh (xp) multiplied by log(n). Now, we can state the result concerning the
adaptive estimator. Define

KM i K < oo,

N(K) = { ”K*Hoo otherwise.

Theorem 2. Assume that N(K) < oo and let

Ho = {h“‘) s.t. hE.k) <1, forj=1,....d, Vo(h®) <1

-2
h(k)

” h(k)

1

Let g be a real larger than 1. Assume that co > (4(1 + | K*|l00) (2€ + q))z/min(||f8*||1, 1). Then, with probability
larger than 1 — 4n—4,

|f(xo) - f(X())| Shig_f[ {(1 +2N(K))Bo(h) +3 Vo(h)}. (15)
€Ho

We can make two comments about this result.

(1) Inequality (15) is a trajectorial oracle inequality, up to the log(n) factor in the term Vo (/) which appears in place
of Vo(h).

(2) Condition (14) is typically verified if || K/ f;* ||% > log(n) and max(||K;:/f8*||%, 1K)/ f ||%) <n. Itis just slightly
stronger than assuming the variance Vjy(h) bounded.

_Itis also important to see that we can deduce from Theorem 2 a mean oracle inequality. More precisely, we have
|f (x0) = f (x0)| < (1K /£l +1f (x0) ). Then, for i € Ho, IKG/fEIIT < (n/log(n) K /2115 and Vo(h) < 1 imply
K /fE I < n. Thus | f (x0) — f (x0)|> < n. Therefore, Theorem 2 implies that, Vi € Ho,

~ - C
E(| f (x0) —f(XO)\Z) <{(1+2N(K))Bo(h) +3 Vo(h)}2+ p (16)
provided that we choose ¢ > 2 in Theorem 2.

3.4.2. Study of condition (14)
Let us define hopt = (h1,0pt, - - - » M opt) the minimizer of the right-hand side of Eq. (16):

hopt = arg min { B3 (h) + Vo(h)}.
heRi

Note that ﬁopt here corresponds to the value of hqpt computed in Section 3.2 where n is replaced by n/log(n). We
need to check that /4 belongs to Hy to ensure that the infimum in (15) is reached.
This is what is stated in the following corollary.

Corollary 1. Assume that (H.) holds and either

1. f belongs to Holder class 'H(b, L), the noise has all its components OS and the kernel verifies Korder(¢) with
£ > |b]|, Kvar(B), and is such that Kj* is lower bounded on [—qj, q;] forq; >0,and j=1,...,d, or
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2. f*eLY(R), f belongs to Sobolev class S(b+1/2,a,r, L) and K = sinc.

Then ﬁopt € Ho defined by (14) and thus the infimum in inequality (15) is reached.
In particular in case 1, we have

~ _ d . .
(| F(x0) — £(x0)|*) = O((n/ log(ny) ™"/ TP Kizi GAi+D/b0y 17)

We can notice that the proof of Corollary 1 relies on the intermediate result stating that condition (14) is equivalent
to the following one:

d
[14Y7" <n/tog). (18)
j=1

The consequence of Corollary 1 is that the right-hand side of (15) always leads to the best compromise between
the squared bias Bg(h) and Vy(h), that is the optimal rates of Section 3.2 with respect to a sample size n/log(n).

Remark 1. As we already mentioned, we have an extra log(n) factor in inequality (15). In case 1 above, we can
concretely see the loss in the rate by comparing the right-hand side of (17) to the optimal rate (6). This logarithmic
loss, due to adaptation, is known to be nevertheless adaptive optimal for d = 1, see Butucea and Tsybakov [4,5] and
Butucea and Comte [3], and we can conjecture that it is also the case for larger dimension.

Remark 2. In the case of a noise having super smooth components and of a function f known to belong to an
Holder space, we already mentioned that no bandwidth selection is required. Indeed, we just have to take hj =
(log(n)/ Za./)_l/ Pi for the super smooth components and h j = n~ Y Q@AQE+D) for ordinary smooth components, and
the rate has a logarithmic order determined by the bias term, see (9). This is the reason why general adaptation is
studied only on Sobolev spaces. The rates can be then considerably improved compared to the rate (9).

4. Global estimation
Here, we study the procedure for global estimation. In this section we assume that f belongs to L2(R9).
4.1. Bias and variance

We study now the MISE E|| f — fh 2, made up of a bias term plus a variance term. We can prove the following bound
for the bias.

Proposition 3. Under assumptions:

o [ belongs to Nikol’skii class N (b, L) and the kernel verifies Korder(£) with £ > |b], or
e f belongs to Sobolev class S(b,a,r, L) and K = sinc,

then || f = full S L Y51} exp(=ajh;").

Let us now bound the variance of the estimator.

Proposition 4. We have

1 2

(2m)dn

Ki
fi

Ellfh — fal> < V(h), where V(h) =

Moreover, under (H,) and Kvar(f)

! —1-28+p —pj
V(h),g;l_[hj T exp(ah ;™).
j=1
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We emphasize that the rates of convergence (6), (7) and (8) are formally preserved here, for the same optimal band-
width choices, but with a definition of the parameters b; which is different (in case 2 here, f belongs to S,a,r L)
while in the pointwise setting it was chosen in S(b + 1/2, a, r, L)). Therefore, we refer to Section 3.2 for all remarks
concerning the quality of the rates and to the cases where part of the components of f or f, are ordinary smooth and
others are super smooth.

Lower bounds corresponding to the integrated risk can be obtained, through nonstraightforward extensions of the
pointwise case. Thus, we get the following result.

Theorem 3. Consider either Case Awith D =8(b,a,r, L) and all r;’s less than 2 or Case B with D = S5(b,0,0, L)

as described in Theorem 1, still under the general assumption that the noise has its components independent and fulfill
(11). Then for any estimator f,, and for n large enough,

sup B[l fu — FIP] 55 Yo,
feD

where \r, is defined by (6) in Case A when r =a =0, by (10) in general Case A where D =S(b, a, r, L) withall r;’s
less than 2, and by (9) in Case B.

Next, we study when these rates can be reached adaptively.
4.2. The global adaptive estimator

Here, we describe the adaptive estimation. As previously, we define
Ay = sup [Il fir = fall =V (1)],
neH
and
h=argmin{A(h) ++/V(h
gmin{A(h) (n)}

with V (k) defined by
Vi = (1+ | K*| L)° A +2n? Vi Ch), (19)

where 7 is a numerical constant and C(h) > 1 is a correcting term discussed below. Ideally, this term would be a
constant but in super smooth cases, this may not be possible. The final estimator is f = f;.
We give first an adaptive trajectorial result in term of a general constraint on C ().

Theorem 4. Assume that | K* ||« < 0o and let
H= {h(k) s.t. hﬁk) <1, forj=1,...,d, V(h(k)) <1,

ciymax(1, | K /£ |5/ K /£2])2.) = Qogn)? fork=1,..., |n€]}. (20)

Then, with probability larger than 1 — n€e—min(n. Hn/46](ogm)?

If— fll < hié%ﬂ{(l 2| K| )If = full + 3y V) }. 1)

Remark 3. Clearly, asymptotically when n gets large, Ve > 0, n€e—min(n. Hin/46]ogm)?* _ O(1/n™7) for any integer q.
But in practice, the cardinality |n€ | of H should not be too large.
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Note that, as in the pointwise setting, we can write
If =A< UAI+HULT < UFI+ V) <IfIl+n

as h is chosen in . Therefore, inequality (21) implies that

Cz(n).

E(1f = /1) < inf {1+ 2] K* [ )Uf = fall +3y Vi) + (22)

Now we can study condition (20) in our usual specific settings. Let us define }vzopt as the optimal bandwidth choice:

hopt = arg min {|| f — full> + V (i)}
heR4

As in the pointwise setting, the optimal compromise is automatically reached by the estimator if ﬁopt belongs to H;
but contrary to the pointwise setting, we may preserve a rate without loss if C (/) can be taken equal to a constant. We
can prove the following result.

Corollary 2. Assume that (H.) holds, that the noise has all its components OS and either:

1. f belongs to Nikol’skii class N'(b, L), and K verifies Kvar(B), 0 < SUP, eR |K;‘(u)|u2ﬂj <ooforj=1,...,d,
Korder(£) with £ > |b],

or
2. f*e LYR), f belongs to a Sobolev class S(b, 0,0, L) and K = sinc.

Then, we can take C(h) = 1 and we have lvlopt € H (where 'H as defined in Theorem 4). Thus, the infinum in
inequalities (21) and (22) are reached. That is, we have

E(Hf _ f||2) — O(nfl/(1+(1/2) 251:1(25i+1)/bi)). (23)

Clearly in the case of ordinary smooth noise and function f, the estimator automatically reaches the optimal rate,
without requiring the knowledge of the regularity of f, which is nevertheless involved in the resulting rate.

If we want to use constraint (20) in the general setting, we have to choose C (/) = log?(n) and then, a systematic
loss occurs:

Corollary 3. Assume that (H.) holds, that f * e LY(R), f belongs to Sobolev class S(b,a,r, L) and K = sinc. Take
Ch) = log (n). Then hopt € H and the infimum in inequalities (21) and (22) are reached.

Nevertheless, if H is more precisely specified, we can prove a better result in expectation:

Theorem 5. Assume that (H.) holds, that f* € L! (R), f belongs to Sobolev class S(b,a,r, L) and K = sinc. Define
now for M given, M <n,

1
HMz{h(k) sth=—j=1,....dk=1,... M, with V(h(k>)§1}.

k 9
Choose

2pjlp.>
C(h>—1+2h SR PP (24)
j=1

Then choose M such that ivzopt € Hy (M = n always suits). Then we have

. . ~ C
E(”f_f”)S3hél71_[fM{||f_fh||+ V(h)}+7%- (25)
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Remark 4. By ivzopt € Hy, we mean that 1/[1/ fvzopt] € 'H where [x] denotes the integer part of x. In the formulation
above, the infimum in (25) is necessarily reached.

The exact choice instead of (24) is the following

d
C(h) = Z wjh;(z»oj_l)Jr"r(Pj_l)Jr (26)
j=1

for constants w; depending on «, B;, p; that can be specified (see Section A.11 in the Appendix).
Let us discuss the possible loss in the rate of convergence of the estimator resulting from the choice (24) of C(h)
and inequality (25).

(1) If f; is ordinary smooth, Eq. (24) says that C(h) = 1 and therefore, as hopt belongs to H, the optimal rate
(n~1/0A+01/2) SLi@Bi+D/b) o [log(n)]zf 1285 +D/7j /1) is automatically reached by the estimator.
(2) If f; is super smooth, Eq. (24) says that the variance term has to be slightly increased.
(a) Nevertheless, if the function f is ordinary smooth, the minimization in (22) still yields to the optimal rate.
Indeed, in that case the variance is made negligible with respect to the bias by the optimal bandwidth choice
(see the computations in Section 3.2).
(b) When f is also super smooth, if all p;’s are less than 1/2, then there is no loss. Otherwise, the optimal
bandwidth choice is such that, in part of the cases, the bias is dominating, and then there is still no loss.
When some of the p;’s are larger than 1/2 and the variance is dominating, there is a loss. But as the selected
bandwidths have logarithmic orders in the concerned cases, the rates are deteriorated in a negligible way and
less than if they were computed with respect to a sample size n/[log(n)]>™ #i instead of n. In other words,
the loss is always negligible with respect to the rate.

5. Numerical illustration
5.1. Implementation

The theoretical study shows the advantages of the kernel sinc. It has also good properties for practical purposes,
since it allows to use Fast Fourier Transform. Thus we consider in this section, in the case d = 2, the kernel K (x, y) =
sinc(x) sinc(y)/rrz. Letus denote ¢y, j (x) = t//h1h2 K (x1/h1 — 7 j1, x2/h2 — 1 j2). The main trick used here follows
from model selection works on deconvolution (see Comte et al. [8] and Comte and Lacour [6]). It is shown therein
that (¢n, j) jez2 1s an orthonormal basis of the space of integrable functions having a Fourier transform with compact

support included into [—1/hy, 1/ h1] x [—1/h2, 1/ h2]. Then fh can be written in this basis: fh = Zj &j’goh,j with

h «/W 1/h 1/h2";
42/ Tt = /

a’ _(I’tls uz)elﬂ(u1h111+uzhzjz) du; dus.
—1/hy J=1/my JE

The interesting point is here that such coefficients can be computed via Fast Fourier Transform. So we implement our
estimator in the following way

=Y > alen

[J1ISM | j2|=M

with M = 64. Moreover, we use that with cardinal sine kernel, we have fj, ,y = fhv, by denoting & v h' =
(max(hy, ), max(hy, hy)).
Then in the pointwise setting, we compute Ag(h, xg) as given by (12) with Vo(h) given by (13) and cp = 0.01.

Thus, the plots of the selected estimators fﬁ (x0) (xo) are given on a grid of points xp in a domain which is specified in
each example.
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In the global setting, we can exploit additional useful properties of the representation. Indeed, for all &', ",

. s L vae a2 LR o
2 * * _ Y Y
W = Sl = = [ = S| = = f—g*nDh,—?nDh,,
with Dy = [—1/hy, 1/ h1] x [—=1/ha, 1/ ha]. Then, if Dy C Dy,
A 1 7PE o 7P I R
I = frll? = = Ll=— | || ——= | [Z&| =1wlP=1fl
4n* Jp,\p, | J2 4= Jp,, | f2 4n= Jp,. | f¢

where we have || fh 1> = 3 F |&7 |2. Then the computation of

A(h) :hsu%[\/”fh’uz — Il frwi 12 = WL
‘e

is considerably accelerated. We choose V(h) = 0.0510g2(n)V(h), that is C(h) in formula (19) is taken equal to
log?(n) as recommended by Corollary 3. Once the bandwidth is selected in the global setting, we have the coefficients

&ﬁ.’ and thus, we can plot fﬁ (x, y) at any point (x, y).
We take H and Hy included in {4/m, 1 <m < 3n'/*4}.

5.2. Examples
Now we compute estimators for different signal densities and different noises. Let . =6, u = 1/4.

Example 1. Cauchy distribution: f(x,y) = (1n2(1 + x2)(1 + y2))~! estimated on [—4, 41*> with a Laplace/Laplace
noise, i.e.

22 A2

A2 .
— 7 o Axla—Alyl. * - - =
fs(X,)/)—4e € s fs(x’y)_)\'2+x2)\'2+y2'

The smoothness parameters are by =by =0, r1 =rpy =1, 1 = f2 =2 and p1 = p2 = 0. For this example, we can
compute that the rate is of order (log(n))'°/n.

Example 2. Mixed Gaussian distribution: X; | = W/~/T with W ~ 0.4N (0, 1) 4+ 0.6N' (5, 1), and X; > independent
with distribution N (0, 1). We estimate the density on [—2, 41*. We consider that the noise follows a Laplace/Gaussian
distribution, i.e.

L e .
—=c" ; fe(x,y)=

U227

The smoothness parameters are by =by =0, r1 =rn=2,1=2,8=0and p1 =0, ar = /Lz/Z, p2 = 2. Here the
rate of convergence is n= %/ [1og(n)193/3* in the global setting and n='%/17[log(n)1?*>/17 in the pointwise setting for
the bandwidths hl_1 = ,/7log(n) and hz_l = \/a log(n) — blog(log(n)) for a =16/17 and b = 40/17 in both cases.
We use that 1> = 1/16.

2.2
e HY/2

A A
_ A
fs(X,Y) 26 )\2+X2

Example 3. Gamma distribution: X; 1~ T'(5, 1/\/3) and X;» ~T'(5, 1/«/3). We estimate the density on [0, 812. The
noise follow a Gaussian/Gaussian distribution, i.e.

foe ) = 5 L @ adiewd), a0 002,
T

Sobi=by=5r1=r=0,81=p=0, 01 =ar=u?/2 and p; = py = 2. This is an example with pointwise rate
[log(n)]_4 and global rate (log(n))_9/ 2 (which is not so slow, for instance, for n = 1000, this term is smaller than

1/n).
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Table 1
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MISE x 100 averaged over 100 samples

n =100 n =300 n =500 n =750 n = 1000

Ex 1 Global 0.419 0.289 0.215 0.161 0.137
Ex 1 Pointwise 0.269 0.140 0.101 0.083 0.068
Ex 2 Global 3.615 1.699 0.761 0.473 0.367
Ex 2 Pointwise 3.477 1.714 0.799 0.526 0.363
Ex 3 Global 0.800 0.402 0.303 0.248 0.212
Ex 3 Pointwise 0.622 0.293 0.212 0.167 0.138

Table 2

Coracle averaged over 100 samples

n =100 n =300 n =500 n =750 n = 1000

Ex 1 1.48 2.04 2.01 1.96 1.97

Ex 2 1.08 1.03 1.05 1.07 1.25

Ex 3 1.36 1.53 1.57 1.57 1.62

0.3 0.15
y = -0.28571 X = ~0.28571
0.2 0.1
0.1 K / k 0.05 /
0 -/ - 0 g —
-0.1 -0.05
-2 0 2 4 2% 2 o 2 4

Fig. 1. Example 2, global bandwidth selection, with n = 500. Top right: true density f, top left: estimator f, bottom: sections, dark line for f and
light line for the estimator.

For these examples, we apply both global and pointwise estimation procedure, and we compute the Mean Integrated
Squared Error on a grid of 50 x 50 points. The MISE (multiplied by 100, averaged over 100 samples) is given in
Table 1. For each path, we also compare the MISE for the global procedure with the minimum risk for all bandwidths
of the collection. Table 2 gives the empirical version of the oracle constant defined by

If— f1? )
infyer Il fn — fI12

It shows that the adaptation is performing, since the risk for the chosen his very close to the best possible in the
collection (the nearest of one Corqcle, the better the algorithm).
We also illustrate the results with some figures. Figure 1 shows the surface z = f(x, y) for Example 2 and the

v

estimated surface z = f(x, y) obtained by global bandwidth selection. For more visibility, sections of the previous

Coracle = ]E<



0.04

0.02

-0.02
0

Anisotropic adaptive kernel deconvolution

0.15
0.1
0.05

i

X \\‘\
/I/O P

’( ‘M ‘\‘\\\‘)\

585

00
0.3
X =2.2857
0.2
o1 //
0 —_
-0.1
0 2 4 6 8

Fig. 2. Example 3, pointwise bandwidth selection,with n = 500. Top right: true density f, top left: estimator £, bottom: sections, dark line for f

and light line for the estimator.
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Fig. 3. Dependent case, global bandwidth selection,with n = 500. Top right: true density f, top left: estimator f , bottom: sections, dark line for f
and light line for the estimator, for y = —0,0816 (left) and x = —0,0816 (right).

surface are drawn. We can see the curves z = f(x, —0.3) versus z = f(x, —0.3) and the curves z = f(—0.3, y) versus

z= f (—0.3, y). For this figure, the selected bandwidth is h=

(0.29, 0.57). Thus, the bandwidth in the first direction

is twice smaller, to recover the two modes: this shows that our procedure takes really anisotropy into account. Figure 2
is an analogous illustration of Example 3, but with a pointwise bandwidth selection, as described in Section 3. We
obtain a slightly more angular figure. Nevertheless, we can notice by observing Table 1 that the MISE is almost always
smaller for this kind of estimation.
To conclude this section, we would like to mention that we can keep good results even in case of dependent
components of both the noise and the signal. More precisely, we can take X ~ AN (0, X) and ¢ ~ N (0, X;) with

(1 =07 a1
2‘(—0.7 2) and %, =10 (o.zs

with X and ¢ independent. We present in Fig. 3 an illustration of the results for the global method.

0.25
1.0625 )’
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6. Concluding remarks: the case of unknown noise density

The assumption of the knowledge of the error distribution is often disputed. Relaxing this assumption requires con-
ditions for obvious reasons of identifiability. Here is a quick description of what can be done in case of additional
observations of the noise ¢_1, ..., e_y (think of a measure device calibrated without signal). We use this preliminary
noise sample to estimate f,* in the following way

LNy [5G ol N,
Je@) [ @)

0 otherwise,

where f;* (x)=N"1 Zj;l:l e 1%¢-j) is the natural estimator of f. Then it is sufficient to write

- /HO

S =K;(0)=
JE@)

to define new estimators of f in this context. Adapting all the previous results in this framework is beyond the scope

of this paper, but we can observe the effect of this modification on the integrated squared error, for instance. The bias

is unchanged, but an additional term appears in the variance:

Proposition 5. We have E|| fi, — fu||> < V (k) + W (h) where

1 K f*|?
Qu)IN|| fr

It is possible to give a bound of W (k) in term of the smoothness indices of f; and f but we skip this tedious

formula, which is just a generalization of Lemma 2 in Comte and Lacour [6]. In the case of an ordinary smooth

function and a fully ordinary smooth noise, we obtain W (1) < N~ ]_[‘;=1 2By

Thus, we get new rates of convergence in terms of n and N. If N > n, W(h) is always smaller than V (h). In this
case, an adaptive procedure is conceivable, replacing V (h) by V(h) = C(W)|IK}/ [ I2/n and modifying H in the

W(h) =

same way. The efficiency of this strategy can be proved by controlling terms of the form [|| fj, — fh |2 — V(h)]. This
was successfully established in Comte and Lacour [6] in dimension 1, but such a study in dimension d would be much
too long here.

Appendix: Proofs
We start with three useful lemmas.

Lemma 1. Consider c, s nonnegative real numbers, and y a real such that 2y > —1 if c =0 or s = 0. Then, for all
m >0,

o /7 (4 1) explelx]®) dx & m2rH=seen’,

and if in addition 2y > 1 ifc=0ors =0,

o [P+ D)7 exp(—clx ) dx mm IS em

Proof of this lemma is based on integration by parts and is omitted. See also Lemma 2, p. 35 in Butucea and
Tsybakov [4].

Lemma 2 (Bernstein inequality). Let T, ..., T, be independent random variables and S,(T) = Z?:] [T; — E(T)].
Then, for n > 0,

2
£ (505579 ) <2 2 ) 2)),
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where Var(T)) < v and |T;| <b.

It is proved in Birgé and Massart [1], p. 366, that P(|S,(T) — E(S,(T))| = nn) < 2exp(—nnz/(2v2 + 2bn)).
Lemma 2 follows.

Lemma 3 (Talagrand inequality). Let Yi,...,Y, be i.i.d. random variables and v,(t) = % Z?: e (Y —
E(, (Y;))] for t belonging to B a countable subset of functions. For any n > 0,

n* nH? min(n, )nnH
([ssg|vn(t)} >+ 2n)H> < max(exp(—gT)exp(—Tﬁ , 227)
and
3 21 M
[Sup|vn )] = (1 +2n) H < /22 f —@/O@H ) 27 B —(ADn/ 2D H/ M) (28)
teB nAln
with

supl[¥illoe <M, Efsuplva)|] <H,  sup- ZVarw,<Yk))<v

teB teB tep k=1

Proof. We apply the Talagrand concentration inequality given in Klein and Rio [21] to the functions s% (x) = (x) —
E(z(Y;)) and we obtain

P(sup|va(0)] = H +2.) < (— i )
o= =P\ T2 aHM) 1 6Mn )

Then we modify this inequality following Birgé and Massart [1], Corollary 2, p. 354. It gives

n 22 min(n, DA
(tssg|vn(z)| > +nH + x) < exp(—g mm(zv, T)) (29)

To conclude for (27), we set A =nH.
For (28), we take A = nH + u and write

[sup|vn(t)| -1+ 27])H]

teB

+00
§f P(sup|vn(t)| >{1+nH+nH +u> du
0 £

teB

+00 5000 2 +00
5/ o= H?/(6v)) o~ (nid /(6V)) g, +/ e~ (mIADH/QIM)) o~ (n(ADu/Q21M)) 4,
0 0

_ /3—nﬁe("’72ﬂz/<6v>>+ 2IM nnnny @10
2 \Vn nnAl)

which is the result of (28). (I
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A.1. Proof of Proposition 1

In the first case, the bias term is the same as in density estimation (see Tsybakov [30]) and the use of Taylor formula
to partial functions ¢ — f(x; —vihy, ..., xi—1 — Vi—1hj_1,t, Xit+1, ..., Xq) yields

d .
S 1xj1% | K (x)|dx b,
|fh(x0) - f()C())| EL;]LThj .

In the second case, since f*, f* € LY(R), we can write

f(x0) — fu(xo) = /e_i<xo’u>ﬂ(ﬂf=1[71/h_,~,1/h,-]>‘«‘(”j)f*(ul’ e ug)duy - dug.

1
@m)d
Then, for f € S(b,a,r, L), the bias term is

LA
|f (x0) = fi(x0)| < a0 Z/Jl|uj|z1/hj|f*(u1,~.-,ud)|du1~~du
j=1

d d
1 —
= Q2n)d Z/|:]llujlzl/hj 1_[(1 +uy) bk/zexp(—akluk|’k):|
Jj=1 k=1

d
X |:|f*(u1, e ud)i l_[(l + ul%)bk/Z exp(ak|uk|rk):| duy--- dug
k=1

1/2
1 + uz)_bj exp(—2aj |u|rf) du)

since
[Tt +ud) ™™ exp(—arlux ) < 1.
K#j

Then, using Lemma 1, | f (xo) — fr(x0)| S L Z] 1hbﬂrr,/z 1/2

exp(—a.,-h;r).
A.2. Proof of Proposition 2

The independence of the observations gives

o 1 1 . PRIUR Y
Var(fh(xo)) —Var((2 )d /e—l(u,xo)](;:(u) ) du).

A simple bound of the variance by the expectation of the square yields Var( f, (x0)) < (n(27)2) | K 5/fZ13. But we

can also write
Ky(u) Ky (—v)

Var( fn (x0))n(2m)* = / / e iu=v.xo) T () (fyu—v) = f@) f3(—v)) dudv
//‘K F) Ky (= v)
fo ) fF(=

< [l o]

|fY(u—v)|dudv

|fY(t)|dt <

If I
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using Schwarz inequality.
Now, under (H,), (2n)2dn Vo (h) is bounded by the minimum of

K}k(u]h]) 2

d
Hfs HIJI:II/‘(MZ + 1)*Bj/zexp(—0lj|uj|pj)

If j €8S, ie. pj >0 then Kj (r) =0if |t| > 1. Consequently, using Lemma 1,

duj

and

K;‘(ujhj)
W3+ D7Pil exp(—alu;|Pi)

K*(uh ;) > i, |
] / * 2,2 B .
du = K (uh 1)"/ 20 ul?f)d
/ W2+ )P Pexp(—ajul?| /wu’ )] (u? +1)" exp(20|u|”7) du
a2 [ e ,
<[ &3 ”°°/1/h (1 + 1) exp(2a lul?/) du
- J

_2ﬂ_1+p _,0_'
Sh;™7 T exp(2ah ;).

In the same way

/

K (uh )
W? 4+ 1)7Pil% exp(—a,|ul7)

1/h;
< HKj ||OO/ l/hj (u2 + 1)ﬁj/2exp(aj|u|pf)du
—Hnj

—Bi—14p; —p;
Shi T explagh; ).

Now, if j € 0S,i.e.aj = p; =0, then

/

K (uhj)

2
_ % 2 —1\2 Bi

~

w7 /|K;f(u)|2(u2+ 1)% du

and
K (uhj)
W? 4+ 1)7Pil

duh;' P /|Kj(u)y(u2+ 1)%72 du.

/

Finally, using that 4 ; < 1, we obtain the following bound for n Vy(h)

l_[ min(1, h;]+p"f)h;2ﬁj71+pj exp(Zajh;pj) l_[ h;]izﬂj
Jjess jeos

d
— 1_[ h;ﬂ_j—1)+h;2ﬂ_/—l+pj exp(zajh;l)j)'
j=1

1/h;
:/1/}: |K;f(uh)|(u2+l)ﬁj/zexp(aﬂulpf)du
—1/h;
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A.3. Proof of Theorem 1

‘We shall consider two cases:

e Case A: the noise is OS and f belongs to D =H(b,L) or D=S(b+1/2,a,r,L), with0 <r; <2 forall j =

1,...,d.
In this case we set &, such that h, ; = n~1/@bj+b; Yicos @i+ /b)) if rj =0 (ordinary smooth components of

f)and hy, ; = (log(n)/a j)’l/ "/ when r; > 0 (super smooth components). Moreover v, is defined by (10) (recall
that we standardized notations by setting r; = 0 when Holder smoothness is considered, thus in the case of none
super smooth components, we retrieve optimal /,, given by (5) and rate (6)).
e Case B: the noise has at least one SS component and f belongsto D ="H(b,L) or D=5+ 1/2,0,0, L).
Then we set hy, ;j =n~1/@BiT26;+D for j € OS, and for j € SS, hy, j = (2° log(n) /ee;)~"/Pi. We recall that in
this case ¥, = [log(n)]’zmi“jESS(bf/”i).

Before starting with the proof, we need to define preliminary material.

Let H be the kernel function defined in Fan [14], which is such that: fH =0, HO0)#0, H € H(b;, L) N
S(;,0,0,L),fori=1,...,d,|H(x)|=0(x"?) as |x|] - oo with 8 > 3, and H*(¢) = 0, (and thus also (H*)'(z) =0,
(H*)"(tr) = 0) when |¢| is outside [1, 2].

We also use g; the symmetric stable law with characteristic function g} (#) = exp(—|u|*) where 0 <s < 2. An
interest of this function relies on the lemma:

Lemma 4. The density g, satisfies the following properties:

-1 — s+1
e g, (X)=0(x"").
o Ifs < 1,forall b> 0, there exists L' such that g5 belongs to the Holder space of dimension one H(b, L').

Proof. Since the d¢nsity is symmetric, we only consider positive x. Devroye [11] shows that, for x > 0, gs(x) =
x~! Z;’ozl bj(x~*)/ with

(=17 (sj + Dsin(sjm/2)

b.
J mj!

First, we can write
gs(x) =bx 1 4 O(x_s_l)

as x — oo, which proves the first point for s < 1. The case s > 1 can be found in Butucea and Tsybakov [5]. The power
series ) bju’ converges for all x (as pointed by Devroye, Stirling formula allows to show a geometric convergence —
in fact of order j/~V). So it is differentiable with differentiate Y jb;u’/~!. Then, an easy computation leads to

o
gh(x) = ij(—l —s)x T2 =by(—1 —$)x 2 +o(x T 72)
j=1
in some neighbourhood of infinity. In the same way, for all k > 0,
g§k+l)(x) — xS k2 +o(x’5’k’2).

But Holder inequality provides |g (x") — ¢ )| < ([ 1gXTV17)1/P|x — x'|P~* where 1/p = 1 + k — b. Since
s+k+2>k+1—b, p(s+k+2)>1and g™ isin LP. Thus g, € H(b, L) with L' = | gtV ,,. 0

Now, we define two couples (fo, f1,4) and (fo, f1,5). From now on, we assume that xo = (0, ..., 0) since it is
sufficient to translate functions at point xg in the other cases.
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Case A. Let
4 X
_ J
folx) = H o8 (5)
Jj=l1
with c; positive constants large enough (they will be made precise later). Here s; =s <1 for j=1,...,d if D =

HOb,L),and if D=S®b+1/2,a,r,L),forr; <1,rj <sj <landfor1<r;j<2,r; <sj<2. Wealso define

fr.a@) = fo(x) +cy/ Vo(hy) ]‘[ <2h )
n,j

Case B. Here we consider fo withsj=s <1 forall j, and

fre(x) = fo<x>+c2h (h ) [T &G,
n,j

1<i<d,i#j

where c is a constant to be specified later.

In the sequel we show that, for Z = A, B,

(1) foand f, Z are density functions and belong to D,

2) )(Z(P?1 2’ ) < n—! where P” (resp P”) is the probability associated with the distribution of a sample
Yi,....Y, for density of Y glven by f1.z (resp. fo) and x2(P, Q)= f(dP/dQ —12do,

(3) 1/f1.z(x0) = fo(x0)| = Cn.

Then it is sufficient to use Theorem 2.2 (see also p. 80) in Tsybakov [30] to obtain Theorem 1.
Proof of (1). Hypothesis functions are densities. First, fy are densities by construction. Second, the definition of H

guarantees that, for Z = A, B, [ fi,z = 1. To ensure the positivity of f; 7, itis sufficient to prove that | f1, z — fol < fo.
But, as |x| — oo,

fo (x)|f1A(x) fo(x)|<c\/th 1—[ 5=

j=1 j=1

for ¢ small enough, since § > 3 > max(s;) + 1. In the same way, for Case B, as |x| — oo,

f() (x)|f] B<x)_f0(x)|<02hb j+6 sj+1 8_1

j=1

for ¢ small enough.

Belonging to the Holder space. Recall that we take s < 1 when D is an Holder space. Since g is in Holder space
of dimension one for any smoothness (Lemma 4), fo € H (b, L") for some L’, and it is sufficient to choose ¢ j to have
L' <L/2.

Now let GA(~) = (fl,A - fo)(xl, ‘e ,xj'_l, . ,xj_H, R ,xd). Since H € H(bj, L),

H g® _gh( =~
2h,, i 2hni

_ _b: bi—k
< clHI9S Ly Vo(hn) @Ry )70 |x" = x|

G (x') =GP )] = ev/Volhn)

)'(211,“) k
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Then fi1. 4 — fo € H(b,L/2) as soon as c||H||go_1«/Vo(h,,)(Zhn,,-)_bi < 1/2, which holds for our selected %, and
suitable c. Thus fy and f; 4 belong to H(b, L).
Now let GB(-) = (fl,B - f())(xl, ,xj_l, -,)Cj_H, .. .,xd). Since H € H(bj, L),

x/
o () (2L )'n 4!
n,j

|Gg{)(x’) — Gg{)(x)| <ch o

n,jon,j
- b bj—k
+CLlgs I N H oo Y hialp|x = 5[
p#j
r- A bi—k
<eh,l b, kLIS lgs + cd Lg% 1 Hlloo|x — x|,
n,j

Then f1. g — fo € H(b, L/2) if c is chosen small enough, so that f; g belongs to H(b, L).
Belonging to the Sobolev space. By construction and because s; > r;, for ¢; large enough, fy € S(b + 1/2,
a,r,L/2)forr; <2, j=1,...,d. The computation of the Fourier transform of fi 4 — fo gives

d
[(fr.a = £ O] = cy/Votha) [ ] 2hn. ;| H* @tjha )]
Jj=1

Therefore

d
[1tha= s Z )12 exp(2a 1 ) i

d
SczVo(hn)Zhi’j/|H*(2tjhn,j)|2(1+t]2)bj+]/2exp(2a]|tj i) dt; thk/|H tghn, k)| dry
j=1 k#j

<C(H)c Vo(hn)Zh "exp(2ajh, ),
j=1

using that H*(¢) = 0 when |¢| is outside [1, 2]. Then fj 4 — fo € S(b+ 1/2,a,r, L/2) as soon as C(H)*Vy(hy,) x

hn ; exp(2a, r‘) < L?/(4d). This is verified for £, as chosen (the variance dominates the bias).

The computation of the Fourier transform of f1 p — fo gives
d
br+1
(frs — fo)' () = th COH (hag) [ g
k=1 e=1,6#k

Therefore

d
Z/!(fw — fr P (1+12)" 2 ar
j=1

<c2d2h2b’+2/|H*(t] w201+ ]‘[ f|gs(t, )P di

i=1i#j

+d Y 2kar2/|H (tchn.p)| dtk/( +13 )b’+1/2|g3 (t,)| drj ] /|gs(tz)} dty

1<j.k=d, j#k Ok, O£ ]



Anisotropic adaptive kernel deconvolution 593

which is bounded since [ |H* (tjhy, ) A(1+ 12272 dt; = O(hy, ), [(1+12)PF12|g2 (1) di; is a finite con-
stant and k2 k"2 [ |gE (tehn i) > diy = O(hz”k*‘) = o(1). Then there is some ¢ such that fi.z — fo € S(b + 1/2,
0,0,L/2). 0
Proof of (2). Chi-square divergence. For Z = A, B, since the observations are i.i.d., )(Z(PJ'}l Z,P;O) =1+

X2(Pf1,Z’ P))"t — 1 (see, e.g., Tsybakov [30], p. 86). Thus, it is sufficient to prove that X2(Pf1‘za Pp) = omn~h
where

Xz(Pfl.z’ Pr) = /(fl,Z * fo— fox fe)z(fO * fs)_l-

Recall that we assume the independence of the noise components. Let us denote

1
q;(x;) = / ~g, (xfc )fg] L dy
J J

1 .
= C_ngj <Z) * fé‘l,j (xj)

so that [ ]; ¢;(x;) = (fo * fe)(x). Then

) 2
X2(Pfy 4, Py) =c Vo(hn)l_[/(/ <2h )fel,(y)dy> q,»’l(x,-)dx,-

and

d
XZ(PfLB,Pf&f&thif’}/(/H( e >f81,(y)dy> q; (x])dx]l_[/ql(x)dx and

Jj=1 i#]
/q,-(x) dx=1.

Now it follows from our Lemma 4 and Fan’s [14] Lemma 5.1 that g (x;) > Clx; |=65 D for |x ;1 large enough, say
|xj| > A > 1. Indeed Fan’s [14] proof of his Lemma 5.1 works in our case because of the heavy tail property in
Lemma 4. Using this property, we prove that

f(/H(xh )fal,@)dy) g7 () d;
n,j

2pj+1

=O0(h, I exp(=2'""ia;h, ). (30)

Let us bound the term f(H('/Zhn,j) * J‘SLJ.)Z(xj)q;1 (xj)dx; = I + I where I is the integral for |x;| < A and I,

for |x;| > A. Since g (x;) > C|xj|_xf_1 for |x ;| large enough

d)Cj

L / (H(-/2hpj) % fer; (x)))?
? Ixj1=A q;(xj)

2 .
S/I [ A(H('/zh"’f)*fel.j(x/')) 1% di;
.X'] >

S O ) 61



594 F. Comte and C. Lacour

if r; <s; < 1. Then, with Parseval equality
I < f(H(-/Zh,l,j) *fglﬁ(y)y)zdy= /|(2hn,jH*(2hn2u)f;,_/ (u))/lzdu
< 2/y4h§,j(H*)’(2hn2u)f;j1j(u)yzdu +2/|(2hn,jH*(Zhn,ju)(f;‘j)/(u))yzdu

5/ il(H* (2hn,u)| |u| %P7 exp(—20; |u|7 ) du

+/ i|H (2h,,,u)| /exp( 2aj|ul?) du
<hz"‘””exp(—2l‘p"wh}”’)f () @) dv
1<|v]=2
+ hiﬂjH exp(—21_pfajh;pj)/ |H*(v)|2v_2ﬂ} dv
’ 1<|v|<2
< (hiﬁjj+3 +hii}ﬂ)exp(—Zl_pioejh;pj). (32)

If 1 <r; <s;j <2,then sz. in (31) must be replaced by x? and the same computations can be done with derivatives of
order 2. The other term can be bounded in the same way, using that g; > C for |x ;| small

2
= / (HC /2 ) % foy ) a7 (i) d

[xjl<A

_ 2
<C [ (HE 2« f ) by,

[xjl<A
2

< f |2k, H* Qhy ju) 7 ()] du

1<2hy, jul<2 h

hzﬁ’Jrl exp(—21_pfotjh;pj) /|H*(v)|2y*2ﬂj dv. (33)
Finally, by gathering (33) and (32), we obtain (30). Thus, in the OS case, we get

2 +1 _
(Pqu»Pfo)<V0(h)l_[hﬁj Snl.
j=1

For the other case, we get

R 2b; +2ﬂ +1 . —pi _
X2Prg Pr) S Y hn/ et Y T exp(=2" e, ) S
jeos jess

by using the choices of the 4, ;’s. ([

Proof of (3). Rate. We can see that | f1 4 (0) — fo(0)| = ¢/ Vo(h)|H(0)|4, and | f1.8(0) — fo(0)| = C(Zj 1hy, ]) X
|H(0)||gs (0)|d_1, which all have the announced order of the rate v, for the selected 4,,. U

This ends the proof of Theorem 1.
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A.4. Proof of Theorem 2

A.4.1. Proof of Theorem 2
We want to bound | f (xg) — f(x0)|. Let h € Hg be fixed. The following decomposition holds:

|7 x0) = &0 = [ Fiag) F0) = Fiiixy G0+ | Fy gy 0D = i x0)| +] fix0) = f (x0)]-

D Dy

By definition of A(h, xp),

D1 < Ao(h, x0) + 1/ Vo (h(x0)).

And by definition of Ag(h(x0), x0),

Dy < Ag(h(x0), x0) + v/ Vo(h).
Therefore

D1 + Dy < Ag(, x0) ++/ Vo(h(x0)) + Ao (A (x0), x0) ++/ Vo(h) < 2[Ao(h, x0) +/ Vo(h)]
by using the definition of h(x0). Thus

| 7 (x0) — f(x0)| < 240(h, x0) + 2/ Vo(h) + | fa(x0) — f(x0)|.
To study Ag(h, xo), we can write

Fwr(x0) = finw (x0) = fir (x0) = fir (x0) = (firw (¥0) = fin (X0)) + S (x0) — i (x0),
where

fu(x0) =E(fu(x0)) = Kn * f (x0),

Fuw (x0) =E(frw (x0)) = Ky * Kn » f (x0).
For any #’,

| fi (X0) = S (x0)| = | Kn % (f = K » )(x0)| < N(K)Bo(h).

We get back to the definition of Ag(%, xg)

(1w (x0) = fow x0)| =/ Vo (7)],

< sup [|firCeo) = firGeo)| = Vo W)/ (1+ [ K] )],

Ag(h, xg) = sup
heHy

+ sup [|fuw o) = S 0| = | K*[ o/ Vo)) /(1 + | K*]| )], + N(K)Bo(h).

h'eHy

We can prove the following concentration result:

595

(34)

(35)



596 F. Comte and C. Lacour

Proposition 6. Under the assumptions of Theorem 2, for all (h, h') € 'H%, forall p>1,

(| fu(x0) — fu(x0)| > c1(p)y/ Vo(h)) <2/n?, (36)
P(| fior (x0) = fuw (x0)| > c1(p) | K* | oo/ Vo(h')) < 2/nP 37)
as soon as c1(p)>co > 16p?/min(|| fZ|1, 1).

The proposition is proved below. It implies that if c;(p) = 1/(1 + |[K*|ls) and co > 16p%(1 + [|K*|l00)?/
min(|| /11, 1),

P{ sup [| futwo) = fir o) =y Vo /(14 | K*[2)], >0} =2 3" w7 <207
heHy heHy

as Card(Hp) < n€. In the same way, for all h € H,

IP’{ sup [| fuw (x0) = fuw o) | = [ K* | o/ Vo) /(1 + [ K*] )], > 0] <2n°P.

heHo

Thus, the following set

2 = { sup [| firtxo) = fireo)| =y Vo(w) /(1 + [ K7 ] )], = 0]

sup
heHy

N {Vh € Ho, Sup [ o x0) = fiw o) = | K*|| o/ Vo (r') /(1 + | K*[| )], = O}
"eH,

has probability larger than 1 — 4n%¢~P. Now we choose p = 2¢ + ¢ and then co > 16(1 + ||[K*[|00)>(2€ + ¢)2/

min(|| f*|I1, 1). Thus P(§2) > 1 —4n~1.
By gathering inequalities (34) and (35), we have on 2

| F(x0) = £(x0)| <2400k, x0) + 2y Vo(h) + | fu(x0) — £ (x0)]

< 2N(K) Bo(h) + 2y/ Vo(h) + | fu(x0) — £ (x0)].

But, still on £2

| fn(x0) = f(x0)| < Bo(h) + | fn(x0) — fu(x0)| =/ Vo) /(1 + | K*| ) ++/ Vo) /(1 + | K*| )

< Bo(h) ++/ Vo(h).

Then, on 2,

| F(x0) = f (x0)| = (142N (K)) Bo(h) + 34/ Vo (),
which ends the proof of Theorem 2.
A.4.2. Proof of Proposition 6
Let us define the independent random variables
elfu, Ye)

—i(u,xq) gr*
—fe Kh(u)—fg*(u) du.
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Clearly,

n

o 1
Jn(x0) — fu(x0) = - Z[Zk(XO) — E(Zk(x0))].

k=1

We apply Bernstein inequality recalled in Lemma 2 to the Zj (xg)’s, with n = c{(p) Vo(h). We find

K;(u )
S (u)

and Var(Z(xg)) < nVy(h). We obtain

|Z1(xo)| = @m)~ d/‘ u=:>b

P(| fu(x0) — fi(xo)| > c1(p)y/ Vo(h))
P(|84:(Z(x0)) — E(Sn(Z(x0)))| = c1(p)y/ Vo())
Vo(h))2 Vo(h
Smﬂ(ﬁp( n(c1(p)y/ Vo( ))5 ( n(c1(p)y/ Vo( ))))7 )

4nVy(h) 4b

where c¢1(p) is chosen such that

nei(p)2Vo(h)
v = Pl (39)

that is ¢ ( p)200 > 4p (cp is the constant in the definition of \70 (h)). Moreover,

n\/cl(p)zvo(h) \/cl(p) co\/i nVo(h

But for i € Hy,

nVo(h)/b2 —m1n<||f8 K K ) 1) > @M
n
with ¢3 = min(|| |1, 1). Thus
v 2Vo(h
ny/c1(p)*Vo(h) = plog(n) 40)

4b

provided that 1/C3c%( p)co > 4p. Note now that this last condition also ensures the first constraint ¢ (p)2co > 4p.
Therefore, inserting (39) and (40) in (38) implies the first inequality (36) of Proposition 6.
To prove (37), we follow the same line. For the study of

T 0) = frw (x0) = Kp % (frr — fu) (x0),

we can simply replace K (u) by K} (u) K}, (u), with [K; (u)] < || K* ||« so that it adds a term || K * || in the previous
computations. Thus we get (37) and this end the proof of Proposition 6.
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A.5. Proof of Corollary 1

Let us denote | fg* j(t)| the jth component of the order of the noise characteristic function, i.e. |f, S*j(t)| =1+
12)Pil2 exp(—a;|t|?7). First, we write

K /£ l—l(f|K*(tjh,)||f8*J(tj I=Ldtj)?
ik~ L TR Grpl oy

SIKF @IS/ Rl duy)?

(H )H TIKSGPRIfZ G/~ du;

j=1

Consider now case 1. Under (H;), in the OS case, we get

1K/ fE0T 1_[ l_[(f|1<*(u,>|(1+(u,/h DHEI2du )
1K/ fEl; ™ fIK}k(u])lz(l+(uj/h])2)ﬁ-’ duj

11 Jj=1

(S IK 5 @pIh% +u3)Pil? duj)?

(H )H JIKS )2 (h% +u3)Pi du;

j=1

(li[ L) 1i[ (SIK @I +u3)Pil? duj)?
| JIK S @) du;

<

d
1
S =Ce O[]
i) = j=1"

j=1
because 0 < A < 1 and the assumptions make all integrals finite.
Consider case 2, where K ; = sinc, and use the equivalence Lemma 1. Then we get straightforwardly

d

K5 /FENY I3 l—[
1K/ £33
Therefore ﬁopt belongs to Hy if condition (18) is satisfied. Let us explain why constraint (18) is fulfilled in the two
cases of Corollary 1. B
First, in case 1, it follows from (5) that /j p¢ are such that

d d
(1_[ 1/1’_li,0pt> = (H(thopt 2ﬁll> ( l_[ /’l/ 0pt> X n/log(n)
i=1

i=1 i=1,i#j

for j =1,...,d which implies clearly that they satisfy the constraint ]_[‘le(l /hj) <n/log(n). This is the reason
why (18) and thus (17) hold.

Second, in case 2, the general constraint is also satisfied by the optimal bandwidths because the negative powers
on the A ;’s get smaller when p; increases, and each time a p; is nonzero, it is associated to a logarithmic order for the
hj’s. COIldlthIl (18) can also easily be checked for mixed cases. Therefore, /4 also belongs to Hg and Corollary 1
is proved

A.6. Proof of Proposition 3

In the first case, standard methods (see Tsybakov [30] or Kerkyacharian et al. [20]) yield

d
I fi = fIl < C(K.d, LY hY.

Jj=1
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In the Sobolev case, Parseval formula gives || f, — f||* = (2m)~¢|| W=r *||? and
2 2
lse= 1P =, [ du

(T [=1/hj,1/ kD¢

d b
= Z/(l +u3) " exp(=2a;luj1" ) Ly 21/m,;

j=1

x| . ua) [P (1 u2)™ exp(2ajluj|'7) duy - duj
< LZh exp( 2ajh;rj).

A.l. Proof of Proposition 4

The first bound is obtained by writing

R ) 1 1uY|
Ellfn — full"= (2n)d/ (fg fY) (2n)d /’

Now we use the bound on || K}/ f.* |?> proved for Proposition 2:

2

d
wVn) S [0 expayn ;™) T 05 727 =T 07~ exp(20,0").
jess jeos j=1

A.8. Proof of Theorem 3

The proof uses all the tools given in the proof of Theorem 1 and we refer to it. We consider almost the same two cases.

o Case A: the noise is OS and f belongsto D =S(b,a,r, L), withO <r; <2forall j=1,...,d.
e Case B: the noise has at least one SS component and f belongs to D =S(b, 0,0, L).

In both cases, the bandwidth 4, and the rate i, are as in the proof of Theorem 1. We also keep the same functions
H, g, fo. Next, we define below a collection of alternatives ( fy)p in Case A, and a single alternative in Case B. We
follow the same three steps as previously, with, in step (3), integral norms instead of pointwise distance. We will use
an integral on a compact set [a, b] = 1_[?:1 laj, bj]in Case A (which nevertheless minorates the norm on R4 and on
R in Case B. Here, we consider the two cases separately, the extension of the first one being more complicated than
the extension of the second one.

Case A (0S-noise). We take

foo) = fo<x>+cngkn (wa>
n,j

kel j=1
with K={1,...,M1} x -~ x {1, ..., My}, 6 € {0, 1}M1>x=xMa M; = Lh;lj, Xk is a vector with jth coordinate
Xpkj =aj +kj(bj —aj)hy, j. Moreover, we assume thatb; —a; > 1/27) for j=1,...,d.

Let 6 a sequence in {0, I}K. Fori =0, 1, we denote Gli the sequence such that (OIi)k =1 and for all [ € K different
from k, (Qli) 1 = 6;. We now follow the three announced steps.
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(1) Hypothesis functions are densities. We already know that fj is a density and the definition of H guarantees
that | fy = 1. To ensure the positivity of fp, it is sufficient to prove that | fy — fo| < fo. But, as |x| — oo,

d
£ 10 fo ) = fo)| S e/ V) Hh—l” g — ) <

Jj=1 Jj=1

(41)

| =

for ¢ small enough, since § > 3 > s; + 1.
Belonging to the Sobolev space S(b, a, r, L/2), rj < 2. The computation of the Fourier transform of fy — fo gives

d
|(fo = fo* O = 2V ) [[ 202 ;| H* @100 I [0(11 01 — a1 ... 1a(ba — ag)hn.a) |
j=1

)

where

()= OelH.

kekC

Therefore, using that H*(¢) = 0 when |¢| is outside [1, 2],

d
/|(f0—fo)*(t) Zl+r Texp(2a;1;1'7) dt

d
§c2V(hn)Zh,ll’ exp(2ajh; f|H*(2z,)| (1+13)%

j=1

x [Thaa| H* @) |o (1161 — av), ... ta(ba — an)) > dr

I#j
2d 1-2b; )
e I V(h,,)Zh Texp(2aih; ) [ hn. ,/ lo(t1 (b1 — a1), ..., ta(ba — ag))|” dt.
ot 1] [1/2,1)
But v is 2w-periodic so that
1 f 1
— vw)|“du =" 67 < Card(K) = M;<||h (42)
2m) Jio,2n | i Z ¢ ]l_ll ]l—[]
and, using that 1/(b; —a;) < 2m,
2
/ lo(ti (b1 —a1), ... ta(ba — ag))| dt
[1/2,11¢
d 2
:H(bf_aj)[d |v(u1,...,ud)| duy--- dug
=1 j=1l1/@0bj=ap),1/(bj—a))]
Sn(b]—aj)/ |v(u)| du
el [0,27]
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Then using (42), we get

d
/ |(fo — fo)* @) Z *7 exp(2aj|t|') dt

d
SV Sy expah ;) [T haa Y67

j=1 I#] k
<c V(hn)Zh exp(Zajh ) <(L/2)?
j=1

for ¢ small enough.
(2) Chi-square divergence. Let some k € K. We shall first compare fo and fo(- — xp k). Since g, is symmetric,
we only study the case of x; > 0. First remark that for x; large enough,

si+1 s+l
.x~] J

< 2% (xj _xnkj)xj—H + ZS'/xnkj < (x] — Xnkj )5 i+l

Then, according to Lemma 4, for x; large enough,
Xj i —sj j Xj — Xnkj
Jj si+l 1—s sj+1 1—s; J nkj
g (L) 2l e g = ) Y g (L),
Cj Cj

Moreover, for x; small, i.e. in an interval I, since 8s, is continuous and 8s; 0) >0,

Xj — Xnkj . -1 X
8s ( J — n J) =< llgs;lloo = (}2{ gs,-> llgs; lloo8s; <c—’>
! J

J

Thus, for all k € K, fo 7= fo(- — xu.x). In addition, we use (41) to conclude

1
Jo* fe = Ef() * fe > max fo* fo (- — Xxp k).
kel
This implies

(fgl*fs_feo*fe)z (fp1 *fs_fgo*fs)z
2 _ ¢ k ¢ x 2
X (Pf";?’ Pff’zl) _/ Top * fe < fo* fe(- —xn1) =X Phar Pro)

where fo and f1 4 are defined in the proof of Theorem 1. Hence, using the corresponding part of the proof of Theo-
rem 1, we get XZ(PfQO, Pf91) =0, uniformly in 6.
k k

(3) Rate. For some estimator f,, let us denote the quadratic risk by
2 2
R = supl; / (/) — F(0)) dx
f [a,b]

and by Ax(x) = |f90 - f91 /2 =1V (hy) ]_[/ 1 H(x’ ﬂ"k’ )|/2. Using a Bernoulli distribution for # and Markov
inequality, we can prove as in Fan [15] that

Ar(x)?

supE £ (fu(x) — f(x))” = max Eg(Sn.(6)),
f kekC
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where S, x(0) = Z 91 ( fn (x) — fe;; (x)] = Ax(x)). Now, given our bound on the chi-square divergence, Theo-
rem 2.2(iii) in Tsybakov [30] shows the existence of a constant s. such that S, x(6) > s.. Thus

2
T HH(xj xnk,)‘ &

2
Xj — Xulj 2dx
2/’ln j

with Dy = [a1 + (I; — 1)(b1 —ap)hy,1, a1 +11(by —a)hp 1] X -+ - X [ag + (g — 1) (bg — ag)hn,a, aqg +1a(ba — aq)hn al.

But
\/-aj-‘rlj(bj—aj)hn,j
aj+(l_,~71)(bj7aj)h,,h,-

Thus

R > %C m]?x Ak(x)zdx = C/ Inax
[a,b] b

max

Xj — Xnk
< th J)' dx > CV(h, )Z/

ek

ek

. N\ |2 bj—a;j
H(M>‘ dszhn,j/ |H(—x;/2)| dx;.
2 0

j=aj 4 rbj—a;
R>CV(h, )Z]‘[hn,/ |H(=x;/2)|*dxj = CV (hy) ]_[/0 |H(—x;/2)| dxj = C'V (hy).
j=1

lek j=1

Since V (h,) & i, this ends the proof of the lower bound in Case A for the integrated risk.

Case B. Noise with at least one SS component. Here, we can extend the proof of Case B of the pointwise setting more
directly. We take fj as previously and define

d
bi—1/2 Xj
A= fox)+eY h; /H<—h"> [ HG.
j=1 "I 1<izd i#]

Let us follow again the three steps of the proof of Theorem 1 and Theorem 2.2 in Tsybakov [30].

(1) Clearly, with the previous computations, fp and fj are densities (for ¢ chosen small enough), and belong to
the Sobolev space S(b,0,0, L).
(2) Let us study the x2-divergence.

d
2b;—1
X3Py, Pr) <c*d Y _hy,! /(/H(
j=1

2 2

Xj—Yy —1 (H * f¢i(x))
e (v)d ; D dx; —— " d
on )f S )’) q; (xj)dx; ]l';eli/ 70 x

—Czdzhn, f H(/2hnj)>kf51]) (x;)q; " (xj) dxj x O(1),

since replacing h,; by 1 in Eq. (30) implies [(H * f.;)> —1 = O(1). Thus we get
p g pj Oy q p i)7g; g

X (Pfl, Pfo) < Z h2b +2/3/ Z th +2/5/ p(_zlfp_/ajh;’ij)
jeos jess ‘

and with h, ; = n~V@B+2bi+D) for j € OS and hp,j = (2P log(n)/ocj)_l//’f for j € SS, we get an order less than
1/n.
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(3) Rate.
- 2bj— X
lfo—fil> =) h, ] /H2<h’ )dx H/Hz(xl)dx,

j=1 ™ i#]

+2Zh —1/2 bk 1/2/ / ( ) <h )HH("! HH(xz)dxl - dxg
j<k n] n.k i#j CF£k

! d—1

Z PNHIP(1H )

1 2 Xj Xk d-2

w23 n Pl 1/2/H<h—’>H(xj)dxij<h )H(xk)dxk(HHllz)
j<k n,j n,k

- 2b

Z H

since

/H( ad )H(xj)dszo for h, j < 1/2.
hn,j

Indeed

/H(h )H(xj)dxj fin,j /H (thy, ) H*(t)dt =
n,j

since H* is supported by [1, 2] and H*(th,, ;) has support [1/h, ;,2/h, ;] C12,400) for h, ; < 1/2.
This ends the proof of the lower bound in Case B and thus of Theorem 3.

A.9. Proof of Theorem 4

A9.1. Proof of Theorem 4

The beginning of the proof is the same as the one of Theorem 2. Let & € H be fixed. The following decomposition
holds:

Lf = FU= 0 f = Fal+ 1, — ful +15 = £1. (43)

D3 Dy

By definition of A(h),
D3 < A(h) ++/ V().
And by definition of A(h),

Dy < A(h) ++/ V (h).

Therefore

D3+ Dy < A(h) + V() + A(R) ++/ V(h) < 2[A() +/ V(W)], (44)
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by using the definition of h.To study A(h), we can write
fuw = fuw = for — fur — oo — Fon) + fir — fu-

But

I fir = Sl = [ K x (f = Knx D < | Kjio | Il f = f % Kl

as [lu *v|| < |lu*|lsollv]l, for functions u with Fourier transform and v € Lo (R). As 1K lloo = 1K * |l oo, We get
I fw = Sl < [ K| I = Fall-

In the same way,
I o = Fuw < | KX o = firl-

Then
I = Faall < (VK| I o = il + | K| IF = fall.

We get back to the definition of A(h)

A(hy = sup [Il fir = fuwl =/ V(I)],

heH

< (L4 1K 1) sup [ = firll = V() /(1 + [K* [ Ly + DK | f = fal (@3)

sup
neH
We can prove the following concentration result:

Proposition 7 (Variance concentration). Under the assumptions of Theorem 4, for all h' in 'H,

N = in(n, 1
Pl = st = V)0 + K] ) = exp( -2 Gog?).

This proposition is proved below.
Then, if we define

Q=¥ eH | fw — ful =/ V()/(1+ | K*] L)}

then P(29) <> ey e=*002m’ < Card(H)e<10em* with x = min(n, 1)5/46. Now, gathering the terms yields, on
2,Vh e H,

If = FI 2| KX F = full + 20 VD) + 1 fo— £l < (L4 2] K| I = fall +20 VD) + Il fo — full.

But, on 2, || fis — full </ V(h)/(1 + | K*|lc) </ V(). Thus, on £2,

If = fIl< (L2 K* | )IF = ful +3y V)

which ends the proof of Theorem 4.
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A.9.2. Proof of Proposition 1 .
Let B(0, 1) = {t e L2(RY) N LI(R?), ||¢]| = 1}. We can note that f}, and fj, belong to L?(R?) N L' (R9), and

Ifn— fall= sup (fn— fust)= sup (fun— fu.1),

teB(0,1) teB(0,1)

where B(0, 1) is a dense countable subset of B(0, 1) (thanks to the separability of L2(R)?, such a set exists).
Now

n

A 1
(o= fut) = =3 [ () =B (¥p) ] =t va (o),

i=1

where

Y (y) =

1 Lo K (u)
i(u,y) g0 h
<2n)d/ ey

then v, () is an empirical process, such that ¢ — v, (¢) is continuous.
We can apply Talagrand inequality recalled in Lemma 3. To this aim, we compute H2, M and v.
First

E( s vi0))=E( sup (i fi?) <E( swp 1fi— fulllel?)

1€B(0,1) 1€B(0,1) t€B(0,1)

E(l fn — full?) < V(h) < V(W)C(h) =: H*

Next,
1 i (u )
sup [[¥lloc = sup sup /e1< 1 (—u) == Ki ‘
t€B(0,1) teB(0,1) yeRd @m fEu)
K]i:(l/t) 2 )1/2
du)  </nVn) =
teB(O )y (@m )d(” 'l /‘fs*(u)
Last,

1
sup Var(lp,(Yl))f sup E‘(Zn)d/ i, Y1) % () == h( )

1€B(0,1) teB(0,1) JE(u )

Ky(u) Kpj(—=v)
- — v)dudv.
teB(OI)(2 )2d //t (e )fg*(u) fr(—v) fy, (= v)dudv

Clearly we can get first sup, .z 1, Var(y;(Y1)) < nV(h). But we can also apply Cauchy—Schwarz inequality with
respect to the measure | f;‘l (u — v)| du dv and we obtain thus

K* 2
sup Var(¥;(Y1)) < sup ——- f/‘ h(u)‘ | f5 (u —v)|dudv
teB(0,1) reBo,1) (27 ) F(u) !
1 Ky (u) /‘
t d
= @ uSEuRd J&@w) teB(O 1)| T im@)e

1 * *
= WHKh/fe Hio
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Therefore,
! 2
= ond min( | K}/ £ || ).
Inequality (27) gives
2
(Sup|vn(t)| >(1+ 27’])H> < max(exp(-n_ﬂ>’ exp( MI))
teB 6 v 21

Now, it is sufficient to use assumption (20) to obtain n H 2/p > (logn)z. Moreover (1 +2n)H = V(h) /(1 +
I K*|loo). Then

P(suplva 0] =y V00 /(14 | K°]..))

teB

2
oo ol 250)

SCXP< +M(IOgn)>

A.10. Proofs of Corollaries 2 and 3
We proceed as in the proof of Corollary 1 and we get

UK /f203 & SRR PLRE a1~ d
1K /121 1 supy e | K P I 2

~

lill LUK @ P g/ hy) 72 duy
leh] J:1SupMjE]R|K;'<(uj)|2|f:j(uj/hj)|_2.

To prove Corollary 2, consider case 1. Under (H;), in the OS case, we get
IK;/f213 (li[ 1 ) li[ JIKE IR + )P du

1K/ f 1% hj ) 52 sup,ep |K )2 (k3 4 u?)Pi

d d *(o 2y8i du ; d
1 flK-(M/)|(1+M-)JdM/. 1
<1_[ h_)] 2] =CCe, K)]l:[l h_j’

~

j=1") =1 supyer |K (uj)Pu;

because 0 < /1; < 1 and the assumptions make all terms finite.

The result of Corollary 3 is obvious. Indeed, the choice C(h) = logz(n) ensures that condition (20) is fulfilled and
thus hop € H.

To understand why it cannot be improved, consider case 2 (in the general terminology of Corollary 1), where
K ; =ssinc, and use the equivalence Lemma 1. Then we get straightforwardly

”K*/f*”Q > —(1- p/)+
1 h . 46
ax( GUEE H 56

Then we obtain the same order as in case 1 above if the p;’s are all zero, thus the same conclusion holds for K taken
as sinc and f ordinary smooth.
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It also follows from (46) that condition (20) in the definition of H is equivalent to
d .
[1r;" " c z 102 ). (47)
j=1

In the case of ordinary smooth f;*, consider the case where the function f is super smooth. Then the condition (47)
can be written ]_[j(l /h))Ch) 2 logz(n). This is not necessarily satisfied by the O?timal bandwidths which have
logarithmic orders, if we only set C (k) = 1. But as the powers of log(n) involved in hqpe depend on the regularity of
f, which is unknown, the quantity missing to reach log?(n) is unknown. In the case of super smooth S, itis clear
that if all p;’s are larger than one, C(h) = log2 (n) is the only possible choice for condition (47) to be fulfilled.

A.11. Proof of Theorem 5
The proof starts like the proof of Theorem 4 but we replace Proposition 7 by a bound in expectation obtained in an

analogous way, but by using Eq. (28) instead of Eq. (27). As all bounds M, v, H have been computed in the proof of
Proposition 7, we easily obtain that

E(ILfir — firl =y V(1 + | K*] L), < c(\ﬁe<n2/ﬁ>ﬂ<9<h>/v> + V(h)e«"“)n/mﬁ).
n

n

To obtain the result, we need to prove that, in case 2 of the above terminology and with our new definition of H, we
have

Z Joem P OmVm /Y 4 oo
heH

Now we use the previous evaluations and in particular (46). We write C(h) = Z‘f-:l Cj(kj). The following in-
equalities hold.

- d ; 1-p))
Z ﬁe_(n2/6)n(v(h)/v) < Z (l_[ kﬁj(ﬁjl)-#/zeajk;)f)e—/( Z?=] C_/(k_/)I—I?:, k; P+
~ J

heH 1<ky,..kg<M \j=1
Z (ﬁ Bi—(pj—1)+/2 a k’”) e kT

< kK J e le” J=1 57K
~ j

1<ki,...kg<M \j=1

d ; (1-pj)
SH< > kBi—(Pi=D+ /260K = Cj 0k M):: z,

j=1 M<k<M

where « can be specified in function of 5?/6 and the constants involved in Lemma 1. This explains why we
choose C;(k) =1 if 0 < p; < 1/2 which corresponds to the case where k?/ < k0=Pi)+ = k!1=Pi. We choose
Cjk) = (20zj//c)k2"’f_1 if 1/2 < p; < 1 because then o ;jk”/ — KCj(k)k(l—Pj)+ = —a k. In the same way, we
take C; (k) = (2aj/k)kPi if p; > 1. Then the sums over k are bounded and X' < +00. These values give formula (26)
which is overestimated by the proposal (24) in order to avoid the specification of tedious constants.
Thus, we have

S E(Ife = Sl =y V(1 + k¥ L)), < c(E +Card<HM>e<<nM>n/2‘>ﬁ> <L

heHy T ﬁ - ﬁ

since Card(Hyy) < n<.



608 F. Comte and C. Lacour

Therefore, it follows from (45) that, as || K*||sc = 1 for K = sinc, then
2C
E(A(h)) < — +2|f —
(A( ))_ﬁ ILf— full
and inserting this in (43) and (44) yields
E(1F = £1) <3017 — il + 3y 7 + 25
— h. \/ﬁ 9
which is (25). This ends the proof of Theorem 5.
A.12. Proof of Proposition 5

First, note that Neumann’s Lemma 2.1 (see Neumann [26], and in particular the proof of the Lemma 2.1, p. 323) can
be straightforwardly extended to the multivariate setting. Define

1
fewy  fr@

R(1) =
The result can be written

2 ! N
E(lROF) < C(|f;(r>|2 " |f;(t)|4>'

Then the following decomposition holds:

h fg*

I fi = full =

(27[)[1/2 +(ﬁ_f;)R+f;/kRi| H

and thus

LBl fr () — 7012
TROE

+ [ Ikt ol RO

E(ll fu — full?) < f|1<;;<r)| dt +/|K;f(t)|2E[|fy(t) — FOPIE(R®)|) di

2
+ N1

2
< 1

< -
n

Ky
1
where the second term is obtained by bounding R(¢) by 1/| f (t)|2 and the last one uses the second bound of R(7)

and the fact that ' = f* fF. The first two terms are V (k) and the last one is W (k). Thus, we obtain E(|| f; — il <
V(h) + W(h).

i

I

Kjf*
I

s

2 1 ‘

n
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