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Anisotropic magnetic-field evolution of the valence-band states in ideal Cd1−xMnxTe quantum wire struc-
tures have been studied theoretically by using multiband effective-mass method. The heavy- and light-hole
bands show significant mixing owing to both the one-dimensional quantum confinement and the p-d exchange
interaction. Because of the anisotropy of the initial quantization condition determined by the one-dimensional
confinement, the Zeeman diagram of the valence bands exhibits anisotropic characteristics depending on the
direction of the external magnetic field. According to the magnetic-field evolution of the valence-band states,
the optical transition probability shows a dramatic change in the polarization.
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I. INTRODUCTION

Spin of electrons in semiconductors has been attracting
increasing interest for novel spin-based functional devices.1

Diluted magnetic semiconductors �DMS’s� are expected to
be a key material system, which creates magnetic properties
such as ferromagnetization,2–6 giant Zeeman splitting,7,8 and
resulting various kinds of spin-polarized phenomena9 in
semiconductors. The II-VI group DMS’s such as
Cd1−xMnxTe have been studied for the past few decades,10

while the III-V DMS’s have great advantages based on es-
tablished reliable epitaxial growth and doping technologies.
In particular, the crystal quality of Mn-containing II-VI al-
loys is known to be excellent and has been demonstrating
various novel spin-related phenomena in semiconductors.9,10

Here, the sp-d exchange interaction of spins between carriers
and magnetic ions plays an important role.9 The s and p
states of the semiconductors can be controlled by the shape
and size. In particular, the p electronic states characterizing
the valence-band structures is changed significantly by both
the size and dimension of heterostructures. Besides, the pro-
jection of the total angular momentum to the growth direc-
tion Jz is no longer a good quantum number even at �8 in the
low-dimensional heterostructures such as quantum wire
�QWR� and quantum dot �QD�. Thereby, the valence-band
states become a mixture of the heavy- and light-hole compo-
nents. The valence-band mixing effects have been confirmed
by studying optical properties in the QWR �Refs. 11–15� and
QD,16,17 which realizes tunable optical performance. By dop-
ing magnetic ions into the low-dimensional heterostructures,
the valence-band structure can be controlled by the p-d ex-
change interaction. Therefore, the optical properties, such as
transition probability and polarization, become to be a func-
tion of magnetic field.

Low-dimensional DMS heterostructures have been ex-
pected to realize strong magneto-optical effects by utilizing
the strongly confined excitonic states. In particular, it is
noted that the effects sensitively depend on the magnetic
field direction, because of the quantization direction in

the heterostructure. For example, the Zeeman diagram
of quantum wells �QW’s� of DMS in the Voigt configuration
shows a quite different feature from the magnetic-
field dependence in the Faraday configuration.18–21 Such
anisotropic behavior depending on the magnetic field
direction is caused by the hole-spin reorientation, where
the heavy- and light-hole bands are mixed heavily. On the
other hand, magneto-optical properties in the lower-
dimensional DMS heterostructures have been investigated
theoretically in Cd0.97Mn0.03Te/Cd0.72Mg0.25Mn0.03Te
QWR’s,22,23 Cd0.97Mn0.03Te QD’s,24 and Cd1−xMnxTe/
Cd1−yMgyTe QD’s.25 Oka et al. have demonstrated experi-
mentally a large Zeeman shift in Cd0.95Mn0.05Te/
Cd0.90Mg0.10Te QWR’s,26 Zn0.69Cd0.23Mn0.08Se QWR’s,27

Cd0.92Mn0.08Se QD’s,28 and Zn0.69Cd0.23Mn0.08Se QD’s.27

However, there are no reports about detailed magnetic field
dependence of the valence-band states in the DMS QWR’s
and QD’s.

Recently, we have found dramatic anisotropic magneto-
optical phenomena in �CdTe�0.5�Cd0.75Mn0.25Te�0.5 tilted su-
perlattices �TSL’s� fabricated by the fractional monolayer
growth onto a Cd0.74Mg0.26Te�001� vicinal surface.29 The

TSL’s are considered to be equivalent to �11̄0�-oriented
QWR’s lying on the �001� plane. The observed magneto pho-
toluminescence �PL� have been found to depend on the di-
rection of the external magnetic field in the Voigt configura-
tion. The Zeeman shift in the magnetic field parallel to the
QWR direction becomes smaller than that in the perpendicu-
lar magnetic field. Furthermore, it has been demonstrated by
applying the parallel magnetic field to the QWR that the
linear polarization of the QWR PL is rotated in the �001�
plane. The change in the anisotropic magneto-optical prop-
erties in the QWR is significant, and needs to be clarified. In
this work, we have studied theoretically the magnetic-field
evolution of the valence-band structure and resultant aniso-
tropic magneto-optical characteristics in ideal Cd1−xMnxTe
QWR’s.
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II. CALCULATION MODEL AND METHOD

In this section, we describe a theoretical analysis model
and method on the one-dimensional band structures and the
interband optical transition probability in ideal Cd1−xMnxTe
QWR’s with rectangular cross section. In order to deal with
the optical transitions at the fundamental band gap energy,
we assume that the conduction and valence bands are decou-
pled, and that the effect of the spin-orbit split-off band is
neglected because the spin-orbit split-off energy for the split-
off band in the bulk Cd1−xMnxTe is tens of times larger than
the intervalence-subband energy. Figure 1 shows the con-
figuration used here for the Cd1−xMnxTe QWR structure. The
potential height of the barrier layer is assumed to be infinite.
In this calculation, the incident azimuth of the linearly polar-
ized light is along the z direction, and the external magnetic
field is applied along the x �B�� or y �B�� direction. Here, x,
y, and z directions are parallel to the �100�, �010�, and �001�
directions, respectively. Treating the effect of the sp-d ex-
change interaction, we assumed that Landau quantization ef-
fect is negligible compared to the giant Zeeman splitting. We
have treated the s-d �p-d� exchange interaction by adding the
Heisenberg-type Hamiltonian:30

Hs-d = N0�x�S� · s , �1�

Hp-d =
1

3
N0�x�S� · J , �2�

where N0� �N0�� is s-d �p-d� exchange constant, x is the
molar fraction of the magnetic ions, �S� is the average com-
ponent of Mn-spin along the magnetic field direction, s is the
electron spin operator, and J is the hole total angular mo-
mentum operator. The exchange constant of Cd1−xMnxTe is
N0� �N0��=0.22 �−0.88� eV.30 The average component of
the Mn-spin is expressed by a modified Brillouin function
BS,

�S� = S0BS� Sg�B	B	
kB�T + T0�
 , �3�

where S=5/2, g=2 for Mn. �B is the Bohr magneton, 	B	 is
the absolute value of the applied magnetic field, and S0 and

T0 are fitting parameters for the alignment of the Mn-spin by
the external magnetic field, respectively.

A. Conduction band

The conduction-subband wave function ��,k
�m,n��r� and the

corresponding subband energy Ec
�m,n��k� in the magnetic field

are written

��,k
�m,n��r� =

2
�LxLz

sin�m�

Lx
xsin�n�

Lz
zexp�− ikyy�u�

c ,

�4�

Ec
�m,n��k� =

	2

2me
*��m�

Lx
2

+ �n�

Lz
2

+ ky
2� + 2�Hs-d, �5�

where me is the electron effective mass, �= ±1/2, ky is the
wave vector in the y direction, and Lx and Lz are the QWR
size of the x and z directions, respectively. u�

c are the Bloch
functions at the bottom of the conduction band,

u+1/2
c = i	s↑� ,

u−1/2
c = i	s↓� . �6�

It is noted that the conduction subbands show isotropic Zee-
man diagram independent of the applied magnetic field di-
rection in this calculation model.

B. Valence band

The valence-band mixing induced by the one-dimensional
quantum confinement is treated by using the multiband
effective-mass method based on the four-band Luttinger-
Kohn Hamiltonian HLK:31

HLK =�
Hhh c b 0

c+ Hlh 0 − b

b+ 0 Hlh c

0 − b+ c+ Hhh

� , �7�

where

Hhh =
	2

2m0
��
1 + 
2���x

2 − ky
2� + �z�
1 − 2
2��z� , �8�

Hlh =
	2

2m0
��
1 − 
2���x

2 − ky
2� + �z�
1 + 2
2��z� , �9�

b = −
�3	2

m0
��x + ky��
3�z + �z
3

2
 , �10�

c = −
�3	2

2m0
�
2 + 
3

2
��x + ky�2. �11�

Here, m0 is the electron rest mass and 
’s are the Luttinger
parameters. The Luttinger-Kohn matrix of the QWR struc-
ture is obtained by replacing kx→−i�x and kz→−i�z, and by

FIG. 1. Configuration of the Cd1−xMnxTe QWR structure with a
rectangular cross section. The potential height of the barrier layer is
assumed to be infinite. In this calculation, the incident azimuth of
the linearly polarized light is along the z direction, and the external
magnetic field is applied along the x �B�� or y �B�� direction. x, y,
and z directions are parallel to the �100�, �010�, and �001� direc-
tions, respectively.
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an appropriate unitary transformation in the original
matrix.14

The base function set uj
v �j= ±1/2, ±3/2� for the matrix

operator in Eq. �7� comprises the Bloch functions at the top
of valence bands, which are expressed as

u+3/2
v = −

1
�2

	�X + iY�↑� , �12�

u−1/2
v =

1
�6

	�X − iY�↑� +�2

3
	Z↓� , �13�

u+1/2
v = −

1
�6

	�X + iY�↓� +�2

3
	Z↑� , �14�

u−3/2
v =

1
�2

	�X − iY�↓� . �15�

Here, we defined the heavy- and light-holes as the j= ±3/2
and ±1/2 components in the base function set uj

v, respec-
tively. The hole wave functions are represented by the ex-
panded orthogonal function set,

�k
q�r� =

2
�LxLz

�
mnj

Cjk
qmn sin�m�

Lx
xsin�n�

Lz
zexp�− ikyy�uj

v,

�16�

where m and n are the indices of the hole envelope functions
in the x and z directions, respectively. Cjk

qmn is the expansion
coefficient. q is the indices of the valence subbands from the
highest subband. Substituting the expanded wave function
into the matrix equation,

�HLK + Hp-d − Ek
vq��k

q�r� = 0, �17�

we get a secular equation of a 4mn�4mn matrix to be
solved for the eigenenergies Ek

vq and the eigenvectors Cjk
qmn of

each valence subband. On the other hand, the wave function
distribution of the envelope components for the base func-
tion set uj

v in the qth valence subbands can be expanded
using the eigenvectors Cjk

qmn by the following equation:

	�uj
v	�k

q�r��	2 =
4

LxLz
��

mn

Cjk
qmn sin�m�

Lx
xsin�n�

Lz
z�2

.

�18�

In this paper, we used bulk parameters of Cd0.90Mn0.10Te
�Ref. 18� and calculated eigenstates by the expanded or-
thogonal functions with indices m and n from 1 up to 10 in
Eq. �16�.

C. Interband optical transition properties

The optical transition probability between the conduction
subband cm,n and the qth valence subband vq is described by
the squared transition matrix element,

	Mk
q−�m,n�	2 = �

�

	���,k
�m,n�	�� · p� 	�k

q�	2 = Kk
q−�m,n�	�c	p� 	v�	2,

�19�

where 	�c 	 p� 	v�	2 is the momentum matrix element for
Cd1−xMnxTe bulk and Kk

q−�m,n� is the factor of anisotropy of
the optical transition probability expressed as

Kk
q−�m,n� =

1

2
�	C3/2,ky

qmn 	2 + 	C−3/2,ky

qmn 	2�

+
1

6
�	C−1/2,ky

qmn 	2 + 	C1/2,ky

qmn 	2�

±
1

2�3
�C3/2,ky

*qmn C−1/2,ky

qmn + C1/2,ky

*qmn C−3/2,ky

qmn + c.c.� .

�20�

The signs + and − in the third term of Eq. �20� correspond to
the polarization vector parallel and perpendicular to the
QWR, respectively. The heavy- and light-hole mixing pro-
duces the polarization anisotropy of the optical transition
probability as derived by the third term of Eq. �20�.

III. NUMERICAL RESULTS AND DISCUSSION

A. Valence band structures in zero magnetic field

The valence subband states of the QWR structures are the
mixture of the heavy- and light-hole bands due to the two-
dimensional quantum confinement, and so the valence sub-
band states strongly depend on the shape and the size of the
QWR. The contribution of the heavy- and light-hole compo-
nents of the valence subbands to the optical transition prob-
ability are independent of the wire size when we treat the
same cross section. Here we focus on the aspect ratio �AR�
dependence of the valence-band states. Figure 2�a� shows the
AR dependence of the heavy- and light-hole components of
the highest valence subband at �8. Here, the AR of the QWR
cross section is denoted by Lz /Lx. The highest valence sub-
band is mainly composed of �m ,n , j�= �1,1 , ±1/2� and
�1,1 , ±3/2� components in all the AR’s because of quite
small contributions of the higher indices of the hole envelope
functions. The highest valence subband in the smaller AR
consists of the heavy-hole component dominantly. With in-
creasing the AR, the light-hole component increases, then
crosses over the heavy-hole component at the AR of 1.4.
Figure 2�b� shows the AR dependence of the linear polariza-
tion of the optical transition probability between the lowest
conduction and the highest valence subbands at �8. The po-
larization is defined as P= �I� − I�� / �I� + I��, where I� and I�

are the optical transition components of the parallel and per-
pendicular to the QWR, respectively. Since the lowest con-
duction subband consists of �m ,n�= �1,1� component, only
�m ,n , j�= �1,1 , ±1/2� and�1,1 , ±3/2� components of the
highest valence subband contribute to the optical transition.
When the AR is small, in other words, the lateral confine-
ment is weak, the transition is almost isotropic, which is like
a QW. With increasing the AR, the polarization is increased
remarkably. The strong lateral confinement in the high AR
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results in the strong heavy- and light-hole mixing and causes
the preferential polarization along the wire direction. Next,
we focus on the AR of 0.77, 1.00, and 1.43 in order to un-
derstand effects of the QWR shape on the magneto-optical
properties.

B. Anisotropic Zeeman effects and transition polarization
in Voigt configuration

Figure 3 summarizes Zeeman diagrams of the valence
subbands at �8 for Cd0.90Mn0.10Te QWR’s with cross-
sectional areas of �a� 13�10 nm2, �b� 10�10 nm2, and �c�
7�10 nm2. The top and bottom display the results in the
magnetic field applied perpendicular and parallel to the
QWR direction, respectively. The Zeeman diagram shows
significant anisotropy depending on the applied field direc-
tion. It is noted that with increasing the AR the anisotropy
becomes remarkable. The Zeeman shift in the parallel mag-
netic field is found to be suppressed, which results when the
in-plane quantum confinement tends to prevent the hole spin
from rotating into the external field direction. Furthermore, a
valence-band crossing is clearly observed. That is a direct
evidence of the hole-spin reorientation causing the valence-
band mixing. In zero magnetic field, the first and the third
valence subbands are mainly mixture of �m ,n , j�
= �1,1 , ±1/2� and �1,1 , ±3/2�. On the other hand, the sec-
ond subband consists of �m ,n , j�= �1,2 , ±1/2�, �2,1 , ±1/2�,
�1,2 , ±3/2�, and �2,1 , ±3/2� components.32 An anticrossing
behavior between the first and the third subbands is observed
in Figs. 3�a� and 3�c� owing to a repulsive interaction pro-
duced by the off-diagonal element of the Luttinger-Kohn
Hamiltonian. The wave functions exchange their characters
where the third subband comes close to the first subband. On
the other hand, in Fig. 3�b� of the isotropic shape QWR, the
third subband intersects with the first subband because the
wave functions are orthogonal at Lx=Lz.

In order to study wave function distributions in the QWR
in the magnetic field, we have calculated the envelope com-
ponents in the isotropic shape QWR. The cross section is
10�10 nm2. Figure 4 shows cross-sectional images of the
highest valence subband wave function of the envelope com-
ponents obtained by Eq. �18�. Figures 4�a�, 4�b�, and 4�c� are
results in the zero-magnetic field, the perpendicular magnetic
field, and the parallel magnetic field, respectively. Here, the

FIG. 2. �a� AR dependence of the heavy- and light-hole compo-
nents of the highest valence subband at �8. Here, the AR of the
QWR cross section is denoted by Lz /Lx. �b� AR dependence of the
linear polarization of the optical transition probability between the
lowest conduction and the highest valence subbands at �8. The
polarization is defined as P= �I� − I�� / �I� + I��, where I� and I� are
the optical transition components of the parallel and perpendicular
to the QWR, respectively.

FIG. 3. Magnetic field depen-
dence of the Zeeman diagram of
the valence subbands at �8 for
Cd0.90Mn0.10Te QWR’s with
cross-sectional areas of �a� 13
�10 nm2, �b� 10�10 nm2, and
�c� 7�10 nm2. The top and bot-
tom display the results in the mag-
netic field applied perpendicular
and parallel to the QWR direction,
respectively.
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magnitude of the applied magnetic field is 5 T. On the other
hand, the top, middle, and bottom figures display the total
wave function, the heavy-hole component �j=−3/2�, and the
light-hole component �j=1/2�, respectively. In the zero-
magnetic field, as indicated in Fig. 2�a�, the heavy-hole com-
ponent is dominant. When applying the magnetic field, the
p-d exchange interaction mixes the heavy- and light-hole
states. Thereby, the light-hole component becomes remark-
able. In the parallel magnetic field, the hole spin is reori-
ented, and the valence-band character is replaced as appeared
in Fig. 3. That causes the substantial light-hole character
in Fig. 4�c�. In the perpendicular magnetic field, the total
wave function is compressed along the magnetic field direc-
tion. The anisotropic shape of the heavy-hole component
�j=−3/2� and the light-hole component �j=1/2� in the per-
pendicular magnetic field is caused by the p-d exchange in-
teraction inclining the quantization direction to the x direc-
tion for the j=−3/2 component and to the −x direction for
the j=1/2 component, respectively.

Next, we discuss the magnetic field induced energy shift,
i.e., the Zeeman shift. The calculated Zeeman shift of the
highest valence subband in the Cd0.90Mn0.10Te QWR’s with
cross-sectional areas of �a� 13�10 nm2, �b� 10�10 nm2,
and �c� 7�10 nm2 are shown in Fig. 5. The solid and dashed
lines represent results in the magnetic field applied perpen-
dicular and parallel to the QWR, respectively. The Zeeman
shift in the perpendicular magnetic field becomes larger than
that in the parallel magnetic field, which is enhanced with
increasing the AR. This is due to the strong quantization
perpendicular to the QWR direction. On the other hand, in
the parallel magnetic field, the shift is suppressed because of
the orthogonal configuration between the initial quantization
and the external field, where the hole spin is reoriented. We
note a cusp structure as indicated by the arrow. The cusp
structure results from the valence-band crossing as revealed
in Fig. 3. Before crossing the bands, the highest valence
subband has the heavy-hole character, while the character is

changed into the light-hole after that. The cusp shifts toward
the higher magnetic field with increasing the AR, because of
the stronger lateral quantization in the higher AR QWR.

Figure 6 shows the magnetic field dependence of the lin-
ear polarization transition probability at �8 of the
Cd0.90Mn0.10Te QWR’s with the cross-sectional areas of �a�
13�10 nm2, �b� 10�10 nm2, and �c� 7�10 nm2. As de-
picted in the inset of Fig. 6�a�, closed circles represent the
transition from the highest valence subband in the magnetic
field perpendicular to the QWR, and open squares and tri-
angles indicate results of the transition from the highest and
the second-highest valence subbands in the parallel magnetic
field, respectively. The polarization sensitively depends on
the magnetic field direction and the magnitude. As plotted by
the closed circles in the perpendicular magnetic field, the
polarization increases monotonically. This indicates that the
quantization along the perpendicular direction to the QWR is
strengthened by the magnetic field. On the other hand, in the
parallel magnetic field, we found an abrupt change in the
polarization as shown in Figs. 6�a� and 6�b�. With increasing
magnetic field in this configuration, the heavy-hole dominant
subband polarized parallel to the QWR is the topmost level
up to �2 T. And then, as shown in the inset of Fig. 3, the
light-hole dominant state rises and intersects with the top-
most subband near 2 T. Since the character of the topmost
level is changed from the heavy-hole dominant state into the
light-hole dominant state, the polarization shows such sud-
den jump. As discussed here, the valence-band crossing
plays a key role in the anisotropic Zeeman shift and optical
polarization depending on the magnetic-field direction.

IV. CONCLUSION

We have studied theoretically anisotropic magnetic-field
evolution of the valence-band states in Cd1−xMnxTe QWR
structures by using multiband effective-mass method. The
heavy- and light-hole bands show significant mixing owing

FIG. 4. �Color online� Cross-sectional images
of the highest valence subband wave function of
the envelope components in the QWR with cross-
sectional area of 10�10 nm2. �a�, �b�, and �c� are
results in the zero-magnetic field, the perpendicu-
lar magnetic field, and the parallel magnetic field,
respectively. Here, the magnitude of the applied
magnetic field is 5 T. On the other hand, the
top, middle, and bottom figures display the
total wave function, the heavy-hole component
�j=−3/2�, and the light-hole component
�j=1/2�, respectively.
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to both the one-dimensional quantum confinement and the
p-d exchange interaction. Because of the anisotropy of the
initial quantization condition determined by the one-
dimensional confinement, the Zeeman diagram of the va-
lence bands exhibits anisotropic characteristics depending on
the direction of the external magnetic field. The Zeeman shift
in the perpendicular magnetic field becomes larger than that
in the parallel magnetic field, which is enhanced with in-
creasing the AR of the QWR cross section because of the
strong quantization perpendicular to the QWR direction. Ac-
cording to the magnetic field evolution of the valence-band
states, the optical transition probability shows a dramatic
change in the polarization. In the parallel magnetic field, the
polarization shows an abrupt change in the small AR

QWR’s, while in the perpendicular magnetic field, the polar-
ization increase monotonically. We found that the valence-
band crossing caused by the hole-spin reorientation plays a
key role in the anisotropic Zeeman shift and optical polariza-
tion depending on the magnetic-field direction.

FIG. 5. Magnetic field dependence of the Zeeman shift of the
highest valence subband in the Cd0.90Mn0.10Te QWR’s with cross-
sectional areas of �a� 13�10 nm2, �b� 10�10 nm2, and �c� 7
�10 nm2. The solid and dashed lines represent results in the mag-
netic field applied perpendicular and parallel to the QWR,
respectively.

FIG. 6. Magnetic field dependence of the linear polarization
transition probability at �8 of the Cd0.90Mn0.10Te QWR’s with the
cross-sectional areas of �a� 13�10 nm2, �b� 10�10 nm2, and �c�
7�10 nm2. As depicted in the inset of �a�, closed circles represent
the transition from the highest valence subband in the magnetic
field perpendicular to the QWR, and open squares and triangles
indicate results of the transition from the highest and the second-
highest valence subbands in the parallel magnetic field,
respectively.
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