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Abstract We consider nonlinear Neumann problems driven by the p(z)-Laplacian
differential operator and with a p-superlinear reaction which does not satisfy the usual in
such cases Ambrosetti-Rabinowitz condition. Combining variational methods with Morse
theory, we show that the problem has at least three nontrivial smooth solutions, two of which
have constant sign (one positive, the other negative). In the process, we also prove two results
of independent interest. The first is about the L°°-boundedness of the weak solutions. The
second relates W' 7@ and C! local minimizers.

Mathematics Subject Classification (2000) 35J20 - 35J65 - 35J70 - S8E05

1 Introduction

Let Q € R be a bounded domain with a C2-boundary 9. In this paper we study the
following nonlinear anisotropic Neumann problem:

9 1.1
M_0 on 9%, (1.1

[—Ap(zw(z) = f(z,u(@) in L,
on
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324 L. Gasinski, N. S. Papageorgiou

Here A ;) denotes the p(z)-Laplacian differential operator, defined by
Apeye = div (| Vull "O72Vu),

with p € C'(Q), pmin = min p(z) > 1 and f is a Carathéodory reaction, i.e., for all
[4539)

¢ € R, the function z — f(z, {) is measurable and for almost all z € €2, the function
¢ —> f(z, ¢) is continuous.

The aim of this work is to prove a “three solutions theorem” for problem (1.1), when the
potential function

¢
F(z,¢) z/f(z,s)ds
0

exhibits a p-superlinear growth at co. This makes the energy (Euler) functional of the
problem (1.1) indefinite, in particular noncoercive. Recently there have been three solutions
theorems for Dirichlet problems driven by the p-Laplacian (p = constant). We mention
the works of Bartsch-Liu [6], Carl-Perera [8], Dancer—Perera [12], Filippakis—Kristaly—
Papageorgiou [20], Gasiniski—Papageorgiou [23], Liu—-Liu [30], Papageorgiou—Papageorgiou
[34,35] and Zhang—Chen-Li [38]. From the aforementioned works, the p-superlinear case
was investigated by Bartsch—Liu [6] and Filippakis—Kristaly—Papageorgiou [20]. To express
the p-superlinearity of the potential F(z, -), they used the well known Ambrosetti—-Rabino-
witz condition. The other works deal either with coercive or asymptotically p-linear prob-
lems. The study of the corresponding Neumann problem (for both the p-Laplacian and the
p(z)-Laplacian) is in some sense lagging behind. We mention the works of Aizicovici—Papa-
georgiou—Staicu [4], Fan-Deng [16], Mihdilescu [32]. In Aizicovici-Papageorgiou—Staicu
[4] the authors deal with an equation driven by the p-Laplacian and having a potential F(z, -)
which is p-superlinear and satisfies the Ambrosetti—-Rabinowitz condition. Fan—Deng [16]
consider parametric problems driven by the p(z)-Laplacian. More precisely, their differential
operator (left hand side), has the form

—Apu(2) + A u(@)|P9 7 u(z),

with 1 > 0 being the parameter. Their reaction (right hand side) f(z, ¢) is Carathéodory,
increasing in ¢ € R and satisfying the Ambrosetti—-Rabinowitz condition (see Theorem 1.3
of Fan—Deng [16]). They prove certain bifurcation-type results with respect to the parameter
A > 0. Finally Mihdilescu [32] considers a p(z)-Laplacian equation with irng p > N (low

dimension case) and assumes a reaction with oscillatory behaviour. His approach is based
on an abstract three critical points theorem for oscillatory C'-functionals.

Partial differential equations involving variable exponents and nonstandard growth condi-
tions, arise in many physical phenomena and have been used in elasticity, in fluid mechanics,
in image restoration and in the calculus of variations. We mention the works of Acerbi—
Mingione [1,2], Cheng—Levine—Rao [10], Marcellini [31], Ruzicka [36], Zhikov [39]. A
comprehensive survey of equations with nonstandard growth can be found in the recent
paper of Harjulehto—Hasto-Lé—Nuortio [26], which has also a detailed bibliography.

Our approach is variational based on critical point theory and Morse theory (critical
groups). In the process, we also produce two results of independent interest, which we pres-
entin Sect. 3. The first one concerns the boundedness of the solutions of problem (1.1), which
is a prerequisite to have smoothness up to the boundary. The second result relates Sobolev and
Holder local minimizers of a large class of C!-functionals. Our main result (three solutions
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Anisotropic nonlinear Neumann problems 325

theorem) is presented in Sect. 4 and produces three nontrivial smooth solutions for problem
(1.1), two of which have constant sign.

In the next chapter, for the convenience of the reader, we briefly present the main mathe-
matical tools that will be used in the analysis of the problem (1.1). We also present the main
properties of the variable exponent Sobolev and Lebesgue spaces.

2 Mathematical background and hypotheses
Let
LY(Q) = [p € L®(Q): essQinfp > 1].
For p € L{°(Q), we set
Pmin = essﬂinfp and  ppaz = esssup p-
By M(2) we denote the vector space of all functions u: € — R which are measurable.

As usual, we identify two measurable functions which differ on a Lebesgue-null set. For
p € L{°(R), we define

LPOQ) =dueM®): / lulP@ dz < 400
Q

We furnish L?@ () with the following norm (known as the Luxemburg norm):

r@)
lull p(z) = inf )L>0:/(|Z—|) dz <1

Q

Also we introduce the variable exponent Sobolev space
W@ = {ue L@@ : |Vul e L7 ()]
and we equip it with the norm

lully,py = lullpy + 1Vl pe)-

An equivalent norm on W17@) () is given by

\v4 p(2) p(2)
llul| = inf x>0:/((” k””) +(|Z—|) dz <1

Q

In what follows, we set

Np(z) .
400 if p(z) > N.

The properties of the variable exponent Sobolev and Lebesgue spaces can be found in the
papers of Kovacik—Rakosnik [27] and Fan—Zhao [18].
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326 L. Gasinski, N. S. Papageorgiou

Proposition 2.1 If p € L{°(Q) and 1 < ppin < Pmaz < +00, then
(a) the spaces LP@(Q) and WP (Q) are separable reflexive Banach spaces and

LP®(Q) is also uniformly convex;
(b) if p.q € C(Q), pmazr < N and 1 < q(z) < p*(2) (respectively 1 < q(z) < p*(2))
forall 7 € Q, then WHP@(Q) is embedded continuously (respectively compactly) in
LIQ(Q);
(¢) LPOQ)* = LP'®(Q), where o+

LP (Z)(Q), we have

1 1
luvldz < ( + 7) lull py vl pz) -
Q/ Pmin (P min e e

We introduce the following modular functions:

- (Z) = 1 and for all u € LPD(Q) and v €

o(u) =/|u|P<Z) dz Yu e LPO(Q),

I(u) = / (IVal?@ + 7 @) dz vu e W' (@),
Q

Proposition 2.2 (a) Foru # 0, we have
u
lulpe =* < o (X) =1L
(b) We have

lullpzy < 1(respectively =1,>1) <<= o(u) < 1 (respectively =1, > 1).
(c) If lullpzy > 1, then

a2 < o) < el s
(d) If lullpz)y <1, then
Py < oty < 2.
(e) We have
nl}I—}I—loo litn ”p(Z) =0 = nlgr—loog(u”) =0
(f) We have

im ugllp = +o0 = lim o) = +oo.
Similarly, we also have
Proposition 2.3 (a) Foru # 0, we have
u
=1 = I (7) — 1.
flaell n
(b) We have

lull < 1 (respectively =1,> 1) <= I(u) < 1 (respectively =1, > 1).
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Anisotropic nonlinear Neumann problems 327

(¢) If llull > 1, then

el Prim < T () < lu| P
(d) If lull < 1, then

lll|Pree < T () < lu|Pmim.
(e) We have

lim |u,|=0 <= lim I(u,)=0.
n——+o0o n—-+00

(f) We have
lim |u,|| =400 <<= lim [I(u,) = +oo.
n—+o00 n——+00
In the study of problem (1.1), we will use the following natural spaces:
= =, Ou
C,(Q)=jueC (Q):a—:00n§2
n

and
warO@ = i@,

with || - || being the norm of WP (Q). Note that C,i () is an ordered Banach space with
positive cone, defined by

Cy={ueCyQ):uz >0forallz e Q}.
This cone has a nonempty interior in C!(Q), given by
intCy = {u € Cy:u(z) >0forallz € 5}

Let X be a Banach space and let X* be its topological dual. By (-, -) we denote the duality
brackets for the pair (X, X*). Letp € C L(X). We say that ¢ satisfies the Cerami condition,
if the following holds:

“Every sequence {x,},>1 C X, such that {¢(z,)},>; € R is bounded and
(L + llzalD) ¢"(xn) —> 0 in X*asn — 4o,
admits a strongly convergent subsequence.”

The condition is more general than the usual in critical point theory “Palais—Smale condi-
tion”. However, it can be shown (see e.g., Gasinski—Papageorgiou [22]) that the deformation
theorem and consequently the minimax theory of the critical values, remains valid if the
Palais—Smale condition is replaced by the weaker Cerami condition.

Theorem 2.4 If ¢ € CY(X) and satisfies the Cerami condition, xo,x1 € X,r > 0,
lzo — 1]l > r,

max {¢(zo), p(z1)} < inf {p(x) : |z —zoll =7} =1,

¢ = inf max 1)),
inf, max, ¢ (y (1)

where
I'={y eC0,15; X) : y(0) = zo, y (1) = 21},

then ¢ > n, and c is a critical value of ¢.
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328 L. Gasinski, N. S. Papageorgiou

If o € C'(X) and ¢ € R, then we defined the following sets:
- ={zeX: (@) <c}

c

¢ ={zeX: @) <c)
K“’:{xEX:go’(x):O}.

Also, if Y, € Y1 C X, then for every integer k > 0, by Hy (Y1, Y>2) we denote the k-th relative
singular homology group with integer coefficients. The critical groups of ¢ at an isolated
critical point zg € X with ¢ = ¢(x0) are defined by

Ci(p, o) = Hi (¢° NU, o NU \ {z0}) Vk >0,

where U is a neighbourhood of xg, such that K¥ N ¢“ N U = {xo} (see Chang [9]). The
excision property of singular homology implies that the above definition of critical groups
is independent of the particular choice of the neighbourhood U'.

Suppose that ¢ € C!(X) satisfies the Cerami condition and

—o0 < inf (K?).
For some ¢ < inf ¢(K¥), the critical groups of ¢ at infinity are defined by
Ci(p, 00) = Hi(X, ¢°) Vk >0

(see Bartsch—Li [5]). The deformation theorem (see e.g., Gasinski—Papageorgiou [22, p. 626])
implies that the above definition is independent of the particular choice of the level ¢ <
inf (K?). In fact, if n < inf (K ?), then

-
Cr(p,00) = Hp(X, 9 ) Vk=0.

X
Indeed, if & < n < inf @(K?), then ¢ is a strong deformation retract of ¢ (see e.g.,
Granas—Dugundji [24, p. 407]) and so

-
Hi(X. ¢") = H(X, ¢) Vk > 0.
Assuming that K¥ is finite and defining

P(t,z) = ) rank Cx(p. 2)t* Vo e K¢

k=0
P(t,00) = Zrank Cr (o, oo)tk,
k=0
we have the Morse relation:
> P(t.x) = P(t,00) + (1 + D Q) @2.1)

reK?
where Q(t) is formal series in ¢ € R with integer coefficients (see Chang [9]).
In the sequel we will use the pair (W,}’p(Z)(Q), W,}’p(Z)(Q)*) and by (-, -) we will denote

the duality brackets for this pair. Let A: W, " () —> W, ') (Q)* be the nonlinear map,
defined by

(A(w), y) :/||Vu||p(Z)_2(Vu,Vy)dz Vu,y e WP (@),
Q
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Anisotropic nonlinear Neumann problems 329

The following result concerning A is well known (see e.g., Fan [13] or Gasiriski—Papageor-
giou [22]).

Proposition 2.5 The map A: W,,1 P (Z)(Q) — W,} P (R)* defined above is continuous,
strictly monotone (hence maximal monotone) and of type (S)+, i.e., if u, —> u weakly in
W "@(Q) and

lim sup (A(uy), u, —u) <0,

n——+4oo
then
U, — u in Wnl’p(Z)(Q).
For every r € R, we set r* = max{=r, 0}. The notation | - | will denote the norm of

the Sobolev space W,,l P (Z)(Q) and of RY. Tt will always be clear from the context which
norm we use. By | - |y we denote the Lebesgue measure on RY and for z, y € R, we define
T Ay = min{x, y}.

The hypotheses on the data of (1.1) are the following:

Hp: p € Cl(ﬁ) and 1 < ppip =Mmin p < ppgz =maxp < N.
- Q Q
Hp: f: @ xR — Ris a Carathéodory function, such that f(z, 0) = 0 for almost all z € 2

and

() |f(x, ) < a(2)+c|¢|"@ ! foralmostall z € Q,all¢ € R, witha € L™®(Q)4,¢ >0
and r € C(S2), such that

~x Npmin
Pmaz = MaAX P < Fypge = MaxXr < pm = ——;
Q Q N — Pmin
(i) if
¢
F(z,C)Z/f(z,S)ds,
0
then

F(z,;“):

1m
l¢|—>+o0 |¢[Pmaz

uniformly for almost all z € € and there exist T € C(Q) with 7(z) €
((mar = Pmin) =, 57) for all z € 2 and g > 0, such that

,30 < liminf f(Z’ ;); - PmamF(Z» f)

lgl—>+o00 |¢]7@ 22

uniformly for almost all z € Q;
(ii1) there exist co > 0 and §g > 0, such that

f@ O = —colg|P? foraa.zeQ, allz eR
and

F(z,¢0) <0 foraa. z e Q,all || < 8.
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330 L. Gasinski, N. S. Papageorgiou

Remark 2.6 Hypothesis Hj(ii) implies that the potential function F(z, -) is p-superlinear
near =00. However, we do not use the usual in such cases Ambrosetti-Rabinowitz condition.
Recall that the Ambrosetti—-Rabinowitz condition says that there exist & > p;q and M > 0,
such that

0<uF(z,¢) < f(z,0)¢ foraa.zeR, al|¢| > M. 2.3)
Integrating (2.3), we obtain the weaker condition
wlc* < F(z,¢) foraa.zeQ, allc|> M, 2.4

for some ¢y > 0. Evidently (2.4) dictates for F(z, -) at least ju-growth near #=co. In particular
it implies the much weaker condition

F(Z’O:+oo

1m
|£]— 400 |§‘ |17maar

(2.5)

uniformly for almost all z € Q.

In this work we employ (2.4) and (2.2) (see hypothesis H;(ii)). Together they are weaker
than the Ambrosetti-Rabinowitz condition (2.3). We mention that Fan—Deng [16] use (2.3)
together with the restrictive hypothesis that f(z, -) is increasing. Similar conditions can be
found in Costa—Magalhdes [11] and Fei [19].

Example 2.7 The following function satisfies hypotheses H; (for the sake of simplicity we
drop the z-dependence):

_ 1
@) =l¢1P%¢ (lnm + 7),
p
where 1 < p < +4o00. In this case

Lo
F(g) = —[¢["In|z],
p
which does not satisfy Ambrosetti-Rabinowitz condition.

Finally we mention that the results that follow remain valid, if we use a more general
differential operator of the form

—diva (z. Vu(z)) Vu € W' (),
where
az.0) =h@lc) ¢ Yz ) e @ x RY,
with h(z,7) > Oforall z € ,all r > 0 and

(i) a e CO (@ x RY;RY) NC' (@ x ®RM\{0}); RV),0 <a < 1
(ii) there exists ¢; > 0, such that

|Vea(z. &)| <clg)7@—2

for all (z, £) € @ x (RM\{0});
(iii) there exists ¢o > 0, such that

(Veaz. &)y, y)gn > 0lEN7E2ly))?

for all (z, £) € © x (RV\{0}) and all y € RV;
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Anisotropic nonlinear Neumann problems 331

(iv) if the potential G(z, §) is determined by V, G(z, §) = a(z,§) with (z,§) € QxRY
and G(z,0) = 0 for all z € Q, then

PmazG (2, &) — (a(z,§), E)py 2 n(2)
for almost all z € ©, all £ € RY withn € LY() (see Zhang [37]).

Clearly the p(z)-Laplacian is a particular case of such an operator. However, for simplicity
in the exposition, we have decided to present everything in terms of the p(z)-Laplacian.

3 Two auxiliary results

Let g: Q@ x R — R be the Carathéodory function, such that
lg(z, 0)| <a) +clc"@1 foraa.z e, all¢ €R, 3.1

with r € C(Q) being such that (p* — 7)~ > 0 and with @ € L®(Q),¢ > 0. Also, with-
out any loss of generality, we may assume that (r — p)~ > 0. We consider the following
nonlinear Neumann problem

[—Ap(z)u(z)=g(z,u(z)) in Q,

u =0 on 9. (3.2)
on

Any regularity result up to the boundary for the weak solutions of (3.2) (see Lieberman [29]
(p = constant) and Fan [14] (p being variable)), requires that the weak solution belongs
also in L°°(€2). In the Dirichlet case, this can be deduced from Theorem 7.1 of Ladyz-
henskaya—Uraltseva [28] (problems with standard growth conditions) and Theorem 4.1 of
Fan—Zhao [17] (problems with nonstandard growth conditions). However, in the Neumann
case, the aforementioned theorems cannot be used since they require that u|yq is bounded
(u being the weak solution). So, we need to show that a weak solution u of (3.2) belongs in
L°°(2). We do this using a suitable variation of the Moser iteration technique.

Proposition 3.1 If p € C1(Q) satisfies hypothesis Hy, g: Q@ x R —> R is a Carathéodory
Sunction satisfying the subcritical growth condition (3.1) and u € W,: P (R2) is a nontrivial
weak solution of (3.2), thenu € L>(Q) and ||ulloo < Mo = Mo (I[@llcc T, N, Pmaa. llull5+).

Proof Since u = ut — u~ and ut € W,,l‘p(Z)(Q), we may assume without any loss of
generality that u > 0.
Let
N pmi Np(z
p0=ﬁk= Pmin <p*(Z)= P( )
N — pmin N — p(z)
(recall that p,,., < N; see hypothesis Hp) and recursively, define
~x
Pn+1 = ﬁ* + (Pn — Ymaz) Yn = 0.
Pmazx

Evidently the sequence {p,},>0 € Ry is increasing. We set
6y = Pn—Tmaz >0 Vn = 0.
We have
Au) = Ny(u),
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332 L. Gasinski, N. S. Papageorgiou

where
_ L,p(@)
Ng@)() =g (G y()) VYye W, " (). (3.3)
For every integer k > 1, we set
= min{u, k} € Wy "P(Q) N L2 ().

On (3.3) we act with ui”“ e W79 (Q) and we obtain

(A(u) u9"+1> /g(z Wl dz. (3.4)

Q

From the definition of the map A, we have

(a0 ufr) :/||W||"<Z>*2 (Vu, vugt) |z
RN
_ O p(z)—2
= (6, + 1)/uk V|| (Vu, Vup)pn dz

=0+ 1) / O IV url|P@ dz. (3.5)

Also, we have

bntp(z) 41

Vu, 'Y = Vi

p(~) p(L)Jr _ On
(p(z) ) Vitk (p(z)z)(ln”")vp @,

SO

9n+/’(~

P(Z) 6 Pmax 0
< ( ) W IVu P + cu P Inug PO (3.6)

HVu
p(2)

for some ¢ = ¢2(8,) > 0 (see hypothesis Hp). Note that

lim. 4.(9,,+p(z)) |1n§|p(Z) =0.
=0t

Also, recall that for every ¢ > 0, we have

. In¢
lim
{—>+4o0 (¢

=0.
Therefore, for any € € (0, rmaz — Pmaz)s We can find ¢z = c3(g) > 0, such that
c2u1(<9”+p(z» lIn Mklp(z) <c (1 + uz"ﬂ’(ZH—s),

If we use this estimate in (3.6), we obtain

@)

9n+(p)(z)
Pz
H Vu,

< (6, + 1)Pma1u9n||vuk”p(2) + e (1 + u0n+p(z)+e)

< O+ P | Vug |79 + e (14 uf"),

@ Springer



333

Anisotropic nonlinear Neumann problems

for some ¢4 > 0 (since 6, + p(z) + & < pa(z) forall z € Q), so, using also (3.4) and (3.5)

we have
p2)

dz

On+p2)

/ ” vu P(2)

es (14 llugllpy) + (6 + 1D)Pres

Wl |V |P@ dz

b\

<os (1+ lluglhe) + @ + DyPmes=! /g(z, wuy ! dz, 3.7
Q
for some ¢5 > 0. From the growth condition on g(z, -) (see (3.1)), we have
/g(Z, M)Mkn+l dz < / (a(z)u9;1+1 +E~uin+r(2)) dz
Q Q
Gn 9,, max
< co (gl ) + g e omee )
(3.8)

<o (L4 lluelhy),

for some cg, ¢7 > 0 (since 6, + 1 < 0, + Fiaz = pn). Using (3.8) in (3.7), we obtain

On+p@ || P(2) 9n+17() P(Z)
/HVM P dz+/ u, " cg (14 luglpr).
Q
for some cg = cg(6,) > 0, so
On+p(2) || Pmax 9n+p 2) || Pmin
u, "% N < g (1+ [lugllhr) (3.9)

(see Proposition 2.3(c) and (d)). Because 6, piuar = 6, p(2) for all z € 2, we have

On + p(2) S On + Pmax
p(2) - Pmax

.
p* + -£—6,, hence

Also, by definition p,11 = p -
maxr
On + Pmax _ DPn+1
Pmazx D*
Therefore,
On+p() fntpmay Prgl
ue(2) 79 = x s "= Ky Uk foraa.z € Q (3.10)

Pn+1
LP" (£2) and from the Sobolev embedding theorem for

(recall that u; > 0). Note that u k
variable exponent (see Proposition 2.1), we have that the embedding W,'”“ () € L7 ()

ntp(2) L)
PO e W, "' (), we have

is continuous. Since u,
On+p(2) || Pmax

p(z)
Uy

On+p@) || Pmax

p(z)
Uy

N

9

p*
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for some c9 > 0, so

Pn+41 Pn+1
ri;t Pmazx r:t Pmin

el py A llukll

<o (1+ lugl2), (3.11)

for some c19 = c10(6,) > 0. Letting k — 400 and using the monotone convergence
theorem, we obtain

Pn+1 Pn+1

=~ Pmazx =% Pmin
el oy Allull prsy <cio (14 llulp)- (3.12)

Since pg = p* and the embedding W,} P (Z)(Q) c L (2) is continuous (see Proposition
2.1), from (3.12), it follows that

ueLP(Q) Vn>0. (3.13)

Note that p, —> 400 as n — +o00. To see this, suppose that the increasing sequence
{pn}n>0 C [P*, +00) is bounded. Then we have p,, —> p > p*asn — +o0. By definition,
we have

~
Pn+1 = i)\* + (Pn = Tmaz) Yn =0,
Pmazx
with pg = p*, so
P*
ﬁ=ifk+ (ﬁ_rma:p)a
Pmaz
thus
ﬁ( ? _I)Zﬁ(rmaaf 1)’
p’n(ll pn’lal/
and so
i)\(;)\* - pmar) = ﬁ* (Fmaz — pma.r)-
Since ppar < Fmar < P < P, we have

(ﬁ* - pmam) < P* (Fmaz — Pmaz)-

=)

SO

~k
P < Tmazxs

a contradiction.
But recall that for any measurable function u: Q2 — R, the set

Su={p>1:llull, < +oo}
is an interval. Hence S, = [1, +00) (see (3.13)) and so
uel’(Q) Vs> 1. (3.14)
Now let op = p* and recursively define

=~k

p

pmaz

0nt+1 = (On + Pmaz — 1) Vn > 0.
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We have that the sequence {0, },>0 € [p*, +00) isincreasing and 0, —> +00asn — +00.
Moreover as o, > p*

~x
<y ==

[
) = On—1 ﬁ* -1

Using (3.14), we have

RS

o _ o
/g(z,u)uf’* dz < / (ctr(1 +um=1) us™ dz < cpallulld,
Q Q
for some ¢y, cj2 > 0.

Repeating the estimation conducted in the first part of the proof with 8, = % —-1>20
for all n > 0, we obtain

0
lullopty < cizoyllullg:, (3.15)

for some c13 > 0.
Since 0,41 > oy, forall n > 0 and 0,, —> +o00, from (3.15), it follows that

lullo,,, < Mo Vn >0,
for some Mo = Mo ([[@lloos & N, pmaz. lullp+), s
lulloo < Mo
(since 0, —> 400) ]

Another auxiliary result which we will need in the study of problem (1.1), is the next
one which relates local C}-minimizers and local W,!-minimizers. This result too is of inde-
pendent interest. For constant exponent Dirichlet Sobolev spaces, the result was obtained
by Brezis—Nirenberg [7] (for p = 2), Garcia Azorero-Manfredi—Peral Alonso [21] (for
p > 1) and Guo—Zhang [25] (for p > 2). For variable exponent Dirichlet Sobolev spaces,
the result is due to Fan [15], while for the constant exponent Neumann Sobolev spaces (i.e.,
for W,,1 "P(Q),1 < p < 400), the result can be found in Motreanu-Motreanu—Papageorgiou
[33]. Here, we extend their result to the case of the variable exponent Neumann Sobolev
spaces. Moreover, our proof is simpler than those of [21,25,33], since it avoids the compli-
cated estimates that characterize the other proofs.

So, again p(-) satisfies Hy, pmaz < p* = %% and g: @ x R — R is the
Carathéodory function of problem (3.2). We set

¢
G(z,¢) Z/g(z,S)ds
0

and consider the C'-functional v : W,,1 P (Z)(Q) —> R, defined by

w(u)=/i||vu||1’<z> dz—/G(z, w)ydz Yu e WPOQ).
J p(2) J

We start with the simple observation concerning an equivalent norm on Wn1 P ().

Lemma 3.2 |u| = ||[Vullp) + lullye) with g € C(Q), (p* — q)~ > 0 is an equivalent
norm on W,:’P(Z)(Q).
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Proof By virtue of Proposition 2.1(b), we can find ci4 > 0, such that
1,
lllgey < crallul Vu € Wy PP (),
SO

lul < (A +ca)lull Yu € WP (Q).
|

(3.16)

On the other hand, if u, — u in Wnl’p(Z)(Q), then since pmin < p(2), gmin < q(z) for all

7 € , we have
Vu, —> Vu in LPmin($; RY)
and
up, —> u in LImin (Q)
(see Kovacik—Rakosnik [27, Theorem 2.8]). Recall that

u ”Vu”pmin + ”u”‘h]zin

is an equivalent norm on Wn1 Pmin( Q) (as g~ < p*, see e.g., Gasifiski—Papageorgiou [22,

Theorem 2.5.24(b), p. 227]). So, we have
Uy —> uin WP (Q)
and thus
up —> u in LY (Q)

for all & < p* (Sobolev embedding theorem).
In particular since pyq; < P*, we have

U, —> u in LPmar(Q)
and so
up —> u  in LPO(Q).
We also have
Vu, — Vu in LP(Z)(Q; RY),
hence we infer that

Uy —s u in WHP9Q).

This fact and (3.16) imply that || - || and | - | are equivalent norms in W, ().

[m}

Proposition 3.3 If ug € W,:’p(Z)(Q) is a local C,ll (Q)-minimizer of \, i.e., there exists

ro > 0, such that

V(o) < Yo +h) YheClQ), 1 < ros

then ug € C,ll (Q) and it is a local WJ’F(Z)(Q)-minimizer of ¥, i.e., there exists ri > 0, such

that

V(o) < Yug +h) Yh e Wi "), ||kl < ri.
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Proof Leth € C}(Q) and let A > 0 be small. Then by hypothesis, we have

Y (uo) < Y(uo + Ah),

e}
0.< (¥ (uo). h) Vh e Ch(). (3.17)
But C,% (Q) is dense in W,}’p(Z)(Q). So, from (3.17), we have

0 < (¥ (uo), h) Vh e W,"?(Q),

thus
¥'(uo) =0
and
A(ug) = Ny(uo)
50

Rl 1
M 0 on 0JQ. (3.18)

on
From Proposition 3.1, we have that ug € L°°(£2) and then invoking Theorem 1.3 of Fan [14],
we infer that

[_Ap(z)“(2)=g(2,u(z)) in Q,

up € CH¥(Q) c cl(Q)
for some « € (0, 1).
Next we show that uq is a local Wn1 PR (£2)-minimizer of 1. We argue indirectly. So,

suppose that ug is not a local W,"”® (Q)-minimizer of . Exploiting the compactness of

the embedding Wn1 P (Z)(Q) C L"@(Q) (see Proposition 2.1 and recall that by hypothesis
(p* —r)~ > 0), we can easily check that v is sequentially weakly lower semicontinuous.
For ¢ > 0, let

7(2)

Y 1,p(z
B ={ue i@ lulh <.

We will show that we can find &, € E;(Z), such that

V(o + he) = inf [W(uo Yh):he EQ(Z’} = m, < ¥ug).

To this end, let {h,},>1 € EZ(Z) be a minimizing sequence. It is clear then that the sequence
{Vhplaz1 C LP@(Q:; RY) is bounded. Invoking Lemma 3.2, we have that the sequence

{untn>1 € W, "P@ Q) is bounded. So, we assume that

hy —> he weakly in W, 7 (), (3.19)
hy —> he in L"@(Q) (3.20)

(see Proposition 2.1). From (3.19), it follows that

1)0(140 + hs) < llmlnf I/f(uo + hn) = my and hg c E;(z)7
n——+0oo
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SO
Y(uog + he) = mg.

Invoking the Lagrange multiplier rule (see e.g., Gasifiski—Papageorgiou [22, p. 700]), we can
find A, < 0, such that

Y/ (o + he) = Ao + he) — Ng(uo + he) = relhe| @ 2he,
SO

— Ay (o + he)(2) = g (2, (o + he) (@) + he 1he (D2 he(2) in 2,

ah 3.21
£ =0ondQ. (3.21)

on
From (3.18) and (3.21), it follows that
—div (Vo + h) @172 V(o + he) (@) = Vo792 Vuo(2))
=g(z, (o + he) (@) — g (2, uo (@) + re he (DD he(z) In Q. (3.22)
We consider two distinct cases.

Case 1: L, € [—1,0] forall ¢ € (0, 1].
Let y. = ug + he and let us set

Ve(z. &) = [IE]IP972% — [Vuo ()79 72 Vuo (2).
Form (3.22), we have that
—div V; (z, Vye(2))
=9 Y (2) — g (2. u0(2) + e | (e — 10)@IPP 7% (e —u)(2) in Q.
By virtue of Theorem 1.3 of Fan [14], we can find g € (0, 1) and M| > 0, such that
e €GP @ and lyell g < Mi Ve € (0,11, (3.23)

Case 2. A¢, < —1 along a sequence &, \ 0.
In this case, we set

1
|Ae, |

Form (3.22), we have

Ve, (2,6) =

[1V00(2) + 1772 (Vuo(2) + &) — [ Vuo "9 Vuo(2)|.

—div V,, (z, Vhe, (2))

(g (2, (o + he) ) (D) — g (2, u0(2) — |he, (D] e, (z)) in Q.

e, |
Once again, via Theorem 1.3 of Fan [14], we produce 8 € (0, 1) and M; > 0, such that

he, € CHP(Q) and |k My Vn > 1. (3.24)

lere g <

From (3.23) and (3.24) and recalling that the embedding C,l‘ﬂ (Q) C C,]l () is compact, we
have

uo + he, —> ug in C}(Q)
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(recall that ke, —> 0 in L") (Q)), so
Y(uo) < Y(uo+hg,) Yn=no>1,

a contradiction to the choice of the sequence {/¢, },,>1. This prove the proposition. O

4 Three nontrivial smooth solutions

In this section, using a combination of variational and Morse theoretic arguments, together
with the results from Sect. 3, we establish the existence of three nontrivial smooth solutions
for problem (1.1) under hypotheses Hy and H;.

So, for A > 0, we introduce the following truncations-perturbations of the reaction f(z, ¢):

R if ¢<0,

f+(Z, ¢ = [f(Z,f) _}_}L{p(z)*l if ¢>0, 4.1
A _ [ f@ o +agP972 it ¢ <0,

fiz 0 = [0 it >0, 4.2)

Both are Carathéodory functions. We set

¢
@mo=/ﬁmnw
0

and consider the C!-functionals ¢’ : W9 (Q) —> R, defined by

A 1 (2) / !
= [ —||Vu||P¥dz+ X
@4 (u) /p(z) IVull z @
Q Q

u|P® dz

_/Fj'\:(z,u)dz Yu e WP ().
Q

Also, we consider energy (Euler) functional ¢: W,,1 P (Z)(Q) —> R for problem (1.1),
defined by

1
wm=/7jwwmw%]fmm¢wmewﬂWm
p(z
Q Q

Proposition 4.1 If hypotheses Hy and Hy hold, then the functionals ¢ and (pi satisfy the
Cerami condition.

Proof First we check that ¢ satisfies the Cerami condition. So, let {u,},>1 € W,}‘p (Z)(Q)
be a sequence, such that

lo(un)| < My ¥n > 1, (4.3)
for some M, > 0 and

(0 + D@ () — 0 in W, P& (@), (4.4)
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From (4.4), we have

h
< Sl gy e (g, (4.5)

’(A(unxh)—Q/f(z,un)hdz < T

with &, \( 0. In (4.5), we choose h = u,, € W,:’F(Z)(Q). Then

- / Vi [P dz + / Funyindz < en V> 1. 4.6)
Q Q

On the other hand from (4.3), we have

/ZW([:; ||VM;1||P(Z) dZ—/PmaxF(Z, up)dz < pmaeMs ¥n > 1,
Q

SO

/Hvun”p(z) dz _/pmazF(Z, up)dz < pmazMz Vn > 1 @.7
Q Q

(since p(z) < pmaz forall z € Q). We add (4.6) and (4.7) and obtain

/(f(Za Up)iy — PmawF(L un)) dz < M3 Vn > 1, (48)
Q

for some M3 > 0. By virtue of hypotheses H; (i) and (ii), we can find 81 € (0, Bp) and
c15 > 0, such that

BICI™D — 15 < f(2, 008 — pmanF(z,£) foraa.z e Q, all¢ € R. (4.9)
We use (4.9) in (4.8) and obtain

ﬁ1/|unlf(“ dz < My Vn>1, (4.10)
Q

for some My > 0, so
the sequence {u,},>1 € L™ (L) is bounded 4.11)

(see Proposition 2.2(c) and (d)).

Let 0y € (Fimaz, ) (see hypothesis Hi(i)). Also, it is clear from hypothesis Hj (ii), that
we can always assume without any loss of generality that t,,;;, < rnae < 6p. So, we can find
t € (0, 1), such that

11—t 1
= +

Fmax Tmin % -
Invoking the interpolation inequality (see e.g., Gasinski—Papageorgiou [22, p. 905]), we have
e e < Netnll ! Nutnllg, ¥n > 1,

SO

" 1— v trmaz
lanll]es < a1 507 uy [l V> 1,
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thus
max trmax
llunllres < Msllunllg™ Yn > 1, 4.12)

for some M5 > 0 (see (4.10)). By virtue of hypothesis Hj (i), we have
f(z,0)¢ <cie (|§| + |§|r’"‘”') foraa.z € Q, all¢ eR, Vn > 1, (4.13)

for some c16 > 0. In (4.5) we choose h = u, € W,""@ (). Then we have

/ IV, ||P® dz < / f(z, up)uy dz + c17
Q Q

< c1g (14 llunll + llun ™) Vo > 1,
for some ¢y7, c1g > 0 (see (4.12)) and (4.13) and recall that 8y < p™*). Thus
/ IVun P dz + / | ™ dz < c19 (14 | + Juan|") ¥ > 1,
Q

Q

for some c19 > 0 (see (4.10)) and so
unllP7in < e (14 llun |l + llunll"™) Vo > 1, (4.14)
for some ¢pg > 0 (see Lemma 3.2). Note that

00 ("maz — Tmin)
rmar = ——————— < Pmin-
90 — Tmin

So, from (4.14), it follows that the sequence {u,},>1 < w79 (Q) is bounded. Hence,

passing to a subsequence if necessary, we may assume that
Uy, —> u  weakly in W, "7 (Q), (4.15)
up — u  in LA (Q) (4.16)

(recall that 7,4, < p¥). In (4.5) we choose h = u,, —u € W,}’p(Z)(Q). Then

(A(un),un—u)—/f(z, ) (y, — u) dz| < &,
Q

with &), \{ 0, so, using (4.15) and Proposition 2.1(c), we have
lim (A(un), u, —u) =0,

n—+00

so, from Proposition 2.5, we have
Up —> uin W P9(Q).

This proves that ¢ satisfies the Cerami condition.
Next we show that <pf}_ satisfies the Cerami condition. So, as before we consider a sequence

{tn}ns1 € W@ (Q), such that
o} (un)| < Mg ¥n > 1, (4.17)
for some Mg > 0 and

A+ ualD@) () — 0 in W, P9 (Q). (4.18)
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From (4.18), we have

(AGun), h) + 2 / |t |P© 2 uph dz — / fi(z un)hdz
Q Q

enllhll

1,p(2)
<—— VheW, (2), 4.19)
L+ [lugll "

with g, N\ 0. In (4.19), we choose h = —u,, € W,}’p(Z)(Q). Then

‘/Hvu;”P(Z) dz—i—/(u;)p(Z) dz
Q Q

< é&n,

SO

u;, — 0 in W9 @) (4.20)

n

(see Proposition 2.3(e)). Next, in (4.19), we choose h = u;” € W, (). Then

—/||W,T||P<z) dz+/f(z, ubutdz <e, ¥n=1. 4.21)
Q Q
On the other hand, from (4.17) and (4.20), Proposition 2.3 and (4.1), we have
/ IV 1P dz — / PmazF(z u)dz < M7 ¥n > 1 (4.22)
Q Q

for some M7 > 0. Adding (4.21) and (4.22), we obtain

/(f(& u:)”: — Pmaz F (2, u;:)) dz < Mg Vn > 1,

Q
for some Mg > 0. Then we proceed as in the first part of the proof (see the argument after
(4.8)). So, we obtain that the sequence {u,‘:'},,; | € L™@ () is bounded and then as before, via

the interpolation inequality, we show that the sequence {u}[},>1 < W,,l P (Z)(Q) is bounded.
Finally, using Proposition 2.5, we conclude that go}r satisfies the Cerami condition.
Similarly we show that ¢* satisfies the Cerami condition, using this time (4.2). O

Proposition 4.2 If hypotheses Hy and H\ hold, then u = 0 is a local minimizer of ¢ and
of pk.

Proof We do the proof for (pi, the proofs for ¢, ¢* being similar.
Let 6o > 0 be as postulated by hypothesis Hj(iii) and let u € C,ll () be such that
||u||C1(§) < 8o. Then, using hypothesis Hj(iii) and (4.1), we have

N B e / 1
i (u) = / @) IVu||P** dz + A @
Q Q

P dz — / FA(z,u)dz
Q

1
> /—nwu"@dz >0,
p(2)

SO

u = 01is alocal C,% (2)-minimizer of go_);,
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thus, using Proposition 3.3, we have that
u = 0is a local W,""?@ (Q)-minimizer of @l

The proof is similar for ¢* and ¢. O

An immediate consequence of the p-superlinearity of F(z, -) (see hypothesis H;(ii)), is
the following result.

Proposition 4.3 [f hypotheses Hy and Hy hold, then
(pi(é) —> —00 as& — oo foreveryu € W,,l’p(l')(Q), u # 0.

As we already mentioned earlier, our method of proof uses also Morse theory, This requires
the computation of certain critical groups of ¢ and <pi. In what follows, we assume without
any loss off generality, that the critical sets of these functions are finite (otherwise we already
have an infinity of solutions and so we are done).

Proposition 4.4 If hypotheses Hy and Hy hold, then
Ci(p,00) =0 Vk > 0.

Proof By virtue of hypothesis Hj(ii), for a given £ > 0, we can find My = Mq9(§) > O,
such that

£

min

F(z,0) > |c|Pt — My foraa.ze R, all¢ e R. (4.23)

Letu € 9B = {u e WHPDQ) : |lu|| = 1} and 6 > 0. Then
gr)

@(0u) =/—||Vu||p(z)dz—/F(z, Ou)dz
J (@)

S0
< gﬂ/ﬁuwuf’@ dz—/F(z,Gu)dz
Jop

Q
~ 1 mea:l:
< eP/ L val @ dz — ZE e 4 Mol
P(Z) min
Q
67 Pas
< — (c21 — Ellullbrer) + Moy, (4.24)
min
for some ¢p; > 0, where
~ | Pmaz if 621,
P = ppin if 0 < 1.
Since £ > 0 was arbitrary, from (4.24), we infer that
¢(Ou) — —oo asf — +oo, withu € 9B;. (4.25)

By virtue of (2.2) (see hypothesis Hj(ii)), we can find 81 € (0, Bo) and c2> > 0, such that

F@ O~ PmanF (2, 8) = BiICI™ —cpp foraa.zeQ, allf eR. (4.26)
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Then for every u € W,}’p(Z)(Q), we have

[ nacF G = peow) dz < [ (<™ + ) az
Q

Q
= —fi / u*@ dz + cnlQn. 4.27)
Q
Let c23 = ¢22|R2|y + 1 > 0 and choose n < —ﬁ < 0. By virtue of (4.25), we see that for
u € By and 6 > 0 large enough, we have :
pOu) < n,
S0
P
/—nwupm dz — / F(z,0u)dz <7
p(2)
Q Q
and thus
Vul|”¥ dz — PmaxF(z,0u)dz | <n. (4.28)
Pmax p(2)

Q

Since ¢(0) = 0, from (4.25) and (4.28), we infer that there exists 6* > 0, such that
e@®u)=n and @0Ou)<n VO >0, (4.29)
Using (4.27) and (4.28), we have
d /
E<ﬂ(9u) = (¢ (Bu), u)

:/9P<Z>—‘||Vu||P<Z>dz—/f(z,eu)udz
Q

Q
=é /”wem””w dz—/f(z,eu)eudz
Q Q
1
<5 /Hweu)u”“) dZ—/PmamF(Z,Gu)dZ-FszIQlN
Q Q
1 Pmazx p(2)
< - IV©Ow) |7 dz — | pmasF(z, 6u)dz + 2|2y
0 p(2)

Q

1
< 5 (Pmazn + ¢2212|n) < 0,
for 6 > 1 large and since n < —%. So, there is a unique 6*(u) > 0, such that

) (9*(u)u) =n, ucdiB;
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(see (4.29)). By virtue of the implicit function theorem, we have 6* € C(dBy). For u €

W, P@ @)\ {0}, we set
~ 1 u
0* = —0*1 —).
W= T (nun)

Then 6* € C(W,"""@ (@)\{0}) and we have
e@ wu) =n Yue W, @)\ (0} (4.30)
Note that, if ¢ (#) = n, then @\*(u) = 1. We set

1 if o) <n,

b0 () = (é\*(u)u if o) >n. @30

Evidently @3‘ eC (W,}’p @ (£2) \ {0}). We consider the homotopy
B0, 11 x (W "D @)\ {0) — W, "D @)\ {0},
defined by
h(t,u) = (1 — D)u + 105 (u)u.
Note that
h(O,u) =u Yu e Wy"? @)\ {0},
h(l,u) € ¢" Yu e WP @)\ {0}
(see (4.30)) and (4.31) and
h(t, )|, =idl, Vtel0,1]
(see (4.31)). It follows that ¢ is a strong deformation retract of W,} PR () \ {0}. Therefore
" and W,ll PR (2) \ {0} are homotopy equivalent. (4.32)
On the other hand, if we consider homotopy

hi: [0, 1] x (W P9 @)\ (0}) — W, P9 @)\ {0},

defined by
Iyt ) = (1= + 1 ——
fluell
we see that
hi0,u) =u Yu e W@ @)\ {0},
hi(lu) € 9By Vu € WP @)\ {0}
and

hi(t, )y, =idlys, V1 €[0,1].
Hence 0 B; is a strong deformation retract of W,:’p (Z)(Q) \ {0}. So, we have that

dB; and W,:'p (Z)(Q) \ {0} are homotopy equivalent. (4.33)
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From (4.32) and (4.33), it follows that
¢ and 9 B| are homotopy equivalent,
o)
H (a9 (). ¢") = He (Wa " (). 0B1) ¥k >0
and thus

Chlp, 00) = Hy (Wi " (@), 0B1) ¥k >0 434)

(choosing n < inf ¢(K?)). Because W,}’p(Z)(Q) is infinite dimensional, then d B is con-
tractible (see e.g., Gasinski—Papageorgiou [22, p. 693]). Hence

Hy (W;’P@(Q), 331) -0 Vk>0 (4.35)
(see Granas—Dugundji [24, p. 389]) Combining (4.34) and (4.35), we conclude that
Cir(p,00) =0 Vk > 0. o

A suitable modification of the above proof, leads to a similar result for the functionals wi.

Proposition 4.5 [f hypotheses Hy and Hy hold, then

Ci(glh,00) =0 Yk > 0.

Proof We do the proof for go_}_, the proof for ¢* being similar.
By virtue of hypothesis H;(ii), for a given & > 0, we can find ¢4 = c24(§) > 0, such
that

A
PP 4 i(ﬁ)!’m — ¢y foraa.zeQ, all eR. (4.36)

Fi(z,0) >
+(Z 2 p(2) Pmin

Let
Dy ={uecdB: u" #0}.
Using (4.36), for u € D4 and 6 > 0, we have

pr@ gr@)
A — (2)
¢ (9u>—/—||w||" dz+A/
" ) P J p@)

|u|P<Z>dz—/F¢(z, Ou)dz
Q

= 1 1
<6’ /—llwu"‘z) dzH/ WP dz — S ke
p@) p(2) '

Z min Pmar
+c24|Q2 N
<or (gp(w - ||u+||§$z;:§;) + culQly, (4.37)
min
where
~ | Pmaz if 021,
p= Pmin  if 0 <1
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and with g, being the modular function, defined by

0p (1) :/(nwnp@ +AulP@) dz Yu e Wyt @),
Q

Since £ > 0 is arbitrary, we choose it large such that

oplu) < lutlhrer Yu € Dy,
Pmin
SO
¢k (Ou) — —oco as® — +oo,u € Dy (4.38)
(see (4.37)).

Hypothesis Hj(ii) implies that we can find 81 € (0, Bp) and ¢35 > 0, such that
@D = pnaaFz.¢7) > Bi@ )@ —cps foraazeQ, allg eR. (4.39)

Therefore for every u € W,”'? (), we have

/ (PmacF(z.u™) = fuPu®) dz < =By / WH™@dz+o5/Qy  (4.40)
Q Q

(see (4.39)). Let cp6 = ¢25|R2|n + 1 and choose n < — pfjsr . Then because of (4.38), for all
u € D4 and for 6 > 0 large enough, we have ‘

ok Ou) <n

SO

P gr®)
[ESivuir@dz s [ © i@z [ Freonaz <,
J p(2) J p(2) J

thus, using (4.1), we have

pr@ gr@)
/—uwnpm dz—l—)»/ (u™)P@ dz—/F(z,9u+)dz <n
2 p(2) p(2)

Q Q

and so

1 gr@
/ Dmaz 7@ az
Pmaz p(2)

or) )
+A/#(zﬂf’@ dz—/pmmF(z,Gqu)dz <. (4.41)

Q

Since wi (0) = 0, we can find 6 > 0, such that

@ (Ou) =0 withu € Dy
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(see (4.38)). We have

d A
)

1
= ((@}) Ou), u) = 5(@1)’(%), Ou)

1
= /9P<Z>||w||f’(~’> dz+x/91’<z>(u*)1’<z> dz—/f(z, out)ou™ dz
Q Q Q

1 grQ) grQ)
<! /ﬂnwul’@ dz+k/ﬂ(u—)l’@ dz
¢ J p() p)

- / fz,0utou™ dz
Q

1 p(@) p(@) )
<! /m”vu”p(z)dﬁk/eﬂ(u—)pm dz
6 r@) r@)

_/pma:vF(Zvequ)dZ+CZS|Q|N
Q

N

1
E(Pma:m + C26) <0

(see (4.40), (4.41) and recall that n < — pcr:;’l ). So, as in the proof of Proposition 4.4, we can
find a unique 8 € C (D), such that

(p_),:_ (0+(u)u) =n YueD;.

Let
E, = {u e W@y ut £ 0}
and set
N 1
Bru) = —67F (L)
flull flull
Then

ot e C(E4) and <p_);_ (?"'(u)u) =n Yuek,.
Note that, if (p_’}_(u) =1, then 5"’(14) = 1. So, if we define @\OJF: Ey — R, by

1 if @%@ <n,

Fra if ghan sy Y0EEs (4.42)

Oy () = [
then @3’ € C(E4). Consider the homotopy
h+: [O, 1] X E+ — E+,
defined by

hy(t,u) = (1 — 0 + 16 (wu.
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We have

h+(0, M) =u VYue E+,

h(l,u) € (95)" Vu € Ey
and

th(t’ .)|(Wi)” = ld'(wi)ﬂ vt € [0, 1]

(see (4.42)). It follows that ((p_’}_)” is a strong deformation retract of E . Therefore
E4 and ((pﬁ‘r)" are homotopy equivalent. (4.43)
Also consider the homotopy
hl 10,11 x Ey — Eq,
defined by
o

W, uw)=0—-u+t—o.
* [|ael]

Evidently, we have

hL(0,u) =u VueE,,
hl(l,u) € Dy Yue Ey

and
hy(t, 91, =idl,, Vte[0,1],
so D is a strong deformation retract of E. Therefore
E, and D, are homotopy equivalent. (4.44)
Form (4.43) and (4.44), it follows that
((pﬁ‘r)'7 and D are homotopy equivalent,
o)
He (WiPO@), 6)") = He (Wi (@), Dy) k>0
and thus

Cu(@h, 00) = Hy (Wi"9(@), Dy) V>0 (4.45)

(choosing n < inf ¢} (K ¢4). Consider the homotopy
hy: 10,11 x Dy —> Dy,
defined by

(1 —u + 1€

S (YRR
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with & e R, € > 0, ||€]] = 1. Note that [(1 — £)u + t&]" # 0 and so the homotopy is well
defined. We infer that the set D is contractible in itself. Therefore

Hy (WJ"’(Z)(Q), D+) —0 Vk>0
(see Granas—Dugundji [24, p. 389]), so
Cr(¢,00) =0 Vk >0
(see (4.45)). Similarly we show that
Cr(gt,00) =0 ¥k > 0. O
Now we are ready for the three solutions theorem.

Theorem 4.6 If hypotheses Hy and Hy hold, then problem (1.1) has at least three nontrivial
smooth solutions

wo €intCy, vo € —int Cy, §e CLS)\ {0}.

Proof From Proposition 4.2, we know that u = 0 is a local minimizer of (pi‘_. Reasoning
as in the proof of Proposition 29 of Aizicovici—Papageorgiou—Staicu [3], we can find small
o € (0, 1), such that

0= ¢} (0) <inf {¢} () : llull = 0} = n’. (4.46)

Then (4.46) together with Propositions 4.1 and 4.3, permit the use of the mountain pass
theorem (see Theorem 2.4). So, we obtain ug € Wnl’p @ (£2), such that

0=¢}0) <n} <¢@hwo) and (¢}) (uo) =0. (4.47)
From the inequality in (4.47), we infer that ug # 0. From the equality, it follows that
A(uo) + Muol?O™%ug = N (uo), (4.48)
where
Nr@) () = f2Coue) Yue W' Q).

On (4.48) we act with —uy € W,"”**(Q) and obtain

/IIVMEIIP(Z)dz+A/|ua|p(2)dz=O
Q Q

(see (4.1)), so u = 0 (see Proposition 2.3) and so
up >0, wug#0.

Then using Proposition 3.1 and Theorem 1.3 of Fan [14], we have that ug € C4 \ {0} solves
problem (1.1). By virtue of hypothesis H; (iii), we have

Ap(z)MO < C()M(’))(Z)_l in Wy}aP(Z)(Q)*,
N6
up € int C+

(see Theorem 1.2 of Zhang [37]).
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Similarly, working with ¢* and using this time (4.2), we obtain another constant sign
smooth solution

vy € — int C+.

Clearly both u( and vy are critical points of ¢ (see (4.1) and (4.2)).
Suppose that {0, ug, vo} are the only critical points of ¢.

Claim 1 Ci(¢%, uo) = Cr(¢, vo) = 8, Zforall k > 0.

We do the proof for the pair {(pj‘_, uo}, the proof for {¢*, v} being similar.
As above, we can check that every critical point u of <pf;_ satisfies u > 0 and so (4.1)
implies that u € K?. Since by hypothesis K¢ = {0, ug, vo}, we infer that

K% = {0, up).
Let 1, 0 € R be such that
0 <0=¢"0) <n < ¢t u)
(see (4.47)). We consider the following triple of sets
@) < (@ W =w, " Q).

We introduce the long exact sequence of homological groups corresponding to the above
triple of sets

o H (W (09)7) 5 H (W, (08)7) 25 Hely (00, (01)) — ...
(4.49)

Here i, is the group homomorphism induced by the inclusion
(W, (@2)") — (W, @D)")

and 0, is the boundary homomorphism. Recall that K ok — {0, up}, from the choice of the
levels 6 and n, we have

Hy (W, (9})") = Cr(¢}, 00) =0 Yk >0 (4.50)
(see Proposition 4.5),
H (W, (@%)") = Cr(ph, uo) Vk =0 (4.51)
and
Hi1 (@), @2)?) = Ceei (03,00 =8, Z=6,,Z Yk >0 (4.52)

(see Proposition 4.2). From the exactness of the sequence (4.49) and using (4.52), we have
He (W, (9))") = Hioy (0", (07)) = 8,,Z Vk >0,
SO
Cr(@ly, uo) = 8,,Z Yk > 0.
Similarly we show that

Crlgt, vo) = 8,,Z Yk > 0.
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Claim 2 Ci(p, ug) = Cr(¢’}, uo) and Ci (g, vo) = Ci(p*, vo) forall k > 0.
We do the proof for the triple {¢, (pf}_, uo}, the proof for {¢, ¢*, vy} being similar.
We consider the homotopy

h(t,u) = 9% () + (1 = D) Y, u) € [0, 1] x Wy "P(Q).

Evidently uq is a critical point of A(t, -) for all ¢ € [0, 1]. We will show that uq is isolated
uniformly in ¢+ € [0, 1]. Indeed, if this is not the case, then we can find two sequences

{ta}n=1 € [0, 1] and {u,}n>1 € W, P®(Q), such that

ty —> 1t €[0,1] and u, —> ug in W79 (Q) (4.53)
and

Bty uy) =0 ¥n > 1. (4.54)
From (4.53), we have
An) + taMun POy = 1, N (un) + (1 = 1) N (),
where
N = fCoul) Yue W, " @),

SO

—Apyu(@) =t f (21 (@) + 1 (u; @)+ A =1 f Gun2) in Q,

un:O on JQ.
on

Proposition 3.1 implies that we can find M9 > 0, such that

lunlloo < Mo Vn > 1.
Then using the regularity result of Fan [14], we can find M7; > 0 and n € (0, 1), such that

up € CH(Q) and <My Vi1 (4.55)

llun ”C,{‘”(ﬁ)

From (4.55) and since the embedding C, ,1’"(5) cC ,11 (Q) is compact, we may also assume
that

U, —> ugp in C,i(ﬁ)
(see (4.54)). But recall that ug € int C. So, it follows that
up € C4 \ {0} Vn > no,

SO {tn}n>ny € C+ \ {0} are all distinct solutions of (1.1) (see (4.1)).

This contradicts the assumption that {0, ug, vo} are the only critical points of ¢. So, indeed
uo is an isolated critical point h(t, ") uniformly in ¢ € [0, 1]. Moreover, as in Proposition 4.1,
we can check that for all r € [0, 1], h(z, -) satisfies the Cerami condition. This enables us to
exploit the homotopy invariance of the critical groups (see Chang [9, p. 336]) and obtain

Ck (h(0, ), ug) = Cx (h(1,-),u0) Vk >0,
SO

Ci(9, uo) = Cr (¢ up) Vk > 0.
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Similarly, we show that
Ci(p, v0) = Cr(¢™, v0) Yk > 0.

This proves Claim 2.

From Claims 1 and 2, it follows that
Cr(g, uo) = Cr(p, v0) =6, ,Z Vk = 0. (4.56)
From Proposition 2.1, we have
Ci(p,0) =6,0Z Yk > 0. (4.57)
Finally, from Proposition 4.4, we know that
Cr(p,00) =0 Vk > 0. (4.58)

Recall that by hypothesis {0, uq, vo} are the only critical points of ¢. So, from (4.56), (4.57),
(4.58) and the Morse relation (2.1) with t = —1, we have

2-D'+ (=D’ = (=D £0,

acontradiction. This means that ¢ has one more critical pointy ¢ {0, ug, vo}. Theny € C rll (Q)
(see Proposition 3.1 and Fan [14]) and solves (1.1). O
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