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Anisotropy of long range interactions between linear molecules:
H2 -H2  and H2-Hef

F RE D M U L DE R,  AD VAN DE R A V O IRD  and P AU L E. S. W O RM E R

Ins t it u t e  of T he or e t ic a l Che mis t r y , Unive r s it y  of Nijme g e n ,

T oe r noo ive ld , Nijme g e n , T h e  Ne the r la nds

(Rece ived 20 A p ril 1978)

We  de r ive  a c los e d e xpr e s s ion for  the  o r ie n t a t io n  de pe nde nc e  of the  

lo ng  r ange  in t e r a c t io n  coe ffic ie nts  of — s tate  line a r  mole c ule s  a nd  the n 

ca lcula te  the  d is pe r s ion a nd  in d u c t io n  m u lt ip o le  in t e r a c t io n  coe ffic ie nts  for  

the  s ys te ms  H 2- H 2 a nd  H.,- Hc  up  to R  10 t e r ms  inc lus ive . T h e  m o n o m e r  

s tate s  arc de s c r ibe d  b y  S C F - L C A O  wave  func t io ns  w it h  po la r iza t io n  fu n c 

t ions  o p t im ize d  w it h  re s pe ct  to the  d iffe r e n t  m u lt ip o le  po la r iza b ilit ie s . 

T h e  a n is o t r o py  fac tor s  y 8 a nd  y 10, d e s c r ib ing  the  o r ie n t a t io n  de pe nde nc e  of 

the  R  8 a nd  R  10 t e r ms , are  a p p r o x im a t e ly  e qua l a nd  m u c h  la rge r  tha n  y (5, 

due  to the  oc c ur r e nc e  of the  (c omple t e ly  a n is o t r o p ic ) mix e d- pole  te r ms .

1. I n t r o d u c t i o n

For  a r e la t ive ly long  t ime  the  a t t e mpts  to de t e r mine  accura te  van de r  Wa a ls  

inte r a c t ion pote nt ia ls  we re  m a in ly  c once nt r a te d on rare gas  a toms  [ 1], bu t  now 

the  inte re s t  of both the or is ts  a nd e x pe r ime nta lis t s  is be ing  focus e d on (s ma ll) 

mole cule s . Of pa r t ic ula r  inte re s t  is the  a nis o t r opy  in the  inte r a c t ion pote nt ia l 

be twe e n mole cule s , w hic h  leads , for  ins tance , to r ota t iona l e ne rgy t r ans fe r  in 

gas  phas e  collis ions  a nd  to the  occur r e nce  of libr a t iona l p h o n o n  mode s  in 

mole c ula r  s olids . Alt h o u g h  e x pe r ime nts  are be ing  pe r fo r me d [2- 5]  whic h 

pr obe  this  a nis o t r opy  r a the r  s e ns it ive ly, the  e x t r ac t ion of po te nt ia l pa r ame te r s  

fr om these  me a s ur e me nts  is only  pos s ible  at the  e xpe ns e  of us ing  s imp lifie d  

mo de l pote nt ia ls . T he r e for e , it is us e ful tha t  for  ve ry s ma ll mole cule s  the  

van de r  Wa a ls  pote nt ia ls , a nd also the ir  anis ot r opy , can be  ob ta ine d  fr om 

ab initio c a lcula t ions . For  s ome wha t  large r  mole cule s , whe re  the  ab initio 
c a lc ula t ion of the  c omple te  po te nt ia l e ne rgy s ur face  is not  yet pr ac t ica l, the  

the or e t ica l in fo r ma t io n  can s till be  us e d to impr ove  the  (s e mi- e mpir ic a l) mode l 

pote nt ia ls . For  e x ample , the  de t e r mina t ion  of the  is ot r opic  a nd a nis o t r opic  

long range  par t  of s ome  re ce nt ly pr opos e d, r a the r  s ophis t ica te d, mode l pote nt ia ls  

[5- 10 ] de pe nds  on the  a va ila bility  of the or e t ica lly  ca lcula te d mult ipo le  int e r a c 

t ion coe ffic ie nts .

As  the  s imple s t  s ys te ms  in w hic h  a nis o t r opic  inte r ac t ions  are pre s e nt , muc h  

a t t e nt ion is focus e d on the  dime r s  H ,- H e  a nd H 0- H 0. Ab initio c a lcula t ions  of 

the  e nt ir e  van de r  Wa a ls  pote nt ia ls  for  H 2- He  were  pe r fo r me d by T s a p line  and

f  S u p p o r t e d  in pa r t  by  the  Ne t h e r la nd s  F o u n d a t io n  for  Ch e m ic a l Re s e a r ch ( S O N )  

w it h  fina nc ia l a id fr o m the  Ne t h e r la nd s  Or g a n iza t io n  for  the  Ad v a n c e m e n t  of Pur e  Re s e ar ch

(ZWO).
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Ku t ze ln ig g  [11] , by Ge ur t s  et al. [12]  a nd  by Ha r ih a r a n  a nd  Ku t ze ln ig g  [13] , 

for  112— 11o by  Ko c h a ns k i [14]  a nd  by Ga llu p  [15] . Me y e r  [16]  has  c o m p u t e d  

the  is ot r opic  long  range  dis pe r s ion inte r a c t ion coe ffic ie nts  C 6, C 8 a nd  C 10 a nd  

the  a nis o t r opy  factors  y6 a nd  y8 in He - He , H 2- He  a nd  H 2- H 2. In  contr as t  

w it h  the  c a lcula t ions  of the  c omple t e  H 2- H 2 po te nt ia l [14, 15]  w h ic h  use  only  

s a nd p type  func t io ns  in the  bas is  set, a nd  w it h  the  o lde r  H 2- He  a nd  H 2- H 2 long  

range  c a lcula t ions  [ 17- 20] , Me y e r ’s c o m p u t a t io n  y ie lds  accur a te  va lue s  for  C 8 

a nd C 1(). T h e  ca lcula te d y8, howe ve r , is m uc h  too s ma ll, be caus e  the  so- called 

cross  (or  mix e d- pole ) te r ms , w h ic h  have  a dr as t ic  e ffect on the  a nis o t r opy  of the  

inte r a c t ion of mole cule s  [2 1, 2 2 ] we re  o mit t e d . T h a k k a r  [23]  has  s how n by  an 

a ppr ox ima t e  c a lc ula t ion tha t  the  inc lus io n  of cross  t e r ms  increas e s  y8 for  FI2- He  

by a fac tor  of a bout  3- 3, a nd a s imila r  r e s ult  was  fo u n d  by us  on the  bas is  of a 

non- e mpir ic a l Un s o ld  c o m p ut a t io n  [24] .

T he r e for e , we  pr e s e nt  he re  for  H 2- He  a nd  H 2- H 2 the  c omple te  set of a nis o 

t r opy  factors  y6, y8 a nd y10, o r ig ina t ing  fr o m dis pe r s ion a nd  in d uc t io n  int e r a c 

t ions . T he s e  are  ob t a ine d  fr o m ah initio c o mp ut a t io ns  by  thr e e  d iffe r e nt  

pe r t ur ba t io n  me thods  w it h  a bas is  of m o n o m e r  Ha r t r e e - F oc k  wave  func t io ns  

us ing  o p t im ize d  a tomic  or bita ls . F o r  H 2- H 2, whe r e  the  in fo r ma t io n  a bo ut  the  

long  r ange  inte r ac t ions  (a nd  the ir  a n is o t r opy ) is also im p o r t a n t  for  crys tal lat t ice  

dy na mic s  [ 25- 27] , we  have  c ompa r e d  the  s e cond- or de r  a nis o t r opic  coe ffic ie nts  

w it h  the  fir s t- orde r  e le ctros ta t ic  int e r a c t ion coe ffic ie nts  C 5, C 7 a nd  C 9.

2 .  T h e o r y  : o r i e n t a t i o n a l  d e p e n d e n c e  o r  t h e  i n t e r a c t i o n  e n e r g y  b e t w e e n

LINEAR MOLECULES

In  the  Bo r n - Op p e n h e im e r  a p p r o x ima t io n ,  w it h  or  w it h o u t  ave r aging ove r  

the  mo le c ula r  vibr a t ions , the  a nis o t r opy  of the  in t e r a c t ion  e ne rgy be twe e n two 

line ar  mole cule s  A a nd B, in a ^  s tate  can be  e xpre s s e d in the  fo llo w ing  ve ry 

ge ne ral way. Le t  r A =  (̂ _\ > <£a) anc  ̂ ^b =  (^b> ^ b )  de fine  the  o r ie nta t ions  of the  

mole c ula r  axes  a nd  R =  (/?, 0, <ƒ>) the  ve c tor  w h ic h  conne c ts  the  mo le c ula r  ce ntre s  

of mas s  (p o in t in g  fr om A to B). All va r iable s  are me a s ur e d re lat ive  to the  s ame  

a r bit r a r y  c oor dina te  s ys te m. Be caus e  the  inte r a c t ion e ne rgy is inva r ia n t  und e r  

r ota t ions  of this  c oor dina te  s ys te m, it can be  e x pa nde d  in te r ms  of a c omple t e  

set of s calar - value d a ngula r  de pe nde n t  func t ions  :

A £ ( r A, r B, R )  =  V  AEL^ L{R)A ULuL{ r f B, R), (1)
/'A » li *

w i t h

AuLuLVA>tB,fi)= u g  m (-1 )"(£a,Ma ; Lb,Mb\L,M)

x Cz,a,m*(^a)Cz.b, m J j b ) C (2)

whe r e  (L A, M A ; L„, M n\L, M )  is a Cle b s c h - Go r d a n  coe ffic ie nt  a nd  C l m(r) is 

a Ra c a h s phe r ica l ha r mo n ic  [28] ,

n  r- \  ' 477C .m{r) = 2/+1

In  ge ne ral the  e xpans ion coe ffic ie nts  AELaLiiL(R) arc ve r y ha r d  to ca lcula te , 

b u t  for  large  dis tance s  R it is pos s ible  to e x pa nd  the  inte r a c t ion ope r a tor  F AH 

in a mult ipo le  series  a nd one  can use  this  ope r a tor  in firs t-  a nd  s e cond- orde r



pe r t u r ba t io n  the or y. If  the  m ult ip o le  e x pa ns ion is wr it t e n  in te r ms  of s phe r ica l 

te ns ors  [28, 29] , the  de r iva t ion of the  fir s t- orde r  a nis o t r opic  inte r a c t ion coe ffi

c ie nts  is s t r a ight fo r wa r d  for  H s tate  line a r  mole cule s , be caus e  the  mult ip o le  

ope r a tor s  Q im= ^ z iril Citm(f i) have  non- ze ro e x pe c ta t ion va lue s  for  m = 0
I

only  (a long  the  mo le c ula r  axis ). T he r e for e , the  ge ne ra l r o ta t ion matr ice s  

Dlm m'(to) oc c ur r ing  in the  fo r m ula  for  a r bit r a r y  mole cule s  (fo r mula  (5) of [ 30] ) 

can be  r e place d by s phe r ica l ha r monic s  a nd , by e qua t ing  this  fo r mula  to fo r mula  

( 1 ), we  ar r ive  dir e c t ly  at the  result*)' :

R ) = h A+iB. , ( - 1 )Ln ( 2 L u * L " V ' 2 r ~u ~Lb~

X ( ® a \ Ql Ai o | O a ) <( ^ B \ Ql b , o | ^ b ) *  ( 3 )

T h e  s e cond- or dcr  e ne rgy is mor e  c omplic a t e d , b u t  aga in we  can de r ive  a 

clos e d fo r mula  r a the r  eas ily for  the  a nis o t r opic  m ult ip o le  inte r ac t ion coe ffic ie nts  

for  line a r  mole cule s  of the  fo r m of fo r m u la  (1). T h is  re s ult  is ac tua lly  achie ve d 

be caus e  in the  de r iva t ion of the  ge ne ra l e xpre s s ion [29, 30] , w hic h  we  a pply  to 

line a r  mole cule s  in this  pape r , a r e c oupling  s che me  has  be e n us e d : the  or ig ina l 

( / V/ H) a nd  ( / v' ZB') c o up lin g  be twe e n the  t r a ns it ion  mo me nt s  on the  mole cule s  

A a nd B via  the  m u lt ip o le  inte r a c t ion te ns ors  is r e place d by a s che me  w hic h  fir s t  

couple s  the  t r a ns it ion m o m e n t s  w it h in  the  s ame  mole c ule  :

^ (IaU ')L a , M a =  X  0A | QlA , mA I ) \^A I Q w , mA' I ̂ A)(^A> 711A 5 (a > m A I ^ a )
rna, ih a

w it h

^ a = K a -/a '|, |/a -/ a 'I+2, ...,/a  +  /a '. (4)

T h e  labe ls  0 v a nd k v de note  g r o und  a nd  e xcite d s tates  of A w it h  e ne r gy d if 

fe re nce s  AE [)AkA ; an a na logous  fo r mula  holds  for  B. T he s e  c ouple d  t r a ns it ion 

mo me nt s  a nd  T\ ]\\k\ ln have  only  non- ze ro c ompo ne nt s  for  M x =  0 a nd

M b = 0 (mA' =  —mA a nd  mB' = — niu), ju s t  as the  pe r ma ne n t  mo me nt s  <P / ,Aiiu A> 

a nd  <0 / H WlJ) ,  a nd the y t r a ns fo r m in the  s ame  way as the  la t te r  unde r  rota t ions . 

Us in g  these  re s ults  the  ge ne ral fo r m ula  (fo r mula  (8 ) of [ 30] ) yie lds , for  line ar  

mole cule s

/ a ,  I a \  / B,  / b '

X X '  ( A E ^  + A E ^ y i  T °± .)L^ o T $ ;. )Ui0. (5 )
/tA, ft B

T h e  coe ffic ie nts  are pur e ly  a lge br a ic  ; the y are give n by [29, 30]
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¿/a/a' /b/b'_( 1 \/b + /b'
=laLbl — v—  1;

(2L ,  +  1 )(2 L n +  1 )(2/a  +  2 / „ +  1 )!(2 /a ' +  2 / , /  +  1)!

(2/a )!(2/b )!(2/a ')!(2/b')I

1/2

/ I  ' L  

x ( / A +  /B, 0 ;  lA' +  /B , 0 \ L, 0 ) /B /B L b (6 )

I  a  +  In  Ia '  +  I b  L

f  At o m ic  un it s  are  us e d t h r o u g h o u t  this  pa pe r  : 1 a .u . of le ng th  (b o h r )  =  a0 — 5- 291 77 x 

10" 11 m . 1 a .u . of e n e r g y  =  £ #  —4*3598 x 10 18 J ~ 2- 6255 x 106 J / m o l- 1. 1 a .u . of e le ctr ic  

char ge  =  e ~  1- 602 19 x 10- 19 C .  1 a .u . of q u a d r u p o le  m o m e n t  =  ea0- ~  4- 486 58 x 10 10 C m 2.

1 a .u . of d ipo le  p o la r iza b ilit y  =  47T60a 0:i ~  1- 648 78 x 10 -41 C" m 2 J l .

1 L 2
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whe r e  the  e xpre s s ion be twe e n cur ly  bracke ts  is a Wig n e r  9 - j s ymbo l [ 28] . 

In  pr inc ip le ,  the  s um m a t io ns  ove r  /A, /A7, /B, ZB7 r un  ind e p e nd e n t ly  fr o m ze ro 

to in fin it y , b u t  be caus e  of the  pre s e nce  of the  Cle b s c h - Go r d a n  coe ffic ie nts  a nd  

the  9- j s ymbol in (6 ) a n u m b e r  of t r ia ngula r  c o nd it io ns  m us t  be  s at is fie d.

In  ac tua l ca lcula t ions  the  use  of an a r bit r a r y  s pace - fixe d c oor dina te  s ys te m 

is us ua lly  not  ve ry c onve nie nt . A s implific a t io n  of the  fo r mula e  can be  a c c o m 

plis he d by c hoos ing  the  s - axis  to c o inc ide  w it h  R. In  s uch a s ys te m the  a ngula r  

de pe nde nt  func t ions  de fine d in (2 ) r e duce  to

m i n  ( L a , L b )

I  Vu u l  P f i(cos  eA)Pl'n(COS 0B)
M  = 0

X  cos  M U A - </»„), (7)

w ith

vl'.UL =  ( -  1 ) " ( 2 -  S „ 0) ( L A, M  ; L b, - M\ L, 0)

X

(La — A/ ) !(L„  — A / ) !' 

_(LA +  M)!(LB +  M)!j

1/2

(8)

rFhe  func t ions  P £7(cos  #) are as s ociate d Le ge ndr e  func t io ns  [28] . Ins e r t ing  

this  s pe cial fo r mula  into  e xpre s s ion ( 1 ), we  fin d  for  the  firs t-  a nd  s e cond- orde r

e ne rgie s

A E ^ \ R ,6 A,<f>A idB,cj>B)=  X
L a , L b

m i n  ( L a , L b )

z
A/= 0

( 1 , 2 ) 
L a L m (*)

X  P f A(cos  6 a ) P l k{ c o s  0b ) cos M ( ^ a  -  ¿ B), (9)iM

whe re
Jl) / D\ _ /̂ -LaLbM 
e L AL nM\ n  )  —  l L a  +  L b +  1

— L a  — L b  — 1

with

/ ^ L a L kM  _ /  i  \ Lb  +  M / o  s; \  
C L a  +  L h + 1  —  I  “  1 )  V ƒ,  0  /

(¿a +  Z,b)!

(La  + M)\ (Lb + M)\

and
¿- (2) ___  V 1 P / a / a ' L a  ; / b / b '  L b  ; M  D  — / a  — / a '  — / b  — / b '  — 2
€ L a L b A A ^ ; -  W a  +  / a '  +  / b  +  / b '  +  2  K

/ a , / a \  / b , / b '

with

L a  ;  / b / b '  L b  ;Af___  W a / a '  / b / b '  V * '

/ a  +  / a + / b  +  / h + 2  ^ L a L b M
(A £ 0a*a +  A S 0“*" ) - 1

A  a ,  A h

(10  a )

x  < O a I < ? l a , o | O a > < O b | ( ? L b . o | O b ) ,  (10

(11«)

v 7’OA/tA 7̂ 0bAb /II /,\
'  M / a / a ' ) L a ,  0 J  ( / b / b ' ) L b ,  0 * V 11

rFhe  coe ffic ie nts  > w h ic h  c onta in  the  a lge br a ic  coe ffic ie nts  (6 ) a nd  (8 )

W a / a '  / b / b '  _  V  ¿ * a / a '  / b / b '

^ L a L bM  — L a = L a L b L  ^ L a L b L j
l

(12)

have  be e n ca lcula te d for  all c o mb ina t io ns  (/A, /A7, /B, /B7) oc c ur r ing  in the  m u lt i 

pole  e x pans ion of AZs(2) to 7?-10  t e r ms  inc lus ive , us ing  a c o mp ut e r  p r o g r a m for  

the  c a lcula t ion of the  Wig n e r  3- j a nd 9- j s ymbols  [31] . T h e  re s ults  are col

le cte d in Ap p e n d ix  A l .
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Since  the  ‘ d y n a m ic a l’ fac tor  in e xpre s s ion (11) does  not  c ont a in  M ,  the  

rat ios  be twe e n the  te r ms  in 6^a}/bM w it h  the  s ame  L A, L n , /A, /A', /B, /B' b u t  d if 

fe r e nt  M  are s ys te m inde pe nde nt .  T he s e  rat ios  can be  ob t a ine d  dir e c t ly  fr o m 

Ap p e n d ix  A1 ; the y have  be e n ca lcula te d by Me y e r  [16]  a lr e ady for  the  q u a d 

r at ic  C 6 a nd  C 8 te r ms . For  c ompa r is on  w it h  e x pe r ime nt , it is c onve nie nt  to 

colle ct  all t e r ms  in ( 11 ) w it h  the  s ame  /^- de pe nde nce , i.e . / v - f l\  4* l& +  lB +  2  =  n. 
Mor e ove r , it is c us toma r y  to expres s  the  a nis o t r opic  c o n t r ibu t io ns  in the  series

=  -  E  /?-», (13)
n

as fr ac t ions  of the  is ot r opic  coe ffic ie nts  (a nis o t r opy  fac tor s ) :

yLALoM= C LALBM /C000> (14)

T h e  a ngula r  de pe nde nt  fo r mula  for  the  fir s t- orde r  e ne rgy (10) is e quiva le nt  

to the  e xpre s s ion de r ive d by Ng , Aln a t t  a nd  Me a t h  [32] . T h e  s e cond- orde r  

resu it ( i i )  is a ge ne r a liza t ion of Me y e r ’s [16]  fo r m ula  (4). T h is  ge ne r a liza t ion 

is non- t r ivia l s ince  the  inc lus ion  of the  mixe d- pole  te r ms , i.e. the  te r ms  with  

/ A l\ ' or  neces s itate s  a mor e  c omplic a t e d  ve ctor  c o up ling  s che me .

Ac t ua lly , the  r e c o up ling  of the  t r a ns it ion mo me nt s  in the  s e cond- orde r  e ne rgy ex 

pr e s s ion c ould  be  pe r fo r me d  by Me y e r  in an ad hoc way by his  t r a ns fo r ma t ion  (7).

Ob vio us ly ,  if one  of the  int e r a c t ing  s ys te ms  (say A)  is an £- s ta te  a t om or  a 

mole c ule  in a 7  =  0 s tate  for  w hic h  we  ave rage  ove r  the  mole c ula r  r ota t ions , the  

only  non- ze ro te r ms  in (10) a nd  (11) are thos e  w it h  L X = M  = 0.

3. O p t i m i z a t i o n  o f  t h e  A O  b a s i s  s e t s  ; p o l a r i z a b i l i t i e s

T h e  A O  bas is  sets for  He  a nd  H 2 w h ic h  were  us e d to c o mput e  the  dis pe r s ion 

inte r a c t ion coe ffic ie nts  have  be e n de t e r mine d  by ma x imiza t io n  of the  qua dr a t ic  

po la r iza bilit ie s  de fine d  as

««•» =  21' < 0 | O U * > < * | O r , - J O > ( ^ - £ ° ) - \  (15)
k

w it h  / = / ' .  T h e  g r o un d  s tate  wave  func t io n  | 0) was  fixe d by fir s t  pe r fo r ming  a 

Ha r t r e e - Foc k c a lc ula t ion. For  the  e xcite d s tates  | &> a nd  the  c o r r e s pond ing  

e ne rgie s  Eky oc c ur r ing  in the  pe r t u r b a t io n  e xpre s s ion (15) we  have  chos e n :

I.  the  (s ingly- e xc ite d) e ige nve c tor s  a nd e ige nva lue s  of the  Ha r t r e e - Foc k hamil-  

t onia n , w h ic h  are ob ta ine d  dir e c t ly  fr o m the  Ha r t r e e - Foc k c a lc ula t ion on the  

g r o un d  s tate  | 0> ("This  me t h o d  is e quiva le nt  to the  Ha r t r e e - Foc k pa r t it io n ing

me t h o d  of [14] , a nd  me t h o d  c of [ 33] .) ;

I I .  the  e ige nve ctor s  a nd  e ige nva lue s  of the  ma t r ix  of the  tota l h a m ilt o n ia n  ove r  

the  g r o un d  s tate  |0 > a nd  all s ingly- e xcite d c onfigur a t ions  ; a nd

I I I .  the  e ige nve ctor s  of the  Ha r t r e e - Foc k h a m ilt o n ia n  a nd  the  c or r e s ponding  

e xpe c ta t ion va lue s  of the  tota l h a m ilt o n ia n  (T h is  me t ho d  is e quiva le nt  to the  

Eps t e in - Ne s be t  pa r t it io n ing  me t h o d  of [14] , a nd s imila r  to me t ho d  b of [ 33] .). 

For  the  me thods  I a nd  I I  one  can pr ove  by us ing  the  Hylle r aas  va r ia t ion p r in 

c iple  [34] , tha t  the  bes t ocirm can inde e d be  ob ta ine d  by a ma x imiza t io n  of (15) 

w he n  va r y ing  the  e xcite d s tate  func t ions  | /e). In  me t h o d  I I I  the  e xpre s s ion 

(15) is no t  s t r ic t ly  b o u n d ,  b u t  in a n u m b e r  of ca lcula t ions  this  me t h o d  has  be e n 

fo u n d  to give  re s ults  w h ic h  are r a the r  close  to the  e x pe r ime nta l value s , in c on 

t ras t  w it h  me t h o d  I [14, 21, 33] .
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As  va r ia t ion pa r ame te r s  for  the  e xcite d s tate  func t io ns  | /e), w h ic h  are  b u ilt  

up  fr om L C A O ’s, we  have  us e d the  scale  factor s  £ of the  va r ious  p, d a nd  f sets  

of gaus s ian type  a tomic  po la r iza t ion functions ')- . So, the  rat ios  of the  diffe r e nt  

G T O  e x pone nts  w it h in  a pa r t ic ula r  set are fixe d [35] , by  fit t ing  the  G T O ’s to a 

s ingle  S T O.  T h e  re s ults  of these  S T O - G T O  e x pans ions  ob t a ine d  w it h  the  

c r ite r ion of m a x im u m  ove r lap [36]  are  lis te d in Ap p e n d ix  A2 . T h is  c r ite r ion 

is s light ly  pr e fe r able  to the  a tomic  e ne rgy c r ite r ion [35, 37]  for  d e t e r m in in g  the  

o p t ima l G T O  e x pone nts  of po la r iza t ion  func t ions , s ince  we  fo u n d  the  r e s ult ing  

S C F  e ne rgy to be  s light ly  lowe r  for  H 2 a nd for  N 2 [38] . T h e  po la r iza t ion  G T O ’s 

are not  cont r ac te d in the  ca lcula t ions  of the  po la r iza bilit ie s  a nd  the  van de r  

Wa a ls  coe ffic ie nts .
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Ç f or  d i f f e r en t  A0 b as i s  se t s

F ig ur e  1. Op t im iz a t io n  of the  A O  bas is  set for  He  (m a x im iza t io n  of the  p o la r iza b ilit y ,  

e q u a t io n  (1 5 )). P o l. fns . s tands  fo r :  p o la r iza t io n  func t io ns  (p for  d ipo le , d for  

q u a d r u p o le ,  a nd  f for  o c tupo le  t r a ns it io ns ). T h e  100 pe r  c e nt  le ve ls  on the  ve r t ica l 

scale  c o r r e s pond w it h  the  fina l o p t im a l po la r iza b ilit ie s  for  the  two  m e t h o d s  11 a nd

I I I  (de s c r ip t ion , see § 3), w h ic h  are  ind ic a t e d  in  the  figur e .

T h e  o p t imiza t io n  for  He  is s hown in figur e  1 ; me t ho d  I is not  inc lude d , 

be caus e  the  curve s  for  me thods  I a nd  II  a ppe a r  to be  para lle l. Me t h o d  I I I  

be have s  diffe r e nt ly  a nd we  obs e rve  cle ar ly tha t  the  po la r iza b ilit y  is not  b o u n d  in 

this  me t ho d , so tha t  e x te ns ion of the  v ir tua l o r b it a l set does  no t  ne ce s s ar ily 

caus e  an increas e  of the  po la r iza b ilit y  ; e ve n for  the  larges t  bas is  sets us e d, 

this  me t ho d  is s t ill s e ns it ive  to the  scale  pa r a me te r  £ in cont r as t  w ith  the  o the r  

two me thods . Us in g  the  dis pe r s ion inte r ac t ion coe ffic ie nts  for  the  o p t im iza t io n

t  F o r  the  c a lc u la t io n  of c f  ir  = <xir0 of H.> the s e  p o la r iza t io n  fun c t io n s  s lig h t ly  m ix  in to  

the  g r o u n d  s tate  wave  fu n c t io n .  T h e  Hy lle r a a s  va r ia t ion  p r in c ip le  doe s  no t  e xac t ly  h o ld  

the n , b u t  in pr ac t ice  this  d id  no t  a ffe c t  o u r  c a lc ula t ions .
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r a the r  tha n the  pola r iza bilit ie s ,  we  have  fo u n d  an incre as e  of the  o p t ima l £ for  

the  s malle s t  bas is  set by a bo ut  10  pe r  ce nt , while  for  the  large s t  bas is  sets  no 

s ignific a nt  change  c ould  be  obs e r ve d. F ina lly , figur e  1 s hows  the  inc r e as ing 

ne e d for  a h igh- qua lit y  g r o un d  s tate  w he n  c a lc ula t ing  h ighe r  t r a ns it ion m u lt i 

pole s  ; the  reas on is tha t  the  h ighe r  m u lt ip o le  mo me n t s  are g iv ing  mor e  we ight  

to the  oute r  r e gion of the  g r o u n d  s tate  wrave func t io n .

For  H 2 we fir s t  o p t im ize d  the  g r o un d  s tate  wave  func t io n  by m in im iz in g  the  

S C F  e ne rgy in a (10s , 3p, Id )  A O  bas is . T h e  e xcite d s tates  of the  diffe r e nt  

s ymme t r ie s  of inte re s t  we re  o p t im ize d  by m a x im iz in g  the  qua dr a t ic  po la r iza 

bilit ie s  «111 =  ^ 11, oc222 = as22 a n d a 333 =  a ^33 in A O  bas is  sets  of (3p)„, (2 d )<y 

a nd  (2f),,, r e s pe ct ive ly. Ex t e n d in g  the  (3p)„ to a (4 p )77 bas is  set incre as e d the  

o p t im a l oc7Tll by only  0-1 pe r  ce nt , whe re as  as22 impr o ve d  by not  mor e  tha n 

0*5 pe r  ce nt  whe n a d d in g  one  extra d func t io n . So these  qua dr a t ic  po la r iza 

bilit ie s  are  s uffic ie nt ly  we ll de s c r ibe d by these  bas is  sets , w h ic h  is c onfir me d
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F ig ur e  2. Op t im iz a t io n  of the  t t  A O  bas is  set for  H 2 (see also c a p t io n  figur e  1). T h e  a A O  

bas is  is fixe d : (10s , 3p, ld )- ^[ 4 s ,  3p, Id ] .  T h e  £ s cale  a pplie s  to the  u n d e r lin e d  

p, d or  f func t io n s . No t e  t ha t  the  o p t im a l va lue  for  «”33 is s lig h t ly  la rge r  in the  

[ 3p, 2 f]77 bas is  t ha n  in the  [ 3p, 2d] „ bas is , w h ic h  we  have  us e d, b u t  the  la t te r  bas is  

y ie lds  a be t t e r  r e s ult  for  a "22 0 n m e t h o d  I I ) .
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by the  va lue  of 1- 00 of the  comple te ne s s  rat ios  ( C R )  for  the  c o r r e s ponding  m u lt i 

pole  ope ra tor s . T h e  comple te ne s s  r at io is de fine d by [21]

=  S T M /rm/ C M f r„p (16)

whe re

S T M „ „ , =  V '  <0 | Ol,,„| /e><A| 0I.._„,| 0>, (1 6 «)
k

( S T M  =  s um ove r  t r a ns it ion mo me n t s )

C M iI.„1 =  <0 | O!, mp I. ._„ , | 0 > - < 0 | Oi.m| 0><0| !? l.._m| 0), (1 6 *)

(C M  =  c los ure  m o m e n t ) .

For  a c omple te  bas is  this  r at io e qua ls  1, or , in othe r  wor ds , the  s um rule  

for  S — 1) is obe ye d [34] . Be caus e  the  comple te ne s s  rat ios  C R 220, C R 221, 

C R 330 a nd C R 331 we re  s till de via t ing  too s t r ongly  fr o m 1, we  e x te nde d the  a 
and 77 A O  bas is  sets. For  the  a bas is  this  was  achie ve d by a d d in g  one  extra 

(d iffus e ) d func t io n . T h e  im p r o v e m e n t  of the  77 bas is  neces sary to ca lcula te  

good a 77.,., a nd a ”33 c ould  be  ob ta ine d  by t a king  a (3p, 2d ) 7r bas is  (figur e  2 ). 

T h e  a dd it io n  of only  one  d or  f func t io n  appe ar s  to be  ins uffic ie n t  for  a 331 =  a 7r33 ; 

this  also fo llows  fr om the  value s  of C R 331 : 0- 89 for  the  (3p , ld )^  a nd  0- 93 for  

the  (3p, lf)^ bas is  set. F igur e  2 is an illus t r a t ion of the  fact  tha t  me t h o d  111 is 

not  s t r ic t ly obe y ing  the  Hylle r aas  va r ia t ion p r inc ip le ;  for  ins tance , for  =  0- 70 

the  d ipo le  po la r iza b ilit y  has  de cre as e d (!) by ne ar ly  10  pe r  ce nt  as c ompa r e d

T a b le  1. Op t im iz e d  A O  bas is  sets  for  He  a nd  H 2f  i S C F  e ne rgie s  a nd  p e r m a n e n t  m u lt i

pole  m o m e n t s  for  H 2 (^h- h =  re = 1 -4 a .u .) .

He H.,

10s r e fe re nce  [35] a 10s re fe re nce  [35]  (£ =  1 - 20)J

(E*c f = - 2 - 8616692  a .u .) 3p £ =  1 - 48

5p £=1 - 8 8 Id  £ =  3- 61

4d £ =  1- 60 Id '  £ =  0- 85

4f £=1 - 4 9 (E s c f =  -  1 • 1335949 a .u . ,  

0>.o — 0- 4940 a .u .,

04.0 — 0*3218 a .u . ,

0 r , .0 — 0- 1849 a . u . ) §

7T 3p £=1 - 2 3  

2 d £ = 1- 00

8 2 d £ =  1- 06

<t> 2f £ =  0- 97

t  All ca r te s ian G T O ’s are  c ont r a c te d  to te s se ral h a r m o n ic s  [ 39, 21] . T h e  G T O  

e x pone nt s  a,- can be  o b t a ine d  fr o m Ap p e n d ix  A2  by  us ing  the  s c a ling  r e la t ion [35]  : x,• =
y 2
£ xt•

I T h e  p r im it iv e  (10s ) bas is  has  be e n c ont r a c te d  to [4s]  via a <5, 2, 2, 1> s c h e me ;  

the  cont r a c t io n  coe ffic ie nts  we re  take n fr o m the  S C F  r e s ult  for  the  o p t im ize d  unc o n t r a c t e d

(10s , 3 p )<r A O  bas is  se t.

§ T h e  be s t  va lue s  for  Q 2>0 a nd  0 4.o, o b t a ine d  w it h  cor r e la te d wave  func t io ns , are  : 

0- 4574 a nd  0- 2826 a .u . [ 40] .
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w it h  the  va lue  for  the  (Sp)^ bas is  set. 'The  cross  pola r iza bilit ie s ,  of w hic h  a ^g  

is p lo t t e d  in figur e  2 , are not  b o u n d  in any me t ho d  a nd  s how a m u c h  large r  

s e ns it ivity  to the  va r ia t ion pa r ame te r s  tha n the  qua dr a t ic  pola r izabilit ie s . It  

appe ar s  tha t  a c a lc ula t ion of the  cross  po la r iza bilit ie s  at the  s ame  level of accur acy 

as the  qua dr a t ic  po la r iza bilit ie s  w o uld  r e quir e  a s till large r  A O  bas is  set.

T a b le  2. Ave r age  r a t ios  <xir,n l/ *irin  11 a nd a// //II I I/ a //- ,,,11 a nd  the ir  de via t ions  (in p a r e n 

the s e s ), e s t ima te d  fr o m the  re s ults  for  the  d iffe r e n t  A O  bas is  sets  us e d in this  pape r .

ll'trrf

Ho

a 1 / a  1 1 a i n / a i i

He

a 1/ * 11 a i n / a ii

11 m 0- 66 ( ± 0  0 0 ) 0-  9 4  ( +  0 - 0 2 ) 0- 71 ( ± 0 - 0 0 ) 0- 94 ( ± 0 - 0 2 )

13// / 0- 68 ( ± 0 - 0 0 ) 1 0 6  ( ± 0 - 1 6 ) -

15/// 0- 71 ( ± 0 - 0 1 ) 1 2 0  ( ± 0 - 3 7 ) -

22 Vi 0- 72 ( ± 0 - 0 0 ) 0- 95 ( ± 0 - 0 2 ) 0- 77 ( ± 0 - 0 0 ) 0- 95 ( ± 0 - 0 2 )

24;/ / 0- 72 ( ± 0 - 0 1 ) 0- 95 ( ± 0 - 0 2 ) - -

33/ / / 0- 78 ( ± 0 - 0 0 ) 0- 99 ( ± 0 - 0 2 ) 0- 82 ( ± 0 * 0 0 ) 0- 97 ( ± 0 - 0 1 )

t  T h e  de pe nde nc e  on /// has  also be e n c ons ide r e d in the  r e s ult ing  de via t ions .

T h e  fina l ‘ o p t im u m  ’ A O  bas is  sets are lis ted in table  1, w hic h  also conta ins  

the  S C I'  e ne rgie s  a nd  the  ca lcula te d pe r ma ne n t  mo me n t s  for  H 2. F r o m table  2 

one  can obs e rve  tha t  the  rat io a 1/ a 11, a lt houg h  diffe r e nt  for  H 2 a nd  He  a nd  for  the  

diffe r e nt  (/ / ' ) c o mb ina t io ns , is c ons ta nt  for  the  diffe r e nt  / / / - compone nts  of a 

pa r t ic ula r  a /r  a nd, mor e ove r , for  the  diffe r e nt  A O  bas is  sets . So, it is jus t ifie d  

to pe r fo r m the  o p t im iza t io n  of the  A O  bas is  in me t ho d  I, w h ic h  is by far  the  

leas t c o mp ut e r  t ime  c o n s um in g  of the  thre e  me thods . T h e  abs olute  va lue s  of 

the  po la r iza bilit ie s  are m u c h  too low in me t h o d  I, howe ve r , in c ompa r is on with  

e x pe r ime nta l value s . T h e  va r ia t ion in the  ratios  a 111/ «11 is large r , only  s light ly  

for  the  qua dr a t ic  pola r iza bilit ie s , but  s ubs ta nt ia lly  for  the  cross  pola r iza bilit ie s  

(table  2). T h e  ca lcula te d pola r iza bilit ie s  as we ll as the  comple te ne s s  rat ios  are 

colle cte d and c ompa r e d  with  value s  fr om the  lite r a tur e , as far  as available , in 

table  3. We  also have  pe r fo r me d c a lcula t ions  of the  po la r iza b ilit y  at /',, ,, =  

/- = 1 - 449 a . il.  [43] , the  me a n inte r nuc le a r  dis tance  for  y =  0, whic h  is a ve ry 

good a pp r o x ima t io n  to the  c o m p ut a t io n  of the  v ib r a t iona lly  ave rage d po la r iza 

b ility  [16]  : the  quadr a t ic  pola r iza bilit ie s  be come  large r  by  a fac tor  of 1- 04- 1 *09, 

the  cross  po la r iza bilit ie s  incre as e  by a factor  of 1- 12- 1- 16. T h e  de via t ions  fr om 

the  e x pe r ime nta l va lue s  (for  the  dipo le  po la r iza b ilit y ) also incre as e  the n ,  w hic h  

mus t  be  cor re cte d for  by ta king  cor r e la t ion into  a c c ount  [16] . Alt h o ug h  the  

bes t agr e e me nt  with the  e x pe r ime nta l d ipo le  po la r iza b ilit y  is ob ta ine d  for  me t h o d

I I I ,  in ge ne ra l we pre fe r  the  re s ults  of me t ho d  I I, be caus e  of its  be t te r  the or e t ica l 

bas is  and be caus e  in pract ice  this  me t h o d  appe ar s  clear ly to be  mor e  s table . 

T h e  re s ults  of bo th  me thods  do not  diffe r  dr as t ica lly, e xce pt  for  the  ca lcula te d 

cross  pola r iza bilit ie s , whic h  are p r oba b ly  be t te r  in me t hod  II .
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T a b le  3. P o la r iza b ilit ie s  (in a .u .)  a nd  c omple te ne s s  r a t ios  for  He  a nd  H 2 ( m  h  =  ^c =

1- 4 a .u .) .

IV m C R f a 11! a 111} a (Me y e r )  §

IIo*0
110 (a ) 1- 00 7- 33 6- 76 6- 44

l i i M 1- 00 4- 93 4- 70 4- 57

11 , is otr . 5*73 5- 39 5- 19

130(a) 1*00 3- 93 3- 53 -

131(77) 1*03 2- 88 3*53

150(a) 1*14 1- 49 1- 24

151(77) 1*19 1- 59 2- 49 -

2 2 0 (a ) 0- 99 17- 99 17- 08 17- 78

221(77) 1- 00 17- 13 15- 87 16- 97

2 2 2 (S) 1- 00 14- 33 13- 86 13- 85

2 2 , is otr . 16- 18 15- 31 15- 90

240(a ) 0- 91 19- 45 18- 78 -

241(77) 1- 05 18- 89 17- 59

242(5) 1- 24 12- 69 12- 21 -

330(a ) 0- 98 125*50 123- 88 115- 8

331 ( 7 7 ) 0- 98 121- 29 122- 06 119- 9

332(6) 0- 99 113- 69 111- 72 113- 0

333(<£) 0- 99 103- 86 100- 94 93- 7

33, is otr . 114- 74 113- 33 109- 8

He

l l ( p ) 1- 00 1- 38 1- 33 1- 38

2 2 (d ) 1 0 0 2- 34 2- 23 2- 41

33(f) 1- 00 10- 01 9- 66 10- 09

f  C R  is the  c omple te ne s s  r a t io as de fine d  by  (16).

J Me t h o d s  I I  a nd  I I I  are  de s c r ibe d in the  te s t  (pa r a g r a ph  3).

§ Re fe r e nce  [16] . T he s e  va lue s  are  o b t a in e d  w it h  cor r e la te d w a ve fun c t io ns  in s lig h t ly  

le s s - qua lity  A O  bas is  se ts . Me y e r  has  also pr e s e nte d the  v ib r a t io n a lly  ave r age d va lue s ,

w h ic h  are  s ys te ma t ic a lly  la r g e r :  a n  =  5- 43 a .u . ,  a 22 =  17- 06 a .u . ,  ¿ 33 =  120*1 a .u .  [16] .

T h is  impr ove s  the  a g r e e me nt  w it h  the  e x pe r ime nta l a n . O u r  c o r r e s p o nd ing  r e s ults  are  : 

¿H =  6*00 a .u ., ¿22 — 1 7- 24 a .u ., a 33 =  125*0 a .u . T h e  e x pe r ime nta l va lue s  for  the  d ipo le  

p o la r iza b ilit y  a r e :  H 2 : a n  =  5- 44 a .u . ; a 110 =  6*94 a .u . ; a n l =  4- 82 a .u . ,  me a s ur e d  at  a 

w a ve le ng th  of 6328 A [41]  ; He  : a n  =  1- 38 a .u . ,  fr o m  re fr ac t ive  inde x  da ta  [ 42] .

4 .  L o n g  r a n g e  i n t e r a c t i o n  c o e f f i c i e n t s

T h e  ca lcula te d is ot r opic  dis pe r s ion a nd in d uc t io n  inte r a c t ion coe ffic ie nts  

a nd the ir  a nis o t r opy  factors  are lis te d for  me t ho d  11 in table  4. T h e  re s ults  for  

me t ho d  I are e s s e nt ia lly the  s ame  for  the  a nis o t r opy  factors , w hile  the  is o t r opic  

dis pe r s ion inte r a c t ion coe ffic ie nts  are s ma lle r  by factors  of 0*70 ( C fi), 0- 72 ( C 8), 

a nd 0*75 ( C 10) for  H 2- He  ; 0- 67 ( C 6), 0*70 ( C 8), a nd 0- 73 ( C 10) for  H 2- I I2 ^a

s imila r  r e s ult  has  be e n fo u n d  for  the  pola r iza bilit ie s , table  2). F r a c t ions  of 

a bout  0- 7 have  also be e n fo un d  for  the  e thyle ne  d ime r  [21] . T h e  a nis o t r opy  

factors  up  to L A, L B va lue s  of 2 inc lus ive , c o mp ut e d  w it h  me t h o d  I I I ,  are  also 

ve r y  close  to the  t a bula te d  re sults , whe re as  for  highe r  L va lue s  de via t ions  occur ,
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T a b le  4. T h e  is o t r opic  d is pe r s ion a nd  in d u c t io n  in te r a c t ion  coe ffic ie nts  (in a .u .)  a nd  the ir

a n is o t r o py  fac tor s , c a lc ula te d  w it h  m e t h o d  I I  (r n  H =  ^e =  1*4 a .u.)-

C 0

Ca lc u la t e d  quantity*)* Dis p e r s io n i

C 8

Dis p e r s io n ^ In d u c t io n
C' io

Dis p e r s io n ! I n d u c t io n

He - He

C n (is o t r op ic ) 1- 541 14*06 177- 3

H. ,- HeA*

C n° (is o t r op ic ) 4- 464 56- 39 0*506 § 988- 9 3*990
o

y «“ 0- 114 0- 286 1*143 § 0*306 1- 414

YnX - - - 0- 0058 0*857 § 0- 0075 0- 809

y*G
- - - - - - - 0- 000019 0- 175

H.,- Ho*0

C;j0,)0 (is o t r op ic ) 14- 18 223- 9 4- 194 4799- 0 55- 29

y *200 0- 120 0- 250 0- 627 0- 269 0- 832
o o nA « •• to V

yn 0- 044 0- 051 0- 200 0- 075 0- 506
OO 1A f to to X

yn - 0- 0099 - 0- 0069 - 0- 040 - 0- 0081 - 0- 052
o o oA §  * * * * * *

yn 0- 0012 0- 00012 0- 010 0- 00013 - 0- 0013

-V 4 00yn 0- 0046 0- 429 0- 0068 0- 355

- , 4 20
yn 0- 0021 0- 263 0- 0019 0- 214

- , 121 
yn - 0- 00027 - 0- 036 - 0- 00017 - 0*021

•122
yn - - - 0- 13 x 10~> 0- 0020 0- 26 x IO" 6 0- 00057

6 0 0
yn - - - - - - - 0 *5 5  x IO" 4 0- 052

6 2 0
yn - - - - - - - 0- 85  x IO" 5 0- 040

- , 6 21  
yn - - - - - - - 0 - 04  x IO" 6 - 0 - 0038

a o 9
yn - - - - - - - - - 0- 09 x IO- 6 0- 00014

110
yn - - - - - - 0- 00014 0- 037

-V 4 4 1yn - - - - - - - - - - 0- 11 x IO" 4 - 0 *0 0 3 0

4 4 2
yn

4 4 3
yn

- - - 0- 03 x IO " 5 

- 0- 01 x IO - 6 -

0- 83 x IO" 4 

- 0- 15 x IO" 5

4 4 4
yn - - - - - - - - - <  IO - 8 - 0- 01 x IO - 6

f  De fin e d  in e qua t io ns  (13) a nd  (14).

X Is o t r o p ic  r e s ults  for  r  =  r e, o b t a ine d  by  Me y e r  [ 16] : He —He  : C n = 1*456, 13- 90, 

175- 4 a .u . ,  H 2- He  : C„° =  3- 904, 53- 12, 940*5 a .u . ,  H 2- H 2 : C „000 =  11 - 40, 196- 7, 4303*0 a .u . 

(/z =  6 , 8 , 10). O u r  va lue s  for  ;*h h = < ^ >  a r e :  H 2—He  : Cn° =  4- 613, 59*02, 1051*6 a .u . ,  

H 2- H 2 : C „ 000=  15- 24, 245- 0, 5365- 0 a .u . ,  w h ic h  can be  c o m pa r e d  w it h  Me y e r ’s v ib r a t io na lly  

ave r age d a na logue s  [16]  : H 2- He  : C/ i0 =  4- 016, 55- 65, 1001- 1 a .u . ,  H 2- H 2 : C n "00 =  12*14, 

215- 2, 4813- 9 a .u .

§ Co m p a r a t iv e  r e s ults , o b t a ine d  by  T h a k k a r  [23]  us ing  Me y e r ’s r e s u lt s :  C 8,inci° =  

0- 483 a .u . ; y 8 . i n d 2 a nd  y 8 , i n d 4 arc e xac t ly  the  s ame  as o u r  va lue s , be caus e  the y  are  pur e ly  

a lge br a ic , ju s t  as the  q ua d r a t ic  pa r t  of y 10, i n c i .

w h ic h  in s ome  cases are ve ry dras t ic  (e ve n change s  of s ign) ; the  rat ios  of the  

is ot r opic  inte r a c t ion coe ffic ie nts  for  me thods  I I I  a nd I I  a r e :  0*95 ( C f), C 8) 

a nd  0*96 ( C 10) for  H 2- He , a nd  0*94 ( C 6, C 8) a nd  0*96 ( C 10) for  H 2- H 2. Ca lc u la 

t ions  at ^n- H =  ^r )  ins te ad of r c> e nlarge  all re s ults  by  5- 10 pe r  ce nt .

T a b le  5 s hows  the  re la t ive  c o n t r ibu t io ns  of the  diffe r e nt  qua dr a t ic  a nd cross  

t e r ms  to the  a nis o t r opy  factors  for  the  dis pe r s ion e ne rgy up  to L  v, L B value s  of 2



170 F. Mulde r  et al.

T a b le  5. Re la t ive  c o n t r ib u t io n s  of the  d iffe r e n t  m u lt ip o le  t e r ms  to the  lowe s t  L  d is pe r s ion

a n is o t r o py  fac tor s , c a lc ula te d  w it h  m e t h o d  I I  for  (no t a t io n  : (2 2 ; 11 )

s tands  for  the  s u m  of the  ( I a Ia ,  2 r 2 h) a nd  the  ( 2 a 2 a , l i i l n )  c o n t r ib u t io n s ,  e tc .).

C 6f C  s+ Cio

Ho- He

yn2 0 1 1 4

(0- 093)

0- 286 0- 306

(2 2 ;  11) (13 , 11) (3 3 ;  11) (2 2 , 2 2 ) ‘ q u a d r .

* q u a d r .  * ‘ cros s  ’ 0- 052 0- 024 0- 076

0- 089 0- 197 (13 , 22) (2 4 ,1 1 ) ‘ cros s  ’

(0- 091) 0- 084 0- 146 0- 230

h 2- h 2

yn200 0- 120

(0 -100 )

0- 250 0- 269

(22 ; 11) (13 ; 11) (3 3 ;  11) (2 2 , 2 2 ) * q u a d r .

‘ q u a d r .  ’ ‘ cros s  ’ 0- 051 0- 027 0- 078

0- 091 0- 159 (13 ; 22) (2 4 ;  11) ‘ cross  ’

(0- 089) 0- 097 0- 094 0- 191

yn220 0- 044

(0- 031)

0- 051 0- 075

(22 ; 11) (13 ; 11) (3 3 ;  11) (2 2 , 2 2 ) ‘ q u a d r .

* q u a d r .  ’ 4 cros s  ’ 0- 006 0- 003 0- 009

0- 013 0- 038 (13 , 13) (1 3 ,3 1 )

(0 -0 1 2 ) 0- 023 0- 008

(13 ; 22) (2 4 ;  11) ‘ cross  ’

0- 017 0- 018 0- 066

t  The va lue s  in pa r e nthe s e s , w h ic h  de s c r ibe  the  q ua d r a t ic  a n is o t r o py  only , 

by  Me ye r  [16]  (see also note  J ta ble  4).
are  o b t a ine d

inc lus ive . T h e  a nis o t r opy  factors  a r is ing fr o m the  qua dr a t ic  te r ms  are in good 

agr e e me nt  w it h  Me y e r ’s re sults . T h e  c o n t r ibu t io ns  of the  cross  te r ms  are  ve ry 

p r o no unc e d  (65- 90 pe r  ce nt ). For  the  ind uc t io n  e ne rgy coe ffic ie nts  the  mixe d-  

pole  c o n t r ibu t io ns  to C 1() vary fr o m 28 pe r  ce nt  (y 102, H 2- He )  to 100 pe r  cent  

(y 106, H 2- He ).  T h e  a s s umpt io n  of T a n g  a nd  T oe nnie s  [5] tha t  y82 =  y i02 for  

H 2- He , w h ic h  was  bas e d on our  p r e limina r y  re sults , appe ar s  to be  jus t ifie d , 

also for  H 2- H 2. Ou r  ca lcula te d value s  (y82 =  0*29, y i02 =  0*31) are close to the  

va lue  y82 =  0*33 [23, 44] , w h ic h  has  be e n us e d w it h  success  by T a n g  a nd  T oe nnie s
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[5] in the ir  mode l po te nt ia l for  in t e r pr e t ing  the  me a s ur e me nt s  of Za nde e  a nd  

Reus s  [3, 4] . T he s e  la t te r  a uthor s  have  me a s ur e d the  o r ie nta t ion de pe nde nc e  

of the  tota l cross  s e ct ion for  a be a m of s tate  s e lected H 2 mole cule s  in collis ions  

w it h  He  a nd  othe r  rare  gas  a toms . Ou r  is ot r opic  dis pe r s ion inte r ac t ion 

coe ffic ie nts  diffe r  s light ly  fr o m Me y e r ’s coe ffic ie nts , w h ic h  is pa r t ly  due  to the  

diffe r e nt  qua lit y  of the  A O  bas is  sets (in pa r t ic ula r  for  H 2 our s  s e e ms  to be  s light ly  

be t te r ). T h e  ma in  s ource  of this  diffe r e nce  is the  e le c tron cor r e la t ion, w h ic h  

has  be e n take n into  a c c ount  by  Me ye r  a nd  the re fore  his  is ot r opic  coe ffic ie nts  

s hould  be  pr e fe r r e d. Mor e ove r ,  his  ca lcula te d C 6 for  H 2- He  a nd  H 2- H 2 are 

close r  to the  e mpir ic a l va lue s  [17, 18]  whic h  can be  de t e rmine d  r a the r  accura te ly 

fr o m s pe c t r os copic  data .

T h e  conve r ge nce  of y L*L*M is ve ry fas t for  the  dis pe r s ion e ne rgy (table  5), 

so tha t  the  (L  v, L H, M )  series  for  the  a nis o t r opic  inte r a c t ion can be  t r unc a t e d  

safe ly at L  V =  L I} =  2. T h is  is a fo r tuna te  c ir c ums ta nc e , be caus e  the  highe r  L 
a nis o t r opy  factors  are less accurate . T h e  in d u c t io n  a nis o t r opy  factors  conve rge  

mor e  s lowly, b u t  the  in d uc t io n  e ne rgy in these  s ys te ms  can be  ne gle c te d in c o m 

pa r is on w it h  the  dis pe r s ion e ne rgy.

F r o m  figur e  3 one  can ge t an impr e s s ion of the  conve r ge nce  of the  CnR~ n 
series  for  H 2- He . In  the  is ot r opic  van de r  Wa a ls  m in im u m  (R 6-5 a .u. [12, 5] ), 

the  is ot r opic  long  r ange  inte r a c t ion increas e s  by 43 pe r  ce nt  by  a d d in g  ( C 8° R~8 +  

C 10° R~ w) to C 6° R ~6. Fo r  the  a nis o t r opic  L K = 2 c o n t r ib u t io n  this  increas e  is 

m u c h  large r  : 112 pe r  cent , w h ic h  of cours e  is due  to the  a nis o t r opy  of C 8 a nd 

C 10 be ing  s ubs ta nt ia lly  large r  t ha n the  a nis o t r opy  of C 6. T h is  mo d ific a t io n  of 

the  conve r ge nce  be ha viour  by the  a nis o t r opic  c o n t r ibu t io ns  is s hown in figur e  3.

17 

1 6 

1.5

F ig ur e  3. Conve r ge nc e  of the  m u lt ip o le  e x pa nde d  d is pe r s ion e ne r gy  for  H 2- He ,  bo th

is o t r opic  (L  = L a  =  0) a nd  in c lu d in g  a nis o t r op ic  te r ms  (L =  L a  =  0, 2).
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We  have  also ca lcula te d the  dis pe r s ion inte r a c t ion coe ffic ie nts  in the  A O  bas is  

w h ic h  was  us e d in [12]  for  the  c a lc ula t ion of the  c omple te  van de r  Wa a ls  po te nt ia l 

for  H 2- He  by the  mult i- s t r uc tur e  va le nce  bo nd  m e t h o d . T h e  re s ults  : C6° = 

4-34 a .u., y62 = 0*115, C8° = 52-38 a .u., y82 = 0-3 2 3, give  rise to the  s ame  c o n c lu 

s ions . T he r e for e , cont r a r y  to s ome  c r it ic is m [16], the  or ig ina l c onc lus ion of [12] 
tha t  y8 is s ubs ta nt ia lly  large r  t ha n  yG is c e r ta inly  va lid. It  mus t  be  s tre s sed, 

howe ve r , t ha t  the  va lue s  of C6°, C8°, y62 a nd  y62 pr e s e nte d in [12], w h ic h  s e e m 

to dis agre e  w it h  the  pr e s e nt  r e s ults  at  fir s t  s ight , we re  not  o b t a ine d  fr o m a dir e c t  

c o m p u t a t io n  us ing  p e r t u r b a t io n  the or y  b u t  r a the r  by fit t ing  the  va le nce  b o n d  

(YB )  re s ults  for  large  dis tance s . T h e  is o t r opic  coe ffic ie nts  are e s s e nt ia lly the  

s ame , b u t  y62, o b t a ine d  by  fit t ing  the  YB re s ults , is large r , be caus e  it ne ce s s ar ily 

c onta ins  the  c o n t r ib u t io ns  of h ighe r  m u lt ip o le  cross  te r ms , e .g. the  (s t r ongly  

a nis o t r op ic ) C8 (13 ; 11). Simila r ly  y82 is s ma lle r  be caus e  it lacks  this  c o n t r ib u 

t ion C 8 (13 ; 11) ; on the  othe r  h a nd  it c onta ins  the  c o n t r ib u t io ns  of the  h ighe r  

mult ipo le  cross  te r ms  C1() (13 ; 22) and C10 (24 ; 11), t hus  y ie ld ing  a y82 whic h  

is s t ill large r  t han  the  va lue  a r is ing fr o m C 8 (11 ; 22) alone .

For  H 2- H 2 the  highe r  mu lt ipo le  dis pe r s ion t e r ms  are  r e la t ive ly mor e  im 

po r t a nt  t ha n  for  H 2- IIe .  For  e x ample ,  in the  is ot r opic  van de r  Wa a ls  m in im u m

( Æ ~ 6- 5 a .u. [ 46] ) "the  rat ios  ( C 6000 R~ 6 +  C 8000 R~ 8)/ C6000 R~* a nd  ( C 6000 R~« +

C 8000 R- * +  C 100(,w /?- I(,) / C6000 R~6 are  1- 37 a nd  1*56 r e s pe ct ive ly . T h is  is eve n

mor e  s t r ik ing  for  the  c o r r e s po nd ing  a nis o t r opic  rat ios , e .g. for  ( L AL BM )  =  (20 0 ) 

the  rat ios  are  1- 78 a nd  2*20 r e s pe ct ive ly . T h is  obs e r va t ion is of pa r t ic ula r  

inte re s t  in r e la t ion to G a llu p ’s c a lc ula t ion of the  H 2- H 2 comple te  po te nt ia l [15] . 

T h e  r e s t r ic t ion of his  C l  c a lcula t ions  to an (s , p ) A O  bas is  set a nd  a ( a  , a u , t t u )

AE in 10'5a.u.

I
0A=9o°.eB=9or

^ P= 90°

F igur e  4 . Anis o t r o p ic  long  r ange  in t e r a c t io n  e ne r gy  AE  = AZs(1>2> (e qua t io n  (9 )) for  H 2- H 2

at R  = 6- 5 a .u . T h e  d iffe r e n t  c o n t r ib u t io n s  to the  e ne r gy  are  ind ic a t e d  in the  figur e  

b y  (La ,  L b, M )  ; (q - q ) de note s  the  pur e  q u a d r u p o le - q u a d r u p o le  in t e r a c t io n

e22o(1) +  e22i (1) +  e222(1) (e qua t io n  ( 1 0 )).
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000
10M O  bas is  set will caus e  a r a the r  large  unde r e s t ima te  of the  C 8000 a nd  C 

is ot r opic  c o n t r ibu t io ns ,  a nd, p r o ba b ly  mor e  p r o no unc e d  e ve n, of the  C 80,)0 a nd 

C 1()200 a nis o t r opic  c o n t r ib u t io ns  to the  int e r a c t ion e ne rgy. T h is  applie s  e qua lly  

to the  pe r t u r b a t io n  type  c a lc ula t ions  of Ko c h a ns k i et a/. [14] , w h ic h  are  also 

r e s t r ic te d to (s, p ) A O  bas is  sets . Ga llu p  not ic e d  tha t  the  (2 2M )  a nis o t r opic  

inte r a c t ion is quit e  close  to the  e le c tros ta t ic  qua d r upo le - in t e r a c t io n  ove r  the  

whole  range . T h is  c onc lus ion, w h ic h  was  also d r a w n by N g  et al. [32]  in the ir  

e le gant  s tudy  of charge  pe ne t r a t ion in the  H 2 d ime r , is c o nfir me d  by our  s t udy  

s ince  at R = 6- 5 a .u. the  (220) C(]R~ i] d is pe r s ion e ne r gy is s ma lle r  tha n the  (220) 

e le c tros ta t ic  e ne rgy by a fac tor  of 15- 2. Wh e n  a d d in g  the  C 8 a nd  C ]() c o n t r ib u 

t ion to C(]R G, this  fac tor  decreases  to 8 -6 . A m u c h  mor e  p r o no unc e d  m o d ific a 

t ion of the  a nis o t r opic  inte r a c t ion arises , howe ve r , fr om the  (20 0 ) dis pe r s ion 

te r ms . T h is  is illus t r a te d by figur e  4 w h ic h  s hows  the  a nis o t r opy  of the  firs t-  

a nd  s e cond- orde r  in t e r a c t ion e ne rgy up  to L A, L n va lue s  of 2 inc lus ive  for  R = 6*5 

a .u. (the  h ighe r  L a nis o t r opy  has  be e n o mit t e d  be caus e  it is not  s ignific a nt ).  T h e  

s ubs ta nt ia l diffe r e nce  be twe e n this  cur ve  a nd the  cur ve  c ompos e d of the  is ot r opic  

dis pe r s ion e ne rgy a nd  the  (a n is o t r op ic ) q ua d r up o le - q ua d r up o le  inte r a c t ion 

(figur e  4) is r e duce d for  large r  dis tance s , t h o ug h . T h e  a ppa r e nt  e xis te nce  of 

two c ompe t it ive  s table  d ime r  s t r uc tur e s  (pe r pe nd ic u la r  a nd s hift e d  pa r a lle l), 

w h ic h  we  obs e rve  in figur e  4, has  be e n r e por te d for  s imila r  q ua d r up o le  mole cule s  

[22, 46, 47] , in c lu d in g  H 2 [ 46] . F ur t he r mo r e , it is inte r e s t ing to note  tha t  the  

H 2 mole c ule  can be  cons ide r e d as an ‘ ide al p o in t  q ua d r up o le  w h ic h  is illus 

t r a te d by c ons ide r ing  the  mu lt ip o le  mo me n t s  as d ime ns ionle s s  numb e r s  :

- 2 m _ =  0- 252 =  0- 084 >  =  q - 025.

r H- H~  r H- H r H- H

Cons e que nt ly , the  C 7/ ?~7 t e r m is not  mor e  tha n 50 pe r  ce nt  of the  C5R~5 t e r m for  

o r ie nta t ion 1 11 , e ve n at the  ve ry s hor t  dis tance  of 1 - 80a .u., whe r e  the  m u lt ip o le  ex 

pa ns ion r e s ult  is, of cours e , me a ningle s s  be caus e  of charge  pe ne t r a t ion [ 32] . As  

s ta te d be fore , this  ve ry fas t conve r ge nce  does  not  a pp ly  to the  dis pe r s ion e ne rgy.

5. T h e  H ,- IIe  i n t e r a c t i o n  p o t e n t i a l

A fir s t  ana ly t ica l r e pr e s e nta t ion of the  H 2- He  inte r ac t ion po te nt ia l [ 12 , 4] , 

w h ic h  was  o b t a ine d  as a fit  to the  VB re s ults  of Ge ur t s  et al. [ 12] , was  fo un d  by 

Za nde e  to be  in good a gr e e me nt  w it h  the  obs e r ve d o r ie nt a t ion  de pe nde nc e  of 

the  total cross  s e c t ion of H 2- He  [ 4, 48 ] . Us ing  the  pr e s e nt ly  ca lcula te d value s  

for  the  long  range  inte r ac t ion coe ffic ie nts  as we ll as s ome  extra fir s t- orde r  [ 49]  

a nd  VB [ 50]  ca lcula t ions ,  w hic h  have  be e n pe r fo r me d for  s hor te r  dis tance s  

(R =  3- 0- 4- 5 a .u .),  we  are able  to pr ovide  an upda t e d  ve r s ion of the  I I 2- IIe  

inte r a c t ion po te nt ia l

V(R, 6) =  10 "5( 1 +  0- 277 / j 2(c os  0)) exp (13- 335 -  1 - 5643/? -  0 - 05113 6R2) 

4- 464    _  56- 39
(1 + 0- 114P ,(cos  6)) —  + ( 1  + 0 - 2 8 6 P 2( c o s  9 ) )  R S

w i t h

988- 9
+  (1 +  0- 306P ,(cos  6) ) ——  

F (R )= 1 - e x p  [ - 0 - 4 7 ( / ? - 2- 97)]  for  2- 97 a .u.

F(R).

=  0 for  R < 2- 97 a .u. (17)
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A p r e lim ina r y  ve r s ion of the  la t te r  po te nt ia l,  w h ic h  is s light ly  diffe r e nt  only  

be caus e  its  long r ange  pa r t  is c ons t r uc te d fr om C H, y 6, C 8 a nd y 8 ca lcula te d in 

the  AO bas is  of [12] , has  be e n dis cus s e d a nd  c ompa r e d  w it h  othe r  po te nt ia ls  

[11, 13, 51]  by Tang and T oe nnie s  [5] in r e la t ion to the  e x pe r ime nt  of Za nde e  

[3, 48] . T h e  d a m p in g  func t io n  F (R ), whic h  cor re cts  the  mu lt ip o le  e x pa nde d  

dis pe r s ion e ne r gy for  pe ne t r a t ion a nd e xchange  e ffects , has  be e n o b t a ine d  by 

c o m p a r ing  the  pr e s e nt  m u lt ip o le  re s ults  w it h  the  ah initio VB re s ults  for  the  

s e cond or de r  e ne rgy.

6. C o n c l u s i o n s

For  both s ys te ms , H 2- He  a nd H 2- H 2, we  can dr a w the  fo llo w ing  c onc lus ions  :

(a) the  a nis o t r opy  of the  dis pe r s ion (a nd  of the  in d u c t io n )  inte r a c t ion is s u b 

s tant ia lly  incre as e d by the  mixe d- pole  or  cross  te r ms , y ie ld ing  a nis o t r opy  factors  

y8 a nd  y10 whic h  are de finit e ly  large r  t ha n  yf) (table s  4 a nd 5). T h e  a s s umpt io n  

tha t  y8 ~ y 10 [5] s e e ms  to be  jus t ifie d  ;

(b ) the  conve r ge nce  of the  a nis o t r opy  factor s  y La7-»*17 w it h  re s pe ct to a nd  L n 
is ve ry fas t for  the  dis pe r s ion e ne rgy, b u t  s low for  the  in d uc t io n  e ne rgy. T h e  

ind uc t io n  e ne r gy its e lf is ne g lig ib le , howe ve r  (table  4) ;

(c) be caus e  of (b ) a nd the  fact tha t  H 2 can be  cons ide r e d as an ‘ ide al po in t  

q ua d r up o le  ’, one  can t r unc a te  the  a nis o t r opic  inte r a c t ion e ne r gy series  (9) 

s afe ly at L A, L u va lue s  of 2 (r e s ults  : figure s  3 a nd 4). T h e  a nis o t r opic  d is 

pe r s ion inte r ac t ion c a nnot  be  ne gle c te d in c ompa r is on w it h  the  (a nis o t r opic ) 

q ua d r up o le - q ua d r up o le  inte r a c t ion for  H 2- H 2, at the  van de r  Wa a ls  m in im u m  

(figur e  4) ;

(d ) highe r  mult ip o le  dis pe r s ion te r ms  caus e  a s ubs ta nt ia l lowe r ing  of the  van de r  

Wa a ls  m in im u m  (figur e  3) ;

(e ) F ur t he r mo r e  we me n t io n  the  re s ult  tha t  me t hods  I, I I  a nd  I I I  s how a 

s imila r  be ha viour  und e r  o p t im iza t io n  of the  po la r iza b ilit y , in pa r t ic ula r  me thods  

I a nd  II (table  2 ). Cons e que n t ly , the  che ape r  me t h o d  I, a lt ho ug h  it yie lds  too 

s ma ll pola r izabilit ie s , can be  us e d for  o p t im iz in g  the  A O  bas is  set. T h is  

o p t imize d  bas is  can the n be  e mploy e d  for  the  fina l c a lc ula t ions  w it h  me t h o d  II  

or  I I I .  T h e  lat te r  me t ho d  has  the  the or e t ica l a nd pr ac t ica l d r a wba c k tha t  a is 

not  s t r ic t ly  va r ia t iona lly  b o u n d  (figur e s  1 and 2 ).

\ \  e t ha nk  Ge r a r d  van Dijk  for  his  as s is tance  w it h  the  c a lc ula t ion of the  

anis ot r opic  ind uc t io n  e ne rgy a nd  Ru t  Be r ns  for  his  c o n t r ib u t io n  to the  d e t e r mina 

t ion of the  ana lyt ica l po te nt ia l for  H 2- He  (e qua t ion  (17)).

Note added in proof : Afte r  s ubm it t ing  this  ar t ic le  it came  to our  a t t e nt ion 

tha t  the  fo r mula e  (3) a nd (5), w hic h  we have  de r ive d as s pe c ia liza t ions  of our  

re s ults  in re fe rence  [30] , have  be e n ob ta ine d  dir e c t ly  in a re ce nt pa pe r  by Ko id e

[521.
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(6 ), (8 ) a nd  (12). T h e  lis t  is c o mple t e  up  to N =\ 0  inc lus ive  (N  =  / a  + 1'a +  / b  +  / b  +  2).

N > > L \ L nM

000 200 220 221 222

6 11, 11 2 - ( 2 ) » 3
2

— 3
i 
1 ‘2

100 120 121 300 320 321 322

7 21 , 11 3 (1 )* - 3 ( f ) * Ml)4 - 4 ( I ) 4 7 (*)» - 3  ( 1V ) 4 * (A)!

000 200 020 220 221 222 400 420

8 22 , 11 - 0 5 ) » 4 ( f ) i 2 GO* - 5 ( f ) 4 ( f ) 1 - Mf)4 - ( ¥ ) * 22 (A)1

421 422

- 3 ( A ) 4 i ( t o s ) 1

110 111 310 311 330 331 332 333

8 21 , 21 36
5

1 8 
5 f  ( 6 ) 4 - Mf)4

44
5

101 
» 0

1
1 8

1
3 00

110 111 310 311 330 331 332 333

8 21 , 12 27
5

0
5 !  ( 6 ) 4 - Mf)4 33

5
4
5

1
30 0

200 220 221 222 400 420 421 422

8 31 , 11 1 2 (1 )* - 6 ( f ) 4 Ml)4 i  (±\ k 
« \ 1 4 / - 1 0 ( A ) * 19 ( A ) s -  5 (A)1 i  ( A) ‘

010 210 211 030 230 231 232 410

9 22 , 21 6 ( 2 ) ! - 4 8  ( , V ) 4 6 ( A ) 4 —(1 2 )4 2 ( ¥ ) * - 1 3  G r k ) * i  (A)1 1 2 (1 )»

411 430 431 432

•

433

- * ( * ) * - 2  (42)* ¥ ( ^ ) 4
_  i » (M -Vi

0 0 V 4 2 / T h  ( A ) 4

A
n
iso

tro
p

ic
 

long 
range 

in
te

ractio
n
s 

H
2-

H
2y 

H
2-

H
e



Appe nd ix  A l  con t in u ed
ON

>—»

N / a /  a ,  I n l ' n L\ L\ \ M

100 120 121 300 320 321 322 500

9 32 , 11 - 4 ( ¥ ) 4 00 £
K#
*

-  (Vs ) 4 2 (5 )» - 7 ( f ) »
13 M  U 
6 U O j ' “  I  (T ú) 4 - 2 ( ¥ ) 4

520 521 522

1 0 ( f )» _  17 (- I- \ i
3 \ 3 5  / 1 f- M»4 \ 3 5 /

210 211 230 231 232 410 411 430

9 31 , 21 —6 (%°y 2 ( ¥ ) * 8 ( f )» - ( f ) 4 0 5 ( ¥ ) ‘ _1 7  /_1 U 
2 \ 7 0 y - 1 0 (V5 )»

431 432 433

6 1 / 1  \ k 
4 V105/*

- - 1— I'- 7. Vi
12 Vl5/

. i .
4  H V 1 0 5 )

210 211 230 231 232 410 411 430

9 31, 12 - 1 8  ( A ) * - 4 ( A ) » 24 ( * ) »
- 4  / 1 U

3 \ 3 5 /
_  i (_i_U

6 \ 3 5 / 3 ( V ) 5
_  3 / JL U

2 V 7 0 / - 6 ( V ) 4

431 432 433

17 / _ 1_U  
2 \ 1 0 5 / 4 V 1 0 5 / 0

300 320 321 322 500 520 521 522

9 41 , 11 1 0 (1 )» - 5 ( f ) »
5 /i\ .<
6 WW

_i_ (±\ i 
12 V « / - 2  ( f )» 4 ( 7 ) !

1 3 / 1  V'
3 \  3 0 /

1  (M_Vi
6 \ 3  0 /

000 200 220 221 222 400 420 421

10 2 2 , 22 14 - 1 0 ( ^ ) » 9  2
_  lí» 

7

6
7

9 (f)S - ¥ ( 5 ) » 7 ( 5 ) !

422 440 441 442 443 444

- A  (5)»
1 8 1

«

1
7 4  

3  5

4  1

6 3  0
i

6 3 0
1

2 0 1 6  0

. M
u
ld

e
r 

et 
a
l.



Appe nd ix  A l con t in u ed

— * 

tsJ

N / a /  a ,  Ib I ' b L\ L\ \ M

000 200 0 2 0 220 221 222 400 420

10 33, 11 4  g  y- - ¥ G ) è - 1 0 ( A ) * ¥  ( ? ) * -  K f ) * ( A ) 4 1 8 ( A ) * - 3 0  (yV)!

421 422 600 620 621 622

4 ( A ) * V 2 3 1 /
_  10 / _ 7 U  

3 V i l /
2 05 ( 2 \ .\  

3 V 7 7 / -  ¥  m 1
i  f  i  
2 Vl54>>

220 221 222 420 421 422 440 441

10 31 , 31 1 8  0 **4
_ 4 0

7
5
1 4" - ¥ ( 3 ) s ¥ ( i ) ‘ - à - a y

2 05 
7

16 7 
7 0

442 443 444

37
5 0 4

i
5 04

i
2 0 1 6 0

220 221 • 222 420 421 422 440 441

10 31 , 13 7 2 
7

3 2 
2 1

i
4 2 - ¥ ( 3 ) ‘ i  a y a  a y

8 2 
7

6
7

442 443 444

i
5 6 0 0

200 220 221 222 400 420 421 422

10 31 , 22 - 1 0 ( ¥ ) i ¥  ( 6 ) * - ¥ ( ! ) * -  A  CD* 6  ( f ) » - ¥ ( 2 ) * ¥  ( i ) 1 - A G ) 1

• 240 241 242 440 441 442 443 444

- ¥  ( 3 0 ) J f  ( t ) *
m i

84 \ 6 / \ H ( 1 0 ) ‘ 1 5 3  / 1 \ 1
2 8 VIO> /

1 3/_l_\  4 
8 4 \  1 0 / -  a k ( A  y 0

110 111 310 311 130 131 330 331

10 32, 21 3 0 ( f ) * - 1 5 ( f ) * - 5 ( 6 ) 4 5 ( ¿ ) ‘ - 1 0 ( f )* 5 ( A ) 1 10 5
4

332 333 510 511 530 531 532 533

i
1 2

1
1 4  4

1 0 ( f  )* -  ¥  ( A ) J - 4 0  ( f )* ¥ ( f  y - 1 3
6 0  V 1 4 ^ r io  ( i lí ) 1

©

o"
Oq

%

0§

%

a

©
' S *

¡5
to
I
Síto

&:to
I

^1



Appe nd ix  A1 con t in u ed
9

oo

A r / a /  a ,  / b / b  L aL bM

110 111 310 311 130 131 330 331

10 32, 12 2 4 ( f ) * 9 ( f ) i - 4 ( 6 ) * ( * ) 4 - 8 ( f ) * ( * ) 4 8 8
9

332 333 510 511 530 531 532 533

2
4 5

1
300 8 ( f ) * _  11. (_1AJ

5 \ 2 1 ) - 3 2 ( f ) * 239 Z' 1 U 
4 '5 U 4 /

— i— (1 Vi
45 3 io  ( A ) 4

200 220 221 222 400 420 421 422

10 42 , 11 - 2 5 ( A ) * 20  (- ¿r)4

_  5 p u
3 V 21 )

__5_ p U  
12 \ 21/ 12 ( | f ) i _ 9 ( f f ) *

m k
_ 3  /_3_\ J 

4 V7 7 0/

600 620 621 622

- 7 ( * ) * 19 ( M ) 1 -  3 (¥ )"- i  ( t h y

310 311 330 331 332 333 510 511

10 41 , 21 - 6  (10)* 3 ( f ) l 8 ( f )* - i 0 5 ) * 0 —1— (_1A4
14 4 \ 15/ 6 (2 )* -  *(*)*

530 531 532 533

— 38 (J )* ¥  ( i ) 5 "  iVG)*
—1— m *
360 \ 3/

310 311 330 331 332 333 510 511

10 41 , 12 - 3  (10)* - ( f ) S 4 ( f ) *
_  1 (.5 \ \

6 \ 3 /
— 1-  p _  -Vi

12 V 1 5 ) 0 3 ( 2 ) * - m y

530 531 532 533

- 19 (4 )*
2 2 /1\ > 
15 \ 3 / '

(1)1 
3 0 \ 3 / 0

400 420 421 422 600 620 621 622

10 51, 11 6 ( « ) * ( A ) 4
1 (- i- Y-
2 \ 3 3 0 / - 7 ( A ) * 29 ( * ) * - §  (1 \ - y

-A. p - V i
12 V 1 1/

F
. 

M
u

ld
e

r
 

«
/.



An isotrop ic Jong range in teractions H 2- H 2, H 2- H e  179

App e nd ix  A2 .  S T O - w (G T O )  e x pa ns ions  of 2p , 3d a nd  4f Sla te r  func t io ns  w it h  e x pone nts

£= 1-OOf.

N o . 2p 3d 4f

71 Ex po ne n t s Coe ffic ie n t s Ex po ne n t s Coe ffic ie n t s Ex po ne n t s Coe ffic ie n t s

1 0- 176068 1- 0 0- 130272 1- 0 0- 103388 1- 0

( 5  =  0- 975884) ( 5  =  0- 974636) ( 5  =  0- 973893)

2 0- 432603 0- 452304 0- 278345 0- 465498 0- 200666 0- 476917

0- 106913 0- 671384 0- 083484 0- 665606 0- 068657 0- 658743

( 5  =  0- 998453) ( 5  =  0- 998508) ( 5  =  0- 998556)

3 0- 917879 0- 161987 0- 564903 0- 147163 0- 348326 0- 173495

0- 236956 0- 562813 0- 176130 0- 558274 0- 125124 0- 596123

0- 080548 0- 425790 0- 067659 0- 452630 0- 053593 0- 394342

( 5  =  0- 999866) ( 5  =  0- 999873) ( 5  =  0- 999900)

4 1- 864486 0- 053971 0- 926279 0- 057171 0- 569633 0- 058918

0- 481655 0- 275794 0- 293518 0- 303518 0- 207617 0- 318839

0- 168824 0- 551809 0- 118903 0- 562625 0- 093042 0- 564051

0- 066743 0- 276269 0- 052757 0- 242726 0- 044754 0- 228825

(»S =  0- 999985) ( 5  =  0- 999989) ( 5  =  0- 999992)

5 3- 653832 0- 017855 1- 639533 0- 017712 0- 901197 0- 019488

0- 934948 0- 111998 0- 523810 0- 118686 0- 331898 0- 135647

0- 326000 0- 355392 0- 215016 0- 371455 0- 151474 0- 402190

0- 132100 0- 496813 0- 098836 0- 493830 0- 076163 0- 475243

0- 057317 0- 177955 0- 047291 0- 166067 0- 039435 0- 139715

(5  =  0- 999998) ( 5  =  0- 999999) ( 5  =  0- 999999)

f  'These  e x pa ns ions  have  be e n o b t a ine d  w it h  the  a id of the  c o m p u t e r  p r o g r a m  G T O F IT  

(Wa c hte r s ,  A .  J. H . ,  Va n  de r  Ve lde , G .  A . ,  1968), us ing  the  c r it e r ion of m a x im u m  ove r lap

[ 36] . In  pa r e nthe s e s  the  va lue s  of the  r e s ult ing  ove r la p inte gr a ls  5  are  g ive n. 'The  G T O  

e x pone nts  a,- for  a Sla te r  e x po ne n t  Ç d iffe r e n t  fr o m 1- 00 can be  o b t a ine d  fr o m the  s ca ling  

r e la t ion [35]  : a* =  £2 x», whe r e  x» are  d ie  t a bu la t e d  G T O  e x pone nt s  ; the  e x pa ns ion c o 

e ffic ie nts  C i are  the  s ame  as the  t a bula t e d  one s . N ote  adde d in proof .— S im ila r  e x pa ns ions  

have  be e n ma de  e a r lie r  by  S te w a r t  [ 53] .
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