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The anomalous Hall effect and the magnetoresistance of ferromagnetic metals are in· 

vestigated on the basis of the localized d·electron (or f-electron) model. First the Hamil· 

tonian of the interaction between conduction electrons and localized electrons is given, 

which is valid when the orbital angular momenta of localized electrons are not quenched. 

Then we find that the scattering matrix of a conduction electron depends in a complicated 

way on the directions of the initial and final wave vectors and of the magnetization. The 

transition probability calculated to the first Born approximation by using the above matrix 

elements leads to the electrical resistivity of the form expressed by Eq. (1. 1) in the text. 

To the second Born approximation we find that the transition probability from a state k 

to another state k 1 is not equal to that from k 1 to k and leads to the anomalous Hall effect. 

The magnitude and the temperature dependence of both effects are reasonable for iron and 

nickel when compared with experiment. 

In rare-earth metals, both effects can also be obtained and, besides, the electric quadrupole 

moments which are associated with the orbital angular momenta cause an additional scat· 

tering. When we calculate the normal resistivity by adding the exchange and quadrupole 

scatterings, we obtain a good agreement with experiment on the magnetic contribution to 

the resistivity of rare-earth metals with more than half-filled 4f shells 

§ 1. Introduction 

The electrical resistivity of ferromagnetic metals shows an anomalous temper­

ature dependence below the Curie temperature. This fact has been explained 

by Motel on the basis of the band model and by Kasuya2l on the basis of the 

localized d-electron model. Ferromagnetic metals also show the anomalous Hall 

effect and the magnetoresistance, which have been given theoretical explanations 

by Karplus and Luttinger3l and by Smiel on the basis of the band model. On 

the other hand, the usual s-d interaction is isotropic and does not give rise to 

these effects. It should be noted, however, that the orbital angular momenta of 

localized electrons are not quenched in rare-earth metals and even in iron group 

metals they are remaining because of the spin orbit coupling. So the interaction 

between conduction electrons and the orbital angular momenta of localized elec­

trons must be taken into account as well as that between conduction electrons 

and the spin angular momenta. 

We shall show in this paper that the above phenomena can be accounted 

for by this interaction on the ·basis of the localized d-electron model. In § 2 
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Anomalous Hall Effect and Magnetoresistance 773 

we give the Hamiltonian of the interaction between conduction electrons and 

localized electrons which is valid when the orbital angular momenta of localiz­

ed electrons are not quenched. In § 3 we calculate the transition probability to 

the first Born approximation by using the above Hamiltonian and show that the 

resistivity of cubic transition metals can be expressed by 

(1·1) 

where u and t are unit vectors in the directions of the applied electric field 

and of the magnetization, respectively. In § 4 the transition probability is 

calculated to the second Born approximation, where it is found that the pro­

bability from a state k to another state k' is not equal to that from k' to k. 

This fact leads to the anomalous Hall effect and it is found that the electric 

current of transition metals is expressed by 

(1·2) 

where e is the magnitude of the applied field, (T/J is the normal electrical con­

ductivity and a is a constant which depends on temperature. In § 5 we dis­

cuss the anomalous Hall effect of rare-earth metals. We also note there that, 

when we calculate the resistivity of rare-earth metals above the Curie temper­

ature by adding the exchange and quadrupole scatterings, we obtain a good 

agreement with experiment on the magnetic contribution to the resistivity of 

rare-earth metals with more. than half-filled 4f shells. 

§ 2.. The basis Hamiltonian 

We start with the following Hamiltonian which represents the interaction 

between conduction electrons and localized electrons : 

!!£= 'L,nklr.'N-1 e1Ck'-k>R,. X 

"L,,.,.,{ (b.,.,.+* b,.,.,+ +b.,.,._* b,.,.,_) (a,<'+* ak'+ +a,.,_* ak'-) V mm' (k, k') 

(2·1) 

where N is the total number of atoms in the crystal, a,.,± and bnm± are the de­

struction operators of the conduction electron with wave number k and of the 

localized electron in the m-th orbital state of the n-th ion, respectively, and V 

and J are defined by 

v mml (k, k') = Ne-1(k'-k>R,. f f cfnm * (1) s"k * (2) (e2/rl2) cfnm' (1) cp,., (2) dvrdv2' (2. 2) 

J,.,., (k, k') =Ne-i(ki-A·>R,. f Jcfnm * (1) cfk * (2) (e2/rr2) cfk' (1) cfnm' (2) dvrdv2, (2· 3) 

where cfk and cjJ,.,. are the Bloch function with a wave vector k and the m-th 
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774 J. Kondo 

localized wave function of the n-th site with 3d or 4f character, respectively. 

Usually, m was restricted to be equal to m'. 

If the total orbital and spin angular momenta, Ln and Sn, of the n-th ion 

are assumed to be good quantum numbers, Eq. (2 ·1) can be represented in 

terms of Ln and Sn. For this purpose we have to do two things. Firstly, we 

rewrite the product of the operators b and b* in the usual coordinate space and 

put 

bnm± * bnml± = L;i=(' Pmml (i) (±Sit+ 1/2), (2·4) 

(2·5) 

where n0 is the number of 3d (or 4f) electrons in the n-th ion and Pmm' (i) is a 

function of the orbital angular momentum of the i-th electron, which has the 

following property : 

f cf;~"'1 * (i) Pmm' (i) cfnm• (i) dvi = amm1 a"''"'•, (2·6) 

si is the spin operator for the i-th electron, t is a unit vector m the direction 

of the magnetization and Sq: are defined by 

Sq, = sie =r isi~ , (2 · 7) 

where E and 'IJ are unit vectors perpendicular tot and to each other. Second­

ly, we calculate the explicit dependence of v,.,.,(k, k') and Jmml(k, k') on k and 

k' by expanding the Bloch function cfk(r) as follows: 

cfk (r) = v-112L;, (2s + 1) i'j, (kr) P, (cos Okr), (2 · 8) 

which represents a plane wave, when j, is the spherical Bessel function. V is 

the total volume of the crystal. In (2 · 8) we restrict ourselves to the terms of 

s=O and 1, that is, to the lowest order in which we can obtain the relevant 

effects. The localized wave function has the form 

(2·9) 

Then, by calculating V,,m, and J "'"'' for all combinations of m and m', we obtain 

the following results : 

(2 ·10) 

L:mml Pmm' (i) Jmm' (k, k') 

=Fo+2Fl(te·te') + (3i/2)F2 li· (te'Xte) -F3 (lili>·(tete'>, (l=2) (2·11) 

= Fo + 2Fl (te · te') + iF2 li · (te' x te) - (2/5) F 3 (lili> ·(tete'>, (l = 3) 

where te and te' are the unit vectors in the directions of k and k' and 

(2 ·12) 
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Anomalous Hall Effect and Magnetoresistance 

Ro = (Ne''/V) 12rrR0" (1, 1), 

R1 = (Ne" /V) (12rr/35) R2" (1, 1), 

= (Ne2/V) (4rr/25) Rs" (1, 1), 

F0 = (Ne2/V) (4rr/5)R2""'(0, 0), 

= (Ne2/V) ( 4;r/7) Rs""' (0, 0), 

F1= (Ne2jV) (4;r/5) {R1""'(1, 1) + (9/14)R3""'(1, 1)}, 

= (Ne" /V) (18;r/35) {R2""' (1, 1) + (20/27) R/"' (1, 1)}, 

F 2 = (Ne2/V) (4rr/5) {R1""'(1, 1)- (3/7)Rs""'(1, 1)}, 

= (Ne2/V) "(18rr/35) {R2""' (1, 1) - (5/9) ~·"' (1, 1)}, 

Fa= (Ne2/V) (4rr/5) {R/"'(1, 1) + (9/49)Rs""'(1, 1)} ,_ 

= (Ne" /V) (18rr/35) {R2""' (1, 1) + (25/81) ~·"' (1, 1)}, 

Rh"(s, t) = rrj.(kFr1)jt(kFr1) (r<h/r> h+1)P(1·2) 2r12dr1dr2' 

(l=2) 

(l=3) 

(l=2) 

(l=3) 

(l=2) 

(l=3) 

(l=2) 

(l=3) 

-(l=2) 

(l=3) 

Rh631 (s, t) = rr j,(kFr1)jt(kFr2) (r//r}+l)P(1·1)P(r2) r1r2dr1d1·2. 

775 

(2 ·13) 

(2 -14) 

(2 ·15) 

(2·16) 

(2·17) 

(2·18) 

(2·19) 

(2·20) 

The notation (AB) means a tensor of second order, which is obtained from the 

product of two vectors A and B and whose components are defined by 

(AB)±2=A±1B±1, 

(AB) ±1 = (1/2) 112 (AHBo + AoB±l), 

(AB)o = (1/6) 112 (A1B-1 + 2AoBo + A-1 B1) , 

where 

A±1 = + (1/2) 112 (A,± iA11), Ao =A • . 

The scalar products of two t~nsors is defined by 

(LL)·(AB)='E.t=2_2(AB)i*(LL)i 

(2. 21) 

(2·22) 

='={(L·A) (L·B) + (L·B) (L·A)}/2-L(L+1) (A·B)/3. (2·23) 

In (2 ·19) and (2 · 20), we have assumed lkl = lk'l = kF, where kF is the magnitude 

of wave vectors at the Fermi surface, because, as will be seen later, only the 

wave vectors at the Fermi surface concern us, as long as we are concerned 

with the electric current. 

From (2·4), (2·5), (2·10) and (2·11), the Hamiltonian (2·1) can be 

written as 

$(, = - 'E.nkkf N-1 ei(l,'-lr)R,. ak * ak' 
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776 J. Kondo 

- "' N-Iei(k.f-l<)Rna *a 
- - ,i....Jn1~1r.l k k.l 

X L:;i=~ [2RI(l;li) · (1Cte.1 ) + {1/2 + 2 (si · sc)} 

X {Fo + 2Fl (IC ·IC') + iF2li · (~e' X IC) - (2/5) F3 (lili) · (ICIC')}] , (l = 3) 
(2·24) 

where we have dropped the spin part from the suffixes of a* and a, which is 

represented by the spin operator sc for a conduction electron. 

If we consider the matrix elements of (2 · 24) between states with the same 

ILnl and ISnl, Eq. (2·24) can be represented in terms of Ln and Sn as follows: 

X [cl (2Rl- Fa/2) (LnLn) · (1C1C 1
) + (3i/ 4) F2 Ln · (1C1 X IC) 

+ 2 (Sn · Sc) {Fa+ 2Fl (IC ·IC') + (3i/2)c2F2 Ln · (1C 1 X IC) -caFa(LnLn) • (1C1C1
)} ], (l= 2) 

= _"' N-Iei<k'-l•·>n,.a *a 
£....Jnldr.! k /;1 

X [cl (2Rl- Fa/5) (LnLn) · (1C1C1
) + (i/2) F2 Ln • (1C 1 X IC) 

+2(Sn·S0) {Fo+2Fr(te.·IC')+ic2F2 Ln· (IC' XIC) -(2/5)caFa(LnLn)·(IC1C1 )} ], (l=3) 
(2 ·25) 

where ci are defined by the relations 

L:;i='t' (lili) = c1(LL) , 

L:;i=~ (lt·A) (si·B) =c2(L·A) (S·B), 

L:;i=~ ((lili)·(AB)) (s;·C) =c3 ((LL)·(AB)) (S·C), 

The values of ci for various ions are given in Table I. 

Table I 

L s 

dl 2 1/2 1 1 

d2 3 1 1/5 1/2 

a a 3 3/2 -1/5 1/3 

d4 2 2 -1 1/4 

d6 2 2 1 -1/4 

d7 3 3/2 1/5 -1/3 

dB 3 1 -1/5 -1/2 

d9 2 1/2 -1 -1 

f1 3 1/2 1 1 

f2 5 1 1/3 1/2 

f3 6 3/2 1/11 1/3 

f4 6 2 -1/11 1/4 

(2. 26) 

(2. 27) 

(2·28) 

ca 

1 

1/10 

-1/15 

-1/4 

-1/4 

-1/15 

1/10 

1 

1 

1/6 

1/33 

-1/44 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/2

7
/4

/7
7
2
/1

9
1
9
3
6
0
 b

y
 g

u
e
s
t o

n
 2

0
 A

u
g
u
s
t 2

0
2
2



Anomalous Hall Effect and Magnetoresistance 777 

L s Cg 

f5 5 5/2 -1/3 1/5 -1/15 

f6 3 3 -1 1/6 -1/6 

fB 3 3 1 -1/6 -1/6 

f9 5 5/2 1/3 -1/5 -1/15 

flO 6 2 1/11 -1/4 -1/44 

f11 6 3/2 -1/11 -1/3 1/33 

f12 5 1 -1/3 -1/2 1/6 

f13 3 1/2 -1 -1 1 

There are two cases in which (2 · 25) is further simplified. 

(1) When the orbital ground state is non-degenerate, we have (0/L/0) 

=(0/(LL)/0)=0. Then (2·25) reduces to the usual s-d Hamiltonian 

11f "' N-1· i(h!-T.)R * 2 (S )·J(k k') etto = - £....Jnkkl e ·n.ak. ak' n • Se , , 

where 

J (k, k') = F0 + 2Fr (IC ·1C1
). 

If we introduce the spin-orbit coupling 

$£LS=i.l::;nLn·Sn, 

(2. 29) 

(2· 30) 

(2·31) 

some amounts of the orbital angular momentum are associated with the spin 

angular momentum through non-diagonal matrix elements of Ln and we have 

corrections to the zeroth-order Hamiltonian $£0 through a perturbation procedure. 

When we retain terms up to second order of i., we have the following expres­

sion for the corrected Hamiltonian : 

H _: 11r +"' {(0/$£- $io/i)(i/$£LS/0) + 
- Jto £....Ji comp. 

Eo-E; 

+ 2:w (O/$£Ls/i)(i/$i-$io/i')(i'/$£Ls/O) 

(E; -Eo) (Eu -Eo) 

conj.} 

+ 2:w{ (O/$iLS/i)(i/$iL~i')(i'/$i --$iol0) + comp. conj.} 
(E;- Eo) (Eu -Eo) 

(2· 32) 

When we assume the cubic symmetry around an ion, (2 · 32) becomes in the 

case of 1=2 

H "' N-1 i(k'-k)R * [2·cs )J(k k') =- £....Jn'•·.k.! e nak a,..,- n·Sc ' 

+ iArF2 {Sn · (~e' X IC) + 4c2(SnSn) · ( (~e' X IC) sc)} 

+ 2:cxy) (ICxiC/ + 1Cy1Cx1
) [cr (2Rr- Fa/2) (A2 + A4) (S.,Sy + SySx) n 

- 2caA2Fa {S, (S · sc) Sv + Su (S · sc) S.,} n 
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778 J. Kondo 

- c8A4F3 { (S · s.) (S"'S11 + S.uS"') + (S"'S11 + S 11S"') (S · s.)} ,.] 

+ c1 (2Rl- Fa/2) (As+ A~) 

X { (S"'2 - Sy2) "(tc"'tc/- ICytc/) + (2S,2- S"'2- S/),. (tc,tc.'- (e. e') /3)} 

- 2csAsFs { (S:JJ (S. s.) s:JJ- s'/1 (S. s.) Sy) "(tc"'tc"''- ICytcy') 

+ (2S, (S · s.) S.- S:. (S · s.) S"'- S 11 (S · s.) S 11),. (tc,tc,'- (e · e') /3)} 

-c8A5F8 {((S·s.) (S.,2-S71
2) + (S.,2-S/) (S·s.)),.(tc.,tc.,' -tc71tcy') 

+ ((S·s.) (2S,2-S.,2-S11
2) + (2S,2-S.,2-S11

2) (S·s..,)),. 

x (tc,tc.'- (e · e') /3)} J , (2 · 33) 

where :Ec.,11> means the summation over cyclic permutation of x, y and z. A-t 

are defined by 

A1 =3,<. (O!L.,JF2.,)(F2.,JL.,JO) , (2·34) 

2 Eo-EF. 

A2 = A2. (OJL.,JF2.,)(F2"'JL.,L11 +.L11L.,JF211)(F211 IL11 !0) (2·35) 

2 (EF.-Eo) 2 

A _ .<2 (OJL.,JF2.,)(F2.,JL.,2 -L11
2!F.,2)(F2:DJL.,JO) (2·36) 

3 
- 2. (EF.- Eo) 2 ' 

A4 =Aa· (OJL.JF2a)(F2a!L11 JFI.,)(Fl.,JL11L,+L.L11 JO) , (2·37) 

· (EF.- Eo) (EF,- Eo) 

A5 =A2. (OJL.JF2,)(F2.!L.JE.,._11.)(E.,._11.J (3L.2 -L(L+ 1))/2!0) , (2 . 38) 

(EF,'- Eo) (EE- Eo) 

when the orbital ground state has the A 2 symmetry and by 

A1 =3,{. (OJL.,JFt.,)(Ft.,JL.,JO) , (2·39) 

2 Eo-EF, 

A _ A2 (OJL.,!Ft.,)(Ft.,!L11L,+L.,L11 !Fl11)(Ft11!L11!0) (2·40) 
2 

- 2. (EF,- Eo) 2 ' 

A _ .<2 (OJL.,JF1,)(F1_,JL.,2-L11
2!Ft.,)(Ft.,JL.,JO) (2·41) 

3
- 2' (EF, -Eo) 2 ' 

A4 =,<z. (OJL,JFI,)(Ft.!L11!F2,)(F2"'!L11L.+L.L11 JO) , (2 .42) 

(EF,- Eo) (EF.- Eo) 

A5 = ,{2. (OJL.JFl.)(Fl,JL,JEs.•-r•)(Es••-r•l (3L,2'-- L(L+ 1)) /2!0), (2 . 43) 
(EF,- Eo) (EE- Eo) 

when the orbital ground state has the A 1 symmetry. Here F 2.,, F211 and F 2,, for 

example, denote the wave functions of the excited states with the F2 symmetry, 

which transform like x (y2- z2), y (z2- x 2) and z (x2 - y 2) under the cubic trans-
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Anomalous Hall Effect and Magnetoresistance 779 

formation. For L=3, Ai become 

Ar = 6i.l (Eo- EF.), A2 = 15i.2 I (EF2 - Eo) 2, 

A4 = 30i.2 I (EF2 - Eo) (EF1 -Eo) , As= A5 = 0 . (2· 44) 

The first term in rectangular brackets of (2 · 33) is the usual s-d interaction, 

while the second term comes from the second-order perturbation and is linear 

in the spin-orbit coupling constant i. and is proportional to (k' X k). The other 

terms come from the third-order perturbation and are proportional to tl2. 

(2) In rare-earth metals except Sm and Eu, J = L + S is a constant of motion 

and (2 · 25) can be represented in terms of J as follows : 

H =- L,nkk'N-1ei<k'-k>Rnak * ak{ dr (2Rr-Fal5) (J,.Jn) · (JCJC') 

+ 2 (gJ-1) (Jn' Sc) J(k,k') + (il2) (2- YJ) F2 Jn' (IC' X !C) 

+ 2idsFs(JnJn) · ( (JC' X JC) sc)- ( 4175) d2Fs (Jn · Sc) (IC · /C.1 ) 

- (1125) d2Fs { (sc X !C) · (JC' X Jn) + (sc X IC 1
) • (IC X Jn)} 

- ( 415) d4Fa[ JCJC 1 sc] · [JJJ] J, (2 · 45) 

where gJ is the Lande g-factor and [ABC] denotes a tensor of third order, 

. whose components are defined by 

[ABC]±s=A±lB±rC±r, 

[ABC]±2= (li3) 112 (A±IB±1 Co+ A±IBoC±l + AoB±r C±r), 

[ABC]±r = (1115) 112 {A±rB±l C"'1 + A±lB'fl C±l + A'flB±l C±l 

+ 2(A±1BoCo+ AoB±lCo+ AoBoC±l)}, 

[ABC]o= (li10) 112 (ArBoC-r + AoBr C-1 + A1B-1Co+ A-1B1Co+ A-rBoCl 

+ AoB-lCl + 2AoBoCo). 

The scalar product of two tensors [tete' sc] and [JJJ] is defined by 

[1CIC1 Sc] • [JJJ] = L,i-:a[tac' Sc]i*[JJJ]i . 

In (2 · 45), di are defined by the equations 

(LL)= (drlcr)(JJ), 

6(SxL) xL+4L(L+l)S= (d2lc3)], 

(LS)= (dslc2)(JJ), 

[ LLS] = (d41 ca) [JJJ] . 

§ 3; Magnetoresistance 

(2. 46) 

(2. 47) 

(2·48). 

We shall calculate the electrical resistivity, regarding the Hamiltonian (2 · 33) 

or (2 · 45) as a perturbation on the motion of conduction electrons which causes 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/2

7
/4

/7
7
2
/1

9
1
9
3
6
0
 b

y
 g

u
e
s
t o

n
 2

0
 A

u
g
u
s
t 2

0
2
2



780 J. Kondo 

the deviation from the periodic potential. In this section we take (2 · 33) and 

calculate the transition probabilities to the first Bern apl?roximation. In cal­

culating' the resistivity, we make the following assumptions. 

(1) The energy of a conduction electron is given by EI<=h2k 2/2m, m represent­

ing an effective mass. 

(2) There is no correlation between two quantities which are related to two dif­

ferent localized spins. This enables us to apply the molecular field approxima­

tion to the localized spin system. 

(3) The localized spin system is in thermal equilibrium. 

(4) The number of conduction electrons with up spin is equal to that with 

down spin. The last two assumptions are not quite essential. We expect that 

the errors due to these assumptions may be small. 

The rate of change of the distribution function ft. of .the conduction electron 

with +spin due to collision with localized spins is given by 

(afj..jat)coz= :Ek' W(k' +, k+) (f{.,- fir)+ :EI<• W(k'-, k+) (f[;,- ft.) 

+ L:;1,, !;MNW(k' -M + 1, k+M) {wM+Ifk,,(1-f'j.) -wMfi.(1-fk,,)} 

+ :Er.-•:EMNW(k' +M+ 1, k+M) {wM+If{.,(1-f{.) -wMfi.(1-f{.,)} 

+ L:;,,, :EMNW(k' + M -1, k + M) {wM-1ft• (1-ft) - wMft. (1-f{.,)} 

+ L;,..,L;MNW(k'-M+2, k+M) {wM+dk.,(1-f"j.) -wMf1.(1-fJ;,)}, 
(3·1) 

where WM represents the probability with whiCh S, takes a value M and 

W(k' +, k+) represents the transition probability from a state k' + to another 

state k + , which is also equal to that of the reverse process. The other pro­

babilities have similar meaning. W(k'-M + 1, k+M), for example, denotes the 

probability of the process in which an electron in a state k'- is scattered into 

another state k +, while S~ of a localized spin changes from M + 1 to M; This 

probability is equal to that of the reverse process. When th~re is no external· 

electric field, this expression vanishes, if 

and 

exp(g(9H."M/kT) 

L;Mexp(g{jH.ffM/kT)' 

G3·2) 

(3·3) 

where {1 is the Bohr magneton and H." is the effective field on the localized 
spin. 

When the external field is applied; f"t. deyiate from fk0 as follows: 

(3·4) 

while, from the assumption (3) , we take the original value (3 · 3) for w M • 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/2

7
/4

/7
7
2
/1

9
1
9
3
6
0
 b

y
 g

u
e
s
t o

n
 2

0
 A

u
g
u
s
t 2

0
2
2



Anomalous Hall Effect and Magnetoresistance 781 

Using the relation (3·4) and the conservation relation of energy, which is implic­

it in the expressions of the transition probabilities, we can write (3 ·1) as 

follow~: 

(aftjat) •• ,=e(afUaEkn:~kt{[W(k' +, k+) (gt,-gt,) + W(k'-, k+) (gt-g;;,) 

+ :EMNW(k'-M+1, k+M)wM{(1-f~r)/(1- ft)} (gj; -g;;,) 

+ :EMNW(k' +M + 1, k+M)wM{ (1-ff..,) /(1- f~)} (gj.-gt') 

+ :EMNW(k' +M, k+M+ 1)wM(f7,,ffD (gj.,-gf:,) 

+ :EMNW(k' -M +2, k+M)wM{(1- f~.,)/(1- f1,)}(gj.-g;;,)}]. (3·5) 

We note that (af"k/'at)ooz can be expressed by a similar expression, which we 

shall not present here. 

From (2 · 33) and the assumption (2), the transition probabilities are given 

up to the second order of A by 

W(k' +, k+) = (2n/h.)a(Ek-Ek,) IHk+.k'+l 2 =a(Ek-Ek,) (U1 + V1 + V') (3·6) 

W(k'-, k+) = (2n/h)a(Ek-Ek,) 1Hk'-,k+l2=a(Ek-EI,,) V2, (3·7) 

:EMNW(k' -M + 1, k+M)wM= (2n/h.)a(Ek-Ekr+gf9Hef!) :EMNjHk'-M+I,k+Mj 2wM 

=a(Ek-Ek,+g(9H.ff) (U2+ Va), (3·8) 

:EMNW(k' +M+1, k+M)wM= (2rr/h)a(Ek-Ekr+g(9H.!!):EMNjH,,,+M+t,k+MI2wM 

=a(Ek-Ek,+gf9H.11) (V6+ V"), (3·9) 

:EMNW(k' -M + 2, k+M)wM=(2rr/h)a(Ek-E,,,+2g{9H.If) :EMNjHk'-M+2,k+MI 2wM 

=a(Ek-EI,,+2g{9H.1;) V4, (3·10) 

where 

U1= (2rr/hN) IJ(k, k') l.'l>1, 

Ua= (2r./hN) jJ(k, k') /2P5, 

v1 =. (2n/hN) [At2 F22(tc' X tc).,2 (4Ca2P2+ Pi) 

(3 ·11) 

(3·12) 

- (caFa/2) J (k, k') {G1 (k, k') (3p4 + (1-8 2 - S) Pt) + Ga (k, k') (3p4- S(S + 1)pl)} ], 
(3·13) 

V 2 = (2n/hN) A12 F22 c22 { (tc' X tc) 2 - (tc' X tc}t2}p2, (3 ·14) 

V 8 = (2n/hN) [A1
2 Fa2cl(tc' X tc)t2Pa- (caFa/B)J(k, k') 

. x {G1 (k, k') (3p6 + (1- 4S- 4S2) p5) + G2(k, k')(3pa + (3- 4S- 4S2)pG)} ], (3 ·15) 

V4= (2n/hN) A12 F2
2c 2

2 { (tc' X IC) 2 - (tc' X tc)/} Pa, (3 ·16) 

V6= (2n/hN) (A1
2 FN4) { (tc' X tc) 2 - (tc' X tc) ,2} (p5+ dpu), (3_·17) 

V' = (2rr/h.N_) [A1
2 F22 (tc' x tc) 24c2Pa 
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782 J. Kondo 

+ (3c112) (ZR1- Fsl2) J (k, k') {G1 (k, k') + G2 (k, k')} Ps] , 

V"= (2;rlhN) (A12F22IZ) {(~'x~) 2 - C~'x~)t 2 }c2p7, 

P1 := ( (M- (M)) 2), 

p2= ( (M2-(M2))2), 

Ps=((M-(M)) (M2-(M2))), 

p4=((M-(M)) (Ms-(Ms))), 

p5=(S2+S-M2-M), 

p6= ((2M+ 1) 2 (S2+ S- M 2.-M) ), 

p7=((2M+1) (S2+S-M2-M)), 

Ps=((S-M) (S+M+1) (S-M-1) (S+M+2)), 

G1(k, k') =A2:E(xy)2(.,(y(tcx!C1y+tcy!Cx1 ) 

+As{ ((x2-(y2) (tc:etcx' -tcytcy') + (3(,2-1) (tc,tc.'- (~·~') 13)}, 

G2(k, k') =A4:E(xy)2(x(y(tcxtc/ +tcy!Cx1
) 

(3 ·18) 

(3 ·19) 

(3. 20) 

(3·21) 

(3 ·22) 

(3 ·23) 

(3. 24) 

(3 ·25) 

(3. 26) 

(3·27) 

(3. 28) 

+Ad((x2-(y2) (tcxtcx'-tcytcy') + (3(,2-1) (f(,,tc.'- (~·~')13)}. (3·28)' 

Here (f(M) > denotes :EMf(M) WM. ul and u2 come from the first term in 

rectangular brackets of Eq. (2 · 33) and represent the usual isotropic scattering. 

V2, V 4, V5, V" and the first terms of Vh Vs and V' come from the absolute 

square of the second term of (2 · 33) and are proportional to Ai2 and thus tq 

A2. The other terms of V1, Vs and V' come from the cross product of the first 

and the third terms of (2 · 33) and are proportional to one of the quantities A2, 

As, A4 and A5 and thus to ..l2. 

So far we have neglected the phonon scattering, We assume that this effect 

can be taken into account by adding a transition P.robability of the form 

W' (k' +, k+) =a(Ek-Ek,) Us= (2;rlhN)a(Ek-Ek,) P(k, k') (3·29) 

to W(k' +, k +), (3 · 6), where P(k, k') is assumed to depend only on the 

angle between k and k'. 

Substituting (3 · 6), (3 · 7), (3 · 8) , (3 · 9), (3 ·10) and (3 · 29) in (3 · 5) and 

neglecting gpH.tJ compared with Ek, because we ne~d only the gfi. at the Fermi 

surface, the rate of change fo fi; at lkl =kF becom.es 

(oft/dt)col=f:('dfk0l'dEt..) L;,.,,a(Ek-Ek,) {(U1 +Us+ V1 +2pV6+ V' +2pV") 

where 

X (gt-gt.,) + (pU2+V2+PVs+p'V4) (gt-gk:,)}, (3·30) 

p=2exp (gpH.ulkT) I {1 + exp (gpH.tJ)}, 

p' = 2 exp (2gpH.tJikT) I {1 + exp (2g{3H.t!)}. 

(3 ·31) 

(3. 32) 
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Anomalous Hall Effect and Magnetoresistance 783 

The rate of change of f"k of the .electron with - spin can be obtained m a 

similar way and is given by 

(ofJ.:/ot)coz =f:(ofUoEk)""L,k,r~(Ek- Eh,){ (U1 +Us+ V1 + 2pV"- V' -2p'V")(g"k- gh-:,) 

+ (pU2+ V2+PVs+p'V4) (g-,;-g{.,)}o (3o33) 

We solve the Boltzmann equation 

(3. 34) 

by assuming- Ui are much larger than Vi, V' and V", the latter being of the 

order of i.\ and by expanding gfi as a power series in i., 

gi= (g't)o+ (g'k)2+ 000 o 

Then the zeroth-order part of (3 · 34) becomes 

""L,k' a (Ek- Ek,) [ (U1 +Us) { (gi) o- (gf:,) o} + pU2 { (g~) o- (g't,) o}] 

(3. 35) 

+ (he/m) (u-·k) =0, Clkl =kF) (3°36) 

which can be satisfied by putting 

(gi.)o= (gJ.:)o=(/J(u-·k), (lkl=kF) (3. 37) 

where 

__ I = - _!!!____ J:':_ (2m ) 3/2 (E ) 1/2. A (3. 38) 
(jJ 2rreh2 N h2 · F ' 

A= (I/2) f~ {IJ (k, k') 12 (Pt + PP6) + P(k, k')} (1- cos fJ) sin fJdfJ , (3 · 39) 

where fJ is the angle between k and k' 0 

By adding the secondcorder parts of (3 · 34) for +spin and -spin, we obtain 

the equation for (gk) 2=(1/2) {(g{.) 2 + (g-,;) 2} as follows: 

""L,k,lJ(Ek-Ek,) (V1+ V2+PVs+P'V4+2pVo) {(gk)o- (gk,)o} 

+ ""L.t<,a (Ek- Ek,) (U1 + pU2 +Us) { (gk) 2- (gT..,) 2} = 0, (3 · 40) 

where (3 · 37) should be substituted for (gk) 0 • The solution for (gk) 2 can be 

expressed as a sum of spherical harmonics, Yzm ( fJ k' <pk) . In order to calculate 

the current density, we need only the terms with l= 1, which are given by 

where 

(gk) 2 = 'Jf"t{2 (u·k) - (a-• ~) (~ ·k)} + 'Jf"2""L,(xy) 2(.,(y (u.xky+ ITykx) 

+'Jf"s{((.x2-(y2) (uxkx-O"yky) + (3(.2-1) (u.k.- (u-·k)/3)}, 

.'Jf"tf(/J=- (2/15A)At2 F22q1 , 

'Jf"2!(/J= (1/3A)cs Fa (4Ft/5 -F0) (q2A2 + qsA4), 

Wa/(/J= (1/3A)csFs(4Ft/5-Fo) (q2As+qsA5), 

q1 = P1-pp5/2 + c2 2 (3p2 + PPa/2- p' Ps), 

(3. 41) 

(3 ·42) 

(3. 43) 

(3. 44) 

(3. 45) 
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784 J. Kondo 

q2 = (1/8) {12p4 + 4 (1-S- S 2) P1 + 3pp6 + (1- 4S- 482) pp5}, 

qs = (1/8) {12p4- 4 (S + S 2) pl + 3pp6 + (3- 4S- 482) PPB}. 

(3·46) 

(3·47) 

The average current density is expressed from the assumption (I) by 

(j±) = - (eh/m V) :Ekk (fl.-.ft) 

= (eh/mV)e:Ekk(&ftfaEk)g,J.. (3·48) 

The current density in the direction of the ·applied field is given from (3·37) 

and (3·41) by 

j,.=- (e/3:rz~) (2m/hz)s'2EFs'2rPe[l+ ('Fl/<P) {2- (o-·~)2} 

+ (lFz/rP) :Ecz11) 4(..,(11 o-::.o-11 

+ ('Fs/rP) { cc-... 2- (y2) (o-..,2- O"y2) + (3(.2"-1) (o-.2 -1/3)} J . 

Then the resistivity becomes 

p= 3:rm V A 
2he2 N EF 

(3·49) 

- ~~; ~ ~F : CsFs(: F1- Fo) {q,(A2-As) +qa(A4-A6)} :Ecz11)(..,(11 o-_,o-11 

- 3:rm V __!_ { 2 A12 F 22 q1 +~cs Fa (_!Fl- Fo) (qzAs+ qsAB)} (o-·~) 2• 
2he2 N EF 15 3 5 (3·50) 

which is just of the form of Eq. (1·1). 

The first term of (3 ·50) is an isotropic one, which comes from exchange 

scattering as well as from phonon scattering, while the other terms are aniso­

tropic ones which do not depend on phonon scattering. The experimental re­

sult on the electrical resistivity of cubic ferromagnetic metals has been analysed 

with the use of the formula of the form (1·1), which we have deduced by assuming 

a non-degenerate orbital ground state. However, the one weak point in the 

argument is that actually more than one orbital state surely does come into play. 

We do not want to enter into details as to how the orbital angular momentum is 

quenched, becaused the mechanism of quenching is probably not the same as the 

crystal-line potential operative in paramagnetic salts. Therefore, we do not 

expect a quantitative agreement between (3 ·50) and observation. In a rough 

estimation, the ratios of the anisotropic terms to the isotropic one arising from ex­

change scattering is of the order of A12, A2o A8, A4 and A5, corresponding to various 

contributions to the anisotropic scattering; A reasonable estimate may be 

()./tiE) 2 = I0-3, then these quantities are of the order of I0-2 according to (2 · 34)""' 

(2 · 43).. This order of magnitude is just what is observed for iron and nickel. fiJ-rl 

The temperature dependence of the anisotropic terms comes from q1, q2 and q3, 

whis:h are zero both at the absolute zero and at the Curie point and show maxim~ 

at an intermediate temperature. This behavior is also observed/l although the 
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Anomalous Hall Effect and Magnetoresistance 785 

actual temperature dependence is more complicated than that of qi. It should 

be noted, however, that, when we take L=3, A3 and A5 vanish and then the 

sign of p1 is definitely negative. This contradicts most of the experimental re­

sults.5l In our treatment we have assumed the periodic lattice. When impurity 

atoms are introduced, we have many additional contributions to the scattering 

mechanism other than those considered in this section. This might correspond 

to a marked anisotropy which is shown by ferrom~gnetic alloys. But we shall 

not enter into the calculation of this .effect any more. 

§ 4. Anomalous Hall effect 

In the previous section, we have seen that the transition probability from 

a state k to another state k' is equal to that from k' to k in the first Born 

approximation. This is because the probability is given by the absolute square 

of the matrix element in that approximation. It should be noted, however, that 

the matrix element itself is not symmetric between k and k'. The second term 

of (2 · 33) is proportional to k' X k and changes its sign when k and k' are inter­

changed. Thus we expect that the transition probability calculated to the higher 

Born approximation might contain a part which is proportional to k' X k. When 

the probability contains an asymmetric term, the direction of the current does 

not necessarily coincide with that of the applied field and thus we have the 

anomalous Hall effect. 

In calculating the current to the higher Born approximation, we shall make 

the three assumptions of the previous section and, besides, we shall take account 

only of the elastic scattering, in which the (-component of any localized spin 

does not change. In doing so, we expect that we can obtain a qualitatively 

correct result. The transition probabiltty per unit time from k' ± to k ± is given 

to the second Born approximation by 

W(k' ±, k±) = (2n/h)i3(E"'-E"',)[H"'±,k'±Hk,±,k± 

+ 'i.:.:,~n{Hk±,k"±H,,,±,k'±Hk'±,k±/(E"'-E"',+is) +c.c.}], (4·1) 

where s is an infinitesimally small positive quantity. In the following we shall 

retain up to linear terms in A. Then, from (2 · 33), we have 

Hk±,kl±= +"l.:,nN-Iei<k'-k)Rn[J(k, k') (Mn-<M)) 

(4·2) 

If we denote the part of Hk±,k"±Hk"±,k'±Hk'±,k±, which is linear in A, by Q±, Q± 

IS expressed from the assumption (2) of the previous section by 

Q±= (iArF2/N2) (rr±r2) {J(k, k")J(k", k') (~e' X ~e), 

(4·3) 

where. 
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786 J. Kondo 

r1=<CM-<M)) 3). 

r2=2c2<CM-<M)) 2(M2-<M2))), 

(4·4) 

(4·5) 

Using the relation 1/(Ek-Ek"+is) =P(1/(Ek-Ek,)) -irriJ(Et<-Ek,), we find 

Q± /(Ek- Ek, +is) + c.c. = (2rrA1 F2/ N 2) (r1 ± r2) a (E1,-Ek,) 

X {J(k, k")J(k'', k') (1C1 X IC),+J(k, k'') (1C 11 X 1C1 ),J(k', k) 

+ (tc X tc'') ,J (k", k') J (k', k)}. 

When summed over k", this expression becomes 

.L:k" {Q± / (Ek- Ek, +is) +c. c.} 

= (A1 F2 V /rrN2) (2m3) 112/t-3 Ek112 Cr1 ± r2) (tc' X tc) t 

X (1/3) {3F0
2 - 4F0F1- 4F12 (tc ·tc')}. 

(4·6) 

(4·7) 

Neglecting other contributions than (4· 7) to the second Born approximation and 

adding the phonon scattering, we find 

(4·8) 

where 

V ±(I.:', k) = (2rr/h) (A1 F2 V /3rrN2) (2m3) 112 h-3Ek112 (r1 ± r2) (JC 1 X JC) t 

X {3F0
2 -4F0 F1-4F12(tc·tc')} =-V±(k, k'). (4·9) 

Now we shall solve the transport equation 

.L:k' W(k' ±, k±)ft,-.L;,.,, W(k±, k' ±)fi!:: + t:(lte/m) (iJfUiJEk) (u·k) =0, 
(4·10) 

which has been derived by Kohn and Luttinger.8l If we put 

f"i=f~-t:(iJftfaEk)gt, (4·11) 

the equations for gfi become 

As in the previous section, we regard V± as small quantities compared with 

U1 and Us and solve ( 4 ·12) by putting 

g];. = (gt) 0 + (gi) 1 + ... ' ( 4 ·13) 

where (gfi) 0 and (gt,) 1 are of the zero-th and first order of A. Then the equations 

for (gfi) 0 , which is expressed by 

.L:k,iJ(Ek-E,..,) (U1 +Us) { (gi!::)o-- (gl!::,)o} + (lte/m) (u·k) =0, (4·14) 

can be satisfied by 

(4·15) 
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Anomalous Hall Effect and Magnetoresistance 787 

where 

(4·16) 

A'= (1/2) r {iJ(k, k') I2Pr+P(k, k')} (1-cosO)sinOdO. (4·17) 

By adding the equations for (gt.) 1 and (gJ,.:) r, we can obtain the equation for 

(gk) 1 = (1/2) { (gt) 1 + (g"k) 1} as follows : 

L;"'' i3 (Ek- Ek,) [ (U1 + Ua) { (g~<.) 1- (g,,.,) 1}- V (k', k) { (g,,.) o + (g!.",) o}] = 0, 
(4·18) 

where 

V(k', k) = (1/2) {V+ (k', k) + v-(k', k)}. (4·19) 

The solution of this equation can be expressed by a sum of spherical harmonics, 

Ylm (&k, rf!k), but we need only the terms of l = 1, which are given by 

where 

(IJ!jl/J) = (A1 F2 V/3nN) (2m3) 112 ft- 3Ei12 r1(F02-4FoF1/3)/A'. 

Then the current density is given from (3 · 48) by 

j = 0"" 11e {cr + (if! jl/J) t x cr}, 

where 

(4·20) 

(4·21) 

(4·22) 

(4·23) 

is the normal resistivity. The se.cond term of ( 4 · 22) represents the component 

of the current which is perpendicular both to the electric field and to the magneti­

zation and thus represents the anomalous Hall effect. According to (4·21), we 

see that the anomalous Hall coefficient is positive when J.F2 is positive, since r1 

is negative. 

It is convenient to discuss the anomalous Hall effect in terms of the anoma­

lous Hall resistivity, which is defined by 

PH=E~/jli' (4·24) 

where j 1, is the component of the current density along the direction of the 

applied field and E~ is the component of the electric field perpendicular both 

to the current and to the magnetization, when the electric field is applied in a 

plane perpendicular to the magnetization. Using (4·21), we obtain 

PH= A1 (V / N) 2 (2m5) 112 r1 F2 (Fo2- 4Fo F1/3) /2ft4e2E/12 . ( 4 · 25) 

It is remarkable that the phonon scattering does not contribute to this result, 

although it does to the Hall current 0"" 11e(IJ! jl/J) t" X cr . 

We shall compare our result ( 4 · 25) with experimenel· 10J on iron and nickel. 
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788 J. Kondo 

We assume that an atomic site of each crystal contributes one conduction electroz;t. 

This assumption is arbitrary but the result does not appreciably depend on the 

number of conduction electrons, because PH is proportional to its cube root. 

The temperature variation of PH is represented by r1, which is calculated by 

assuming S = 1 and 1/2 for iron and nickel, respectively. Then, if we take 

] 
s 

"' "-

{J./(EF.-Eo)}F2 (F0
2 -4FoFI/3) = -0.03(ev) 8 for nickel, 

= +0.12(ev) 8 for iron, (4·26) 

-theory 
--theory 

----- Jan•> ,.;? 
-----Jan•> 

15 X 10-• ---Lavine"> //; .. 
200 xio-• /I 

Ni /! .Fe 

10 
,, 8 / . <J 

, I s / . 
, I "' , . "- 100 

/ I 
5 // ,/ 

/ 
/ ......... 

0 
0 0.5 1 0 0.5 

T T 
Tc Tc 

Fig. 1. Experimental and theoretical anomalous Hall resistivities for nickel 

and iron. 

1 

their agreement with experiment is such as shown in Fig. 1. The sharp maxi­

mum of PH below the Curie point is well reproduced by our theory. It should 

be noted that, in Karplus and Luttinger's theory PH is proportional to p1/(M), 

which incidentally has a temperature variat~on quite similar to r 1 • 

§ 5. Rare-earth Inetals 

In this section we shall discuss the anomalous Hall effect and the magne­

tic contribution to the normal r~sistivity in the paramagnetic region of rare-earth 

metals with more than half-filled 4f shell. The interaction bet~een conduction 

electrons and 4f electrons is given by (2 · 45) . 

If we assume that the integrals F1o F2 and F 3 can be neglected compared 

with F0 , we have from (2·45) 

H - _"" . N-le'~<k'-k)Rna *a 
- k...Jn/••k.l k kl 

(5·1) 

The first term in brackets represents the Coulomb interaction between conduc­

tion electrons and the electric quadrupole moments of 4f electrons, while the 

second ·one represents the isotropic .exchange interaction between spin angular 
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momenta of conduction electrons and 4f electrons. 

We calculate the electrical resistivity in the paramagnetic region, regarding 

(5 ·1) as a perturbation on the motion of the conduction electrons which causes 

the deviation from the periodic potential. We shall also make the three assump­

tions of § 3 and moreover .take the molecular field to be zero. If we restrict 

ourselves to the first Born approximation, the calculation can be ca~ried out 

in the same manner as in § 3 and we shall present only the final result here, 

which is expressed by 

Recently, Colvin, Legvold and Spedding11l have carried out an experiment on the 

magnetic contribution to the resistivity of rare-earth metals with more than half­

filled 4f shell. According to their result, the contribution depends mainly on 

the spin, rather than on the magnetic moment of the rare-earth ion, and it is 

largest for gadolinium which has the largest spin, and smaller for holmium and 

dysprosium which have the largest magnetic moments. Their result should 

be compared with (5·2). We assume that the differences of the values of (5·2) 

for various elements come solely from the differences of the values ·of J, gJ and 

d 1 for these elements. Then, taking F0 = 0.25 ev and R1 = 0.024 ev for all elements, 

we obtain values of flparamau, which we show in Fig. 2 along with the experi-

;;; 
100 I 

I 
I 

~ 
I 0 
I 

I I + 0 I ..... I 

i 

X I 
I 

Ei I 

" 50 
I 
I 

2:, I 
I 

i ~ 
I 
I 
I 

1 I I 

J 1 
I 
I 

I : 
I 

I 
I I 
' 

t 
1 
I 
I 
I 
I 
I 
I 

: 
' 

o experimental 

I quadrupole scatt. 

T exchange scatt. 

"?' 
I 0 I 
I 

T t I 

I I 

' I 

mental ones. As can be seen from the 

figure, the exchange contribution repro­

duces the rough dependence of flparamag on 

the elements. But .the agreement between 

experimental and theoretical values is im­

proved by including the quadrupole scatter­

ing into (lparamau. In thulium and ytter­

bium, in particular, the quadrupole scatter­

ing makes an appreciable contribution to 

,O_paramag · 

Next, we shall discuss the anomalous 

Hall effect of rare-earth metals. We may 

expect that the third term in rectangular 

brackets of (2 · 45), which contains k' X k as a factor, gives rise to t~e ano­

malous Hall effect. It may be a good approximation to calculate the anomalous 

Hall resistivity of those elements where the exchange scattering predominates 

over the quadrupole scattering by taking the isotropic ·exchange term and terms 

with a factor k' x k, that is, the second, third and fourth terms of (2 · 45) into 

account. Then the calculation can be carried out in the same way as in § 4 

and we can reach the final result of the Hall resistivity, which is expressed by 

O Gd Tb Dy Ho Er Tm Yb 

Fig. 2. Pparamag for rare-earth metals with 

more than half-filled 4{ shell. 
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(5·3) 

where r 1 is defined by ( 4 · 4). It should be noted that the sign of the anoma­

lous Hall coefficient depends only on that of F 2 • It is positive when F2 is nega­

tive, because r 1 is negative. 

Measurements on the Hall effect of rare-earth metals were made in the 

paramagnetic region/2> where r 1 becomes 

(5·4) 

where X is the susceptibility per rare-earth ion and H is the magnitude of the 

magnetic field applied perpendicular to the electric field. Thus we see that the 

anomalous Hall coefficient is proportional to the susceptibility. The experimen­

tal results are rather complicated and indicate other contributions than that 

considered here. In particular it is remarkable that the largest effect is opserv­

ed in gadolinium, which has no orbital angular momentum. Here we shall 

compare our result with the observations on dysprosium and erbium, where 

we find that the experimental results are represented by two contributions : 

One is temperature-independent and the other is proportional to the suscepti­

bility. If the values of the susceptibility are substituted from the· measurements, 

we can fit our result, (5 · 3), with the latter contribution by taking the value of 

F2 as follows : 

F2 = + 0.0050 ev for erbium 

+ 0.02 ev for dysprosium. 

The comparison between the theoretical and experimental temperature variations 

is shown in Fig. 3. 

X 10-12 0 
-0.6 

::0 
-0.5 

2 0 

"' -0.4 .... 
Cll 
0 

....... 
s -0.3 <.> 

g 0 experimental 
~ -0.2 

---theory 
-0.1 

0 
0 40 80 120 160 200 

T°K 

Er 

-5 

] -4 

"' .... 

~ -3 
s 

2!, -2 

~ 

-1 

0 
240 280 320 0 

X 10-12 
Dy 

0 experimental 

-- theory 

40 80 120 160 200 240 280 32{) 

T°K 

Fig. 3. Hall coefficients of erbium and dysprosium in the paramagnetic region. The theoretical 

curves are the sum of a constant and an anomalous term. 
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§ 6. Discussion 

The electronic structure of the 3d state in iron group metals is not clearly 

understood at present. The itenerant model and the localized model are two 

extremely simple models for it. Both may not represent the true state of affairs. 

However, it may be interesting to see how far each of these two models can 

account for the observations 'on various properties of iron group metals. Although 

the predictions of both models are qualitatively similar in many respects, it has 

been considered that the anomalous Hall effect might distinguish between the 

two models. However, we have shown in this paper that the anomalous Hall 

effect and the magnetoresistance can also be accounted for by the localized 

model. 

It should be noted, however, that these results were derived by assuming 

a non-degenerate orbital ground state. As was discussed in § 3, this assump­

tion is not legitimate for iron group metals. The quenching of the orbital an­

gular momenta in these metals may partly be due to the wandering of 3d 

electrons among lattice sites and then we should have the other contribution to 

the effect considered by Karplus and Luttinger. The values of parameters, Eq. 

( 4 · 26), therefore, should not be taken too seriously. 

On the other hand, the localized model may be a reasonable approximation 

for 4f electrons of rare-earth metals. Thus, the value of F 0 = 0.25 ev is a rea­

sonable one judging from the optical data. As for R1 , we can write it from 

(2 ·14) as 

R1 = (Ne2/V) (::r/25) <r 2>, 
if the wavelength of the electron at the Fermi surface is much larger than the 

spacial extension of 4f electrons. Then, from R 1 = 0.024 ev, we have (r2) = 0.44A2• 

This magnitude may be a reasonable one. We could not make any resonable 

estimate of the values of F 2 but this may be considered to be a little smaller 

than F0 • We see that this is the case. 
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