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The anomalous Hall effect and the magnetoresistance of ferromagnetic metals are in-
vestigated on the basis of the localized d-electron (or f-electron) model. First the Hamil-
tonian of the interaction between conduction electrons and localized electrons is given,
which is valid when the orbital angular momenta of localized electrons are not quenched.
Then we find that the scattering matrix of a conduction electron depends in a complicated
way on the directions of the initial and final wave vectors and of the magnetization. The
transition probability calculated to the first Born approximation by using the above matrix
elements leads to the electrical resistivity of the form expressed by Eq. (1. 1) in the text.
To.the second Born approximation we find that the transition probability from a state k
to another state &/ is not equal to that from k’ to k and leads to the anomalous Hall effect.
The magnitude and the temperature dependence of both effects are reasonable for iron and
nickel when compared with experiment.

In rare-earth metals, both effects can also be obtained and, besides, the electric quadrupole
moments which are associated with the orbital angular momenta cause an additional scat-
tering. When we calculate the normal resistivity by adding the exchange and quadrupole
scatterings, we obtain a good agreement with experiment on the magnetic contribution to
the resistivity of rare-earth metals with more than half-filled 4 f shells.

§ 1. ~ Introduction

The electrical resistivity of ferromagnetic metals shows an anomalous temper-
ature dependence below the Curie temperature. This fact has been explained
by Mott” on the basis of the band model and by Kasuya® on the basis of the
localized d-electron model. Ferromagnetic metals also show the anomalous Hall
effect and the magnetoresistance, which have been given theoretical explanations
by Karplus and Luttinger® and by Smit? on the basis of the band model. On
the other hand, the usual s-d interaction is isotropic and does not give rise to
these effects. It should be noted, however, that the orbital angular momenta of
localized electrons are not quenched in rare-earth metals and even in iron group
metals they are remaining because of the spin orbit coupling. So the interaction
between conduction electrons and the orbital angular momenta of localized elec-
trons must be taken into account as well as that between conduction electrons
and the spin angular momenta.

We shall show in this paper that the above phenomena can be accounted
for by this interaction on the basis of the localized d-electron model. In §2
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Anomalous Hall -Effect and Magnetoresistance 773

we give the Hamiltonian of the interaction between conduction electrons and
localized electrons which is valid when the orbital angular momenta of localiz-
ed electrons are not quenched. In §3 we calculate the transition probability to
the first Born approximation by using the above Hamiltonian and show that the
resistivity of cubic transition metals can be expressed by

0=00+01(0-8) 4+ 12 55000, , 1-D

where ¢ and ¢ are unit vectors in the directions of the applied electric field
and of the magnetization, respectively. In §4 the transition probability is
calculated to the second Born approximation, where it is found that the pro-
bability from a state k to another state k’ is not equal to that from k¥ to k.
This fact leads to the anomalous Hall effect and it is found that the electric
current of transition metals is expressed by

j=0'//8(0'+af§><d'), (12)

where & is the magnitude of the applied field, o}, is the normal electrical con-
ductivity and « is a constant which depends on temperature. In §5 we dis-
cuss the anomalous Hall effect of rare-earth metals. We also note there that,
when we calculate the resistivity of rare-earth metals above the Curie temper-
ature by adding the exchange and quadrupole scatterings, we obtain a good
agreement with experiment on the magnetic contribution to the resistivity of
rare-earth metals with more than half-filled 4f shells.

§ 2. The basis Hamiltonian

We start with the following Hamiltonian which represents the interaction
between conduction electrons and localized electrons :

=" npager N1 " OBy ¢
S i { B B+ b B ) (ion ™ agrs + @t * anr) Vs (e, K
- (bnm+ * bnmu. A+ * apry + bum+ * bnml.— a,,.,_* 27778

N b""‘~* Dt s * et =+ b”m-* bomi ak_* al‘.,_) S mmr (k, k’) } > (2 . 1)

where N is the total number of atoms in the crystal, a;, and b,,, are the de-
struction operators of the conduction electron with wave number k and of the
localized electron in the m-th orbital state of the »th ion, respectively, and V
and J are defined by

Vons (e, 1) = Nem @95 ({6, (1) 91 (2) (/) s (1) 1 Q) dvndivn, (2-2)

T (e, K7) = Ne™* =0 R"§ } Pun® (1) 8 (2) (€/715) P1r (L) s (2) dindon, (2-3)

where ¢, and ¢,, are the Bloch function with a wave vector %k and the m-th
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774 J. Kondo

localized wave function of the s-th site with 3d or 4f character, respectively.
Usually, m was restricted to be equal to m’.

If the total orbital and spin angular momenta, L, and S,, of the n-th ion
are assumed to be good quantum numbers, Eq. (2:1) can be represented in
terms of L, and S,. For this purpose we have to do two things. Firstly, we
rewrite the product of the operators # and 6* in the usual coordinate space and
put

bnmi*bnm'izzh?o DPmmr @ (:I:Si;-l- 1/2) » (2'4)
bums™ bpmrs = 2t Dt (D) Se5 (2-9)

where #n, is the number of 3d (or 4f) electrons in the z-th ion and pumw () is a
function of the orbital angular momentum of the ith electron, which has the
following property :

[ ms* @ s ©) () 0= Brm D (2+6)
8; is the spin operator for the i-th electron, £ is a unit vector in the direction
of the magnetization and s;; are defined by
Six =Si§$l-s1;,, s (2'7)

where € and # are unit vectors perpendicular to { and to each other. Second-
ly, we calculate the explicit dependence of Vi (k, k) and Jpum (k, k') on k and
kK’ by expanding the Bloch function ¢, (r) as follows:

G (r) =V, (2s+1) ¢ j, (kr) P, (cos by,) (2-8)

which represents a plane wave, when j, is the spherical Bessel function. V is
the total volume of the crystal. In (2-8) we restrict ourselves to the -terms of
s=0 and 1, that is, to the lowest order in which we can obtain the relevant
effects. The localized wave function has the form

Pam (1) = P(Ir =Ry} /|t — R, Y1 (0, ¢) . 2-9)

Then, by calculating Vam and J.. for all combinations of m and #z’, we obtain
the following results:

2 mmt Pt &) Vs (s k) = Rog+ Ro (16 #”) — 2Ri{Lidip - wox”), (2-10)
2 mmt Pt &) s (b, K)
=F+2F (&) + (3i/2)Fy 1, (6 X)) —F 1Ly -lux’>, (I=2) (2-11)
=Fo+2F (k&) +iFy Li- (& X k) — (2/5) Fs Uy -wx’>, (1=3)
where & and &’ are the unit vectors in the directions of k and &’ and

Ry= (Ne*/V ) 4zR, (0, 0), (2-12)
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Anomalous Hall Effect and Magnetoresistance 775

Ry= (N&*/V)12zR,S (1, 1), (2-13)
R,= (N&/V) (12z/35) Ry’ (1, 1), (I=2)

= (Ne?/V) (4z/25) R*(1, 1), (I=3) (2-19)
Fy= (Ne*/ V') (47/5) R (0, 0), (=2

= (Ne*/ V) (4z/T) R (0, 0), (I=3)  (2-15)
Fi=(Ne*/V) (4z/5) {R*" (1, 1) + (3/1) R (1, 1)}, (I=2)

= (Ne*/V) (187/35) {Ry" (1, 1) + (20/27) R (1, D},  (=3)  (2-16)
Fy=(Ne&/V) (4z/5) {R" (1, 1) — (3/T) R (1, 1D}, (I=2)

= (Ne*/V) (18x/35) {R,” (1, 1) — (5/9) R (1, 1)}, (I=3) (217
Fy=(Ne’/V) (4z/5) {R* (1, 1) + (9/4D R~ (1, D} . (=2)

= (Ne*/V) (18z/35) {R, (1, ) + (25/81) R (1, 1D},  (I=3) (2-18)

R (s, £) = Smrj,, kor)js (ars) (< /rs™) P(ry) i drdrs (2-19)

0Jo
R (s, ) = :S: Go(Bary) 7o (kprs) (r /7Y P(ry) P(rs) mradridrs . (2-20)

The notation {4B)> means a tensor of second order, which is obtained from the
product of two vectors 4 and B and whose components are defined by

(AB)sy=AuBu,

(AB) 1= (1/2)"?(Au1By+ AoByy),

{AB)y=(1/6)"*(AB_1++2A,B;+ A_By), (2-21)
where

An=F (1/2)2(A,+iA,), A=A.. (2-22)
The scalar products of two tensors is defined by

CLL) -{AB)=31:." ) AB)*{LLp,
={(L-A4) (L;B) +(L-B)(L-4)}/2—L(L+1)(4-B)/3. (2:23)

In (2-19) and (2-20), we have assumed |k|=|k’| =%z, where %y is the magnitude
of wave vectors at the Fermi surface, because, as will be seen later, only the
wave vectors at the Fermi surface concern us, as long as we are concerned
with the electric current.

From (2-4), (2-5), (2-10) and (2-11), the Hamiltonian (2-1) can be
written as

ﬂ: - ank’ N_l ei(k,—l:)Rn alc* agr

X Zzi" [2R1<lili> . <"",> + {1/2 +2(s;- So)}
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776 J. Kondo

X {Fy+2F, (k-1") + (3i/2) Fy ;- (k" X 1) — F5 {lip- e’ D} ], (1=2)
= S g N LW IRy g
X 2261’ C2R Uy oo’ >+ {1/24+ 2 (85 50)
X {Fy+2F, (k-6") +iFo l;- (6" X&) — (2/5) Fy A1y -{ex’>} ], (I=3)
(2-24)

where we have dropped the spin part from the suffixes of &% and a, which is
represented by the spin operator s, for a conduction electron.

If we consider the matrix elements of (2-24) between states with the same
|L,} and |S,|, Eq. (2-24) can be represented in terms of L, and S, as follows:

H= = gt N2 08, g * gy
X[er (R — F3/2)XL, L, -{ux’>+ (3i/4) Fy L, (¢’ X &)
| +2(S,s.) {Fo+2F, (e-&") + (8i/2)cyF, L, (8 X £) — s FelL,L,>-{e&’>} ], (I=2)
= =Y g N2 B, g0 * )
XLer QR — Fo/B) Ly, Ly {xk’>+ (i/2) Fy L, (k’ X &)
+2(8,+8,) {Fo+2F (- ")+ icoFy Ly,- (6" X &) —(2/5)cs Fsl LyLyy - {1k’ >} :(],2 ng? 3)

where ¢; are defined by the relations
2= Uiy =c(LLy (2-26)
St (- A) (s;-B) =c,(L- 4) (S-B), (2-27)
21 (KU1 - <ABD) (s, C) = ¢, (KLL) - {4B)) (§-C), (2-28)

The values of ¢; for various ions are given in Table I

Table I

L S 1 Ca c3
a 2 12 1 1 1
d 3 1 1/5 1/2 1/10
s 3 3/2 ~1/55 1/3 —1/15
e 2 2 -1 1/4 —1/4
ds 2 2 1 ~1/4 —1/4
ar 3 3/2 1/5 -1/3 —1/15
ds 3 1 —1/5 ~1/2 1/10
o 2 1/2 -1 -1 1
71 3 1/2 1 1 1
F2 5 1 13 | 12 1/6
73 6 3/2 111 1/3 1/33
F1 6 2 ~1/11 1/4 —1/44
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Anomalous .Hall Effect and Magnetoresistance 777
L J S l < ¢y c3
I8 5 5/2 —-1/3 1/5 —1/15
Fo 3 3 -1 1/6 —1/6
Vi 3 3 1 —-1/6 —1/6
fo 5 5/2 1/3 —1/5 —1/15
f10 6 2 1/11 —1/4 —1/44
i 6 3/2 ~1/11 ~1/3 1/33
S 5 1 —-1/3 —1/2 1/6
B 3 1/2 -1 —1 1
There are two cases in which (2-25) is further simplified. ,
(1) When the orbital ground state is non-degenerate, we have <O0/L[0)>
=<0|KLL}}0>=0. Then (2-25) reduces to the usual s-4 Hamiltonian
— 2 nrnr N7 & gy ¥ 042 (Sn-s)J (k, ), (2-29)
where
JE, &) =Fo+2F, (k- &"). (2-30)
If we introduce the spin-orbit coupling
L%LS:/:ZnLn'Sn 3 (2'31)

some amounts of the orbital angular momentum are associated with the spin
angular momentum through non-diagonal matrix elements of L, and we have
corrections to the zeroth-order Hamiltonian 4, through a perturbation procedure.
When we retain terms up to second order of /2, we have the following expres-
sion for the corrected Hamiltonian :

H¥ﬂ0+21{

0| — ol i><i| H1s0)

E,—E,

0| A 158> H — FHol i D | H 110
+ZZ (E;— Ey) (Ey—Ey)

+ Zii’{ <OiﬂLSIZ><Z]“%L§If_,><ZI

| I — F0)

(Es—Eo) (Eor —

Eo)

+ comp. conj.}

+ comp. conj.}

(2-32)

When we assume the cubic symmetry around an ion, (2-32) becomes in the

case of [=2

H= va ofel? ZV_:l (R~ E, (lk,* ak./[Z'(Sn- Sc) J(k, k,)
+ AT S, - (7 X ) + 46,{8,:8) - { (&’ X K£) 5,0}
-+ Z(xw ("z"yl + ’cy'cx,) [Cl (ZRI -

— 263A2F3 {Sm (S . sc> Sy + Sy

(S ' sc) S:c} n

FS/Z) (A2 + A4) (Sx:Sy + S@/Sw) n
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778 J. Kondo

— s A F5{(S-8.) (SuSy+SySa) + (SaSy+5,52) (S+8)} ]
+a(CR—Fy/2) (A + A5)

X {(Ss" =8y a(atts' —rype,) + (25— 85" — 8,7 u (i) — (- 17) /3)}
— 2034 F3{ (S5 (8- 8.) S5 — Sy (S 80) Sy) n (tes” — reyiey”)

+ (25:(8-5)S:— S5 (8-8) 5= 5y (S-8) S) (s’ — (#-6") /3)}
—caF5{((S-8,) (52" =S, + (85" =S5, (8-80)) n (1atta” — reyrey”)
+ ((8-s) @S — S-S + @S2 —S"—S,) (§:8))a

X (it — <x-m’>-/3>}] , 2-33)

where >, means the summation over cyclic permutation of z,y and z. 4,
are defined by

31 <0|L,] Fu><leL$|0>

/12 :ﬁ_ <OleIF2z><F21’LxLy+LyLz’F2y><F2y|L:u|O> (2.35)
2 (Ew,—Eg)?

Agzﬁ 0| Le| F3up<F3o| Ls" — Ly szz><Fzz|Lz|0> (2-36)
2 (EFz EU)

i 1 SOLAFD P L PPl L Lt LLJO) (2-37)

(Er,— Eo) (Er,— Eo)

/1 22 <0IL [F2z><Fzz‘L IEzz_y2><Em._yii (3L ? L(L+ 1))/2!0> (2 38)
(Ep,— Eo) (Ex— Eo)
when the orbital ground state has the A, symmetry and by

2’ —Er,
h=2. L Pl Ly Lt L FudFalLy 0> 2-40)
2 (Er— Eo)
2 (EF1 Eo)
A _22 <0]L |F15><F12|Ly|F2x><F2z'ILL +LL1/]0> (242)
(Er,— Eo) (Ep,— Eo)
./1 22 <0]L ,F1z><FlzlL IE322—72><E322—72I (BL ? L(L+ 1)>/2I0> (2-43)

(Er,— Eo) (Ez— Ey)

when the orbital ground state has the A, symmetry. Here F,,, Fy, and F,,, for
example, denote the wave functions of the excited states with the F, symmetry,
which transform like z(y*—2?%), y(2*—2*) and z(2*—5®) under the cubic trans-
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Anomalous Hall Effect and Magnetoresistance 779

formation. For L=3, A, become
M4h=61/(Ey—Ey),  4h=157/(Er,—Ey?*,
A,=3804/(Ep,— Eo) (Ey,— Eo), As=4=0.. (2-44)

The first term in rectangular brackets of (2-33) is the usual s-d interaction,
while the second term comes from the second-order perturbation and is linear
in the spin-orbit coupling constant 2 and is proportional to (&’ xk). The other
terms come from the third-order perturbation and are proportional to A%

(2) In rare-earth metals except Sm and Eu, J=L+S§ is a constant of motion
and (2-25) can be represented in terms of J as follows:

H= =3 s N7 & ® 0B g, ak,[dl (2R, — F5/5)Judp - {1ck’>
+29;=1) (Ju-s) J (kK + (i/2) 2—9.) Fy T (8" X 1)
+ 2idy Fol T - { (" X &) 8> — (4/75) s Fy (T 5.) (16 #”)
— (1/25) dyFs{ (s, X k) - (1 X J,) + (8 X ") - (£ X J)}
— (4/5) dFLwew’s, 3 LIIT] | (2-45)

where g, is the Landé g-factor and [ABC7] denotes a tensor of third order,
. whose components are defined by

[ABCJu=A1uBuCy,

[LABCJi,= (1/3)"*(AuBuCo+ A ByCii+ A B Cly),

LABClu= (1/15)""{411BuCui+ A B7:1Cn+ A1 By Ciy
+2(AuLByCo+ Ay Bu G+ AiByCLy) b,

LABC o= (1/10)"?(A;1 ByC_1+ Ay B, C_;+ A:B_.Co+ A_1B,Cy+ A_,B,C,

+ AoB_l C1 + 2A0 Bo Co) . (2 o 46)
The scalar product of two tensors [wx’s, | and [JJJ] is defined by
Crr’s, - LIIT ] =205 2s o’ s 1 ¥ [JTT s (2-47)

In (2-45), d; are defined by the equations
LLy = (di/c) <JT>,
6(SXL) XL+4L(L+1)S=(d,/cs)J,
CLS) = (do/c2) I,
CLLS = (du/c) LJIT ] . (2-48).

§ 3. Magnetoresistance

We shall calculate the electrical resistivity, regarding the Hamiltonian (2-33)
or (2-45) as a perturbation on the motion of conduction electrons which causes
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780 J. Kondo

the deviation from the periodic potential. In this section we take (2-33) and
calculate the transition probabilities to the first Born approximation. In cal-
culating the resistivity, we make the following assumptions.
(1) The energy of a conduction electron is given by E,=#k*/2m , m represent-
ing an effective mass.
(2) There is no correlation hetween two quantities which are related to two dif-
ferent localized spins. This enables us to apply the molecular field approxima-
tion to the localized spin system.
(8) The localized spin system is in thermal equilibrium.
(4) The number of conduction electrons with up spin is equal to that with
down spin. The last two assumptions are not quite essential. We expect that
the errors due to these assumptions may be small.

The rate of change of the distribution function £ of the conduction electron
with +spin due to collision with localized spins is given by

@Bf /08 e =T Wl +,k+) (fir—F5) + S W —, k+) (fio—F)
+ S SN WK —M+1, k+ M) {fwwaa fio A~F8) —wafi(1—Fi)}
+ Dk NWE + M+1, ket M) {waes S A~ F5) —waf 51— Fi}
+ 2 SN WE + M—1, k+ M) {wys fitr A= F5) —wufi A—fi)}
+ N WK —M+2, k+ M) {wires fio (1 —F3) —wnf i1 —(139:,1))},

where wy represents the probability with which S, takes a value M and
W&+, k+) represents the transition probability from a state ¥’ + to another
state k+, which is also equal to that of the reverse process. The other pro-
babilities have similar meaning. W(k’—M+1, k+ M), for example, denotes the
probability of the process in which an electron in a state k' — is scattered into
another state k+, while S; of a localized spin changes from M+1 to M. This
probability is equal to that of the reverse process. When there is no external-
electric field, this expression vanishes, if

fh=fi=1/{exp (Fo—Ez) /ET +1} 3-2)

and
__exp(98H,,,M/KT) .
TS exp (gFH,, M/ET) 3-3)

where 2 is the Bohr magneton and H,;, is the effective field on the localized
spin.
When the external field is applied, f# deviate from £’ as follows :

fi=rt—E9%Of%/Ex), (3-4)

while, from the assumption (3), we take the original value (3-3) for wy.

220z 1snbny oz uo 1senb Aq 09€6L61/2. /7 Lz/e1o1e/did/woo dno olwepeoe//:sdyy wol papeojumoq



Anomalous Hall Effect and Magnetoresistance 781

Using the relation (3:4) and the conservation relation of energy, which is implic-
it in fche expressions of the transition probabilities, we can write (3-1) as
follows :

OF /38 = E@F4/OERD) Lo TWH +, k+) (95~gi) + WE —, k+) (95— 95)
+ G NWE ~M+1, k+ M) wal A—F3)/ A= F0} 9k — 930
+ W NWE +M+1, k+ M w{(L—f3) /A —F0)} (0h—9i)
+ S NW @ + M, b+ M+ Do (f3/18) @5~ 0i)
+ DU NWE ~M+2, k+Mwyd(L—£3)/A— D} g5~} 1. (3+5)

We note that (8f%/8f).., can be expressed by a similar expression, which we
shall not present here.

From (2-33) and the assumption (2), the transition probabilities are given
up to the second order of 2 by

W +, k+) = @a/h) 0 (Er—Ep) | Hps, 10+ |*= 0 (B — Exr) (U + Vi+ V') (3:6)

WE —, k+) = @n/h) 0 (Ex—Eg) | Hyr, 5 *= 0 (Ex~Er) Vs, 3-7
SUNWE —M+1, k+M)wy= 2n/5) 0 (Ex— Exr+ 98H, ;1) 2 uN|Hyr a1, 1o 1] w0t
=0(Ex— Ep+ 98H,;;) (Us+ V), (3:8)
SUNWE +M+1, k+ M) wy= 2r/f) 0 (Ex— Epxr+ 98H.zs) 2 N Hir ot 1, ko)
=0(Ex—Ew+9P8H. ;) (Vs+ V"), 3-9
ZMNW(k’ —M+2,k+M)wy= (27T/h)5 (Ep— Epr+ 2g13Heff) 2 uN|Hyr_pris, k+M|2wM
=8 (By— Epo+ 208H.;) Vi, (3-10)
where
U= @e/hN) T G ) Ppr, (3-11)
U,= @r/tN) \|J &, E') |*ps , (3-12)

Vi= Qr/EN) A2 F? (&' X 1) (4dc’py+ pi)
— (esFo/2) I (b, B) 4Gy (K, &) Bpat (1 -5 =S) p1) + Gy (b, k') Bps — S(S JE 31)%))} 3

Vo= @a/AN) A2 F et {(k’ X k) — (&’ X £) &%} pa, (3-14)
Vi= @r/AN)[A2Flc (& X ) *po— (csFs/8) I (e, k)

X {G1(k, K) (3ps+ (1 —4S— 4S5 py) + Gyk, K )(3ps+ (3—4S—4SHps)} 1, (3-15)
Vi= Cr/EN) A2 F2c;’{ (&’ X £)*— (&’ X &) *} ps , (3-16)
Vs= (2n/EN) (4> F;*/4) {(&" x ©)*— (&' X )} (ps+"po) s (3-17)
V= (@xr/ #N) [APF? (6 X k)2 4cyps
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782 J. Kondo

+ (3¢1/2) QR —F3/2) J (b, K) {G, (b, K'Y + G, (K, KN } pa ], (3-18)
V” = Qr/EN) (A2 F/2) {6 x©)*— (&' X&)} oopr s (3-19)
=M —LM)%, (3-:20)
Pr=(M*={M™)%), (3-21)
D= (M —LMD) (M*—<{M?%)>, (3-22)
pe={(M—LM>) (M*—<M?) 5, (3-23)
Ps={S*+S—M*—M>, (3-24)
2e={@M+1)*(S*+S—M*— M)>, (3-25)
pr={CM+1) (S*+S—M*—-M)>, (3-26)
Pe=L(S—MYS+M+1)(S-M-1)(S+M+2)>, (3-27)
Gk, k) = M3 00y 285 8y (tea iy + 16y 165")

+ A (& =8 (s, — o) + (32— 1) (e’ — (e-6") /3) }, (3-28)
Gy (b, k') = A, 200200 Cy (ea iy + 10y 1057)

+ A {(C7 ¢ (ores” —ryre)) + (38— 1) (o’ — (k-67) /3)}. (3-28)’

Here {f(M)> denotes Dy f(M)wy. U, and U, come from the first term in
rectangular brackets of Eq. (2-33) and represent the usual isotropic scattering.
Ve, Vi, Vs, V7 and the first terms of V,, V; and V' come from the absolute
square of the second term of (2-33) and are proportional to A4 and thus to
2. The other terms of Vi, Vy and V’ come from the cross product of the first
and the third terms of (2-33) and are proportional to one of the quantities 4,,
Ay, A, and A5 and thus to A2.

So far we have neglected the phonon scattering; We assume that this effect
can be taken into account by adding a transition probability of the form

W' (K +, k+) =0 (Ex— Ex) Us= 2n/8N) 6 (Ep.— Ex) P(k, E')  (3-29)

to W& +,k+), (3-6), where P(k, k') is assumed to depend only on the
angle between k and k. ‘

Substituting (3-6), (3-7), (3-8), (8-9), (83:10) and (3-29) in (8-5) and
neglecting 98H,;, compared with Ej, because we need only the g at the Fermi
surface, the rate of change fo fi at |k|=Fkr becomes

Of k/08) cor=E B f"/OE1) Zows0 (Exe— Eger) {(Us+ Us+ Vi 4 2pVs+ V' + 2pV7”)

X Gk—9%0) + (pUa+Va+pVe+p' V) (95—9:) }, (3-30)
where .

p=2exp (98H.,;;/kT) /{1+exp(98H.;p)}, (3-31)
P =2exp(293H.,;;/kT) /{1+exp (298 H,y) } . (3-32)
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Anomalous Hall Effect and Magnetoresistance 783

The rate of change of f% of the -electron with — spin can be obtained in a
similar way and is given by

Of #/08)eor = E@f 1/ Er) Lt X Epe— Exr) {(Usr+ Us+ Vi + 2pVs = V' = 2p" V)9 % — i)

+ (pUs+ Vot pVat p' Vo) (95— i)} (3-33)
We solve the Boltzmann equation
Of %/08) cr + EOf 1/OEy) (he/m) (o -k) =0 (3-39)

by assuming: U; are much larger than V,, V' and V”, the latter being of the
order of #, and by expanding ¢# as a power series in 4,

95= (@R o+ R 2+ . (3-35)
Then the zeroth-order part of (3:34) becomes
20 (Ex—Ex) LU+ Us) {(9%) o — (98D o} +pUAGE) o— (9F) o} ]

+ (he/m) (o-k) =0, (|k|=F»r) (3-36)
which can be satisfied by putting
1) o= 9r) =P (o k), (|k|=Fkpr) (3-37)
where
1__ m ji(&")“ E). A 3-38
0 e Nig) BT (8-38)

A= (1/2) S: {1 T T, K |*(pr+ pps) + Pk, K'Y} (1 —cos §)sin 840, (3-39)

where 6 is. the angle between k and K’.
By adding the second-order parts of (3-34) for +spin and —spin, we obtain
the equation for (g:).=(1/2) {(9%)s+ (9%):} as follows:

20 (Er—Er) (Vi+ Vot p Vst p’ Vit 2pVs) {(9r) o— (Grs) o}
+ 20 (Ep— Exr) (U4 pUs+Us) {(9r) 2— (9ar) 2} =0, (3-40)

where (3-37)- should be substituted for (9.),. The solution for (¢x), can be
expressed as a sum of spherical harmonics, Y;n(0, ¢,). In order to calculate
the current density, we need only the terms with /=1, which are given by

9):=T:1{2(c k) — (0-) € -E)} + U2 2y 2028y (0 by + 0y a)
+W3{(532—Cy2) (Umkx*oyky) + (3sz_l) (o-zkz_ (O"k) /3)}’ (3'41)

where
/0= — (2/15A) A’ Flq, , (3-42)
7,/0= (1/3A)6'3F3(4F1/5_F0) (@2 42+ qsdy), (3-43)
/D= (1/3A) s Fs(4F,/5— F) (qa As+ qs 45) (3‘44.)

@ =p1— pps/2+ e’ Bpat ppe/2— ' ps), (3-45)
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784 J. Kondo

g:= (1/8) {12p,+ 4(1 —S— S p1 + 3pps+ (1 —4S — 4S*) pps}, (3-46)
gs= (1/8) {12p,— 4(S+ 8% pi+ 3pps + (3—4S—4S5") pps}. (3-47)
The average current density is expressed from the assumption (1) by
=~ (eb/mV) 2wk (fi—fi)
= (eti/mV ) EX wk (Of1/OEy) 9% . (3-48)

The current density in the direction of the applied field is given from (3-37)
and (3-41) by

Jo=— (e/3°h) @m/W)*"E;OE[1+ (F,/P) 2 — (a-?) T
+ (7,/0) Z(xy) 4. Cy000y

+ @/ {7~ (0.°~)) + (B —1) (o' —1/3)}]. (3-49)
Then the resistivity becomes
_3am V A
" 2¢ N Es
3ers 4
—é% % E_lp ECQF?’(%FI_F[’) {q:(Az_Aa) +93(A4—A5)}2(zy)czCuazay
- Y 112 o mig+ 2o B (2B~ F) (a st g M)t (002,
o N E,\15 1 Ly Gh 303 3 5 1 [ (92 3+ s A5) (o g) (3-50)

which is just of the form of Eq. (1-1).

The first term of (3-50) is an isotropic one, which comes from exchange
scattering as well as from phonon scattering, while the other terms -are aniso-
tropic ones which do not depend on phonon scattering. The experimental re-
sult on the electrical resistivity of cubic ferromagnetic metals has been analysed
with the use of the formula of the form (1-1), which we have deduced by assuming
a non-degenerate orbital ground state. However, the one weak point in the
argument is that actually more than one orbital state surely does come into play.
We do not want to enter into details as to how the orbital angular momentum is
quenched, becaused the mechanism of quenching is probably not the same as the
crystal-line potential operative in paramagnetic salts. Therefore, we do not
expect a quantitative agreement between (3-50) and observation. In a rough
estimation, the ratios of the anisotropic terms to the isotropic one arising from ex-
change scattering is of the order of A%, 4, A, A, and As, corresponding to various
contributions to the anisotropic scattering. A reasonable estimate may be
(A/4E)*=107%, then these quantities are of the order of 1072 according to (2-34) ~
(2-43). This order of magnitude is just what is observed for iron and nickel. ¥
The temperature dependence of the anisotropic terms comes from g, ¢, and g;,
which are zero both at the absolute zero and at the Curie point and show maxima
at an intermediate temperature. This behavior is also observed,” although the
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Anomalous Hall Effect and Magnetoresistance 785

actual temperature dependence is more complicated than that of ¢;. It should
be noted, however, that, when we take L=3, A4, and 4; vanish and then the
sign of p; is definitely negative. This contradicts most of the experimental re-
sults.” In our treatment we have assumed the periodic lattice. When impurity
atoms are introduced, we have many additional contributions to the scattering
mechanism other than those considered in this section. This might correspond
to a marked anisotropy which is shown by ferromagnetic alloys. But we shall
not enter into the calculation of this effect -any more.

§ 4. Anomalous Hall effect

In the previous section, we have seen that the transition probability from
a state k to another state k. is equal to that from kK’ to k in the first Born
approximation. This is because the probability is given by the absolute square
of the matrix element in that approximation. It should be noted, however, that
the matrix element itself is not symmetric between k and k. The second term
of (2-33) is proportional to &” X k and changes its sign when k and k’ are inter-
changed. Thus we expect that the transition probability calculated to the higher
Born approximation might contain a part which is proportional to k&’ xXk. When
the probability contains an asymmetric term, the direction of the current does
not necessarily coincide with that of the applied field and thus we have the
anomalous’ Hall effect.

In calculating the current to the higher Born approximation, we shall make
the three assumptions of the previous section and, besides, we shall take account
only of the elastic scattering, in which the ¢-component of any localized spin
does not change. In doing so, we expect that we can obtain a qualitatively
correct result. The transition probability per unit time from k" + to k= is given
to the second Born approximation by

W@ £,k+) = 2n/#)0 (Ex— Ep) [ His, 1+ Hor s, 101
+ Z;c” {Hps, krrs ch’{:!:, 7 Hk'i, kie/ (Ex—Epn+is) +cc}], (4-1)

where s is an infinitesimally small positive quantity. In the following we shall
retain up to linear terms in 4. Then, from (2-33), we have

Hysopro=F 2N C O[T (b, k) (Mp—<M>) .
i Fy (' X 1) ¢ {200 (M — M) + (Ma—<{MH)}]. (4-2)

If we denote the part of Hyy, grrs Hyrr s, kew Hir o, 1y , which is linear in 4, by Q%, Q%
is expressed from the assumption (2) of the previous section by

Q*= (GMF/N®) (ri£r) (T, K") J (K", k') (' X &) ¢
+J ke, ) (6" X&') JE , k) + (e xx”) J K, K)I K, k)}, (4-3)

where .
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rn={(M—<M>*% . (4-4)
ry =2 (M~ MY (M*~<M7) 7, (4-5)
Using the relation 1/(Ex— Ep+1is) = P(1/(Egp—Eg»)) —ind (Ex— Ey.»), we find
Q*/(Ex—Exn+1is) +cc.= @rnh Fo/N*) (£ 7)) 06 (Er.— Egnr)
X AT (b, K”) I (K", &) (8" X &)+ (b, &) (6” X &) J (¥, K)
+ (exu”) JE& , K)YI W, E)}. (4-6)
When summed over k”, this expression becomes
Y {Q%/ (Ex— Egn +is) +c.c.}
= (L F,V/aN* Cm®) P h 2 Ey ' (ri+r) (8 X&) ¢
X (1/3) {3F)— AFFi —AF? (k-K")}. “-7

Neglecting other contributions than (4-7) to the second Born approximation and
adding the phonon scattering, we find

W £, kt) =0(Er—Ep) {Ui+ U+ VEE, B}, (4-8)
where
VEE, k) = Qn/h) (L, F,V/3aN?) Cm®*) Ph2ERM (rn+r) (8 X k)¢
X A{3F) —4F Fi—4F*(ke-")} = -V, k). (4-9)
Now we shall solve the transport equation

2w WE £, k) fio— 2w Wk=E, K £) fi + E(he/m) 3fi/0Ex) (o -k) (= 0, 0
4-1

which has been derived by Kohn and Luttinger.® If we put
Fe=fr—EOfr/9Ex) 9% (4-11)
the equations for g become

Zkl 5 (Ek.'—Ek’) {(Ul + U3) (g%_ gl-?’) - Vi (k” k) (g:;:f-[_ gl:i:’)} - (he/m) (o-.l(c‘)l =]_§)

As in the previous section, we regard V¥ as small quantities compared with
U, and U; and solve (4-12) by putting

95= @8+ @)1+, (4-13)

where (9i), and (¢9%), are of the zero-th and first order of 2. Then the equations
for (9#£),, which is expressed by

2100 (Er— Ege) (Ui +Us) {(95) o~ (i) o} + (he/m) (a-k) =0, (4-14)
can he satisfied by
9% o0=0(0k), (4-15)
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where
O7'= — (m/2nek’) (V/N) Cm/H)*"EF"- A’ (4-16)
A= (1/2) ): (T, B) py+ P(k, )} (1~ cos B) sin 0d6. (4-17)
By adding the equations for (9}): and (9%):, we can obtain the equation for
91) 1= (1/2) {(93)1+ (97)1} as follows:
20600 (B —Ep) [ (Uy+Us) {(91) 12— ()1} — V&, B {(91) o+ (95) o} ](j 01,8)
where
VK, k)= 1/2){V&, k) +V~ K, k)}. (4-19)

The solution of this equation can be expressed by a sum of spherical harmonics,
Y. (s, @), but we need only the terms of /=1, which are given by

Gx)1= € x0o) -k, (4-20)
where
(F/®) = (M F,V/3aN) Cm®) Ph— > ry (Fy— AFFy/3) /A . (4-21)
Then the current density is given from (3-48) by
j=0,6{o+ (F/0)E X}, (4-22)
where )
o' =py= Bam/2he”) (V/N) (A’/Er) (4-23)

is the normal resistivity. The second term of (4-22) represents the component
of the current which is perpendicular both to the electric field and to the magneti-
zation and thus represents the anomalous Hall effect. According to (4-21), we
see that the anomalous Hall coefficient is positive when AF, is positive, since r;
is negative.

It is convenient to discuss the anomalous Hall effect in terms of the anoma-
lous Hall resistivity, which is defined by

Pa=E\/j; s (4-24)
where j,, is the component of the current density along the direction of the
applied field and E; is the component of the electric field perpendicular both
to the current and to the magnetization, when the electric field is applied in a
plane perpendicular to the magnetization. Using (4-21), we obtain

pu=M(V/N)*@2m") P r, Fy(F?—AF, F,/3) /2R E- " . (4-25)
It is remarkable that the phonon scattering does not contribute to this result,

although it does to the Hall current o, &(F/P)E X a .
We shall compare our result (4-25) with experiment™ ' on iron and nickel.
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788 J. Kondo

We assume that an atomic site of each crystal contributes one conduction electron.
This assumption is arbitrary but the result does not appreciably depend on the
number of conduction electrons, because py is proportional to its cube root.
The temperature variation of py is represented by r, which is calculated by
assuming S=1 and 1/2 for iron and nickel, respectively. Then, if we take

{3/ (Ep,— Eo)} F, (F@ —4F, F1/3) = —0.03 (ev)?® for nickel,
= +0.12 (ev)?® for iron, (4-26)

theory

theory
| Jan®
15} x10-¢ —-— Lavine'®

B
(53
% 10} fi
< g
&
5
0 .
0 0.5 1
T
T,

Fig. 1. Experimental and theoretical anomalous Hall resistivities for nickel
and iron.
their agreement with experiment is such as shown in Fig. 1. The sharp maxi-
mum of py below the Curie point is well reproduced by our theory. It should
be noted that, in Karplus and Luttinger’s theory pg is proportional to p,*{M>,
which incidentally has a temperature variation quite similar to 7 .

§ 5. Rare-earth metals

In this section we shall discuss the anomalous Hall effect and the magne-
tic contribution to the normal resistivity in the paramagnetic region of rare-earth
metals with more than half-filled 4f shell. The interaction between conduction
electrons and 4f electrons is given by (2-45).

If we assume that the integrals Fi, F; and F; can be neglected compared
with F,, we have from (2-45)

H=— anrl.tl NlgW-BER, Clk.*am
X A2di Ri{Jn o) <xk’>+2(9:— 1) J (b, &) (J,-8.) }. (5¢-1)

The first term in brackets represents the Coulomb interaction between conduc-
tion electrons and the electric quadrupole moments of 4f electrons, while the
second one represents the isotropic exchange interaction between spin angular
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Anomalous Hall Effect and Magnetoresistance 789

momenta of conduction electrons and 4f electrons.

We calculate the electrical resistivity in the paramagnetic region, regarding
(6:1) as a perturbation on the motion of the conduction electrons which causes
the deviation from the periodic potential. We shall also make the three assump-
tions of § 3 and moreover take the molecular field to be zero. If we restrict
ourselves to the first Born approximation, the calculation can be carried out
in the same manner as in §3 and we shall present only the final result here,
which is expressed by

Oparamae= (37/2) (V/N)) (m/e'hEx)
X {(8/2Nd*REQCIT-1DJ(J+1) @J+3) + (g,— D JJT+1DF}. (5-2)

Recently, Colvin, Legvold and Spedding™ have carried out an experiment on the
magnetic contribution to the resistivity of rare-earth metals with more than half-
filled 47 shell. According to their result, the contribution depends mainly on
the spin, rather than on the magnetic moment of the rare-earth ion, and it is
largest for gadolinium which has the largest spin, and smaller for holmium and
dysprosium which have the largest magnetic moments. Their result should
be compared with (5-2). We assume that the differences of the values of (5-2)
for various elements come solely from the differences of the values of J, g, and
d, for these elements. Then, taking F,=0.25 ev and R, =0.024 ev {or all elements,
we obtain values of Pparamag, Which we show in Fig. 2 along with the experi-

mental ones. As can be seen from the

- o experimental figure, the exchange contribution repro-
100} T ] quadrupole seatt. duces the rough dependence of 9,5amay OB
o - the elements. But the agreement between
S ! ‘,1 exchange scatt. experimental and theoretical values is im-
: E i < proved by including the quadrupole scatter-
9‘2 50 P ing into Pparamsg - In thulium and ytter-
g ,§ 1 ; ? bium, in particular, the quadrupole scatter-
S 'i ;' ‘i ; % v ing makes an appreciable contribution to
O 1 : E : i H :[ Ioparamaq .
Gd Tb Dy Ho Er Tm Yb

Next, we shall discuss the anomalous
Fig. 2. fparamag for rare-carth metalswith  pya1) effect of rare-earth metals. We may

more than half-flled 4 shell. expect that the third term in rectangular
brackets of (2-45), which contains k' xk as a factor, gives rise to the ano-
malous Hall effect. It may be a good approximation to calculate the anomalous
Hall resistivity of those elements where the exchange scattering predominates
over the quadrupole scattering by taking the isotropic exchange term and terms
with a factor K xk, that is, the second, third and fourth terms of (2-45) into
account. Then the calculation can be carried out in the same way as in §4
and we can reach the final result of the Hall resistivity, which is expressed by
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790 J. Kondo

o= 2—9,) 9:—1)*(V/N)Y*Cm") *r  F F'/ AW'€EF " , (5-3)

where r; is defined by (4-4). It should be noted that the sign of the anoma-
lous Hall coefficient depends only on that of F;. It is positive when F, is nega-
tive, because r; is negative.

Measurements on the Hall effect of rare-earth metals were made in the
paramagnetic region,'”® where r; becomes

ri=— (XH/59,8) (2J2+2(}+ D, (GIEY

where X is the susceptibility per rare-earth ion and H is the magnitude of the
magnetic field applied perpendicular to the electric field. Thus we see that the
anomalous Hall coefficient is proportional to the susceptibility. The experimen-
tal results are rather complicated and indicate other contributions than that
considered here. In particular it is remarkable that the largest effect is observ-
ed in gadolinium, which has no orbital angular momentum. Here we shall
compare our result with the observations on dysprosium and erbium, where
we find that the experimental results are represented by two contributions :
One is temperature-independent and the other is proportional to the suscepti-
bility. If the values of the susceptibility are substituted from the measurements,
we can fit our result, (5-3), with the latter contribution by taking the value of
F, as follows:

F,= +0.0050 ev for erbium
+0.02ev for dysprosium.

The comparison between the theoretical and experimental temperature variations
is shown in Fig. 3.

—06 x10—12 o Er
~ —05¢ _5} x 1012 Dy
£
2 ° —~
§ —04 B —4f
< 2
§ -o03 & -3t
g [ experimental g o experimental
& 0.2 o —2f .
theory = theory
—0.1 -1}
0 — oL . —
0 40 80 120 160 200 240 280 320 0 40 80 120 160 200 240 280 320
T°K T°K

Fig. 3. Hall coefficients of erbium and dysprosium in the paramagnetic region. The theoretical
curves are the sum of a constant and an anomalous term.
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§ 6. Discussion

The electronic structure of the 3d state in iron group metals is not clearly
understood at present. The itenerant model and the localized model are two
extremely simple models for it. Both may not represent the true state of affairs.
However, it may be interesting to see how far each of these two models can
account for the observations on various properties of iron group metals. Although
‘the predictions of both models are qualitatively similar in many respects, it has
been considered that the anomalous Hall effect might distinguish between the
two models. However, we have shown in this paper that the anomalous Hall
effect and the magnetoresistance can also be accounted for by the localized
model.

It should be noted, however, that these results were derived by assuming
a non-degenerate orbital ground state. As was discussed in § 3, this assump-
tion is not legitimate for iron group metals. The quenching of the orbital an-
gular momenta in these metals may partly be due to the wandering of 3d
electrons among lattice sites and then we should have the other contribution to
the effect considered by Karplus and Luttinger. The values of parameters, Eq.
(4-26), therefore, should not be taken too seriously.

On the other hand, the localized model may be a reasonable approximation
for 4f electrons of rare-earth metals. Thus, the value of F;=0.25ev is a rea-
sonable one judging from the optical data. As for R,, we can write it from
(2-14) as

Ry= (Ne*/V) (z/25) <r*>,

if the wavelength of the electron at the Fermi surface is much larger than the
spacial extension of 4f electrons. Then, from R,=0.024 ev, we have (r*>=0.44A>,
This magnitude may be a reasonable one. We could not make any resonable
estimate of the values of F, but this may be considered to be a little smaller
than F,. We see that this is the case.
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