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Abstract

We study the Ruelle and Selberg zeta functions for C” Anosov
flows, r > 2, on a compact smooth manifold. We prove several re-
sults, the most remarkable being: (a) for C*° flows the zeta function
is meromorphic on the entire complex plane; (b) for contact flows
satisfying a bunching condition (e.g. geodesic flows on manifolds of
negative curvature better than %—pinched) the zeta function has a pole
at the topological entropy and is analytic in a strip to its left; (¢) under
the same hypotheses as in (b) we obtain sharp results on the number
of periodic orbits. Our arguments are based on the study of the spec-
tral properties of a transfer operator acting on suitable Banach spaces
of anisotropic currents.
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1 INTRODUCTION

1 Introduction

In 1956, Selberg introduced a zeta function for a surface of constant curvature
rk = —1 formally defined to be the complex function

CSelberg(Z) = H H (1 - 6_(z+n))\(7)) A C (]_]_)

v n=0

where A\(7) denotes the length of a closed geodesic . This converges to a
non-zero analytic function on the half-plane Re(z) > 1 and Selberg showed
that Cselberg has an analytic extension to the entire complex plane, by using
the trace formula which now bears his name [66]. Moreover, he also showed
that the zeros of (geiberg correspond to the eigenvalues of the Laplacian. In
fact, the trace formula connects the eigenvalues of —A with the information
provided by the geodesics, their lengths and their distribution.! The def-
inition (1.1) was subsequently adapted to more general settings, including
surfaces of variable curvature, thus giving birth to a new class of zeta func-
tions which we refer to as dynamical zeta functions. However, due to the
lack of a suitable generalized trace formula, few results are known on their
meromorphic extension, the location of their zeros or their relationships with
appropriate operators.

In 1976, Ruelle [61] proposed generalizing the definition by replacing the
closed geodesics in (geiperg by the closed orbits of an Anosov flow ¢, : M — M,
where M is a C'°, d-dimensional Riemannian compact manifold. We recall
that an Anosov flow is a flow such that there exists a D¢;-invariant continuous
splitting TM = E° & E" & E°, where E° is the one-dimensional subspace
tangent to the flow, and constants Cy > 1 and A > 0, such that for all z € M

1D, (v)]| < [lol|Coe ™ ift>0,veE,

| Do_¢(v)]| < [[v]|Coe= ift >0,v€E" (1.2)
Co'llvll < D)l < Collv]l  ift € R,v € E-.

We will denote by d, = dim(E*) and d; = dim(E®). The geodesic flow
on manifolds with negative sectional curvatures are very special examples of
mixing Anosov flows (see [67], [79] and references therein).

1 See [19], and references therein, for a precise, yet friendly, introduction to the Selberg
Trace formula and its relationship with the Selberg zeta function.
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In this context Ruelle defined a zeta function by

CRuclle(2) = H (1- e—z)\(T))_l ,2€C (1.3)

T€Tp

where 7, denotes the set of prime orbits and A\(7) denotes the period of the
closed orbit 7.? Since it is known that the number of periodic orbits grows
at most exponentially in the length [18], it is easy to see that the above
zeta functions are well defined for R(z) large enough. Also we can relate the
Ruelle and Selberg zeta functions by

— CSelberg(Z + 1)

CRueHe (Z) CSelberg (Z>

’ CSelberg(Z) = H CRuelle(Z + Z.)il

=0

when they are both defined. Here we study (ruele-

It is known, for weak mixing Anosov flows, that (ruene(2) is analytic and
non zero for R(z) > hiop(¢p1) apart for a single pole at z = hiop(¢1), where by
hiop(¢1) we mean the topological entropy of the flow (see [15], or [53, Page
143] for more details). Also it is long known that on the left of hyop(¢1) there
exists a strip in which Cryene(z) is meromorphic ([53] and references therein).
It is interesting to notice that the poles of dynamical zeta functions (called
also resonances) are often computationally accessible and of physical interest
(see [18, Chapter 17] for a detailed discussion).

In the very special case of analytic Anosov flows with real analytic stable
and unstable foliations, Ruelle already showed that his zeta function has
a meromorphic extension to C. This result was generalized first by Rugh
[64], for three dimensional manifolds, and then by Fried [27], in arbitrary
dimensions, but still assuming an analyticity of the flow. Here we extend
such results to the C* setting. More precisely, for C” flows we obtain a strip
in which (ryene(z) is meromorphic of width unboundedly increasing with r.
Note that this is consistent with a previous example of Gallavotti [2&], where
CRuelle 18 N0t meromorphic in the entire complex plane.

An additional knowledge of the location of the zeroes of (guene allows one
to gain information on the distribution of the periodic orbits. For example

2 A periodic orbit 7, of period A(7), is a closed curve parametrized by the flow, i.e.
7:10,A(7)) = M such that 7(t) = ¢:(7(0)). A periodic orbit 7 is prime if it is one-to-one
with its image. The range of 7 is indicated again by 7. If 7, is the prime orbit related to
7, then p(7) is the unique integer such that A(7) = p(7)A(7).



1 INTRODUCTION

it is known that if a negatively curved Riemannian manifold has dimension
2 [21] or the sectional curvatures are 3-pinched [09], then the number N(T')
of closed orbits of period less than T satisfies N (T) = li(ehwr(®)T) 4 O(eT)
where ¢ < hyop(¢1), and li(z) = [ @ds. Note that either the assumption

that M is two dimensional or that the sectional curvatures are }l—pinched
imply that the horocycle foliation is C'. One might then conjecture that
such a foliation regularity is necessary in order to obtain the above estimate
of the error term. However, we show that this is not the case and, although
we cannot prove it in full generality, we conjecture that the above bound
holds for all contact Anosov flows. As is usual for number theoretic zeta
functions, a key ingredient in this analysis is showing that (ruene is analytic
in a strip to the left of its first pole. This result was stated in ([22]) for
geodesic flows for which the sectional curvatures are %—pinched, although the
proof there was only sketched and is incomplete. An earlier paper ([57])
addressing the same question contains a more serious flaw in the approach.

The general plan of the proof is explained in the next section, here we
anticipate a few ideas and give a bit of their history. The basic idea goes
back to Ruelle [61] and consists of relating the properties of the zeta function
to the dynamical determinant of some appropriate operator. Classically such
a program has been implemented by first coding the dynamics via Markov
partitions and then defining appropriate operators acting on functions of
the resulting subshift. As such a coding is, in general, only Holder, all the
properties connected to the smoothness of the dynamics are annihilated in
the process. Yet, the work of Ruelle in the case of expanding maps and
the seminal work of Kitaev [10] for Anosov diffeomorphisms showed that the
smoothness properties of the map are exactly the ones responsible for larger
domain of analyticity of the zeta function. The above cited works of Ruelle,
Rugh and Fried for analytic flows made this even clearer.

The turning point in overcoming this problem was [12] where it is shown
how to construct Banach spaces in which the action of an Anosov map gives
rise to a quasi compact operator (often called Ruelle Transfer operator) al-
lowing to completely bypass the need of a Markov coding. This opened the
door to the possibility of dispensing with the analyticity hypothesis while still
retaining the relevant smoothness properties of the dynamical systems. Since
then a considerable amount of work has been done to implement such a goal.
In particular, [30, 41, 9, 31] and especially [10] have clarified the relation be-
tween the smoothness of the map and the essential spectral radii of transfer
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operators as well as connected dynamical determinants to appropriate “flat
traces”? of transfer operators (see [0, 7, 10]). On the other hand, [13, 10]
illustrated how this approach can be applied also to flows by showing that
the resolvent of the generator of the flow is quasi compact on such spaces.
More recently some beautiful work, although limited to the case of contact
flows, allows one to study directly the transfer operator associated to the
time one map of the flow [73, 74, 25, 24]. Note that, for such types of result,
some condition on the flow is necessary. Indeed, the quasi compactness of
the operator associated to the time one map plus mixing implies exponential
mixing, while there are known examples of Axiom A flows, constructed as
piecewise constant ceiling suspensions, that are mixing but enjoy arbitrarily
slow rates of decay correlations [62, 55]).

Given such a state of the art, it looked like all the ingredients needed
to tackle the present problems were present even though quite a lot work
remained to be done. It remained to choose a precise line of attack. Given
the complexity of the task, we chose to follow the path of least resistance
at the cost of obtaining possibly suboptimal results. In particular, here we
extend the results of [30, 16] to allow the study of the action of the flow
on the space of exterior forms (similarly to the original Ruelle approach for
expanding maps [01]). Next, to study the relation between the spectra of
such operators and the dynamical determinants we extend to the case of
flows a suboptimal, but very efficient, trick introduced in [15] for the case
of maps and inspired by the work of Margulis (as explained to Liverani by
Dolgopyat). It is likely that, at the price of some more work, one could
adapt alternative approaches to the present case. For example defining the
operator on different Sobolev-like spaces or replacing the tensor trick by
a strategy based on kneading determinants, as in Baladi-Tsujii [10]. Such
alternatives might allow one to obtain sharper estimates in the case of finite
differentiability.

Next, we show that the zeta function has a pole free strip at the left of the
topological entropy and we obtain bounds for the growth of the zeta function
on such a strip provided a Dolgopyat type estimate for the action of the flow
on ds-external forms holds true, d, being the dimension of the strong stable
manifold. To do so we use the simple strategy put forward in [14]. Finally, to

3 Such terminology has also been adopted by the dynamical system community, fol-
lowing the work of Atiyah and Bott ([3], [5]), since, as the reader will see, it is morally a
regularization, or a flattening, of the trace.



establish the Dolgopyat estimate in the present context we follow the strat-
egy developed in [12, 13, ] for the action on functions. Note that to look at
ds-forms corresponds, in the old Markov based strategy, to studying the sta-
tistical properties of the flow with respect to the measure of maximal entropy.
The extension of the geometric part of the original Dolgopyat argument to
this situation presents two difficulties. One, well known, related to the lack
of regularity of the foliations that is solved, following [13], by restricting the
study to the contact flows. The second (here treated in Lemma 7.9), was
unexpected (at least to us) and is related to having (morally) the measure of
maximal entropy, rather than Lebesgue, as a reference measure. This we can
solve only partially, hence the presence of a bunching (or pinching) condition
in our results.

The structure of the paper is as follows. In section 2 we present the
statements of the main results in this paper. We also explain the strategy
of the proofs assuming several Lemmata and constructions detailed in later
sections. In section 3 we construct the spaces on which our operators will act.
Sections 4, 5 and 6 contain estimates for transfer operators and their “flat
traces”. In sections 7 and 8 we restrict ourself to the case of contact flows.
In particular, in section 7 we exclude the existence of zeroes in a vertical
strip to the left of the topological entropy by the means of a Dolgopyat like
estimate. In section 8 we obtain a bound on the growth of (guene in this strip.

In Appendix A we collect together, for the reader’s convenience, several
facts from differential geometry, while in Appendix B we discuss the ori-
entability of the stable distribution. In Appendix C we relate the topological
entropy and the volume growth of manifolds. In Appendix D we detail some
facts about mollificators acting on the Banach spaces of interest. Finally, in
Appendix E, we recall some necessary facts concerning holonomies.

Contents

1 Introduction 2

2 Statement of Results 7
2.1  Some notation . . . . . . . . ... L 7
2.2  Theorems and Proofs . . . . . . . .. ... 7

3 Cones and Banach spaces 18
3.1 Charts and Notation . . . . . . . . . . . .. 18
3.2 Banach Spaces . . . . ... ... 21

4 Transfer operators 26
4.1  Properties of the transfer operator . . . . . ... .. ... ... 28



2 STATEMENT OF RESULTS

4.2 Properties of the Resolvent . . . . . . ... ... ... ... ... .... 30
4.3 Proof of the Lasota-Yorke . . . . . .. . . .. ... .. ... ... ..., 32
5 Flat Traces 40
6 Tensorial Operators 48
6.1 Spaces and Operators . . . . . . .. .. .. L e 49
6.2 Lasota-Yorke inequalities . . . . . . . . . .. L L oo 51
6.3  Trace representation . . . . . . .. ... L L Lo o 53
7 Contact flows 62
7.1 Dolgopyat’s estimate . . . . . . . ... L L 63
7.2 A key (but technical) inequality . . . . . ... ... L 72
8 Growth of (-functions 76
Appendices 79
A External Forms: a toolbox 79
B Orientability 81
C Topological Entropy and volume growth 85
D Averaging operators 88
E Holonomies 92
References 94

2 Statement of Results

2.1 Some notation

We use By(z,7) to designate the open d-dimensional ball with center x and
radius r.

We will use Cy to represent a generic constant (depending only on the
manifold, the flow, the choice of the charts and the partition of unity made in
Section 3) which could change from one occurrence to the next, even within
the same equation. We will write C,, ,, for generic constants depending
on the parameters aq, ..., ax, which could still change at every occurrence.
Finally, numbered constants Cy, C,C5, ... are constants with a fixed value
thruought the paper.

2.2 Theorems and Proofs

Our first result applies to all Anosov flows ¢; on a connected, compact and
orientable C*° Riemannian manifold M .*

4 One could easily extend the result to C" manifolds, but we avoid it to ease notation.
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Theorem 2.1. For any C" Anosov flow ¢y with r > 2, Cruene(2) is mero-
morphic in the region

R(2) > heop(¢h1) — é V - 1J

where X, is determined by the Anosov splitting, and || denotes the integer
part of x. Moreover, Cruene(z) is analytic for R(z) > hiop(é1) and non zero

for R(2) > max{hop(d1) — 5 | 52| . heop(@1) — A}. If the flow is topologically
mizing then Cruene(z) has no poles on the line {hiop(p1) + ibloer apart from
a single simple pole at z = hyyp(¢1).

Corollary 2.2. For any C* Anosov flow the zeta function (ryeue(2) is mero-
morphic in the entire complex plane.”

Note that if the flow is not topologically mixing then the flow can be
reduced to a constant ceiling suspension and hence there exists b > 0 such
that Cruelle(2 + 1) = Cruene(z) (for more details see [52]).

Corollary 2.3. Cryeue(2) and Csewerg(2) are meromorphic in the entire com-
plex plane for smooth geodesic flows on any connected compact orientable Rie-
mannian manifold with variable strictly negative sectional curvatures. More-
over, the zeta functions Cruene(2) and Cseerg(2) have no zeroes or poles on
the line {hiop(¢1) +ib}per, except at z = hy,p(P1) where both Cpyene(2)™" and
Cseiberg(2) have a simple zero.

Next, we specialize to contact Anosov flows. Let A, > 0 such that
|Dd_i|loo < CoeMt for all t > 0.

Theorem 2.4. For any C",r > 2, contact flow with % > % there exists
T. > 0 such that the Ruelle zeta function is analytic in {z € C : R(z) >
hiop(¢1) — T} apart from a simple pole at z = hiop(d1).

5 This provides an answer to an old question of Smale: “Does (Selberg (2) have nice
properties for any general class of flows?” cf. pages 802-803, of [68]. Smale also specifi-
cally asked if for suspension flows over Anosov diffeomorphisms close to constant height
suspensions the zeta function (semerg(2) has a meromorphic extension to all of C. The
above corollary answers these questions in the affirmative for C'°° Anosov flows, despite
Smale’s comment “I must admit that a positive answer would be a little shocking”.
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Remark 2.5. Note that the bunching condition % > % implies that the

mwvariant foliations are at least %-H()'lder continuous. Also remember that an

2
a-pinched geodesic flow is (2/a+ €)-bunched, that is a < (ﬁ) +e, see [79]

for more details.

The above facts have several important implications. We begin with
some low-hanging fruits. The proof will be obvious once the reader goes
over the construction explained later in this section and remembers that
the dynamical determinants for 0-forms and d-forms have their first zeros at
J(z) = 0 (since they are exactly the dynamical determinants of the usual
Ruelle transfer operator).

Corollary 2.6. For a volume preserving three dimensional Anosov flow we
have that the zeta function Cgyene(z) is meromorphic in C and, moreover,

® Crueue(z) is analytic for R(z) > hiy(¢1) — 7, except for a pole at
htop(gbl),'

® Cruciie(2) is non-zero for R(z) > 0.

Theorem 2.4 has the following simple consequence for the rate of mixing
with respect to the measure of maximal entropy.

Corollary 2.7. The geodesic flow ¢y : TYM — T1 M for a compact manifold
M with better than %-pmched negative sectional curvatures (or more gener-
ally any contact Anosov flow satisfying the hypothesis of the Theorem 2.4)
15 exponentially mixing with respect to the Bowen-Margulis measure ji, i.e.,
there exists a > 0 such that for f,g € C*(T1 M) there exists C > 0 for which
the correlation function

p(t) = /foaﬁtgdu—/fdu/gdu

satisfies |p(t)] < Cye=M, for all t € R.

Proof. Consider the Fourier transform p(s) = [*_¢e*'p(t)dt of the correlation
function p(t). By ([56], Theorem 2) and ([63], Theorem 4.1), the analytic
extension of (gyuene(z) in Theorem 2.4 implies that there exists 0 < n < 7, such
that p(s) has an analytic extension to a strip |(s)| < 1. Moreover, adapting
the argument in ([13], proof of Theorem 2.4) we can use the smoothness of

9
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the test functions to allow us to assume without loss of generality that for
each fixed value —n < ¢t < n we have that the function o — p(o + it) is in
L'(R). Finally, we apply the Paley-Wiener theorem ([60], Theorem 1X.14)
to deduce the result. O

Moreover, Theorem 2.4 allows us to extend results of Huber-Selberg (for
constant sectional curvatures), Pollicott-Sharp (for surfaces of negative cur-
vature) and Stoyanov (for I-pinched geodesic flows). By a prime closed
geodesics we mean an oriented closed geodesic which is a closed curve that
traces out its image exactly once.

Theorem 2.8 (Prime Geodesic Theorem with exponential error). Let M be
a manifold better than %—pmched, with strictly negative sectional curvature.
Let w(T) denote the number of prime closed geodesics on M with length at
most T', then there exists § > 0 such that

7(T) = li(eMr@)T) 4 O(ehor@)=ITY 5 T — 0.

Remark 2.9. The above Theorems are most likely not optimal. The %-
pinching might conceivably be improved with some extra work (one would
need to improve, or circumvent the use of, Lemma 7.9) but we do not see
how to remove such conditions completely, even though we believe it to be
possible.

Let us start the discussion of the proofs. The basic objects we will study
are the dynamical determinants, following the approach introduced by Ruelle
[61], which arise naturally in the dynamical context and are formally of the
general form

é —2A(71)
zvg(z):exp( > ( (Drvpfoxn) ) (2.1)

o 7) |det (1 — Dyypé-rin))|

where €(7) is 1 if the flow preserves the orientation of E* along 7 and —1
otherwise. The symbol Dyy,¢_; indicates the derivative of the map induced
by two local transverse sections to the orbit (one at x, the other at ¢_;(x))
and can be represented as a (d— 1) x (d — 1) dimensional matrix. By A‘A we
mean the matrix associated to the standard /-th exterior product of A. Note
that, given any 7 € T, tr (/\Z(Dhyqu,,\(ﬂ)), det (]l — Dhypgb,A(T)), as well as
det(D¢_x(r)|,) that will be used shortly, when computed at a point = € 7,
depend only on T (see comments before equation 5.18 for more details).

10
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The sum in (2.1) is well defined provided R(z) is large enough.
Note that e(r) = sign (det(Dd_x(r)|.)). Hence, from the hyperbolicity
conditions (1.2), we have

sign (det (1 — Dyypd—x(r))) =(—1)%sign (det(
~(-1)%e(r).

Recall the linear algebra identity for a n X n matrix A (see, for example, [75,
Section 3.9] for more details),

g-))

(2.2)

n

det(1 — A) =Y (—1)'tr(A'A). (2.3)

£=0
Note that
CRuelle(Z) = H (1 — €_Z>‘(T = = exp Z Z —zm)\
€T TET, m= 1 (2'4>

1, )

= ZA(T)
().

<T€T M(T)

where p(7) is the multiplicity of the associated orbit 7 and T is the whole
set of periodic orbits on M. From the equations (2.1), (2.2), (2.3) and (2.4)
it follows a product formula analogous to that of Atiyah-Bott for elliptic
differential operators [4]:

1)t+ds +L Hdstr (AE(Dhyp¢ )) A
H D(z (Z Z ’det ]1 — Dhyp¢ A(T) )‘

(=0 T€T /JJ
(— )ds det( — Dhyp®-r(- ) —A)
_ 2.5
o (Z A 361 (1~ D )| 2
(Z e”“) e
= eXp = GRuelle\%)-
TET /L(T) e

Thus Theorem 2.1 follows by the analogous statement for the dynamical
determinants ®,(z). To study the region in which the D,(z) are meromorphic
we will proceed in the following roundabout manner. First we define the
following objects.

11
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Definition 2.10. Given 0 </ <d—1,7€ T let

.t (A Digpd-ain))
X€<T> - 6(7'> |det (]1 — Dhyp¢—A(T)) ’ .

Moreover, for &,z € C, we let

Dy(¢,2) = exp (‘ i XE(T)MT)"@_ZW))‘ (27)

Note that the series in (2.7) trivially converges for |¢| sufficiently small and
R(z) sufficiently large.

Lemma 2.11. Let 0 < { < d—1,§,z € C, R(z) sufficiently large and | — z|
sufficiently small. Then we can write

Bile - 2.6) = oo 2.5)
Proof. The proof is by a direct calculation
~ . - _ - (f - Z>n XZ(T) n_—&X(T)
Do(§ — 2,€) = exp ( HZ:; oy TGZ; (7) A(r)"e >
_ _ Xe(T) o _aam) _amY | Dy(2)
e@< 2 T = Sy
]

Hence Theorem 2.1 is implied by the following.

Proposition 2.12. For any C" Anosov flow, with r > 2, §,z € C, D,(§) is
analytic and non zero in the region R(&) > hiop(P1) — Alds — €| and, for & in
such a region, the function ®,(§ — z,€) is analytic and non zero for z in the
region

|£ - Z| < %(f) - htop<¢1) + |ds - €|X

and analytic in z in the region

>|

6= 21 < RO — hu(n) 1.~ AT+ 5| 57|

12
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We can then freely move & along the line {a + ib}per and we obtain that
D(€ — 2,€) is analytic for R(z) > hop(d1) — |ds — €A = 5 [52] -

2

Proof of Proposition 2.12. For all v,/ € N, let Qf(M) be the space of
(-forms on M, i.e. the CV sections of AY(T*M). Let Qf (M) C Q5(M) be
the subspace of forms null in the flow direction (see (3.5)). In section 3 we
construct a family of Banach spaces B”%‘, p € N,q € R, as the closure of
ngv(M ) with respect to a suitable anisotropic norm so that the spaces BP¢*
are an extension of the spaces in [30].% Such spaces are canonically embedded
in the space of currents (see Lemma 3.10).

In Section 4 we define a family of operators indexed by positive real
numbers t € R, as

L (h) = ¢*,h, (2.9)

for h € Qé’v(M ). Here we adopt the standard notation where f* denotes the
pullback and f, indicates the push-forward.

Remark 2.13. Note that by restricting the transfer operator E,Sz) to the space
Qf (M) we mimic the action of the standard transfer operators on sections
transverse to the flow, in fact we morally project our forms on a Poincaré
section.

Remark 2.14. In order to simplify a rather involved argument we chose
to give full details only for the case in which the invariant foliations are
orientable (i.e., €(t) = 1 for all 7). Notably, this includes some of the
most interesting examples, such as geodesic flows on orientable manifolds
with strictly negative sectional curvature (see Lemma B.1). To treat the non
ortentable case it is often sufficient to slightly modify the definition of the
operator (2.9) by introducing an appropriate weight, see equation (B.1), and
then repeating almost verbatim the following arguments. Unfortunately, as
far as we can see, to treat the fully general case one has to consider more
general Banach spaces than the ones used here. This changes very little in
the arguments but makes the notation much more cumbersome. The reader
can find the essential details in Appendiz B.

The operators (2.9) generalize the action of the transfer operator £; on

the spaces BP? of [30]. We prove in Lemma (4.5) that the operators EEE)
satisfy a Lasota-Yorke type estimate for sufficiently large times. To take care

6 The indexes p,q measure, respectively, the regularity in the unstable and stable
direction.

13
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of short times we restrict ourself to a new space BP9 which is the closure of
Qf ,(M) with respect to a slightly stronger norm I, 4.c (see (4.6)), in this
we follow [3]. We easily obtain Lasota-Yorke type estimate for all times in
the new norm (Lemma 4.7).

On B¢ the operators ﬁﬁﬂ) form a strongly continuous semigroup with
generators X ) (see Lemma 4.7). We can then consider the resolvent R*)(z) =
(21 — X))~ The cornerstone of our analysis is that, although the operator
X® ig an unbounded closed operator on gp,q,€7 we can access its spectrum
thanks to the fact that its resolvent R (z) is a quasi compact operator on
the same space. More precisely, in Proposition 4.9 we show that for z € C,
R(2) > hiop(p1)—|ds—£|A, the operator R (z) € L(BP4 BP4Y) p+q < r—1,
has spectral radius

P(RO(2)) < (R(2) — huopln) + |ds — )

and essential spectral radius

pGSS(R(K)(Z)) S (8%(2) - htop(¢1) + |ds - £|X7L Xmin{p, q})il

We can then write the spectral decomposition R (z) = PO (z) + U (z)
where P)(z) is a finite rank operator and U¥)(2) has spectral radius arbi-
trarily close to pes(R®(2)). In section 5, we define a “flat trace” denoted by
tr’. In Lemma 5.1 we show that for R(2) > hiop(é1) — |ds — £|X and n € N,
we have that tr” (R®)(z)") < co and

-1

t’ (RO(2)") Z XeAT) y (yne=s(r) (2.10)

TET 'u

(n—1)!
Furthermore, in Lemma 6.10, we prove that, for each A < X and n € N,

62" (RY (2)") — tr (PY(2)")| <C.x (éR(z) — Niop(P1) + |ds — |\
\ . (2.11)
+ B) min{p, q}) )

where “tr” is the standard trace.

Remark 2.15. The loss of a factor 2 in the formula (2.11) is due to an
artifact of the method of proof. We live with it since it does not change
substantially the result and to obtain a sharper result might entail considerably
more work.
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2.2 Theorems and Proofs 2 STATEMENT OF RESULTS

Remark 2.16. Given the two previous formulae one can have a useful heuris-
tic explanation of the machinery we are using. Indeed, (2.11) shows that
tr’(RY(z2)) is essentially a real trace, then substituting formula (2.10) in
(2.1) and performing obvious formal manipulations we have that 354(&,2)
can be interpreted as the “determinant” of (1 — &RV (2))L, while Dy(2) can
be interpreted as the (appropriately renormalized) “determinant” of 21— X ).

Note that if v € o(P¥(2)) \ {0}, then z —v~! € o(X®).” Thus, v =
(z—p)~' where pu € o(X®). Let ¢ € Csuch that a = R(€) is sufficiently large
so that D(€) is well defined. Let pq¢ < a—hiop(¢1)+|ds —¢|A+3 min{p, ¢}.
Let A;¢ be the eigenvalues of X(). For each z € By(€, pp.gs),

D — 2,6) = exp (— > E-2r _nz)n tr’(RY) (g)n)> =

o0 _ n 1
=exp | — Z % Z m +0 (C&/\pz:,z,tf)

n=1 )\iEBQ(fvﬂp,q,l’.)

(2.12)
S -z = (6 - Z)n —-n
= exp Z log <1 - g _ )\M + Z —n @ (057)\,0]07(]’[)
AieBQ(ﬁvﬂp,q,Z) ’ n=1
z — )\i,g
= 1T e wll KASD)
Ai,£€B2(§7pp,q,Z) it
where ¢(, z) is analytic and non zero for z € By(&, ppq.¢). The results follows
by optimizing the choice of p, q. O]

Once Theorem 2.1 is established we can use the above machinery to obtain
more information on the location of the zeros.

Proof of Theorem 2.4. Equation (2.12) and Lemma 2.11 show that the
poles of Cruelle are a subset of the eigenvalues of the X . Proposition 2.12
implies that ¢ = d, is the only term in (2.5) that can contribute a pole in the
relevant strip. Thus, it suffices to study the poles of @581. In Lemma 7.8 we

prove that there exist 7, ag, C7 > 0 such that, for 0 < ¢ < min {%, ‘f\l;},
+
2a9 > R(2) — hiop(@1) > ap and n > C1Cx In [ (2)],

Ry < Co(RE) — huap(62)) S| .

7 As usual, we denote by o the spectrum.
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2.2 Theorems and Proofs 2 STATEMENT OF RESULTS

In Lemma 4.8 we have, for each R(z) > hiop(¢p1) and n € N,
R, < CR(2) = huop(01)) "

Accordingly, the resolvent identity R(®)(z —a) = Y20  a"R@)(2)" yields

IR (z = a)[| < 3 |l (R(2) — huop(61)) ™ [ClS(z)[ 0] 3% e
n=0

ClS(H)lo

0

1 —Ja|(R(z) - htOp(Cbl))_lOWei%

From the above the have the statement of Theorem for J(z) large enough.
The Theorem then follows by the spectral characterization of Proposition
4.9, since smooth contact flows on connected manifolds are mixing. O]

Proof of Theorem 2.8. Since there is an obvious bijection between prime
closed geodesics and prime closed orbits for the geodesics flow, m(T') is pre-
cisely the number of prime closed orbits 7 for the geodesic flow whose period
A(7) is at most 7. The proof of the Theorem is based on the following
estimate, established in Lemma 8.3. For each z € C, hyop(¢1) > R(z) >
hiop(1) — 5, |S(2)| > 1, we have that

Cll:{uelle (Z )

CRuelle (Z )

In particular, on the line R(2) = o1 := hyop(¢1) — 5, say, we have the bound
(2.13). Moreover, on the line R(z) = 09 = hop(P1) + 1, say, we have a

uniform bound . )
CRuelle (Z ) CRuelle (02 )

CRuelle (Z ) CRuelle (02 )

By the Phragmén-Lindel6f Theorem ([71],85.65) the bound on the logarith-
mic derivative on any intermediate vertical line is an interpolation of those
from (2.13) and (2.14). In particular, we have that

Cl,:{uelle (Z )

gRuelle (Z)

for R(2) > 03 1= hop(P1) — &, say, where 0 < 7y :=

< Oyl2l. (2.13)

< +o0. (2.14)

< Clylz|m (2.15)

Tx
o < L
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2.2 Theorems and Proofs 2 STATEMENT OF RESULTS

Starting from (2.15) we follow a classical approach in number theory. Let

VT = Y huep(@0)A(T)

e"htop(¢1 IA(T) ST

b(T) = /1 V@de = Y Iuop(@)A(T)(T — eher@A0)

eMPtop(B1)MT) <

mo(T) = Z 1 and m(T") = Z 1,

htop(BDAT) <0 ehtop(#1AT) <

where the finite summation in each case is over prime closed orbits 7 € 7,
for the associated geodesic flow, and n > 1, subject to the bound in terms of
T. Next we recall the following simple complex integral: For d, > 1 we have
that

1 dy 100 z+1 0 if 0 < <1
J - { SRR (2.16)

— — dz =
270 Jg,—ico 2(2+1) y—1 ify>1
If we denote (y(2) = Cruelte(Ptop(P1)2) then we can write

(T = /d B (—28) - (jjrl)dz (2.17)

+« —100

for any d, > 1 sufficiently large. This comes by a term by term application
of (2.16) to

Go(2) - —znh A
_ _ Biop (1 )e>" top (P1)A(T)
o) a2t
(N.B. The summation over the natural numbers in this identity comes from
the second expression in (2.4), not non-primitive orbits which are not being
included in the counting). Moving the line of integration from R(z) = d, > 1
to R(z) = c gives

T2 c+ioco C/ (Z) Tz+1
T)=—+ — d 2.18
o= [ (-60) e .
provided o3/hiop(¢p1) < ¢ < 1. In particular, we use (2.15) to guarantee
T2

convergence of the integral in (2.18). Note that the term - comes from the
line of integration crossing the pole for (4(z) (now at z = 1). Moreover, the
integral yields a factor Tt i.e. ¢ (T) = 172 + O(T*"). Next we have the

— 2
following asymptotic estimates.

17



3 CONES AND BANACH SPACES

Lemma 2.17. We can estimate, provided 1 > ¢y > ¢ > 0, that
O(T) =T+ O(TV?);

. Tlet1)/2
7o(T) =1(T) + O ( g T ) ;

m(T) =1i(T) + O(T'T1/2),

Since the proof of the above Lemma is completely analogous to the case
of prime numbers, we omit it and refer the reader to [23, Chapter 4, Section
4]. Finally, we can write

m(T) =m (ehmp(¢1)T) - h<€htop(¢1)T) + O(e[htop(¢1)(01+1)/2]T)

and the theorem follows with hop(¢1)(c1 +1)/2 = hiop(1) — 6. O

3 Cones and Banach spaces

We want to introduce appropriate Banach spaces of currents® over a d-
dimensional smooth compact Riemannian manifold M. We present a general
construction of such spaces based only on an abstract cone structure. This
is very convenient since later on we will apply this construction twice: once
on M to treat certain operators, and once on M? to treat some related, but
different, operators.

The basic idea, going back to [12], is to consider “appropriate objects”
that are “smooth” in the unstable direction while being “distributions” in
the stable direction. This is obtained by defining norms in which such objects
are integrated, against smooth functions, along manifolds close to the stable
direction. Unfortunately, the realization of this program is fairly technical,
since we have to define first the class of manifolds on which to integrate, then
determine which are the relevant objects and, finally, explain what we mean
by “appropriate”.

3.1 Charts and Notation

We start with some assumptions and notation. More precisely, for any r € N,
we assume that there exists dp > 0, such that, for each 6 € (0,dy) and

8 See Federer [20, Sections 4.1.1 - 4.1.7] for a detailed presentation of currents.
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p € (0,4), there exists an atlas {(Uy, O4)}aca, where A is a finite set, such
that”

0o (Us) = Ba(0,305+/TF )

Ua©5"(B4(0,20)) = M
@aO@Igl(Zi‘axd+t):@aoggl(j7xd)+(o7t)7 teR
1(©a)lloc + 105 )slloc €25 (180 0 O3 | < 2.

(3.1)

Note that the above is equivalent to the existence of a global C" vector field
V such that O, are flow box charts for the flow generated by V; i.e. for all
ac A (0,").(50)=V."

a /*\ 9z
Let {14 }aca be a smooth partition of unity subordinate to our atlas such
that supp(¢a) C ©,'(B4(0,20)) C U, and a1 (5,04 = 1 In addition,

we assume dj + dy = dim(M) are given, and let
Co={(s,u) €R™ x R™ : [lull < pls]l}. (3.2)

Next, we assume that there exists 4 > p, > p_ > 0 such that, for all
a,f e A,
Co C (Ba)s 0 (©51).C,_ CC (3.3)

when it is well defined. Note that, by compactness, there must exists p; > 0
such that C,, C (O,). 0 (651)*0127'

This concludes the hypotheses on the charts and the cones. For each
0€40,...,d}, let NS(T*M) be the algebra of the exterior /-forms on M. We
write Q£ (M) for the space of C™ sections of ANY(T*M). Let h =3  thah =
> wea ha so that ha € QL(U,).

Let {e1,...,eq} be the canonical basis of R?. For all @« € A and = €

U, consider the basis of T,U, given by {(@*1) 0 (071,72 } Let

P+

o *8_5217 P o *E
{€a1,--.,€q4} be the orthonormal basis of T,U, obtained from the first
one by applying the Gram-Schmidt procedure, setting as first element of the

algorithm €, 4 = (@;1)*%/ H(@;l)*a%d

). Let wa1,- .., wa,q be the dual basis

9 The relations are meant to be valid where the composition is defined. The || - ||~
norm is precisely defined in (3.6). Note that the explicit numbers used (e.g. 2,30,...) are
largely arbitrary provided they satisfy simple relations that are implicit in the following
constructions.

10 Tndeed, the first, second and last relation can always be satisfied (e.g. consider suffi-
ciently small charts determined by the exponential map). Given V', the third conditions
can be satisfied by applying the flow box Theorem.
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3.1 Charts and Notation 3 CONES AND BANACH SPACES

of 1-forms such that wq ;(é,,;) = d; ;. Thus we can define a scalar product on
T*U, by the expression (wa,;,was,;) = 0;;. Note that the above construction
“respects” the special direction V.

Let Zp = {i = (i1,...,i0) € {1,...,d} : i1 < iy < .-+ < iy} be
the set of /-multi-indices ordered by the standard lexicographic order. Let
e; = ey A Aey, in AYR?Y) and dz; = dzy, A -+ Adx;, € AY(R?)* so that
dri(e5) = 6;5. Let {e,i} € N(TuUs) and {w,i} C AY(T;U,) be defined in
the same way starting from ¢, ;, wq,;-

Given h € Q4(U,) and (0,1)*h € Q4(B4(0,305+/1 + p?)) we will write

h= hoiwa

EEIZ

As usual we define the scalar product

(h, g)ar = /M (hy g)awnr () (3.4)

where wyy is the Riemannian volume form on M and (h,g), is the usual
scalar product for forms'' (see (A.1) for a precise definition).
In the sequel we will often restrict ourselves to forms “transversal” to the
flow, that is
Qf, (M) ={he QM) : h(V,...)=0}. (3.5)
Remark 3.1. We use the convention Q). = QF. Note that Qf . = {0}
and, more generally if h € Qé,r’ then h = Ziezg hoiwWai, where I, = {i =
(i1, .. .yie) € {1,...,d =1} 4y < iy < ... < ip}. See Remark 3.9 for

further comments.

For f: By(0,9) — R, d € N, we use the following C"-norm

sup, [|f ()| ifr =0
I £ller = < I lleo + sy yep, 0.0 LRt if0<r<1 (36)

lz—yll"
Zi@O alrl= D ks Haxkl o 8w’€zf‘ ifr=1.

Remark 3.2. The reader can check, by induction, that for such a C" norm,
forr € Ry and d = 1, we have ||fgllcr < ||fllcrllgller and, for all d € N,

If o gller < Cy 2oig I fller 1Dgller—1 - - [ Dyller—s.

11 Tn the following we will drop the subscript = in the scalar product and the subindex
M in the volume form whenever it does not create confusion.

cr—Lr]
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3.2 Banach Spaces 3 CONES AND BANACH SPACES

3.2 Banach Spaces

Given the above setting, we are going to construct several Banach spaces.
The strategy is to first define appropriate norms and then close the space of
(-forms in the associated topology.

Fix Lo > 0. For each L > Lg, let us define

Fr(p, L) = {F : By (0,65) — R® : F(0) = 0;

(3.7)
IDE|comy, 0.68) < P [1Fllcrpa, 066)) < Lt

For each F' € F,.(p, L), x € RY, £ € RY | let G, r(€) : By (0,60) — R? be
defined by G p(€) = 2 + (€, F(6))
Let us also define X(p, L) = {G,r : @ € By, (0,20),F € F.(p,L)}.

Remark 3.3. All the present constructions will depend on the parameters
p, L. We will often not make it explicit, to ease notation and since many
computations hold for any choice of the parameters, but we will state when a
particular choice of such parameters is made.

For each a € A, and G € ¥ we define the leaf'? Wae = {6}
G(€)}eeny, (0.35) and the enlarged leaf VVJr {@;1 o G(€)}eey, (0.65)- For

cach v € A, G € % note that W,¢ C U, = = 0,Y(B4(0,651/1 + p?)) C U,.
Finally, we define X, ega{Wa,G’} We Wlll be interested in the set of
manifolds ¥ = Uye 42, (our sets of “stable” leaves).

Also, for each G € 3, we denote by T'%*(ct, G) the C* sections of the fiber
bundle on W[, with fibers A“(T*M), which vanish in a neighborhood of
OW,. . We define the norm

||9||fﬁv8(a,g) = sup 1907 © 0, oG] C%(Bq, (0,20))- (3.8)

Consistent with this choice, we equip Q4(M) with the norms, for s < r,

[hllos = sup  [|haio © |Cst) (3.9)

OéEA,’L‘GIg

Let )75(04, G) be the set of C*(U, ) vector fields, where U, ¢ is any open set
such that U, D Uy D W;G

12 These W, are not to be confused with stable manifolds.
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To allow enough flexibility in the previous construction (flexibility that
will be essential in Section 6) we introduce the possibility of further choices:
we choose sets T“*(av, G) that are dense in I“*(a, G) in the C* norm for
each s < r. Also we choose sets V*(a, G) C V*(, G) that contain the push
forward of any constant vector field under the coordinate map O, and with
the property that there exists Cs > 0 such that, for each v,w € V*(«, G),
Cs - [v,w] € V7 (a,G). Finally, we ask the following extension property:
there exists Cs € (0,1) such that for each

@‘U(X,G =

- (3.10)
VB e A G €3, C € V¥(B,G),

veEV(a,G) = J7 € V(M) {

where by V(M) we mean the C*® vector fields on M.

Remark 3.4. The norms and the Banach spaces we are going to define
should have an index specifying their dependencies on the choices of {T'%%(a, G)}
and {V*(«, G)}. We choose to suppress them to ease notation, since this cre-
ates no confusion.

Let wyo be the d; volume form induced on W, ¢ by the push forward
of Lebesgue measure via the chart ©_'. Write L, for the Lie derivative
along a vector field v. Finally, for all @« € A, G € X,, g € I'%a,G),
P = (v1,...,0,) € V(a, G)P and h € QL(M) we define

Jacga(h) = / (g, Ly, - Lyyh) et € R. (3.11)
W,

a,G

Next, forallpe N, ge Ry, p+qg<r—1,£€{0,...,d}, let

UpLpar= {Ja,G,g,T;P ’ a€AGeEX,(pL),ge TPt v; € VP,
(3.12)

Iolgzrsocy < Ll < 1),

where, for v € V¥(a,G), |v]lcsu..o) = SUPa; [| (0, €a) © o cs.
Lastly, for all p € [p_,p;], L > Lo, pe N, g € Ry and h € Qf (M) we
define the following norms

1721

p_,L,p,q,é = sup ‘]<h) and ”h”ﬂvLaI%q,K = Slip ||h||;,L,n,q,E‘ (313)
n=p

Up,L,p,a,t
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Remark 3.5. Let L, be such that W € 3,(p—_, Lo) and W N [75 # () imply
W e S.(py, Ly)."* We find it convenient to set ||-H_’p3q¢, = H~Hp7'7L07p’q’e and
[l pae = Ill,, £, pge- In the above norms and objects we will suppress
systematically the indexes p, L,+,—, when it does not create confusion. In
particular, any statement about a norm without &+ is either meant for each
p € lp_,ps], L € [Lo,Ly] or for the — norm. The introduction of these
annoying +-norms has the only purpose to allow a simple use of mollificators,

which in general are not bounded operators (see Appendiz D for details).

Definition 3.6. For allp € N, g € Ry, £ € {0,...,d — 1} we define the

spaces BP® to be the closures of Qf (M) with respect to the norm [
and the spaces Bf;q’e to be the closures of Q. (M) with respect to the norm

|| ’ ||+,p,q,€'

Remark 3.7. Note that, by definition, the forms in BP%* B2 are zero in
the flow direction. This retains the relevant properties of Poincaré sections
while working directly with the flow.

Remark 3.8. For the norms just defined the reader can easily check that

1Pllpge < Nllpr1ge and  ([Allpgrae < [[Pllpq.
Crallhlly g0 < sup Loy = Loy hllg prg < IR,

e | |p7q,f {v1,.vpEVPTY ||’Uj||cp+q§1} ! v hre pat (314)
Hh” —.,0,q,¢ < ”h”Jr,p,q,f ’ Hh’Hp,q,Z < C#HhHQf,

Remark 3.9. The above spaces are the natural extensions of the spaces B4
in [70] to the case of -forms. There the Banach spaces BP'? were defined as
the closure of C*°(M,R) with respect to the following norm!

|h][pq = sup sup sup sup / Ly, -+ Ly, (h) - pwyor.
nggp QGA vl:"'7ykevp+k(a7G) @ecg(Wa,GzR) WaaG
Gex lvi|or <1 lel ke <1

In particular, we can construct an isomorphism between the Banach space
BP9 in [30] and the present Banach space BP%%~1. In fact, letiy : QT (M) —
Qf (M) be the interior product defined by iy (h)(vy, ..., v) = h(V,v1,. .., vp).

13 Such a L exists by the third equation of (3.1).
14 In [30] the coordinate charts are chosen with slightly different properties. However
for our purposes they are equivalent.
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If ho € Q. (M), then (=1)iy(h A dV) = h where dV is any one form such
that dV (V') = 1. That is iy (Q (M) = Qf . (M). Since iy (Q55 (M) = 0,
we can define iy : QU (M) /QGE (M) — Qf (M) and obtain by a standard

algebraic construction that iy, is a natural isomorphism. Next, we define
W= iyw, (3.15)

where w is the Riemannian volume, and the map 4 : C"(M) — Q¢ 1 (M) by
i(f) = f-@. Note that i is an isomorphism since Qf . = {0}. It is easy
to check that i extends to an isomorphism between BP4 and BP9t It is
even easier to construct an isomorphism between BPY and BP%°. Yet, such
an isomorphism is not relevant here, indeed the reader can check that the
transfer operators defined in section /.1 correspond to the transfer operators
studied in [70] only when acting on BP9,

We now prove some properties of the spaces BP%‘. To this end we will

use some estimates on how fast an element of the space can be approximated
by smooth forms. Such estimates are proven in Appendix D.
Given a form h € Q°, we can define a functional by

[7(R)](g9) = (h, g)qr where g€ QM. (3.16)

The space of such functionals, equipped with the x-weak topology of Q4(M)’,*°
gives rise to the space £¢ of currents of regularity s.
The following extends [30, Proposition 4.1} and [30, Lemma 2.1].

Lemma 3.10. For each ¢ € {0,...,d — 1}, there is a canonical injection
from the space BP9 to a subspace of €1f+q.

Proof. Since we can foliate M by manifolds in ¥, given the definitions (3.16)
and (3.4) we have

b())(g) < Cy lIhll, g0 lgllar, , an)- (3.17)

Thus 7 can be extended to a continuous immersion of B>%* in 85 g
To show injectivity consider a sequence {h,} C Qéjp +q that converges
to h in BP%f such that j(h) = 0. Let W,e € ¥,. In the following it is

convenient to introduce the operators M, . defined as in Defintion D.1 with

15 As usual, given a Banach space B, by B’ we mean the dual space.
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\Ij(xay%,j = 1;&(651(%))5257 77204(5) =1if HfH < 3\/ 1 +p2— and 1;&(5) =0if
[€]l > 64/1 + p*. Note that, for each &’ € Qf ,,,

/W (0. P o Yeres = (1)) (02) (3.18)

where

0:0) = Y ai(0)700(0) | wrn(s) Fuly)i(Oue) — ©5(0) (ass )y € %
i Wa.c

By Lemma D.2 and Remark D.4 we have that
f,, ot =t [ (g Bach)om = liglah)lo.)

Moreover, by equation (3.18), Lemma D.2 and Remark D.4 it follows that

Hj(hn)](ga) - [j(hm)](g€>| =

/ <gu Ma,e(hn - hm)>wvol
Wa,G

< C#HgHrﬁﬂ(ag)th = P llog.e-

Thus, we can exchange the limits with respect to n and € to obtain

/ <g7 h‘>wV01 = lim <g7 hn>wvol
Wa,G n

— 00
Wa,G

= lim lim [5(hn)](g:) = lim[5(h)](gc) = 0.
which implies ||h]jp4¢ = 0. By similar computations, using equations (D.4)
and (D.7) to deal with the derivatives, we obtain ||A|,,¢ = 0. Thus j is
injective and we obtain the statement of the theorem. O]

We conclude this section by proving a compactness result which is essen-
tial in the implementation of the usual Lasota-Yorke strategy. The proof is
exactly as the proof of [30, Lemma 2.1].

Lemma 3.11. For each q,p > 0, p+q < r — 1, the unit ball of BP%* is
relatively compact in BP~1atLE
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4 TRANSFER OPERATORS

4 Transfer operators and Resolvents

Let ¢y : M — M be a C" Anosov flow on a smooth Riemannian d-dimensional
compact manifold with » > 2. The flow induces canonically an action ¢; on
(-forms. Such an action has nice spectral properties only when acting on
Banach spaces of the type described in section 3. To apply Section 3 to the
present context it suffices to specify all the choices involved in the definition
of the norms |-, -

First of all, the “special” direction is obviously given by the vector field
V' generating the flow. In addition, we note the following.

Remark 4.1. Without loss of generality, we can assume

DO=1{(0,4,0) : u € R} — EX(©21(0))
Dy©,{(5,0,0) : s € R%:} = E5(0,1(0)) (4.1)
®;1<<S7 u, t)) = ¢t@;1((87 u, 0))

Let dy = ds and dy = d, + 1. Given the continuity of the stable and
unstable distribution we can choose § so that equations (3.2) and (3.3) are
satisfied with p_ = 1,p, = 2 and, for all « € A and z € U,, (0,).E°(x) C
Ci. Choose Ly large enough so that all the stable manifolds belong locally

2
to (1, Lo/2). Note that there exists ¢y > 0 such that, for all ¢ > ,,°
(@5 op_40 @;1)*((:2) C Cy. (42)

In addition, for each v € (©1),Cy, t € Ry we have ||(¢_).(v)|| > Cwe*||v]].
Finally, we set V* = V* and I'4 = T4,

Lemma 4.2. With the above choices condition (3.10) is satisfied.

Proof. To prove the Lemma it suffices to have a uniform estimate on the
norm of an extension of a vector field. This is in general a hard problem,
but here we can exploit the peculiarities of our situation that allows to give
a simple proof based on the well known reflection method that goes back, at
least, to [11, 35, 65].

First, notice that, given W, ¢, we can make a uniformly bounded C”
change of coordinates = such that Z o ©,(W ;) = B(0,65) x {0}. Given

16 Indeed, if € U, v € R and v = v" + v%, v* € (0,).(E%(x) x E%(z)), v° €
(0a)«(E*(z)), then [|(¢_s 0 ©71),(v")]| < Co while ||(p_s 0 ©71).(v*)]| > Coe* and the
result follows by the fourth line of (3.1).
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any vector field v € V*(a, @) the domain Z o O (Ua,) will always contain a
“cylinder” of the type Yz = B(0,68) x (x%,[~a;, a;]), for some a € [0, §]%,
while v will be mapped into the extension of a function f € C*(Y,,R%)
with Cullvllesw..e) < [[fllesvn) < Cullvllesw, o) Clearly it suffices that we
extend f to a fixed, sufficiently large, domain so that, after multiplying it by

.....

domain of the chart, we obtain the wanted vector field by the push forward
(0, 0 =71, and setting it to zero on the rest of M.

Let lipix(x) = (21,..., 221, —B(z; Fa;) £ a;, Titq, ..., xq4). Then, given
g € C*(Y;), we can define, for i > dj,

g(x) for xeY;
g'(x) = ZEO bpfolzon; (x) for xeYa x>0
S befoLige; (z) for x€ Ya,a; <0

where ai, = ay, for k # i and a = [1 + 2-7"9]a; and SO 525" = 1 for
all n € {0,...,|s]}. Note that the previous condition determines the by
uniquely since the Vandermonde determinant det(2%) is well known to be
non zero. It is easy to check that ¢* € C*(Yz:) and ||g*[lcs(v,,) < Cllgllesva)-
Proceeding in such a way we can extend g to the domain Y 4.... 4) for any fixed
A > 0. We are left with the boundary of the domain determined by B(0,60),
which is smooth. By localizing via a partition of unity and a smooth change
of coordinates we can reduce ourselves to the case of extending a function
from the half space to the all space, which can be handled as above [65]. This
concludes the proof. O

Remark 4.3. By standard hyperbolicity estimates tg in (4.2) can be chosen
so that, for all t > ty, the image of a manifold in X can be covered by a
collections of manifolds in ¥ with a uniformly bounded number of overlaps.
The fact that this may be false for small times is a little extra problem present
in the study of flows with respect to maps. We will handle such a problem by
a further modification of the Banach space, see (4.6).

This concludes the definition of the Banach spaces. Next we define the
action of the flow.
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4.1 Properties of the transfer operator
Let h € Qf,_ (M), then Vt € R

G h(V, 03, 00) = h(V, ()0, (&0).00) = 0. (4.3)
Thus ¢;(9Q,_,) = Qf,_, for all t € R. In (2.9) we defined the operators
£1(5£) : Qé,r—l(M) - Qé,'r—l(M)7 te ]R—l-? by
LORh = ¢* h.

Following the Remark 3.9, in the special case of a d — 1 form, for h €
Qg;il(Ua) we have h = hw where h € C*(M,R) and @ is defined in (3.15).
Then'” B B

LYYDh =ho¢_ydet(Do_)o = (L.h)@. (4.4)
Thus we recover the transfer operator acting on densities studied in [10].

We begin with a Lasota-Yorke type inequality for ££Z).
Definition 4.4. Letp e N, g€ R, 0< (< d—1 and 0 < X\ < X where A

s as in the Anosov splitting. Let us define

00 = hugp(61) — Ad, — ]

0pq = min{p, ¢} .
Lemma 4.5. There exists tg > 0 such that, for eachp e Nyge R, p+q <
r—1,0€{0,....,d—1}, A € (0,)) and t > t, the linear operators EEZ) can
be uniquely extended to a bounded operator® L¥ € L(BP* B2 More
precisely,

|

In addition, if 0 < qg <r — 2,

0
£ h”+,o,q,e < Coe” IRl g g

(0) -\
|€O8], < Cune ™D WA g Cone™ g g1
and, if p,q >0,
l _
|€O], <™ IRy Corane™ Il s g1

+ Cp,q,Aewt HX([)th,pfl,qul,E :

17 Indeed, for w € Q4(M) we have det(D¢;)w = ¢fw. Hence by (3.15) we have
(]5:(;(’[11, ‘e ,Ud—l) = det(DqSt)uNJ(vl, N ,’Ud_1). That is (Z)I(:U = det(Dqﬁt)o?.
18 Which, by a harmless abuse of notation, we still designate by Ege).
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The proof of this lemma is the content of Subsection 4.3. In particular,
note that from the first and last equations of the above Lemma and equation
(3.14) we have,

Hcg% (4.5)

gl S Opaqeth ||h||p,q,€ :

Remark 4.6. Up to now we have extended, yet followed closely, the argu-
ments in [10]. Unfortunately, in Section 7 of [10], the authors did not take
into consideration that for t < to, ¢:(Wa) is not necessarily controlled by
the cones defined by (3.2), and thus could be an inadmissible manifold. Such
an issue can be easily fived, in the present context, by introducing a dynam-
ical norm (similarly to [5]) as done below. This however is not suitable for
studying perturbation theory, to this end a more radical change of the Banach
space is required [17].

To take care of the ¢t < tg, we introduce the dynamical norm ||-|| For

each h € QY(M), we set

p,g,L”

12ll,, 4.0 = sup || £80]] (4.6)
s<tg

D,q,¢ p,q,l "

3 v § PYY:
Thus we can define BP¢f = Qf = """ C Bret,

Lemma 4.7. For eachp € N,q € Ry, pt+q<r—1,£€{0,...,d—1}, A < X,
for each t € R, , we have that ,C,EZ) € L(Brat, BP4Y) and, more precisely,

Jleion

S 1l

Moreover, if p,q > 0,

Jleion

pqe SOP7Q7>\6(O—Z_UP7Q)1: |||h/|||p7q,£ + Opﬂqv)\eo—[t |||h|||p—17q+1,£

o {4
+ Coge™ X, g
In addition, {L}ier, forms a strongly continuous semigroup.

Proof. For h € Qf . equations (4.5), (4.6) imply, for ¢ < t,

Jleitn

< {{lAll G Al g} < Cog Al
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Whlle for t > ty the required inequality holds trivially. The boundedness of
E follows.

The second inequality follows directly from the above, for small times,
and from Lemma 4.5 for larger times.

To conclude, note that .ci“ is strongly continuous on Q4(M) in the C"
topology. Let {h,} C Qf, such that lim, o [|hn, — 2], ., = 0, then, by the

boundedness of EEZ),

which can be made arbitrarily small by choosing n large and ¢ small. O]

P,q,¢

L
oy SOl =l + 12 R = Tl

4.2 Properties of the Resolvent

By standard results, see for example [19], the semigroups Lﬁ” have generators

X which are closed operators on BP4¢ such that X <f>£§f) = %EED. Setting
RO (2) = (21 — X))~ we have, for R(z) > oy, the following identity

1 [e's)
R(K)(Z)n = m/o tn_le_Zt,Cge)dt, (47)

that can be easily verified by computing X ¥ R (2)" and R®(2)"X®. The

next Lemma, which proof can be found at the end of Section 4.3, gives an
effective Lasota-Yorke inequality for the resolvent.

Lemma 4.8. Letp e N.g e Ry, p+q <r—1, z € C such that a = R(z) > oy

then we have

n

I[79) Craala —0d) ™,

|Hqu -
and, for p,q > 0,

. . (121 + 1)
Ol o { (0 = 004 00 Wl g+ L bl

The operator R (z) has essential spectral radius bounded by (a—o¢+0, )"

We are now in the position to obtain the required spectral properties.

30



4.2 Properties of the Resolvent 4 TRANSFER OPERATORS

Proposition 4.9. For p+q < r — 1 the spectrum of the generator X of
the semigroup ,C,Eé) acting on BPat lies on the left of the line {0y + ib}ier
and in the strip o, > R(z) > 0y — 0, consists of isolated eigenvalues of
finite multiplicity. Moreover, for £ = ds, hiyp(p1) is an eigenvalue of X.
If the flow is topologically transitive hy,(¢1) is a simple eigenvalue. If the
flow is topologically mizing, then hi,(¢1) is the only eigenvalue on the line

{Piop(#1) + ib}per-

Proof. The first part of the Lemma is proven exactly as in [13, Proposition
2.10, Corollary 2.11]. Next, let us analyze the case ¢ = ds. As explained
in Remark 2.14, we restrict ourselves to the case in which E® is orientable.
Indeed, in the non orientable case we must study a slightly different oper-
ator (see Section B for more details). We can then choose in each E*(x) a
volume form @y on E° normalized so that ||@s]| = 1 and it is globally con-
tinuous. Also let my(z) : T,M — E*(x) be the projections on E*(x) along
E'(xz) @ E°(x). Remember that 7, is w-Holder (see Appendix E). Next,
define wy(vy, ..., vq4,) = @Ws(msv1, ..., Tsvg, ), by construction wy € ngw. Note
that ¢* ,ws = Jsp_w,, where Jy¢_, is the Jacobian restricted to the sta-
ble manifold. Note that, setting w; . = M.w;, for € small enough, we have
(wse,ws) > 3. Hence,

/ <ws,€,£tws) Z / JS¢_t Z O#/ JW¢—t Z C# V01(¢_tWa7g). (48)
Wa,a 2 W,

Wa,G a,G

Taking the sup on the manifolds and integrating in time, Appendix C (see in
particular Remark C.4) implies that the spectral radius of R()(a) on B%=d:
is exactly (a — og,)7 .

By Lemma 4.8 R(4)(a) is quasicompact on BPads and its peripheral spec-

trum does not contain Jordan blocks.!” In turn, this implies that

—1 .
1< I if(a—o0y)'Cox,a (R
lim — E (a — 0q4,) R (a)k = if (a 'Uds> € Ogpaa (a))
neo AT 0  otherwise,

where IT is the eigenprojector on the associated eigenspace and the conver-
gence takes place in the strong operator topology of L(BP4d BP4ds)  Also

n

19 A Jordan block would imply that || R(@) (a)"Hp 4.0, 8rows at least as Cyn(a—o04,)”
contrary to the first inequality in Lemma 4.8. l
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by the second inequality in the statement of Lemma 4.8 it follows that IT
extends naturally to an operator in L(BP~1athds Brads) Since, by (4.8),

/ (Wse, Hwg) >0
Wa,G

we have that IT # 0 and (a — 04,)! belongs to the spectrum. The other
claimed properties follow by arguing as in [31, Section 6.2]. O]

4.3 Proof of the Lasota-Yorke inequality

Proof of Lemma 4.5. For each a € (0,1), we introduce the norms

V4
1AllpLpaa =D 0l Lo
©=0

From now on we will suppress the indexes p, L as their values will be clear
from the context. As the above norms are equivalent to || - ||, it suffices
to prove the required inequality for some fixed a (to be chosen later).

For any p,q € N, a € A, G € X(ps,Ly), v; € V(a,G), g €
I%9+4(a, G) such that 19llpeoragy gy < 1, we must estimate

/ <ga LUI T va££8)h> Wyol - (49>
Wa,G

First of all, we consider the atlas introduced at the beginning of Section 3.
For 3 € A and for each t € Ry, let {Vig}rex,, Kz C N, be the collection

of connected components of Oz(¢_y(Wae) N Us). Let Ky = {k € Kg :
Vs N B(0,26) # 0}. For all Vi, let ‘7,@5 be the connected component of
Os(¢_(W¢) N Us) which contains V5. Next, for each k € l?ﬁ choose
zrp € (Vg N B(0,29)). We choose ty as in Remark 4.3. Then, for all ¢ > ¢,
there exists Fy 3 € F.(1, Lo) (see definition (3.7)) such that G, ;5 ,(§) =
Trs + (& Frp(§)), & € B(0,66), and the graph of G, , r, , is contained in

Vi,s. Next we consider the manifolds

{We.cep yr  reits C Us: (4.10)

From now on let us write Wps ¢, for Wz . By the above construction

zk,B’Fkvﬁ
Wsa, € Y. Note that the above construction provides an explicit analogue
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of Lemma 7.2 in [16]. In particular, Ugea Ukek, Wsa, D ¢—1Wa e with a
uniformly bounded number of overlaps.
In the following it will be convenient to use the Hodge operator “x”, see

Appendix A for details. Let us start with the case p = 0. By using formula
(A.4), changing variables we obtain®

/ <9, LYY wyer = Z/W JW@(*@(*Q) e, (411)

BeA B.G ng
kGKB

where Jy ¢, is the Jacobian of the change of variable ¢; : W3, = Woc.
Note that

x@y(xg) = Y (Wi, %0} *waj)gj © br - W

ij €Ly

= (d szgb Z twﬁ’w ¢t g]o(bt Waiis

7]€IZ
where we have used (A.4) again. Letting
g = d MJ@ZZ L iWpis Wa,j) © P G5 0 P - Wajs
zGI JEL

by Remark 3.1 if follows that (x¢;(xg),h) = (g, h). Accordingly, we have

1T Jwee - g - Gi 0 ©57 OGkHCq<C#SUP||QJO¢tO@ OGkHCq( )
VR 4.12

X |[[Jwe - (9% jws5Waj) © dr] © 5" 0 Gillca.

Next, we estimate the factors of the above product. Note that there exist
maps Z; € C"(R% R?) such that

@a0¢tOGglon =GoZ,. (4.13)

Moreover, by the contraction properties of the Anosov flow, [|[DZ¢cr-1 <
Cye .21 Thus, by the properties of r-norms (see Remark 3.2),

||g;O¢tOGElonch < Cyllgo O, 0 Glca. (4.14)

20 Since (g, h) can be seen as a function on M, we will often use the notation F*(g, h)
for (g, h)o F. Also, will use interchangeably the notations det(D¢;) and J¢;, since, for all
t € R, det(D¢y) > 0.

21 See the Appendix in [16] for details.
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Next, note that |(¢*,ws;,w, ;)| is bounded by the growth of /-volumes while
Jw ¢y gives the contraction of dg volumes in the stable direction. Clearly, the
latter is simply the inverse of the maximal growth of |(¢* ,ws7,w, )| Which
takes place for d, forms. By the Anosov property and Remark 3.1 follow that

[ w0 O3 0 G- (¢ Wi, waj) © 60 O3 0 Gilloo < Cpe™ BN (4.15)

To compute the C'? norm, for ¢ > 1, we begin by computing the Lie derivative
with respect to the vector fields Z; = 0, i € {1,...,ds}. Let us set T, =
¢y 0 @;1 o Gg. By (A.5) and (A.G) we have

LZ¢[<¢itU7 ’LU> © Tt] = TILTt*Zi<¢it/U7 w)
- _T: [d1V<Tt*ZZ)<(¢itU7 U}>] + (_1)€(d—€) T:<*LTHZ¢ *w, ¢jtv> (416>
+ T3 (w, L(@;ocmziv)-

Hence, recalling again (3.6) and its properties, for ¢ € N,

(@~ 0, w) © Tilloa < Cysup || Ly, [(¢7,0, w) 0 Ti][|gas

+ 21|67 v, w) 0 Ty co
S Oq{” diV(Tt*Zi)<¢itva U))Hqul + ||<L(6glon)*ZiU7 w>||C‘1*1
+ o™ v, % Ly, z, % w)llcar + (¢ 0, w) ||eo },

which can be used inductively to show that the C'? norm is bounded by the C°
norm. The case g € (0,1) can be computed directly as well, but is also follow
by interpolation theory (e.g., see [72, (2),(4) page 201]). The computation
for the case ¢ € R, easily follows. Finally, by (4.15), (4.14), and (4.12) we
have that B

s Ty Twdr * ¢p# gllpea < Cye o700, (4.17)

This provides an estimate for each term in (4.11). We are left with the
task of estimating the number of manifolds. Note that such number at time
t is bounded by a constant times the volume of the manifold ¢_,(W,. ).
Moreover, it turns out that such volumes grow proportionally to e/ter(#1)t
(see Appendix C). Thus

;qé S qu—X\ds—&tehtop(%)t ||h||(;q,f ) (418)

Li”h’
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To establish the second inequality note that, by analogy with [30, Lemma
6.6], for each ¢ > 0 there exists g. € I'y"(Wy) such that, setting ¢/ =
ma’X{O7 q— 1}7

lo= =gl < Coc”” T Ngellpea < Cgs llgellppan < Cue™.
Thus, writing g = (g — g-) + g- we can estimate to the two pieces separately.
For g. we apply all the above computations using ¢ 4+ 1 instead of ¢q. To

estimate the equivalent of (4.14) for the first piece, set ¢y = ¢ o @gl o G}
For ¢ € N, we have??

1(g = ge)7 © Venllos < Cue®? + sup HOL4 <LZZ.1 .. Ly

2'1,,..,’L'qu

< Oq(gmin{l,q} + €_th),

(9= 9-)7 0 i)

ZLJ

the case ¢ € N being easier. Choosing ¢ depending on ¢ yields the inequality

H£ f)h‘ < qu(htop((bl)_X‘ds_ﬂ_xq)t||h||a’q,f + Cq,t ||h||(;7q+1,£ ) (419>

7q7

The second inequality of the Lemma follows then by iterating (4.19) for time
steps t, > to such that C,e7¢= 0t < (0=t and using (4.18).

We are left with the case p > 0. We can apply Lemma 7.4 in [10] to
decompose each v € V¥*(¢,(Wpq, ) as v = v° + 0" + vV where v* is
tangent to ¢;(Ws,, ), v"is “close” to the unstable direction and vV is the
component in the flow direction. Let o € {s,u, V'}¥, then (4.9) reads

Z / (g, L, o - nggﬁge)h)wvol. (4.20)

oce{su,V}®

Since L,L,h = LyLyh + Ly, mh, we can reorder the derivatives so as
to have first those with respect to the stable components, then those with
respect to the unstable, and then finally those in the flow direction. By
permuting the Lie derivative in such a way we introduce extra terms with less
than p derivatives, and these extra terms contribute only to weaker norms.
For each o € {s,u,V}¥ let ps(0) = #{i|0; = s}, pu(0) = #{i|0; = u} and
pv(o) = #{i|o; = V}. For each p = (ps, pu, pv) € N*, ps + pu + pv = @, let

I (@) =F @Il

*? By H"(f) we mean the Holder constant of f, i.e. supy,_,<s =
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Y5 ={0 : ps =ps(0), pu = pu(0),pv = py(0)}. Next, for each o € ¥; we
define the permutation 7, by 7,(i) < 7, (i + 1) for ¢ & {ps,ps +Du}; Ore) =
for i € {1,...,ps}; on@y =uwfori € {p;+1,...,ps + p.} and o, =V for
ie{p—pyr+1,...,0} We can then bound the absolute value of (4.20) by

L L - L
Z Z / (1) Vo (ps) " Vo (ps+1) U o (pstpu)
ps+pu+pV 90627 (4 2].)
¢ _ ¢
X Lyv Ly LB we| + a7 O, (1280 .
770'(1’3+Pu+1) To () ’ P_Lq,&a

To simplify the notation we define®’

f;i: ’Uu L (9) for p5+1§l§ps+pu
UV @ for i>ps+p.+1.

We will analyze the terms of (4.21) one by one. First of all, suppose py # 0,
then v; =,V for i > ps + p,. Using equation (A.7),

/ <gv Lfn e Lﬁpﬁy)h>wvol
Wa,G’

(4.22)

/ (9, Ls, - Lﬁp 1(7@££8)X(ﬁ)h)>wvol
WaG

< Cpg 12X OR +a 0, 1L

pilqu’»l?Z

p717q7e7a

Next, suppose py = 0 but ps # 0. By (A.5),

/ <g7 Lﬁl R L{,p/;l(f)h>wvol
Wa G

< +Cpy 1298

/ L@l (g, LT)Q T Lig,‘ci(ie)h>wvol
W,

e — lqé

Then, by intrinsic differential calculus in the manifold W, ¢,

d(fivwvol) = Lv(fwvol) = <_1)ds+1(va)wvol + fd(ivwvol)- (423>

23 We should write 9, ;. However, since the following arguments are done at fixed o, we
drop the subscripts to ease the notation.
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£On| and

Thus, by Stokes theorem, the integral is bounded by C,, ,
o—1,q9,0

S Cp?q

/ <9, Lf)l : vaﬁ e)h>wvol
Wa,G

hH (4.24)

po— 17q€

Finally, suppose p, = g. Recalling (A.6) yields

/ <g7 Lﬁl e L”Dpﬁl(f) h>wV01 = / <g7 ng)Ld)ft*@l U L¢7t*§ph>w‘/01'
14% Wa,G

o, G

By construction we have ||¢_u8;]|cets < Cye ™. Hence, using (4.19) and

(3.14) yields, for p < p, *

< CoqillLo e - Lo h |5,q+p+1,z

/ <ga Lfn o vpﬁ(g h>wvol
W,

a,G
(4.25)
+Coq o(htop(91)=Alds—€|—gA)t HL¢ win Lo h |&q+p7z
< C htop #1)—A|ds—€|—(g+p) M)t ||h’Hpq,Z + C@q,tHhH;,(ﬁ-l,é'
Note that the last term can be estimated by the || - ||,—1,4+1.¢,a NOrm, except

in the case p = p. In such a case we use instead (4.18) which yields, for each
gy

/V[/<g, Lﬁl T L%E,Eé)h>wvol < C (ht0p(¢1) N ds—£|—p)t ||h||

a,G

(4.26)

£,

Collecting together (4.19), (4.22), (4.24), (4.25) and (4.26) we have, for t > t,

Z to Y sT | A - -
wﬁwmms%&ﬂw”dﬂwwmw+@wmﬁu
+ ZaK’CM

p—1

—Ads—£|—X — Y4
+ Y aPCy gelor @M= = O o L8Rt g1
p=1
+apC e(htop(¢>1) )‘Ids £| )‘p Hh”

+Cpqn Hﬁy)h

)

p—1,q9.4,a p—1,q+1,¢

D,q,L°

24 By an abuse of notation we use ¥; also for the extensions of the vector fields.
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Then

Y4 “MNde—~bl—mi 5\
LR g0 < Cpgelior@)-Ads—lmmintoat ey o

¢
+ Cpgatllhllp-1,6+160 + Cpgal EE )h”pfl,qﬂ,é,a (4.27)
]cﬁ“x% + 0y Hﬁ@h

p*l,(]*’*l,é,a

+C)p 40

p,q,4,a

While, if we do not use (4.19) and (4.25), we have, for a € (0,1),
1Lkl e < Cpge @M= ] g

p,q,l,a =
+Cpqa Hﬁg)X(f)h

+Cpqa Hﬁy)h

p—1,g+1,4,a p—1,q,¢,a

By induction, for which (4.18) is the initial step, it follows that, for allt € R,

Hﬁtth,q,Z,a < Cp,qe(hmp(%)iﬂdfa)tHth,q,If,a- (4-28>
Next, we choose t, such that, for a given A < X, we have that®

O, e Pror@)=Nds=tt < onon(61)-Alds—tl)t

Finally, choosing a = e~ ™{Pa}  from (4.27) and (4.28) we have

|p q l.a < e(htop((,bl)*)qu*Zl71’Ili1’1{p’q})\)t)k

[1£e.h

th,q,fi,a

4.29
£YxOp (4.29)

+ CpgatllPllp-1441.00 + Cpqa ’

p717q+17‘€7u

Iterating (4.29), recalling (4.28), and using (4.27) for the remaining t —
|t/t.]t. time interval, the Lemma follows. O

Proof of Lemma 4.8. By Lemma 4.7 and equation (4.7) we have 29

C i C
&) \n PsqsA —at+optyn—1 __ g\
1B Ml < 205 Wil / de emerotyn = AT

O'g)

Thus, provided R(z) > o, , we have that RO (z)" € L(BP4!, Brat).
Let us introduce a truncated resolvent

- 1 > n—1_—zt (f)
ng(Z) = m/t;) t (& £t .

25 In this case C) 4 refers exactly to the first constant in (4.27).
26 Note that for each @ > 0, > 0, we have f(jo e dr = e Y, Z—,’anﬁ‘iﬁl
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Then
n 0 Cp gt tem oot
1RO )" = Rasl)|,,.0 < / T
; » ! (4.30)
< Cqu < Cpgala—or+0pe)™",

provided n > toe(a—o,+0,,).*" To prove the second inequality of the Lemma
it suffices to estimate R, ¢(z). To this end we follow the same computation
used to estimate the norm |||, , in Lemma 4.5. The only difference being
in the treatment of (4.22). Indeed, since XL, = %ﬁt, integration by parts
yields

00 tnflefzt ¢
/ / m(%ga Ly Loy (L7 X D)) wo
a,G '

< Cogl2l IR

@—1#]-"-175 '
Hence
Cpqa)\“h“ ¢ ,\(|Z|+1)
R h [aiatd p,4q, an 431
|| ( ) || qé = (CL _ Ug—f—O'p’q)n + ((l — O'g) || ||p 1,94+1,¢ " ( )

The first part of the Lemma then follows as in Lemma 4.7.

To prove the bound on the essential spectral radius of R)(2)" we argue
by analogy with [13, Proposition 2.10, Corollary 2.11]. Nussbaum’s formula
[71] asserts that if r,, is the infimum of the r such that {R®(2)"h} <1 can
be covered by a finite number of balls of radius r, then the essential spectral
radius of R()(2)" is given by lim inf,_, Y. Let

By = {h e B | ||hll,p0 < 1} € {h € B | Al 00 < 1} = Bo.

gt —
By Lemma 3.11, By is relatively compact in BP~14t1¢. Thus, for each € > 0
there are hy,...,hn. € By such that By C UNE Uc(hi), where Uc(h;) = {h €
Br=tatlt | Hh hilly—1 g410 < €} For h € By N Uc(h;), computing as in
(4.31) we have

C, Ja,\ a)\e | |
[ Rn(z)(h = hi)ll, 00 < ( = 1 = hill,, .0 + ChgarcTlz],

a—op+0p,)" (a—op)

Choosing € appropriately and recalling (4.30) we conclude that for each n € N
the set R)(2)"(B;) can be covered by a finite number of lI-Ill,q., — balls of
radius Cp 4ax(a — 0¢+ 0p4)", which implies the statement. O

27 Since n! > n"e ",
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5 Flat Traces

In this section we define a flat trace and we prove some of its relevant prop-
erties. Formally, for A € L(BP%¢, BP4*) we would like to define a trace by

/M Z<wa7g, Adx’;)x (5.1)

where, for z € U, 0,7(f) = (Wais [)awai(x), for each f € Q. Unfortunately,
the 0, ; do not belong to the space BPat. We are thus forced to employ an
indirect strategy. For each x € M, i € Z;, o € A and £ > 0 small enough,
let?®

je,a,f,:v(y) - { Oj@a(xw)a(x)“a (Oalz) = Oal(y)) waﬁ(y) gz ; 527 (5.2)

where k. (z) = e k(e71z). At this stage we choose a particular  (this refers

also to Definition D.1). Let & be k(zy,...,1q4) = &4 (1, ..., 2q-1)k (T4q).

Given an operator A € L(BP%! BP%!) we define the flat trace by

e—0

uMﬁmLZMM%mWW% (5.3)

provided the limit exists. To get a feeling for what we are doing, consider
the operator A acting on h € Qf defined by

M@ﬁémwm@] (5.4)

where a(x,y) € L(A"T;M,N"T;M) depends continuously on z,y. A direct
computation shows that

trb(A):/Mtr(a(x,x)).

Also, one can verify directly that for a finite rank operator A we have tr’(A) =
tr(A), although we will not require this fact.

28 Note that the definition is, given the freedom in the choice of x, quite arbitrary. We
are not interested in investigating the equivalence of the various possible definitions.
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Lemma 5.1. For each s € R, 0 < /¢ <d—1, R(z) > 0, and n € N, we
have that tr"(R“)(z)”ﬁg)) is well defined. Moreover,

() A7) = s A(r)e—= -9,

l"b ) n (6
wEED o)

where T(s) ={r €T ; A1) > s}, provided s & {\(T)}reT -
Proof. By definitions (4.7), (5.2) and (5.3) we have

th— 1 7zt
trb R(z nﬁs = lim dt a%gb*— —sjé‘agl‘ T
(R =l [ ouo) Y gy o 8
- 1 —zt
:1 dt—J@a [0
Iy 3 /Ua%wwo S Bu)al)

X 12 (0a(7) = Oa(P—1—s(2))) (Wai> P4 Wai)a-

We find convenient to rewrite the above as

(R _ ye(@al2) = Oa(9-(x))
WECIL) =l [ Foaot= ST

(5.5)

tn—l

(n—1)!

Note that the integrand is non zero only for k.(©,(z) — On(d—_¢(x))) # 0,
that is for d(z, ¢_+(z)) < e.

Our next step is to break up the domain of the above integral in a con-
venient way. To this end for each closed orbit 7 € 7 and € > 0 we define

Fa,f,z(x> t) = €_tha<l'> <wa,z> it—swai>z-

Q= {(z,t) e M xRy [ [t = A(7)| < Cle,
d(¢p—t, (x),7) < Cse Vi1 € (0,1)},
where (3, Cy are constant to be specified shortly.

Sub-Lemma 5.2. There exists g > 0 such that, for all € < gy, the support
of the integrand in (5.5) is contained in U,e7Q. In addition, if Q2NQE, # 0,
then 7 =71,
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Proof. Let us recall the shadowing theorem for flows (Bowen [11]), in the
formulation explicitly given by Pilyugin in [54, Theorem 1.5.1], adapted to
our case. First of all we define the (e, T)-pseudo-orbits t(t) : R — M to be
maps such that for any ¢’ € R we have d(¢;(t(t')), t(t +t')) < e if |t| < T.%
Then we have the following theorem.

Theorem 5.3 ([71]). Let M be a smooth manifold and ¢; a C* Anosov flow.
There exists g > 0,C3 > 1 such that given a (g,1)-pseudo orbit t(t) with
e < gg there exists an orbit T, a point p € T and a reparametrization o(t)
such that, for all t,s € R,

d(t(t), dow)(p)) < Cse where |o(t) —o(s) —t+ s| < Cselt — s|.

Now we can start our proof. Given z € M and t € R such that
d(z,¢_4(x)) < e, we can construct a closed (e, 1)-pseudo orbit. Let S be a
codimension one manifold containing x and transversal to the flow. Then, by
Theorem 5.3, there exists a p € SN and a o such that d(¢g ) (D), O—t,4ne(x)) <
Cse for all t; € [nt, (n + 1)t], n € Z. Next, let t. be the time of first return
to St ie. ¢or)(p) = q € S. Since, for all t; € R, ¢4, (p), ¢, (q) are always
Cse close to the (g,1)-pseudo orbit, then they must belong to each other’s
weak stable and unstable manifolds, which implies p = ¢. Accordingly, there
exists a prime periodic orbit 7, € 7, that shadows the pseudo orbit. Also,
by the same argument, such an orbit is unique. It follows that

0 () — M(7,)| < 2Cse. (5.6)

Moreover, for each t; € [0,¢], the trajectory of ¢_¢, () is Cse close to 7 for
a time at least min{t;,¢ — ¢;} both backward and forward in time. By the
hyperbolicity this implies that d(¢_, (z),7) < CoCyee ?minltt=tl If g € 7
is the closest point to z = (b,%(a:), let £(t1) = d5(1)(q) — ¢+, (2) where 7 is
defined by’

<§(t1)7 V(qb?f(tl)(Q)» = 07

where V' is the vector field generating the flow. Differentiating we have

1=V (@oe (@)II* < CyllE(t)ll

29 Note that we do not require t(t) to be continuous.
30 Here we are really working in charts and using the euclidean structure, we do not
write this explicitly since it obvious (but a bit notationally unpleasant) how to proceed.
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which, by the integral Gronwald inequality, yields |o(¢;) —¢;| < Cye. Hence,
for each ¢; € [0, 1],

|Ga(—t1)(P) — D1, (D) < |Po(—11)(P) = boz—e)y(@)| + Ce
< P14, (2) = Po (i) (@) + Cpe < Cye.

57 1
Accordingly, there exists Cy > 0 such that |o(t)—t| < Cye whereby improving
the bound in Theorem 5.3. Recalling (5.6) it follows that (z,t) € QZ.
The above proves the first part of the Sub-Lemma, to prove the second
suppose (z,t) € Q2N Q. Let z € 7 be the closest point to z. Then,

d(z, ¢(x)) < 2C5e + d(z,04(2)) < (2C5 + Cy)e.

We can then construct a closed ((2C5 4+ Cy)e, 1) pseudo orbit. If ¢ is chosen
small enough, by the arguments above such a pseudo orbit can shadow a
unique prime orbit 7,. Hence both 7 and 7’ are multiples of the same orbit,
but |A(7) — A(7')| < 2C,e. Hence if 2C,e is smaller than the period of the
shortest periodic orbit, then 7 = 7'. O]

We can then rewrite (5.5) as

> / Ke(B0() = Bu(9-s()) JOn @) oot = Shoas (@), (5.7
a,i,7€T:(s
where we have introduced the notation 7:(s) = T(s — Cse). Next, it is
convenient to pass to charts, (,t) = O4(z,t) = (O4(2),t), ¢*, = Onp0¢_s 0
O.'. Thus, part of the expression (5.7) can be rewritten as,

2. / Fe(§ = 6°,(€) Faiz 00, (6,8 — 9). (5.8)

a,i,TET(s a(2rN(UaxR))

Note that ©,(€2- N (U, x R, )) is contained in the e-neighborhood of a finite
number of lines (the connected pieces of O, (7 N U,)). Let us call {Q, 4.m}
the collection of such connected components.

Let us set £ = (é, ¢4) and the map Z, o : Qram — R given by

Eram(§:t) = (61— 02§y -+ €a1 — 02,(§a-1,8at)
= (¢, hGam1,art) = (¢, Eat).

Note that, if ¢ € M belongs to a periodic orbit 7, then det(DZ=; 1 (&, A(T))) #
0 by the hyperbolicity of the flow. Thus the map =, ,, is locally invertible.
What is not clear is if it is invertible on all ﬁna,m.

(5.9)
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Sub-Lemma 5.4. There exists €9 > 0 such that, for alle <e¢ and a,m, T,
the map Z; o.m 15 a diffeomorphism from €, onto its image.

Proof. Suppose there exist (z, &, t), (y,n,t') € ﬁT,a,m such that =, , (2, €, t) =
Eram(y,m,t'). Then t =t and § =7 and

z—y=/f(z) -1 (5.10)
where f = ¢ isthe return map to the zero section. Let W*(v), W*(v)
be the local stable and unstable manifolds of f at v and E*(v), E*(v) be the
stable and unstable spaces. For v € R4"! let II(v) be the projector on E*(v)
along E"(v). Let . = W*(2)NW"(y), then w = f(x) = W*(f(2))nW*(f(y)).
By hyperbolicity,

1f(z) = f@)ll < Coe ™|z =]y — 2]l < Coe™ | f(y) = f(@)]. (5.11)

By the uniform bounds on the curvature of the invariant manifolds (see
Appendix E),

() (2 — z) = (2 = 2)|| < Cyllz — 2*

11 = TI(f (@) (f(2) = f(2)) = (f(z) = f@)]| < Cellf(2) = f@)II%,
and the analogous for y. Indeed, we can argue in the plane containing the
triangle of vertices x,z and ¢ = x + II(x)(z — ). Let p be the orthogonal
projection of z on the x, ¢ line. Since the side x, ¢ is tangent to W#(z), and
the stable and unstable manifolds are uniformly transversal, at z, ||z — ¢|| +
|2 —pll < Cyullz —2|[*. Thus ||z —z|| — ||z — p|| < Cxllz—z||*. On the other
hand [lp — gl < Cyz — o]

By the Holder continuity of the foliations we have, for some w € (0, 1],

() (1 = TICf () [+ (0 = TICf ()T () || < Cye™. (5.13)
Accordingly, by (5.12), (5.10), (5.11) and (5.13),
lz = =] < [1(2)(z — 2)|| + Cyllz — ]*
= [[TI(= )[( r) + (f(2) = f(2)) = (f () = f@)]] + Cyellz — 2|
< Cyle™ + eIz = @ll + 1 (w) = (@)D

If \(7) is large enough and e small, then ||z — z|| < 3||f(y) — f(z)|. By a
similar argument we have || f(y) — f(z)|| < 3||z—=||. This proves the Lemma
for all the periodic orbits with period larger than a fixed constant. For the
finitely many remaining orbits the statement follows trivially from the local
invertibility of the map by choosing ¢y small enough. O

(5.12)
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Having established that (5.9) is a good change of coordinates, we can
consider some more of its properties. For each a,m, there exists a unique
Prom € R such that (pr.am, 0) € O4(7NU,) and (pr.am, 0, A(7)) € L gm,
note that Z; 4 1 (Pr.am, 0,t) = (0,0, ). Next, define the (smooth) return time
function rm,m(é) by [¢ﬁr7,a7m(§~) (f, 0)]¢ = 0 such that r; o m(Pram) = A(7).

Note that ¢2, (Pr.ams 0) = (Pr.am, 0), moreover, for ¢ close to A(7), we have

¢gt<é7 gd) = ¢ir7,a,m(§) (ga O) + (Oa —t+ TT,a,m(é) + gd)

AlSO T7am 0254 1 (C, €0 t) = Tram(C). It is then natural to define the return
map to the zero section Ko ,m = ¢ @ (é, 0). Clearly such a map is hy-

perbolic. It is convenient to set Arqm(¢) = [DEram| 0254 ,0(C, 0, Fram(C))-
In the sequel we will need several estimates on the regularity of the above
object that we summarize in the next result.*!

Sub-Lemma 5.5. There exists g > 0 such that, for all e < g9, T € T,
a€e A and m € N, we have

(L = Arain) oo < C

||6C7:T,a,m||oo S C#

10 det(1 — Aram) " loo < Cll det(L — Aram)loo-

Proof. Note that
A‘ramOETozm(é gd t) 0)
D(ng 5 — ( Xy e > 5ay
t( ) Gr,am © ‘:T,a,m(gafd,t) 1

where the left entries do not depend on &4, ¢ (hence A 4 m, gr.a.m depend only
on (). The first inequality of the Sub-Lemma follows by hyperbolicity. In
addition, g;a..m, by the existence of an invariant cone field, satisfies, for each
ne R, [(gr.amm M| < Cyl|Aramnll. That is

AT 6] Gramll < Cy. (5.14)
Also, we have
1—-Aram(C) 00
D=, 0] 0 Z2E (G ) = 0 1o]. (515
0 0 1

31 In fact, Sub-Lemma 5.5 contains much more than what is presently needed (a rough
bound of the type e“#*(7) would suffice), yet its full force will be necessary in Lemma 8.2.
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Hence det([DZ, 0.m) 0 272 (¢, &4, 1)) = det(1 — Ay 0.m(€)) # 0 by hyperbol-

Tam

icity. By applying the implicit function theorem we then have

aC":T,oz,m = [AT,a,m(]l - AT,a,m) :| [Arim} 9r.am-

The above formula and (5.14) imply the second inequality of the Lemma. To
prove the last we adapt the arguments in [11, Sub-Lemma 3.2] (see also [58]).

We divide A(7) in [ time intervals long enough so that the Poincaré map
is hyperbolic. Let {¢;}!=} be the times at which we insert a Poincaré section
while the first and last are our zero section. In each new section we can choose
coordinates so that the periodic orbit is at (0, 0) and, at such a point, {(£,0)}
corresponds to the stable manifold and {(0,7)} to the unstable one. Let A;
be the derivative of the map between the 7 and 7 + 1 section. By hypothesis
each A; expands vectors close to the {(&,0)} subspace and contracts vectors
close to the {(0,7n)} subspace. Also

Aram HA

Given a point € in the zero section, let & be its image in the -th section.
With this notation we can write

gj -1
aCm T,Q,m Za Pij,ij

in &
_Pj = HAZ ; Qj = HAZ ) Fj,p = 8~I];AJ‘A]'_1‘
i>j 1<j
Note that
agj -1 _ ﬂ—P '_]__ _1—P'_1
G = Q= Are)™ = Q1 = PQ) = (@7~ P)

and, by the hyperbolicity, it follows that || 85” | < Cx. On the other hand
8<m det(]l — AT@,m) = —tr (8CmAT,a,m(]l — Ata,m)i ) . det(]l — A‘r,a,m)-

We can then compute
-1

[ tr (O, Aram(L = Aram) ') | < Cy SHPZ [tr (PT5,Q;(1 — P;Q;) )|

7=0

-1
—C#supZ‘tr (P = 1)) < Cy
7=0
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where we have used the hyperbolicity again. The last inequality of the Sub-
Lemma is thus proven. O

By first performing the change of variables =; ,,,, then using the prop-
erties of the chosen k, and finally using the change of coordinates n = ¢~(,
v=—et — Fram(()), we can write (5.8) as

Z / a,z,zO@ © H;am(gn fd75U+7’7am(577) _8)
a,i,m,T€T=(s) R+t (516)

x K ()k(v) | det (1 — Argm(en)|
To continue we need to estimate the £ dependence in the integrand. Remem-

bering the definition (5.5), we see that the derivative of F' is, in general, of
order Cye®#l. Then, setting a = R(2), Sub-Lemma 5.5 yields

> / wie 0O 0Z0L (0,64, A(7) — )
det(1 — Az qm(0
a,i,m,T€T=(s ’ ’ ( >>’ (517)

[)\(7.) _ S]n—leC#)\(T)—a[)\(T)—s]
+0 <5|z| =1 .

Define Diypdairy = Aram(0). If we compute this matrix in a different chart
or at another point in the orbit we simply obtain a matrix conjugated to
Diypdar)- Thus |det(1 — Dyypdar))| depends only on 7. In addition, we
have??

tr(A'DY ) = Y det(D\))ix = Y det(Diypdrin)ik
TCGIZ kGI_ (518)
= tl"(/\é(Dhyp¢f)\(T))>7

which, again, depends only on the orbit 7. Accordingly,

N Wais " r@aipram = A (Diypéoriry).

]

2 Given a vector space V¢ over R and a matrix representation of a linear operator
A:V? - Ve we can construct, by the standard external product, a matrix representation
of N“A : ANY(VH) — AY(V'?) with elements a; ; = det(A; ;) (see definition (A.1) or [11]). By
det(A)z z we mean the determinant of the matrix (Ag, k). Note that det(D¢%, )z r =0
unless k; = d. See Remark 3.1 for the definition of Z, .
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To conclude, remember that the number of closed orbits with period between
t and t+1 is bounded by Cye’»(®V? (see [30, Theorem 18.5.7]). In fact, there
exists an asymptotic formula, see [18], which we are substantially improving
in Theorem 2.8. Hence the error term in (5.17) is bounded by

L — g|n1 Cuk—alk—s]
ST < (o - o e

k>s

provided @ > Cx. By summing over the connected components of ﬁta’m,
taking into account the multiplicity of orbits, resumming on « and recalling
(2.6) we finally obtain that there exists Cy,e9 > 0 such that, for all ¢ < g
and a > Cy,

n—1
A7)
wa%R(Z) < (K eazx Xé T ]
/M§< »REELCU Z Dlp(r)exX=) | (5.19)

TET (s

< Cyuelzl(a — Cy)"es®

Taking the limit ¢ — 0 yields the Lemma for a > C5. On the other hand
the above estimates show that both sides of the equation in the statement of
the Lemma are well defined analytic functions for a > o,. Indeed, equation
(5.16) shows that the approximations to the flat trace, which are analytic, are
uniformly bounded in any region a > ag > oy hence they have analytic accu-
mulation points that must agree since they agree for large a. The statement
of the Lemma follows. O]

By a direct computation using Lemma 5.1 we have the natural formula®?

/000 e~ (ns”__l)! tr’(R(2) L) = tr’ (R(z)"). (5.20)

6 Tensorial Transfer Operators

In this section we extend the methods of Liverani-Tsujii [15] to the case of
flows. The goal is to provide a setting in which a formula of the type (5.1)

33 Indeed,




6.1 Spaces and Operators 6 TENSORIAL OPERATORS

makes sense and can be used to compute the trace (see Lemma 6.8 for the
exact implementation). The first step is to note that, by equation (A.4), the

adjoint (with respect to (-, )q¢) of £ is given by, for g € Qf .

L = (=1)"“0 « (g7 (xg)). (6.1)

Next we would like to take the tensor product of E,@ times Zie), and define
a Banach space, connected to the product space Q2¢(M?),** on which it acts
naturally. Note that, contrary to the discrete case, in the continuous setting
this procedure naturally yields a R% action in the variables s, > 0 (rather
than a flow). We start with the construction of the Banach space.

6.1 Spaces and Operators

We use the construction developed in Section 3 applied to the manifold M?2.

First of all consider the atlas {U,, O4}aca chosen at the beginning of
Section 4. We define the map I(u, s,t,u/,s',t') = (s,u/,u, s, t,t'), u,u’ € R,
5,5 € R@) ¢t ¢ ¢ R, the atlas {U, x Us, I 0 (04 X Op)}apea and the
partition of unity {1a s}asea, Where ¥, p(x,y) = Vo (x)1s(y). We are thus
in the situation of Section 3 with d; =d, +ds =d—1 and dy = d+ 1. Note
that the conditions (3.1) are automatically satisfied.>> We choose the cones
given by the choice p, = 2,p_ = 1 and Lg as in Section 4 to define the set
of “stable” leaves, which we denote by .

Remark 6.1. From now on we will ignore the map I since it is just a trivial
permutation of the coordinates.

By appendix A we can consider the exterior forms Q(M?) and the re-
lated scalar product. We define the projections 7; : M? — M, i € {1,2}, such
that 71 (z,y) = x and my(z,y) = y. For each pair of (-forms f, g in Q%(M)
we have that 77 f A 59 € Q¥*(M?). In addition, given a,b, f,g € Q%(M), by
equation (A.1), we have

(mia A 3b, T F A T30y = (0, Flals )y (62)
Moreover, by (A.2), it follows that
« (11 f Amyg) = (1) OT(x f) A3 (xg). (6.3)

34 By M? we mean the Riemannian manifold with the product metric.
35 Note that the third condition holds both for x4 and og_1.
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Next we define the vector space Q5 (M) = span{r{fAnsg : f,g € Qf, (M)}
on which we intend to base our spaces. Note that locally the C* closure of
Q5 (M) contains all the forms h such that iqy,0)h = i¢,v)h = 0 and that can
be written as

h = Z ha,ﬁ = Z wa,ﬁ(l‘7 y)hg;ﬂ(l’, y>wo¢j(x) A wﬂ,j<y)7 (64>
a,B ,B,4,3

where hg 5 = 1 sh, and h%ﬁ € C%(M?), for each s > s.%°
Lastly, we must choose an appropriate set of test functions and vector
fields. For the set of test functions we choose Fg’fc(a, B,G), defined by the
restriction of span{nif Amig : f,g € QYM),7}{f A73glow, . = 0} to
Was.c- The set of vector fields have only the restriction that?’
(1) (v) = 0 = w € V*(M?) and (m3).(w) =0 — [w,v] =0
(m2)u(w) = 0 = v € V*(M?) and (m1).(v) = 0 — [v,w] = 0.

Note that this implies
[v, w] = ([(m1)s0, (m1)sw], [(72) v, (m2).w]). (6.6)

The reader can easily check that the above choices satisfy all the condi-
tions specified in Section 3. In particular, Lemma 4.2 holds also in the present
context, since the arguments in its proof respects the property (6.5). Thus
we can apply the construction in Section 3 and call |-||, ,, the resulting

norms and By** = Q4 (M)

Finally, we define the required operators EEQ For each f,g € Q4(M)

LOsf Amsg) = (7L ) A (13 (2 9)) (6.7)

which extends by linearity to an operator .cﬁ‘fs) L Q5 (M) — Q. (M).
To avoid the problem of small times, for which the cone contraction might
fail, we apply the same strategy used in the previous section: we define

(6.5)

”'Hp,q,Z.Q .
the corresponding Banach spaces.

il sup

= 9
t,s<to

D,q,¢,2

£n

P,q,¢,2

36 This follows since C* is dense in C° in the C* topology and smooth functions can
be approximated by tensor functions, e.g. by Fourier series, in any C*® norm. Note that if
s € N, then one can choose s = 5 (for a more refined description, not used here, see the
theory of little Héolder spaces).

3T Let (z,y) € M?, then we are requiring v(z,y) = (v1(z),v2(y)).
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6.2 Lasota-Yorke inequalities 6 TENSORIAL OPERATORS

.l g lpge2 ¢
and we define the spaces By*" = Qf = """ C By

Following Remark 3.9, equation (A.4), setting wy = 7@ A mhw, yields

) = f o (6 X G) TG,

That is, we recover the same type of operators studied in [15].

6.2 Lasota-Yorke inequalities

We can now obtain several results parallel to those in Sections 4.1, 4.2. As
the proofs are almost identical to those in Section 4.3 we will not give full
details and highlight only the changes that need to be made.

Lemma 6.2. For each 0 <p+q<r—1,tseR,, £§‘2 € L(ggﬁq’f,is’g’q’f).
More precisely Lﬁi? is an R% action over BP%*. Moreover, ,CE?) and /lgfl
are strongly continuous semigroups with generators Xy, Xo, respectively. In
addition, we have®®

2], <Cuger ini

P,q,4,2

P,q,¢,2

||en]|  <Cpuersememamnieat

P,q,¢,2

9+ Cpﬁqege(tﬁ) A

D, (Le: p_17Q+17472

2
+ Z e7e () |||thl||p—17q+1’£72 .

Jj=1

Proof. As in Section 4, we first prove an analogue of Lemma 4.5, and then
we prove a stronger version of it, as in Lemma 4.7.

The proof contained in Subsection 4.3 can be followed almost verbatim.
By the same construction one obtains the equivalent of (4.11), that is

— _1\(d=£)¢ , -1
/W e = 3 3 / (=108 5 Jor,

aa B,B'EA i,j,i.] Wa.p' .Gy,
kEKB 8!

X Jw (e X ¢—5)gi 5 0 (b X @) - (Wai, %f * Waj)(Wa, O (Waj)Wyol-

38 Here and in the sequel we suppress the A dependence in the constants to simplify the
notation.
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6.2 Lasota-Yorke inequalities 6 TENSORIAL OPERATORS

For the case p = 0, the argument is exactly the same as in Section 4.3,
apart from the estimate of the volume of ¢_; x ¢s(W, o ) to which Ap-
pendix C cannot be applied directly. To estimate such a volume, after set-
ting (21, 22) = (On X Our) 1 (G(0)), let us consider W (z) = Ws(21) x Wk(29)
and the holonomy from W, ¢ to W(z) determined by the weak unstable
foliation in the first coordinate and the weak stable in the second. Clearly
the distance between the corresponding points in the images of W, o ¢ and
W (z) is uniformly bounded; hence the required volume is proportional to the
volume of ¢_; x ¢s(W(z)), which is bounded by e/tor(¢1)(t+s),

For the case p > 0, by equations (6.6), we can reorder the vector fields so
as to have first the vector fields tangent to W3 g ¢, , then the vector fields in
the unstable direction of ¢; x ¢_, and then the two neutral directions. We
can then proceed as in equation (4.21). All the following computations hold
verbatim apart from two issues.

First, in equation (4.23) the last term yields a multiplicative factor that
does not produce a new legal test function. Indeed, such a factor is the sum
of the a divergence of the vector field (which gives no problems) and the
scalar product of the vector field time a C"~! vector, call it A. As A comes
from taking derivatives of G, if follows that it may not be of the required
product structure. The problem is easily solved: since r —1 > p + ¢, we can
approximate A in the p—1-+¢ topology by vectors A,, € Fg’f_lﬂ(a, B, G) with
the appropriate tensor product structure. The required inequality follows.

Second, the weakest contraction is now given by the case in which all
the vector fields act on the component with the smallest time, hence the
min{t, s} factor. O

Lemma 6.3. For each0 <p+q<r—1,0€{0,...,d— 1}, and for each
R(z) = a > oy, the operator

) n __ 1 R n—1_—z(t+s) p(£)
R2 (Z) = m/ﬂ /(; (tS) e ﬁt,s dtds (68)
satisfies
||| < Crata—a
P,q,4,2
172l 0.2 (J=[+1)
R(Z) nh < p,q,%, h .
[, < Conat oo oy * g Wllnsree

Hence R(‘Z)(z) 1$ a linear operator on B’qu’f with spectral radius bounded by
(R(2) — 00)7? and essential spectral radius bounded by (R(z) — op + 222) 2.
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6.3 'Irace representation 6 TENSORIAL OPERATORS

Proof. Again the proof follows closely Subsection 4.2, and more precisely
Lemma 4.8. The only difference rests in the need to decompose the domain
of integration of (6.8) into four pieces: Ay = {(t,s) € RZ : t <tg,s < tp},
Ay ={(t,s) e RY : t <tg,s>to}, A3 ={(t,s) €eRL : t > ty,s < 1o} and
Ay =A{(t,s) e RL : t >tg,s > to}.

The estimate of the integration over A, follows verbatim the argument in
Lemma 4.8, except that one then obtains (instead of equation (4.31))

pq(ts)n !
|| G Wil e dids

(2] + 1)
+(p;—az)||| -1 g 102

(6.9)

The integral in (6.9) is estimated as follows.

—la—o/](t+s)—min{t,s}op,q t n—1 [a—op](t+s)—top,q ts)—1
// ‘ i) —Z/dt/dse “(ts)"

to (n—1)! (n—1)!

2) pntk— 16—(20, 200+0p,q)
/ dat
“ (n—1)Ik! (@ —og)n "
_, ”Zl (n +k— 1) 1
—~\ n-1 J(a— 00)"*(2a — 20, + 0, 4 )" FF

n—1

— /n+k—-1 (a— op)"
<2(2a — 200+ 0,,) " ( -
( ¢+ 9pa) z%( n—1 )(2&—20‘g+0'p7q)k

<(a—o+ %)* (a— o)™

Similarly, the integrals over A,, A3 are bounded by

/ dt/ dse —la—oy](t+s)— sopq(ts)n 1 - Cp7qt0n - Cp,q

(n—1)12 “(a—op)™! ~ (a—op+ %T'q)%’

provided n > M, by analogy with (4.30). The estimate of the

(a—0oe)
integral over A; is treated similarly. ]

6.3 Tensor representation of the trace

Following the scheme of [15], we define a suitable delta like functional acting
on Bqu’f and we construct an approximation scheme for such a functional.
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6.3 'Irace representation 6 TENSORIAL OPERATORS

For each f,g € Q4(M), we define

B f Alg) = /M (F, ghatont (). (6.10)

Such a definition extends by linearity and density to all sections in the closure
of QgT(M ) with respect to the C" topology. Thus we obtain

30 =03 [ sl 05 o) wagla) s )n @)
af 75 "M

(6.11)
=3 /M () B (1, 2)ons (2).

Given k. as in Definition D.1, we set J.(z,y) = 0 if d(z,y) > J, otherwise we
set

Jo(w,y) = Z VoY) - JO(Y) - £c(Oa(T) — Ou(y))wai(z) Awai(y). (6.12)

Lemma 6.4. For each h € Q5 (M), s < r,we have that
lim(J., hYgen = 05(h). (6.13)
e—0

Proof. For f,g € QL (M), let h = 7} f A m5g, then

lm(J;, h)qen = / (Jo, T f NT59) (zywni () A war(y)
e—0 M2

—tim [ 37 6u(0)700(s) - e(Bula) = Oulw) Fhsna) A ).

e—0

The result follows, for h of the above form, by integrating with respect to y.
We can extend this result to a generic h by linearity of the scalar product
and by density (see footnote 36). O

Next we need the equivalent of Lemma 3.10, the proof is omitted since it
is exactly the same as before, starting from the space Q5 (M) and choosing
k appropriately.

Lemma 6.5. There exists an injective immersion, jy : B2 — (Qg}T(M)),.
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6.3 'Irace representation 6 TENSORIAL OPERATORS

~ /
Lemma 6.6. The current 05 extends uniquely to an element of (Bg’q’£> .

Proof. Since Bp 2 s defined by the closure of the sections in QL . it suffices to

prove that there exists ¢ > 0 such that d5(h) < ¢ 7, .00 for cach h € Q5 ,
Let Wp = {(x,y) € M? : x = y} and recall that §% corresponds to

integrating on such a manifold by (6.11). If z € U, we can foliate Wp, in

the local chart V,,, with the manifolds W, ¢ € X given by the graph of the
functions G (x*%, y") = (=%, y%, s, 2%, y*,<). Accordingly,

St(h <Z/dg / Vo (T)wai A Wai, )
aGg

At this point, we would like to make sense of the limit of J. in Eg"”.
Unfortunately, this can be done only at a price.

< Cyllh|o,g.e2- O

Lemma 6.7. For R(z) sufficiently large, the sequence Rg)(z)ﬁto,toqfa is a
Cauchy sequence in qug. We call 65(z) the limit of such a sequence.

Proof. Let us start by Showing that the sequence is bounded in E&?f. Let

Wape € 22(2,L4) and g € cma then by equations (A.4), (6.2) and (6.3) we
have that

R Loy o) = [ dsdt e 20 Jo_i
/WQ,B,G@’ 5 (2) Lo 1o Je) /R2 sdt e”” /Wagc G—t—to(T) (6.14)
X J sty (y )((*¢t+to* XPr tg)ga ) © it (X) X Psit, (Y)-

Note that, provided tg has been chosen large enough, the tangent spaces of
the manifold ¢_;_4, X @514, (Wa,p.¢) can be covered by manifolds in 35(1, Ly).

Let p € C®(R,Ry), supp(p) C (—6,9), p(—t) = p(t), be such that
Y onez D(t+nd) =1forall t € R. Let

Fn,m (I‘, Y, t? S) = J¢*t*to (¢n5+t0 (x))‘]¢5+t0 (¢fm67to (y))

X det (D (Qbfné—to X ¢m6+t0)|TWa,B,G> o ¢n5+t0 X gb*m(;fto ('xJ y)

By the change of variable (2/,y') = ¢_n5-1, X Omeort,(T,y), (6.14) becomes

2/ ds dt p(—t + nd)p(s — md)e =+
RQ

n,meN

X / Fnym ) <(*¢:—|—to * quis—to)g; Ja> © qb—t—&-n& X ¢s—m§-
@

—nd—tg ><¢m6+t0 (Wa,ﬁ,G)
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6.3 'Irace representation 6 TENSORIAL OPERATORS

Note that if (,y) € ¢_ns—t; X Omorto(Wapa) and y € supp i, then the
integrand is different from zero only if x € U,. Let {W, ,x}k. ... C X2(1, Lo)
be a covering of ¢_n5_ty X Pmott,(Wa,p.c). Recalling equation (6.12), we can
then rewrite the previous formula®” by setting ¢’ =t —nd, s’ = s —md. Thus
we obtain

Z Z Z /ds dt' p(t"p(s )e*Z(t’+s’+(n+m)5)

n,meEN ycAicZ k€EKynm

« / Fp(, 5,8 + 16,5 +m8) - 1 0 64(4)JO, 0 duly)  (6.15)
W.

57,k

X ke (O (¢ (7)) — 6,(ds (y)))

X <<*¢:’+to+n5 * ngis’ftofm&)g?w’y,g A w7,§> © qb—t’ X ¢S"

Recall that the manifolds ©.,(W, , ;) are graphs of the type®
Gk(xs7 yu> i (xs + '%87 Hu(xs7 yu)7 Hs(xs7 yu>7 yu —"_ @u7 H:(l](xs7 yu)7 Hg(xSJ yu))
where, since TOTH (W, ) € C1, max{||0, H"(|+ [0, H* |, 0, H"||+|0, H*||} <
%. It is then natural to set G = @;1 o Gy and
E nmai(@® 5" 8 1) = o (Grla®,y") '+ nd, s’ + mo)

X [JO - 1y] 0 @gl(Gk(xs,y“) +(0,0,0,5"))

X <(*¢:’+t0+n6 * X¢is/,t0,m5)g, w%f A w'yi) © @;1<Gk(xsv yu) + (07 07 _tla 8/>>'

We can then continue our computation and write

Z Z Z /ds dtp ( )e—Z(t’+s’+(n+m)5)

nmeN ycAicT k€EKy nm

X / dx®dy® %n,m,k;(x‘g, y“ b)) (6.16)
Rd—1
x e I e (ot — HE (2%, y") + 25, H (2, y*) — y* — §*))
X K (8_ (Ho’l(xs,yu) o HO’Q(xS,y“) _ t/ _ S/)).

39 To be precise we should treat separately the terms with n = 0 or m = 0, but we
leave this as an exercise for the reader since it is quite simple to handle, although a bit
cumbersome.

40 We drop the subscript n, m, v, k from &, ¢, H*, H*, H*', H%2 in the following equation
since it is clear that such graphs depend on all these choices. Moreover we drop n,m,~y
from Gy, since it will always be clear which open set we are considering.
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6.3 'Irace representation 6 TENSORIAL OPERATORS

Note that we have ||F|eo < Cyxllgllco as in equation (4.15). In addition, the
map = defined by

é- = 5 — Hs(xs’yu) _|_§:s’
n=H"z"y") —y" — 9",
_ —HO’1<$S7yu) +H0’2(Is,yu)+t/+5’,,
1
¢=S

(6.17)

is locally invertible, hence it can be used as a change of variables. Thus,
setting a = R(z), we can bound (6.16) by

SY Y Gt gl < 0L 3T eltnenamimig

n,meN veA k€Ky nm n,meN

< Ci(a = huap(é1)) *[lgllo-

Which, taking the sup on the manifolds and test forms, yields

I 12

S Cz(a - htop(¢1))_2

0,q,¢,2

Next, given € > ¢’ > 0, by using equation (6.16), (6.17) and the intermediate
value theorem we have, for $(z) large enough,

/ <g7R(£)( )£t0 tOJ - R(Z ( )ﬁl(fﬁ?tOJ‘E/)
Wa,8,G

< Cy Z Z Z / dé dndr ds o= AT HHO = HO2[oE =1 (€,7,6) +(n+m)6}

nmeN yeAieTl k€EKynm o
X [F'y,n,m,k,f<€7 nat S ) - F'y,n,m,k,?(oa 07 07 8/>] ' [55((6, m, t/)) - K’é((&) 7, t,>)]
< C.ge™™ Y gllcala = Prop(¢1))

Wherelﬁ‘wnmm—ﬁo:’l J=71. Note that, as in (4. A7), F millcs < Co.

This proves the Lemma for BY®". ! The extension to B5* is treated similarly
after integrating by parts p times. O

We can finally present a description of the trace that does not involve any
limit (although, unfortunately, not yet for the operators we are interested in).
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6.3 'Irace representation 6 TENSORIAL OPERATORS

Lemma 6.8. For each z € C, R(z) large enough, n € N and s,t € R, we
have that

o) (R L0860 () = (RO £00). (618)

Proof. Let R, (z,s,t) = 5;4) (R;Z)(z)”ﬁgggg)). From Lemmata 6.6, 6.7 and

equation (6.11) we obtain

Rn(z,5,1) —hmZ/ Wi () Yoz (R(@( )n‘Ct-i-to s+to<])w, (z, )

t/ / n— le—z(t’+s)

—iy 3 [ aar e [ ea)a(a) 704 0 b

,B,i,]
X Ke(Op(P—t—t—1()) — Op(Ds1511,(7)))
X (—1)e(d4)<¢tt'—t7towﬁ,3a Wa i)z (Wais ¥ Py 4 sty * Wpj)a-

Next, we sum over ¢,  and use (A.4) to obtain

t/ / n— le—z(t'-i—s)

R(z,s,t) = llinZ/ ds'dt’ S /M [15JO5] © hgrysity(T)

X 55(@6(¢s’+s+t0( )) - ®B(¢—t’—t—to (.Z‘)))

X J¢s/+s+to<¢* Yt —5— 2t0wﬁjawﬂ,j> O¢s’+s+to($)
t/ / n—1 —z(t’+s)

_T O -
1-13%2/]1%2 ds'dt! (n— 1) /M<w5,j’Et/+s’+t+s+2t03675,j,m>’

where, in the last line, we have changed variables and used (5.2). Next, after
the change of variables v = ¢’ 4+ &', u = t/, we integrate in u (the integral
is given by the f-function) and recall (5.3) to obtain the statement of the
Lemma. O

At last we can start harvesting the benefits of the previous results. For
fixed p,q > 0, p+q < r—1, by Lemma 6.3 we have Rg)(z) = Péé)(z)+U2(£)(z)
where PQ(E)(Z) is a finite rank operator and the spectral radius of UQ(E)(Z)
is bounded by (R(z) — oy + 222)7%. Recall that by Lemma 4.8 we have
RY(z) = PO(2) + UW(2) where PY(z) is a finite rank operator and the
spectral radius of U®)(2) is bounded by (R(z) — o4 + 0,,,)*. In addition,

PO UO) =UO)PO(z) =0; POEUL(2) = U ()PP (z) = 0.
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Lemma 6.9. There exists Cs > 0 such that, for each t,s € Ry, n € N and
2z € C, a=%R(z) > Cs, we have that

50 (P ( () L5 (2 )) — tr (p<f><z)2"c§28+2to) . (6.19)
Proof. Recalling (6.7) and (A.4) we can write, for R(z) sufficiently large,
(B ()" i w10 e T (F) A TS (9)) e

t/S/)n 1 (620)
- d /dt/ ( Jg, H */ A ; * / .
/RiiM2 (n . 1)!2€z(t’+s’) < ﬂ—l(*¢t +t+to *f) 7T2(¢—s—s —t()g)>

By taking the limit ¢ — 0, since the integrals are uniformly convergent with
respect to time (as in equation (5.7), by a rough bound on the growth of the
number of orbits), using Lemma 6.4 we obtain

O \npO 500 5 * - ()" kbt * 1 B0 9)
RGP L8 () Amle) = [ S e o T

g1 —z(t'+5")

= (—1)44=0) / dsdt ¢ zn 61)12 / (o b s ty—vr—219)
2'rL 1 n 1 1 )n—l (621)
= ()" [ dr | d 1 .
/]R+ T/ n /]\/[<f’¢—7'—t—s—2tog>

7’L _ 1)|26z7'

:( 1) L(d— K)/ dr T 1<f ¢*T t—s— 2tog>
R, xM (2n — 1)le™
= (=), R(2)M LY o, 9Dt

since the dn integral in the third line is given by the S-function. By the von
Neumann expansion, for $(z) and R(£) large enough, we have

(E1-R (2) T L85 (mi (NAT3(9)) = (=D f, (€1-(R(2) ) LY, 31,9
Since both expression are meromorphic in the region {|¢| > (a—o,+ <) 72},
it follows that they must agree on such a region. Given a curve ~ surrounding
the region {|¢| < (a — o, + 2%%) 7%}, we can use standard functional analytic
calculus (e.g., [37]) and recall Lemma 6.5 to obtain, for h = 7j f A 739,

{woe)]" cs}m = e (a- D) lsmae
ol

VD m 02" O
- 271 /5 f ({]l — R7(2) ) £t+s+2tog>md5
={f, U(E)( )Qmﬁﬁsmogm
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Hence, we have
{[PO)]" 2086} 1) = (1, PO L o (622)

Since P)(z)?>™ is a finite rank operator, it follows that P(Z)(z)2m£§?8+2to =

E%)P(é)(z)zmﬁﬁ)s 44, 1s also finite rank on B,,,. Thus there exist up,; €
B, .0 Vmk € Bypgr, k€{1,..., L} (see Lemma 4.5), such that

L
(f,PO(z >2m£i(fi-s+2to Z 1. Vm ke tim 1 (9)-
k=1

Next, we define the mollification of an element h € Q5 , by

M2E ZZ#@ x,y @Z)B x y) az( )/\Wﬁ,j(y)
b i (6.23)
x e / | Rel®alr) = re(O5(y) — A (61(6), 05" (n).

By duality, we can define the mollificator M, . on the currents. Following

the same reasoning as in Lemma D.2 we have that M _, restricted to Byt
is a bounded operator which converges, in the sense of Lemma D.2; to the
identity when € — 0.

A direct computation shows that M . (75 (f)Am3(g)) = 7 (M. f)Ams(M.g),
hence (6.22) implies

M, { [PO(2)] " 2085} () = (MLf, PO (227 19, Mg o

Note that the M { [P;Z)(z)}m EEQ(%} € £ for s < p+ q. Thus its value
on the product sections determines it uniquely as a Egﬁq current (see foot-
note 36). Accordingly, since M’27€[P2“)(z)]m£§25§ and Zk—i—l T (Mlvp k) A
75 (ML, ;) agree on each element of the type 7} (f) A m5(g), they agree as
currents. Thus, by Lemma 6.5, they are the same element of B2%*. Accord-
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ingly, by Lemmata D.2, 6.6 and equation (6.10), we finally obtain that

52( (2 )mct554> = lim 5, (Mgs (2 )mctsaff)

= lim Z 8o (5 (ML ) A 705 (Mt 1))

e—0

L
= lim (M’Evm,k, M;umk> = Z Urp 1 (Vm k) - [

e—0
k=1

Thus we have reduced the computation of certain “flat trace” to that of
a trace of a matrix. This suffices to obtain the same type of result for the
operators we are interested in, at last.

Lemma 6.10. For each p4+q < r —1, 2z = a+ib € C with a > Cs,
p> (a— o+ 22) we have, for each n € N, that

[0 (RO:)") — tx(PO)")] < Chgaub” (6.24)

Proof. Lemma 6.8 yields, for all n,m,k € N, |m — k| < Cy, the following
ugly, but useful, formula

gm—1k—1 —z(t+s) © (D) )
/dt/ds L (R0 1y0)

t—to gm— 1 _ S)kflefzt b © ) %
= dt/ ds tr’(RY (2)" L
/Q't() to (m '(k - 1)| ( ( ) ! )

1)
2to tm—i—k—l
_ dt —zttb £) 2n p(£)

to M- 1t k; 16 -
—2/ dt/ T trb(R@(z)? £,

On the other hand by the spectral decomposition of Ry, as in Lemma 6.3,

and Lemma 6.9 it follows that, for each p > py > (a — oy + 22) 71,

gm— ltk 1 —z(t+s) o 0 n A (0) ~(0)
/dt/ds Ty 102 <R2 (2)" L4502 )

gm— ltk 1 —z(t+s) B C Iu2”
dt d 5( ) <P(€) n[,(f) 5(@) O P;q,2,141 11
/ / i (m — —1)? 2 (2)"Liismtg02” ) + (a — og)m+k
gm— ltk 1 7z(t+s) 0 C ,u2n
dt | d t (p(f 2n p(0) ) p.g.2,01 H1
/ / e S r (2)"Lifs ) + O (@ — o)

61

(6.25)
= tr’ (RO (z)ntmth)




7 CONTACT FLOWS

Finally, recall again that the number of periodic orbits of length ¢ grows
at most exponentially. Hence, by Lemma 5.1, there exists A > o, such
that |trb(R(€)(z)2”£§€))| < Cy(a — A)72eAt while |tr (P<f>(z)2"£§i)s> | <
Cyla — oy)72"e’*". We can use such estimates to evaluate the integrals in
(6.25) and obtain,

t b R(Z) 2n+m+k t P(E) 2ntmtk) | Opvq,Zaull‘L%n O#tom
| T ( (Z) ) — ur ( (Z) )‘ = (a _ O'Z)m+k (CL _ A)2n+km!
O#(Qto)m+k

(a — A)?(m + k)

To conclude we choose m = ¢n, |m — k| < 1. Note that the last two terms
2n+m+k Cyeeto

while the first term on
Sla=A) TS

are smaller than p provided n >

-1
the left is bounded by Cyp®t™** provided we choose ¢ = % O
(Z*Ul

7 Contact flows

The results of the previous sections suffice to prove that the (gruene is mero-
morphic, yet they provide very little information on the location of its zeroes
and poles. Such a knowledge is fundamental to extract information from the
¢ functions (e.g. counting results or statistical properties of the flow). In
section 8 we provide an approach to gain such information, partially inspired
by [11], based on a Dolgopyat type estimate on the norm of the resolvent.
We are not aware of a general approach to gain such estimates apart for the
case of C! or Lipschitz foliations [21, 69, 70] and the case of contact flows
([42, 73]). In the following we will restrict to the latter since it covers the
geometrically relevant case of geodesic flows in negative curvature. Our ap-
proach follows roughly [12, Section 6] but employs several simplifying ideas,
some from [3], some new.

In the case of contact flows d must be odd, d, = d, and we can, and
will, assume that the contact form @ in coordinates reads (see [3, section 3.2,
Appendix A] for details)

(@gl)*a =dxg — (x°,dz") = oy

where (%, 7%, 74) € R(%) x R(4) x R = R? is a point in the chart.
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7.1 Dolgopyat’s estimate 7 CONTACT FLOWS

Remark 7.1. The extra information that we need, and that can be gained
in the contact flow case, are bounds on the size of the resolvent R\%)(z) for
3(2) large. See Lemma 8.3 for an explanation of why ¢ # ds need not be
studied. Since in the rest of this section we discuss only the case ¢ = ds we

will often drop the scripts ds in the relevant objects.

7.1 Dolgopyat’s estimate
Let a = R(z) > 04, be fixed once and for all. For a fixed Cs € (0,e™*), define

co = Cs(a—04,)"te ! and

Y '] tnfl
_ —zt (ds)
R,(2)h = /C dt e O 1)!£t h.

all

Then, bounding e=74" || L, , 4.
mula we have, for each ¢ > 0,

by one, integrating and using Stirling for-

||y = Rag)n

< Cyla—04,)7"Cg [[Pllo,g.a, - (7.1)

0,q,ds

Moreover, for c¢,n > tg, by Lemma 4.5 it follows that

||Fan]| =< Cuta=oa) ™ 10l (7.2)

0,q,ds

Thus, it is natural to start estimating the latter norm.

In the following arguments it turns out to be convenient to introduce
norms similar to the one used in [12]. We did not use them in the previous
sections since they do not allow to keep track of the higher regularity of the
flow.

Definition 7.2. We define norms ||-||; as with the norms ||-|,, 4. with the
only difference that the set 33 is replaced by the set ¥°, defined as the elements
of ¥ which are subsets of a strong stable manifold. Also, let V* be the set
of continuous vector fields tangent to the strong unstable direction, of C°-
norm one, and C' when restricted to any unstable manifold.** We then
define ||h|[" = sup,eypu [[Luhllggq,- To conclude we define the norm |-, =
-llg + 111"

4INote that such vector fields determine a unique flow on each unstable manifold, hence
a unique global flow, even if they are only continuous on the manifold. Thus the corre-
sponding Lie derivative is well defined.
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7.1 Dolgopyat’s estimate 7 CONTACT FLOWS

Note that the unstable foliation can be trivialized by a Holder continuous
change of variables that is C! when restricted to any leaf. In such coordinates
one can easily verify that (3.10) holds also in the present case by arguing as
in Lemma 4.2.

Before starting the real work let us fix some notation and recall some
facts. Let w be the Holder regularity of the strong foliations and w* the
Holder regularity of the Jacobian of the associated holonomy. Then, in the
contact flow case, w > 2’\ and wt > & v A (see Appendix E for more detaﬂs).

For a manifold W € E let W = Ut<s0:eW, WJF = Ujy<25¢0:W. For each

two sufficiently nearby manifolds W, W’ € X, let Hyw: : W, — W, be the
strong unstable holonomy, then ||JHww'||c= + [|[Hww|c= < Cx. We set

W= f’\ @’ = min{l, &} and w, = min{\/\,, &?}.

Lemma 7.3. For each q > 1, a € A, W, W' € ¥, such that HW7W/(W) -
Wi, g € T%9(W'), there exists g € Dd==(W7),
such that for all h € Q% we have

Lon- [ en

Proof. Let {W*}.cj01 be a smooth foliation interpolating between W and

W', Also let H., be the strong unstable holonomy from W to W*. Note that,
by performing the interpolation in the chart ©,, one can ensure that there
exists W, € 3, such that W* C W, . Next, let ¢, be a one parameter
family of forms, then

/ <¢T’h>:/ <9077h>OHTJHT:Z/ @T%hzOHT.
* w —~Jw

where ¢, ; = ¢,; 0 H.JH,. By the implicit function theorem it follows that
Orh; 0 Hy = (Lyh;) o H, for some v € V¥, [|v]|oo < Cud(W, W’). In addition,

(Lyh); = Lyh; + Z(Wa,ia Lywej)h;.
J

(W) < C#||g||ng,q(W),

< Cud(W, W) [[R]"

ng’q(W)'

Let A;5(7) = (Wais Low, j) © Hy and note that A is C7 in 7.
37 SOn Z/ A‘ 5i9-5 ¢ hio Hr + 9, ;(Lyh); 0 H.
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7.1 Dolgopyat’s estimate 7 CONTACT FLOWS

We can then choose ©, ; as the solution of the ordinary differential equation

(the variables on W are treated as parameters)

d __ _
5 Pri = > A0

J
Poi = Gi-

By the dependence on the parameters of the solution of an ODE we have,
for each 7 € [0,1], [Billcer < 2. Hence, [l llesve) < Cillglua,

’/~/<¢1,h>—fw<g,h>‘ S/Oldr Z/W%(Lvh)iom

1
= [ar| [t L) < VW) I Ut

Lemma 7.4. For each n € (0,w.), t € (ty,00) and h € Q% we have

(7.3)

1721lg

oma, = Il

HRn(z)h

Cy .
< 11, -
0,14nds @ — Og,

Proof. The first inequality is obvious since the sup in the definition of the
norm is taken on a larger set. To prove the second note that

-1 fzt
dt / (g, L%h
/VI/(X,G< / a G n - 1 ' >

which, by introducing a partition of unity in time as in (6.15) and changing
variables as in (4.11), can be seen as an integral on dg + 1 dimensional mani-
folds close to the weak stable foliation. If we consider the integral on a strong
stable leaf close to W, ¢ we can split it similarly and apply Lemma 7.3 to
compare the integral on each manifold. The Lemma readily follows. O

We can now state the main estimate of this section. As the proof is a bit
involved we postpone it at the end of the section so as not to break the flow
of the argument.
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7.1 Dolgopyat’s estimate 7 CONTACT FLOWS

Proposition 7.5 (Dolgopyat type estimate). Let ¢, be a contact flow such
that @' > % Then for each n € (0,w,), there exist constants Cy, ag,by > 1,
AC1Cs > 2eaq, and vy € (0,1) such that, for each h € ngl(M), z =a+1b
with 2ag + 04, > a > ag + 04,, |b] > by and n > C;In|b|, we have

|t < = ;.
o] « =G

Remark 7.6. The bunching condition in the statement of Proposition 7.5
arises as follows: in the Dolgopyat estimate one reduces the problem to com-
paring certain integrals over a multitude of nearby manifolds. They are usu-
ally broken into two sets: the one that are sufficiently far apart to allow for
cancellations due to the non integrability of the foliations (this is the basic
Dolgopyat cancellation mechanism) and the ones that are too close for the
cancellation mechanism to be effective. The latter are shown to be too few
to contribute to the total estimate. In Lemma 7.10 we give explicit meaning
to “sufficiently far apart”, we believe this to be optimal. The remaining “too
close” manifolds are handled in Lemma 7.9. The estimate is reduced to the
growth rate of certain unstable disks that we can handle only if “too close” is
small enough. This is due to the possibility for a disk to grow in an extremely
elongated ellipses because of different expansion rates in the unstable direc-
tions. The two different meaning of “too close” are consistent only under
the above mentioned bunching conditions. This is the only place where such
a condition is used. It might be possible to improve Lemma 7.9, and hence
remove the bunching condition, by cleverly using some distortion estimate
but at the moment we do not see how.

Remark 7.7. The choice of stating the Lemma in terms of the norm |||,
15 a bit arbitrary but very convenient in the present context. The estimate is
largely norm-independent as better shown in [5].

The goal of this section easily follows.

Lemma 7.8. If ¢; is a contact Anosov flow with w' > %, then for each
n € (0,w.), there exist constants C1,ag,by > 1, A\C1Cg > 2eaq, such that for
each h € BY¥% 2 = a + ib with 2ay + 04, > a > ag + a4, |b| > by, and
n > CuCiIn|b|, holds true

IB(z)"Rlly 4, < Cyla—oa,)7 07 [l

an7dS '
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7.1 Dolgopyat’s estimate 7 CONTACT FLOWS

Proof. By Lemma 4.8 we have, for m = [C]1In|b|] where C] is given by
Proposition 7.5,

B2, ,. < (a — ) ETDm(q — oy + A)™ 0.0

Cylb|

(CL—O’d )m

S

BRGS0l 4,

The first term is already small enough. By equations (7.1), (7.2)

CukCE ||
H|R(Z)(k+1)mh”| < #V6 ||| |||0,1+77,d5 HRm 5 kh‘ .
0,147, (a — og,)k+Dm a— og, 0,1+4,ds
The first term is small enough provided 7o < C; In Cg ' — lnk Accordlngly,

to establish the Lemma it suffices to prove, for some k € N

|Bnrn] <Ca=on) T . (74)

0,1+n,ds

Note that H}Azm(z)hH <
+ 17 b

— a—0g,
o E

|All_ 1, 4,- Hence, by Lemmata D.2, 7.4
and Proposition 7.5 we have

_ Cp e
0l+nds (a — 0g,)k
Cyellhlly,a,

- (CL—O’dS)km a — 04,

Cuc|lh
_ el

fruc

+Cyx Hﬁm(z)k_leﬁm(z)hH0,1+n,ds

*

HR =ML R, (2)h

n

*

Lnds | C(a — og,)" 50 b~ | ML R, (2)h
C . —km b —(k=1)70
= (a — O_ds)]m + #(a 0d5> ’ | €
which, after choosing & = |b|™177 and k = Cyv; ', proves equation (7.4) and
hence the Lemma. Indeed, the condition 7o < C;InCg' — 1 — ln—lﬁ) can be
satisfied by choosing b, large enough. ]

We conclude with the missing proof.

Proof of Proposition 7.5. First note that, for each v € V%, L,¢*,h =
¢* Ly ,).oh and, by the Anosov property, ||(¢—_¢).v]co < Cre™||v||co.

| Loh||" < Cye™ Seuv% ILe(Lob) 00,0, < C#e(hmp(@)‘x)t A" (7.5)
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7.1 Dolgopyat’s estimate 7 CONTACT FLOWS

Thus u
H§n<z)hH < Cyula— g + N [|R]". (7.6)

To continue note that the proof of Lemma 4.5 holds for the set of manifolds
3%, indeed the only required property of the set of manifolds is the fact that
the image under the flow can be covered by manifolds in the set. Thus the
first two inequalities of Lemma 4.5 hold for the norms ||-||;. By the first

< Cyla—oa4) " IRl

n

Hfzn(z)h

which suffices to prove the first inequality of the Lemma. To prove the
second is much harder. The second inequality in Lemma 4.5 can be used, as
in Lemma 4.8, to yield
s Cy (o

< 2l + ——
n~ (a—0oq, + An)" (a —0q,)

It is then sufficient to consider the case h € ngr, g € T4 In the following

Hﬁn(z)h

1Al - (77)

we will set hy = Eg)h. It is convenient to proceed by small time steps of size
r > 0, to be fixed later. Let p(t) = p(dt) where p is as in the proof of Lemma
6.7. For n € N large enough, we must estimate (see (4.11))

00 tn—le—zt tn 1 —zt (k—tr_l)
dt *hs)
L], arteon =3 [t ity
(7.8)
X / <*¢: * g, hs> © ¢—t+erW¢er¢—t o ¢kr-
¢ krWa,G

Next, it is convenient to localize in space as well. To this end we need to
define a sequence of smooth partitions of unity.

For each 4 € Z, let us define 2% = rd~24. We then introduce the partition
of unity @, ;(x) = H?le(d%r_lwil — 4;) (limited to the set B4(0,30d)). Note
that it enjoys the following properties

(i) (I)r,i(Z) = O fOI' all z ¢ Bd(l'i,T);

(ii) the collection {Bq(z*, ) }iep, (0,105 covers By(0,308) with a uniformly
bounded number of overlaps;

(iii) for each 7,4 we have ||V®, ;|1 < Cyur—'.
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Note that the collection in (ii) has a number of elements bounded by Cyr—¢

For each k € N let W, ¢ gxr be the family of manifolds defined in (4.10),
with ¢ = ]{?7‘, and set Wa,G,ﬂ,k‘r,i = {W c Wa,G,ﬁ,k;r : @g(W) ﬂBd(ZL‘i, T) 7& @}
For simplicity, let us adopt the notation Wi g; = Wa. ¢ gkri- For W € Wy g4
let 7y : W= Ute[-2r,201@:W — R be defined by ¢, () € W. Also set

k5 (1) = V() D3 (O5(2))p(r rw () IV ()] 7 (7.9)
Letting

(k?" + TW)n_IJW(bkr o (bTW

i = i (—1)€<H>e*2<k“w>Jo;WW (=11 * G 90 (T10)
we can l“er"lte as42
tn 1

| / o= Y [Geen)

k,Bi2 WeWy 5.5

Recalling (4.17) and since the derivative of g, in the flow direction is
uniformly bounded, we have

||Jw¢kr O Pryy (J¢kT+7—W)_1 * Py * gHFi*"(W) < Cy. (7.12)

For each (3,7 we choose the reference manifold W;(@;l(as")) = Wpss € 39,

and define Wy; = W5, N0, (By(2%,2r)) and Wi = Use—arar)@:(Wp.i). Let
us set Hy; 5 = Hgiw. We can then rewrite the right hand side of (7.11)

multiplied by (—1)%@=9 as

Tl_"(kr)"_le(”ds —\)s HhHu
Z Z / gk; ﬁﬂ, Wy > _|_ (9 ( (’[’L — 1)!e(a_ad5)kr ) 9 (713)

k,Bii WeWyg 5.4

where gy, 54w is given by Lemma 7.3 and we have used (7.5).* Then Lemma
7.3 and equations (7.9), (7.10), (7.12) imply

(k,r)n—le—akr

,v -n
vWs S O T

(7.14)

| 9r.,5.4.

42 First, for each k € N, perform the change change of variables Ly : R x W — W
defined by Li(t,y) = ¢—t+kr(y) and then introduce the partition of unity in space. Note
that this implies ¢ = kr — 7 (). Also, note that the same manifold W appears several
times. Yet, given the support of the functions, the value of the integral is the correct one.

43 More precisely, rather than Lemma 7.3, we have used equation (7.3) and the fact
that, in the present case, the support of ., in the flow direction, is contained in a strip
of size Cyr, which provides the extra factor .
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7.1 Dolgopyat’s estimate 7 CONTACT FLOWS

It is then natural to define

Okpi = > Orpiw (7.15)

WeWk g.:

To conclude we need a sharp estimate for the sup norm of g g;, this will
follow from an L? estimate and the inequality™**

9 2+ ds+ ds+1
| Mol = Collonsslis ™ onssli;
Wp.s
Hence
l8x,5.4lre < Cllgrsill}. g7 5. ok, 5illp"- (7.16)
where we have set p = %fﬁ. To compute the L? norm it is convenient

to proceed as follows. Given W € Wi let {zw} = W N 05 ({z* +
(0,1) }neBq, (0,)) be its “central” point. Also, for each p > 0, consider the

disks 5;‘(W) = {0s(zw) + (0,u,0) }ues,, (0.0)- Then,AfE)r a ﬁ}ed o€ (0,r) to
be chosen later, let A g:(W) = {W' € Wy 3s : Os(W')NDy(W) # 0} and
Bk’g,i(W) = Wk,gﬂg \ Ak757i(W) and set

Brpia = Z Z (k36w Gk, B.aw)

WGWkﬁ,i W’EAkqﬁyi(W)

OB = Z Z (Or,B.4,W > Gh88,W7 )

WeWy,5,i WEBg g,:(W)

note that (gr.s4, 9k,8:) = Orpia + Ok pi5. We will estimate the two terms
by separate arguments, the first being similar to [13, Lemma 6.2], the second
being the equivalent of [13, Lemma 6.3].

To simplify the notation we set: Dy 3 M#W’“ 3., Where by
# A we mean the cardinality of the set A. Also, we assume

n > Ciln|b| (7.17)

where (' is a constant to be chosen large enough.

4 To prove the inequality note that if f : R — R, is a n-Holder function and
satisfies f(z0) = || fllco, then £(x) = [|fllco — | fllcnlwo — af7, thus f(x) > L] f]le for all
1

@ € B, (w0, p) where p = [[[fllco (2]l fllcn) "7
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\C1Cg
Lemma 7.9. If C.|b|” e < o < or(+9E, for some ¢ > 0, then there
exists g > 0 s.t.

1®kp4.4ll00 <CyDy g7 (7.18)

Proof. Note that the number of elements in Ay, g ;(W') must correspond to the
number of intersections between Uye|_ss.35Wa,c and ¢, (D} (W)). Since each
intersection has a d-neighborhood in ¢y, (Dy(W)) that cannot contain any
other intersection we have # Ay, 5 (W) < Cyvol(¢y, (D5, (W))), provided that
each point in ¢, (D5 (W)) has a § neighbourhood contained in ¢, (D3, (W)).

The latter condition is satisfied provided C’#|b|>‘%acolg > ¢, which is implied
by the first hypothesis in the Lemma. On the other hand, by the mixing
property,* a disk in ¢y, (D*(W)) with diameter larger than C must intersect
Ute[-35.35) Wa,c, thus #Wy, 55 > C’#Vol(gzﬁkT(D}f/z(W))). We are thus reduced
to estimating the ratio of two volumes.

The simplest possible estimate is as follows: let ¢ € Ry be such that
Coer = r~¢, now assume that 2eMfp < §. It follows that at time ¢ the
image of D5, (W) is contained in a disk of radius ¢ while the image of Dy, (W)
contains at least Cur~% such disks. By Lemmata C.1 and C.3 such a ratio

will persist at later times. Note that the above assumptions are verified only
2
if o < 6ri+9)z, O

Lemma 7.10. Setting [b| = 0727 =% and r = 0"~F*<, for ¢ > 0, there
exists v > 0 such that

/N &y.8,i,8
Wga

,T

< Cub 1P HD} (7.19)

The proof of the above Lemma is postponed to Subsection 7.2.

Remark 7.11. Note that the conditions of the two Lemmata can be simul-
taneously satisfied, by choosing Cy large and ¢ small enough, only if w' > %

In addition, since w’ < 1, ¢ must always be smaller than %

Substituting in (7.16) the estimates given by (7.14), (7.18) and (7.19), we
obtain that there exists 7o € (0,~] such that

lgk,5.llro < CuDy g]b] 7. (7.20)

45Recall that a contact flow on a connected manifold is mixing, [35].
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7.2 A key (but technical) inequality 7 CONTACT FLOWS

Next, we assume s > ¢,n. Then, by (7.14) and (7.20) and arguing as in the
proof of (4.19),%° we can write the integral in (7.13) as®’

Z/ (Ok,5,i: 1

k,B,1

< Cp > Dipa(v™0 + ¢ ) vol (qﬁ_sm,i) T
k,B,1

Note that 3=, #Wi 5.1l Wil < Cor Ywem, oy, [6-<W]. Thus, by Lemma
C.3 and Remark C.4, o

(kr)r=L(|b] =310 4 e=Amsp=m) s
< O# Z n _ 1 leark—oa, (kr+s) r ||h||7l (721>

|2l -

Z/ (OK,5,is h

k3,1
SC#(a—UdS) "([o[ 70 4 e e

Thus, by (7.11), (7.13), (7.21),

Hﬁn(z)%

: Cy r " IRl (@ = 04,)" -3 51
< “— bR ] . (722
147~ (@ —og4,)* { (a — oq, + An)" i A, (7.22)

Next, by (7.7), (7.22) and Lemma 7.10,

|,

s

L (7.23)

Cy
2= (a—oa + )" (a—oq)

¢, [ (a=oq)H } *
: + 1672 | 18]
S a=oa) [(a—adsﬂn)" o i

R.(2)%h

o

The above, and (7.6), (7.17) imply the Lemma provided 7o has been chosen
smaller than 407. [

7.2 A key (but technical) inequality
We are left with the task of proving (7.19).

46 Namely, we use the first line of the equation before (4.19) with g — g. = gr g4, € = 1
and ¢ = 1.

47 Note that, since gk,3,s is supported in Wﬁ,i, the integral can also be seen as an integral
on Wg; € ¥°.
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Proof of Lemma 7.10. This is the heart of Dolgopyat’s estimate. Given
W € Wypi and W' € By 5,:(W), we must estimate

/~ (Okpaw, Gkpiw:) = /~ JHgiw - JHpiw - Grpai© Hpaw
Wa.q Wgs (7.24)

X Or,p,i7© Hpawr -

[t turns out to be convenient to write the above as an integral over W. More
precisely, let Oy : B4(0,6) — R? be a flow box coordinate change preserving
the contact form oy and such that, setting ¥y = @gl o ¥y, has the property

that Jw ({(£,0)}een,, (0.c4r)) C W and, moreover, W contains the support
(projected on via the unstable Holonomy) of the integrand.’® We can then
rewrite (7.24) as™

/~ (Grpaw, Gepiw:) = / dg e 2 wotw QLG o i (€),  (7.25)

Wi Bas+1(0,2r)

where & = (€, &), Hyyr = H 57 0 Uy, and

G o (kr + mw )" te= " Jyw dry © dryy
. /; = k?
kW W, A (n—1)! S kvt

<*¢ZT’+TW * g)z} o 19W

(kr + 1) tem k" Ty pr © Ory, ~
* . H ,
: {*"’“B (n— 1)l Tourings i #9)i g © Hw
X Jﬁgﬂ;,W/.
Let us define B
A*(&) = Twr o Hg s w (&) — &a, (7.26)

and note that A*(£ + () — A*(€) is exactly the so called temporal function.”
We let w(€) = (w*(€), w"(£), wq(§)) = 5} o Hy(€) — (€,0). Then by Lemma

48 Such a coordinate change always exists, see [3, Lemma A.4].

49 By Appendix E it follows that the image of W’ on 1% by the unstable holonomy is
strictly contained in a ball of radius 2r, provided r is small enough.

50 In the language of [43] (in which the role of the stable and unstable manifolds are

reversed) A*(€ + ¢) — A*(€) = A(y,y'), where @ = 9y (), y = Hy(€) and ¢ = dw (€ +
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E.2 we have®!

A€+ ¢) — A*(€) = dao(w(€), O <Cyllwl PN + Cyllwl = lIC]?

L (7.27)
+ Cyllwl = Il =

We are left with the task of performing the integral in the lefthand side of
(7.25). The basic idea (introduced in [13]) is to integrate first in the direction
yi = [J[w*(0)||7 (w®(0),0). Note that dag(w(0),y;) = ||w*(0)|| and, by the
cone condition, ||w®|| < Cx|lw"|. Hence, by the Hélder continuity of the
unstable foliation (detailed in Appendix E), for £ € By, 41(0,7),

dov(w(§), y:) = Cyllw(§)|| = Cyo. (7.28)
Next, we impose the condition
r= ¥ (7.29)
for some, very small, ¢ > 0. By Lemma E.1 we have that

lw() — w(E + Ol < Colw@INCIT + lw@OIFICI) < Cyo. (7.30)

For each £ € By, +1(0,7), (§,y;) = 0, we define ;(§) = {s € R : {+ sy; €
By, +1(0,7)} and consider the integral

/( )ds e Er G (€ sy (7.31)
I; (€

It is then natural to divide the interval ;(£) in subintervals {s;, $;41}iez such
that,

(si41 — s1)dao(w(€ + s1y), ys) = 2 |b|

Let us set §; = s;11 — s; and w; = w(€ + s51y;), then, recalling (7.28), we have

Ot |wi|
v

Cylb| ™' < 5

< Cylb| ™. (7.32)

Next, we must assume

51 Tt may be possible to improve this estimate by going forward or backward in time to
the situation in which the two lengths are equal, but some non-obvious distortion estimate
would have to play a role to ensure that the following “preferred” direction does not
changes too wildly.
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b] ! < ro, (7.33)

to insure that ;(£) contains at least one interval. Note that Lemma E.1 im-
plies that || Hy (€ +yisis1) — Hw (E+yis1)|| < Cp max{dy, |w]|07}. Hence™

sup |Gy saww i€+ sYi) — G paww i(§ + swi)| < C#Di,k

[s—s11<6;

x (r~tmax {0, |[w|0F} + 07

wi[)
(kr)n—le—akr

where D, = ( )
n—1)!

We can then bound (7.31) by

2.

l

Si+1
/ oA E AT E G, e 4 )

l

1 o g .l
+C#Di,k <‘b| 1leH 1+’b| leHl +|b—w* .

Next, equations (7.27), (7.32) yield

[0

|A™(§ + sys) — A™(E + s1ys) — (5 — sp)dao(wy, y;)| < Cu b=

|w’72 1
Cp—r—+Cp——.
TEETRE T T e

Recalling (7.29) and (7.30), we can continue our estimate of (7.31) as

Cy Y
l

+ CyD2 1 (]b\_lg_lr_l +

Si11
/ dS efz(sfsl)dao(wl7yi)gk76’i’ww/’{(€ + Sly’l:)
s

7,1—171* N 7,.2—17/ N Qw’—2 N r—w’)
1 S [ T [

We remark that the integrals in the first line are all bounded by Cl|b|~14;.
By the above equation, integrating in the remaining directions and letting”®

Dk,n,ﬁ,i = Dk,n#Wkﬁ’i and |b|*1 — QQ*W +2

52 We remark that ||Jf~1'5,i’w/ &) — JI?[@LW/ €+ Q) < Cullwillli¢)|®=, see Appendix E.
53 The choice for g satisfies the constraints (7.33) .
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equation (7.25) yields

/~ &S.6,i,B
Wpg

5T

e, 1 ol
< C#Di’nﬁﬂ_ [ch + _/] rd5+1 < C#Dl%,n,ﬁ,i|b| p———y rds-i-l.

blF

which gives the required inequality. O]

8 Growth of (-functions

We start by showing that the estimates in section 7.1 imply a bound on
the growth of the traces. To this end note that the previous results show
that tr”(R(%)(z)"), which is well defined for R(z) large enough, equals a
function meromorphic in $(z) > o4, — %%, for each 0 < p+¢q < r — L.
Since tr’(R(%)(z)") is independent on p, g, it can be extended as much as the
condition p+ ¢ < r — 1 allows. It is then natural to use tr’(R(%)(2)") to also
denote such an extension. Before getting to the point we need a refinement
of equation (5.19) which holds only for ¢ = dj.

Lemma 8.1. For each a = R(z) > hyp(¢1) and n € N

Cp sy N~ Xa (DA | Cyelzln
/]\4 Z<wa,za R (Z) ja,a,z,x>x o (n — 1)'M<T)€Z)‘(T) > (CL — O'ds)n+1
Cylzln

(@ — 04, + A"+

Proof. We start by equation (5.16) with s = 0 and ¢ = dg and then we look
more in depth at the derivative of F, ;.. By formulae (5.5) and (5.18) we

i,z
have
tn—l

D Faiaw,t) = gy @) ir(n* (Dipdaioy ().

To compute the trace is it convenient to do a linear change of variables in the
zero section such that the periodic orbit is at zero and its stable and unstable
substances are spanned by ey, ..., eq, and €4 41, ..., €e4-1. Then, calling w; the
dual base, we have that (wi A+ Awg,, Dhyp®—anywi A+ - - Awa,) gives exactly
the stable Jacobian J; of the map, while all the other terms in the trace are
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smaller than Cy.Jfe . Note that this implies that sup, x4, (7) < Cx. By
the usual distortion estimates it follows that

107 loo < Cyll Tl < Cyl det(T = Aram(0))],

where we are using the coordinates defined in (5.9). By the above inequal-
ity and Sub-Lemma 5.5 we can obtain from equation (5.16) the improved
estimated (with respect to equation (5.17))

oL,z fo :T_tlxm(o fda)‘(T))
S e

o,i,m,TET: (8]_)

A n—1 _
(7,ET_) 1)!0 <€|Z|€—a)\(7') i |Z|€—(a+/\))\(7')> ‘

Using [39, Theorem 18.5.7] we can bound the total error term in the above
equation by

+

Cyelzln(a — hiop(¢1)) ™" + Cylzln(a+ A = heop(¢1)) ™"
The Lemma is then proven arguing exactly as at the end of Lemma 5.1. [

Lemma 8.2. There exists ag > 1 and 7, > 0 such that, for each n € N,
z € C; h’top(¢1) + 20’0 Z a = %(2) 2 htop(¢l) + Qg, b = S(Z> g [_17 1]7

|t (R (2)")] < Cylbl(a — oq, +7.) 7"

Proof. Choose n € (0,,) and consider R)(z) € L(B'md BLmds)  Next,
we establish the analogue of [11, Lemma 3.1]. By Lemmata 5.1 and 8.1 it
follows, for each € < g,

(N ) (AR : Cylzlen
R < O Ry, 590 il + oty
Cylzln

Tl —og )

Cylzlen Cylz|n

< Cyue™ H|R(ds)(z) H‘L"Lds (a— 04" " (a+ A—og )t

where, in the first line, we have used the usual trick of seeing, locally, the
integral over M as an integral over a foliation made of elements of ¥. Next,
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8 GROWTH OF ¢-FUNCTIONS

given b € R, |b| > B, let z = a+ b, a = a9 + 04, and ¢ > 0. Also,
let n, = [C1C%1In|b|] and write, for any n € N, n = k,ny + rp, 17 < np.
Lemmata 7.8, 4.8 imply

Ckn 1| p|—r0kn 0, C1C el 1 Cn =0 In [b])
6Pl < e < T
D : (8.2
A s
~ (a—og)r
2
where we have assumed |b] > C;° =: B. Choosing ¢ depending on n by

__nvo
requiring e~ “e 2°#°1 = ¢ yields
N
|t (R (2)")| < Cyla —aq,) " [ble @0 4 Cylbln(a + X — 04,) ™"

implying the result for |o] > B. On the over hand, by Proposition 4.9, in
the region {z € C : [J(2)| < B, hiop(¢1) —1 < R(2) < htop(¢1)} there are
only finitely many eigenvalues of X (@) and htop(¢1) is the only eigenvalue
on the line $(2) = hiop(¢1). Accordingly, there exists 7 > 0 such that
o(XUENN{z€C : |3(2)| £ B, hiop(d1) — 10 < R(2) < hiop(1)} = 0. By
standard spectral theory it follows that, for 7 < min{r, 271;0}7

1B @, < Cplatm—0a)™

Using the above instead of (8.2) yields the results in the remaining region. [J

Lemma 8.3. In the region {z € C : R(2) € [hop(P1) — T, 0)} Cructte
is non zero and has only a simple pole at z = hyp(¢p1). Moreover, setting

D={z€C : R(z2) € [hop(¢1) — 7, A] ;[S(2)| = 1} we have
|Cruetie(2)] < C#ec#|zl forall z € D

< Cylz|  forall z € D.

d
’ % In CRuelle(Z)

Proof. 1f 1, is chosen small enough, then Proposition 2.12 implies that the
determinants ®,, ¢ # d,, are analytic, bounded and non zero in the regions
considered and hence, recalling equation (2.5), it suffices to study D4, (2).
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In view of Lemma 2.11 we start by studying éds (€ —2,€). Fix zp € D and
consider & = ag + hiop(P1) + 1S(20). Then, recalling Lemma 5.1

~ b — )"
D4,(2) = D4,(§)Da, (€ — 2,§) =Dy, (§) exp <— > % tl"b(R(f)n)> :
n=1
Note that ©,4,(€) is uniformly bounded in zy. By Lemma 8.2 it follows that

i 19(20) (a0 + hoop(¢1) — éﬁ(zo))”)

n(ap + 7)"

D4, (20)] < Cyexp <

n=1

which is convergent provided R(zp) > hyop(¢1) — T
Next, by the same argument as above, the logarithmic derivative

d - n—1,.b n
—InDy,() = ;@ — 2"’ (R(E)")
is bounded as claimed in the required domain. O]

Appendices

A External Forms: a toolbox

In this appendix we collect, for the reader’s convenience, some useful formu-
lac. More details can be found in [36, Section 2]).

Given a Riemannian d dimensional manifold M, for each x € M, { €
{0,...,d} and vy, ..., v, w1, ..., wy € T*M we define™

(Vi A= ANvgwy A=+ A wg) = det((v;, wy)). (A1)

Assuming bilinearity, the above formula defines uniquely a scalar product
among (-forms.

Let wys be the Riemannian volume form on M. We define a duality from
¢ to d — ¢ forms via (see [30, (2.1.6)])

(w,whwy = (=1 Dy A sxw = (=1 Dw A xv = %0 A w. (A.2)

54 By duality the scalar product in 7, M induces a canonical scalar product in T* M.
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Since such a formula must hold for all ¢(-forms, the (d — ¢)-forms xw, v are

Wy

uniquely defined. The operator “x” is the so called Hodge operator.

Note that if {dz;} is an orthogonal base of T M, then {dx; = dx;, A--- A
dz;,} is an orthonormal base of A“T*M, where ¢ = (iy,...,4;) is an ordered
multi-index (i.e. 4 < ig11). Then

xdr; = (i) dx;e

where 7° is the ordered (d — ¢)-multiindex such that dx; A dz;e = €(i)wys and
e(i) is the sign of the permutation w(1,...,d) = (i1, ..., 4,1, ..., ,).
The above definitions and considerations imply the following equalities

(v, %w) = (=)D (xv,w) ; xxv= (=1 (xv,*%w) = (v,w). (A.3)

Note also that, for any smooth function f, *(fw) = f *w. It is also natural
to define the scalar product

(v, = | (o) o (a).

Next, consider a smooth diffeomorphism F': M — N, for M, N Riemannian
manifolds. Let det(DF') be determined by F*wy = det(DF)wy,, then

(F*v,w) = (=1)4"D%det(DF) - F*(v, *(F~)* % w). (A.4)
To prove this, we just compute
(F*v,w)wy = * x F*o Axw = F*(v A s (F71)* % w)
= (=D “OF ({0, %(F71)" x w)wn)
= (=)D det(DF) - (v, *(F~)* s w) o F - wyy.
In particular, letting (F*)’ be defined by (F* f, g)qe = (f, (F*)'g)qe, we have
*(F*) = (F~1)* .

The above formulae yield a formula for the Lie derivative: let Z be a vector
field and F; the flow generated by Z. Then, by differentiating F; (v, w) =
det(DF)~Y(F} % v, *Fw) with respect to t at t = 0. It follows that

Lz(v,w) = —(v,w)div Z + (Lz(xv), *xw) + (v, Lyw)

= —(,w)divZ + (=¥« Ly (%v), w) + (v, Lzw). (A.5)

80



B ORIENTABILITY

We will also be using the relation (see [!, Proposition 2.2.19] for the details)
LzF*w = F*LF*ZUJ. (A6>

Let vV be a rescaling of the vector field V. Recall that, by definition,
XOn = £¢*,h|,_ = —Lyh for h € Qf. Hence for all t € R and h € Qf _,
by the properties of Lie derivatives (for iy as in Remark 3.9),

Loy (£90) = vLy (LOR) + dy A iy (£h)
(A7)

d * *
=y 0L, (05h)| = — L (X ).
S s=0

B Orientability

Here we prove some simple facts about orientability of the invariant distri-
butions for Anosov flows and discuss how to modify the arguments of this
paper in the non orientable case. We believe some of the following results to
be well known but we could not locate a simple reference, so we add them
for the reader’s convenience.

Lemma B.1. For each geodesic flow on an orientable compact Riemannian
manifold My of negative sectional curvature, the unstable and stable distri-
bution are orientable.

Proof. We present the proof for the unstable distribution, the proof for the
stable distribution being exactly the same by reversing time. Remember that
the geodesic flow takes place in M = T1 M, the unitary tangent bundle. If
we assume that M, is d dimensional, then M is 2d — 1 dimensional and the
unstable space is d — 1 dimensional.

Given a geodesic v, let (J,J') € T(T M) be a Jacobi fields along it. We
have then [20, Chapter 5.2]

D*J
dt?

+ R(Y'(t), J(1)Y'(t) =0

where %, is the covariant derivative and R is the curvature tensor. Recall that

L.J = J" and that we can assume that both J(t) and J'(t) are perpendicular
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to £~(t). If we then define the quadratic form Q(J,J') = (J, J'), we have
20, chapter 3.3],%

LQULTY = (7 T) — (1 R( (), T (1))

dt
= (7,7 = K(/(0), T(0) |7 (6) A T(0)]* > 0.

This means that the cone {(J,J) € T(TM) : Q(J,J') > 0} is invariant
under the flow, thus the unstable vectors must belong to such a cone. Given
a point ¢ € My and (¢,p) € M, let us consider the tangent space T(q M.
Let (6q,0p) € E"(q,p) C T(p,yM. By the above discussion we have (dq, p) =
(0p,p) = 0 and that (0,0p) € E" implies dp = 0. Finally, let E<(q,p) =
span{E"(q,p), V'}, where V' = (p,0) is the vector field generating the geodesic
flow. Accordingly, if we denote the canonical projection 7 : M — M defined
by 7(¢,p) = q, we have that m, : E(q,p) — T,M is an isomorphism. Indeed,
if (6q,dp) € E*, then we can write ¢ = fp + & and dp = n, where § € R,
and (§,n) € E*. Accordingly, if d¢ = 7.(dq,dp) = 0, then 5 = 0 and £ = 0,
which in turns imply n = 0.

To conclude note that since M, is orientable, then there exists a volume
form w on Mj. But then @ = iy (7*w) is a volume form on each E", therefore
the bundle is orientable. O]

The above arguments remain true for more general flows (see [17, 16] for
a discussion of appropriate invariant cones associated to contact flows or [70]
for a slightly more general setting) but the result is false for some Anosov
flows.”® Yet, it is often possible to keep track of the orientation of an orbit
by a simple multiplicative factor as follows.

Lemma B.2. If the torsion of the first homology group of M does not contain
factors of the type Zom, then there exists a smooth function A : M xR, — R
such that, for each closed orbit T and x € T,

emA(ac,A(T)) _ 6(7’) ]

55 We let K denote the sectional curvature.
56 For example consider the map f : T? — T? defined by f(x,y) = —A(x,y) mod 1

where
1 1
)

One can then define a ceiling function 7 and the associated suspension, and clearly the
resulting flows is Anosov but the invariant distribution are non orientable.
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Moreover, Ai(-) = A(-,t) is a cocycle.

Proof. Consider the line bundle 7 : F — M such that the fiber at x € M
consists of the volume forms on E*(z). Let Fo = F \ {(z,0)}sen, i.6. we
have taken out the zero section. Hence, for each z € M, 7~ !(x) has two
connected component. Thus, for each x € M, there exists a neighborhood
Fo D U > 7'z and a continuous map F' : U — 7(U) x Zy such that, for
each z € U, po F(z) = n(x), where p(x,i) = x, and ¢(F(U)) = Zo, where
q(z,i) = i. This construction defines a double covering M,, of M. Given
a cycle v : [0,1] — M we can then consider any lift 4 to M,,. Locally ¥
will have the form (t) = (v(¢),i(t)), i € Zy. We define then the degree
map d(y) = i(0) + (1) which is well known to be a homotopy invariant.
Accordingly, d depends only on the homology class of 7. In other words
d € HY(M,Zy). We would like to show that d € H'(M,R).

Since Hy(M,Z) is finitely generated it is isomorphic to Z" @ Tor. By the
universal coefficient Theorem H;(M,R) is isomorphic to R™ while H; (M, Zs)
is isomorphic to Zj ™™ where m is the number of Z.x that are present in the
torsion part. Thus by hypothesis m = 0. Next, it is known that the closed
orbits of an Anosov map generate all Hy(M,Z), [2]. Consider a set of closed
periodic orbits I' = {~;};en that generate H;(M,Z), hence they generate
H,(M,Zs). We can thus consider a base I'y C I' of H,(M,Zs). By the above
discussion it is a base in H;(M,R) as well. We can then consider the dual
base in H'(M,R). By De Rham cohomology such a base can be represented
in terms of 1-forms. In conclusion, there exist closed 1-forms {w,},er, such

that, for each v,~" € Ty, fOAW) drw, (V) is one if v = 4/ and zero otherwise.
Finally, let

Awt) = 3 d00) [ ot (Vi)is

Note that A is an additive cocycle with respect to the flow ¢;. Moreover, if

7 is a closed orbit and x € 7, A(xz, A(7)) mod 2 = d(7). The Lemma follows

since e(1) = ™), O

In the hypothesis of the above Lemma we can define, instead of (2.9), the

operator , '
L£O(n) = em gt n. (B.1)

The study of such an operator can be carried out in complete analogy with
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what we have done in sections 4, 5, 6 (at the price of slightly heavier nota-
tion).>"

If the hypothesis of Lemma B.2 does not apply, then one can still intro-
duce an appropriate weight, but this creates some difficulties that can be
solved only by introducing a more sophisticated Banach space. The basic
idea is to consider the action of ¢; also on an orientation bundle. This would
be simple enough, but in so doing the action of the flows on such a bundle
produces a multiplicative factor proportional to the stable Jacobian. To elim-
inate such an unwanted multiplicative factor it is then necessary to consider
a transfer operator with a weight given exactly by the inverse of the stable
Jacobian.” Yet, this solution produces another problem: in general such
a weight is only Holder, hence the resulting operator does not act properly
on spaces of smooth functions, a property essential to obtain large domains
of analyticity for the zeta function. To overcome this last obstacle in the
present setting one has to change the Banach space. This can be done as in
31].

Let G be the Grassmannian of ds dimensional subspaces of the tangent
bundle. Next, consider the fiber bundle £ := {(z, E,h,w) : (z,E) € G, h €
ANT:M, we N“EY, ©: & — G given by n(z, E, h,w) = (x,E). The
fibers consist of an ¢-form times a volume form (hence an orientation) on the
subspace. We can then consider the vector space S of the C™! sections of
the bundle £. This generalizes the space Q%. Given (h,w) € S, g € QY and
Wea,c € ¥ we can then define the integral

| tame= [ (6Gu€). hGul6). B ) G

where G, = ©.' 0o G and Eg, = DG,(R@)). We can then use the above
to define the analogue of the functional J, ¢ g,,.. 0, in section (3.11) and
then construct the norms in the same way. The transfer operator is then the
canonical action of the flow on S with a weight given by the Jacobian of the
flow restricted to the element of the Grassmanian. Note that one obtains an
operator of the type considered in [31, equation (3.1)]. Accordingly, all the
present arguments can be repeated in complete analogy, although one must

57 The computations are essentially the same. In Section 4, 6, 7 one obtains the same
bounds for the spectrum, while in Section 5 keeping track of the cocycle yields the required
factor €(7).

58 The interested reader can consult Fried [27, Section 6] for a thorough explanation.
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compute in the more sophisticated way explained in [31].%

As the present paper is already quite technical, we decided not to go into
such a more sophisticated construction as, on the one hand, it does not add
any new idea, and on the other it would make the presentation much harder
to follow. Nevertheless, all the results presented here can be generalized by
using such an approach.

C Topological Entropy and volume growth

It is well known that there is a relation between asymptotic volume growth of
manifolds and the topological entropy (see [77, 29, 50] and references therein).
Unfortunately, here we need a uniform upper and lower bound for all times.
We are not aware of such bounds for flows in the literature. For Axiom A
diffeomorphisms they can be obtained in great generality from the results in
[31].99 Tt is clear that applying the same strategy to the present setting of
flows similar results can be obtained. Yet, since we are interested only in
the topological entropy and not in an arbitrary potential, a more elementary
approach is available.

Let us proceed in slightly greater generality than needed, since it can
be done at no extra cost. Let M be a Riemannian manifold and (M, f) a
partially hyperbolic diffeomorphism. Call E*, E*, E€ the stable, unstable and
central distribution respectively. Let d, be the dimension of E*.

Assume that, for each n € N, || Df"|ge|| + [|Df 7" 5| < Cg.

A set S C M is called (e,n)-separated if for each z,y € S we have that
dsn(z,y) > € where dys,(x,y) = maxo<p<n d(f*(z), fF(y)). Let S(f,e,n) be
the set of all (¢, n)-separated sets. We then define N(f,e,n) = sup #5.

SeS(f.em)
It is well known that, [39],
In N(f,e,n)
h = lim lim ———~~—">—.
mp(f) e—=+0n—o00 n
5 To be precise, in [31] there are no f-forms, but the point of the present paper is

exactly that functions and /-forms can be handled by essentially the same computations
once the proper machinery has been set up.

60Indeed, in [31] it is shown in particular that, given a mixing Axiom A diffeomor-
phism (M, f), the spectral radius of a transfer operator with potential ¢ satisfies, for each

manifold W € X, C#ep(‘z)" < ‘fW eXhZo éofk‘ < C#ep(";)", where P(q@) is the pressure
associated to the potential, see [31, equations (3.3), (4.10), Lemma 4.7, Theorem 5.1.].
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Moreover since if ¢’ > ¢, then N(f,e,n) > N(f,&',n). Thus, for each 6 > 0,

InN(f,o
heop(f) > lim 2VU201), (1)
n—o00 n
Fix § > 0 and let 3 be the set of all O, d,-dimensional manifolds of
radius 0 and tangent space close to E*®. Let us define

pr = sup vol(f"W)  ; p, = inf vol(f"W).
wes wex

Lemma C.1. For all n,m € N,

P = Copr Py P < Cupil pif.

In addition, if f is topologically transitive,
P < Cyupy, .

Proof. To prove the first equation consider f"(W) and chose a set W, =
{W;} € ¥ such that W; C f"(W), W; N W; = (0 and the cardinality of W, is
maximal. Then #W,, > Cyx vol(f"(W)). Thus

vol(f™ (W) = Y vol(f™ (W) = Cypy piy
W’'eWn,

and the result follows taking the inf on W. The second inequality is proven
similarly by taking a minimal cover of f™(W).

Let us prove the last inequality. By topological transitivity for each ¢ > 0
there exists n. € N such that given any two ball B, B” of radius ¢, there exists
n < n. such that f*(B)N B' # 0.5 Let n = ns.

Next, for each n € N there exists W, € 3 such that vol(f""(W,)) >
%p;f_ﬁ. Let x € W,, and B an open ball centered at = and of radius ¢ for
some fixed ¢ € (0,1) to be chosen later. Given any W € $ let z € W and

B’ a ball of radius ¢d centered at z. By the above arguments there exists
m < 7, such that f™(B’) N B # (. Given that the stable and unstable

61 Take S € S(f,0,e/4) with maximal cardinality. Then U,egB(x,e) D M, where
B(z,¢e) is a ball (in the Riemannian metric) or radius € and center . Then for each
x,y € S there exists ny, € N such that f"=v(B(z,e/4)) N B(y,e/4) # 0. The claim
follows since any ball B of radius ¢ must contain a point z € S such that B(z,e/4) C B.
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manifolds are uniformly transversal, it is possible to choose ¢ such that, for
each point iny € W,,, W (y)N f™W # (.5 By the hypothesis on the central
bundle it follows that the point related by the holonomy will never have a

distance larger than ¢ in the future, then vol(f*(W,,)) < Cy vol(f*m(W)).
Accordingly

vol(f"(W)) = Cyvol(f" (W) = Cypu_s = Cpy,
and the result follows again by taking the inf on the W. n

Lemma C.2. If (M, f) is topologically transitive, then, for each n € N,
>0,
Copy < N(f,6,n) < Cepyr.

Proof. Let W € S and consider a e separated set S, on f"(W).% Since
the manifold contracts backward, points that are far away in f™(W) but
close in M will separate backward. Thus f=S, € S(f,e,n). Since #5S5,, >
Cy vol(f™(W)), it follows that N(f,e,n) > C.p;.

To prove the second inequality we use the notation introduced in the
proof of Lemma C.1. Fix W € X. Let S € §(f,e,n) be a set with maximal
cardinality. Cover M with balls of radius ce. By transitivity, for each ball
B there exists a time np < 1 such that f"*W N B # 0. Let W C f"BW,
Wp € ¥ be a manifold that intersects the ball B and project all the point
in SN B to Wg via the weak unstable holonomy. If we consider the images
of such points we note that two points can be (¢,n) separated only if their
corresponding points on Wg are (Cye, n) separated. Finally, note again that
the (Cye,n) separated points on Wp must have a distance larger that Cue
in the manifold f™*(Wpg). Thus there can be at most C. vol(f"(Wp)) such
points. Accordingly,

N(f,e,n) < ) Covol(f*2 (W) < Cep.
B

Using the above results the required bound follows.

62 By W¢U(y) we mean a disk of radius § in the weak unstable manifold.
63 That is the distance among the points is larger than ¢ when measured on the manifold

fr(w).
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Lemma C.3. If (M, f) is topologically transitive, then for alln € N we have
ehm?’(f)n S p: S C#ehmp(f)n
Proof. By Lemmata C.2, C.1
+ +
In N(f,e,kn) < InC.p;, < In C;, n lnpn.
kn - kn T kn n

Taking first the limit for £ — oo and then the limit ¢ — 0, the first inequality
of the Lemma follows.

By Lemma C.1, it follows that p;f,,, > Cupilph. Then pf > CL(p))"
and

In p;. In N
InCyp] < m lim 2lin <y piy N0 R0)
n

k—oo km k—o0

S nhtop(¢1)

where we have used Lemma C.2 and equation (C.1). O

Remark C.4. Note that if f is the time one map of a hyperbolic flow, then
by the spectral decomposition Theorem [17, Section 1.1], the manifold can
be decomposed into finitely many isolated topologically transitive sets. Hence
applying Lemma C.3 to each isolating neighborhood we obtain C#ehtop(¢1)" <
pi < Cyelor@In for each Anosov flow.

D Averaging operators

The following operators are used extensively in this paper.

Definition D.1. Let k € C*°(R% Ry) such that [k(z)dx = 1, supp k C
{x € RY ¢ 2| < 1} and let k(z) = e %%(e ). For each a € A,
0 €{0,....d}, let U € C(R*, GL((9),R)) with supp ¥ C By(0,25)%. We
define’* the operator M, ¢ . : QL — QF by

0 if v & U,
Mo, (h)(x) = Zi,jezg [fRd N4 @a@)ay)i,j’%(@a(@ )
X<wo¢,37 h>@;1(y)dy] woz,g fo € Ua-

64 Obviously our definition depends on the choice of the function &, and in the future
some special choice of k£ will be made. However, we choose not to explicitly show the
dependence as a subscript to simplify the notation.
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Given the particular choice U(x,y);; = 1a(0,(x))d;; we define
M=) M,.=> M,g..

Lastly, given the duality induced by (3.4), we define the operators M, ., ML,
as those such that for all h,g € QF we have®

<Mla,sh7 g>Q£ = <h‘7MOé,Eg>Q£ and <M{5hag>9£ = <h7MEg>Q£

Lemma D.2. There exists ¢¢ > 0 such that, for each ¢ € (0,e9), ¢ €

{1,...,d}, ¢>0,pe N* and h € Qﬁﬂ, we can bound

||MshHap,q,€ + HMlehHap,q,Z < Cp,q,n”hHJﬁp,q,@a
||Mah||CP(Q,M) + HMlsh“CP(QM) < Cp,qﬁg_ds_p_thH—,p7q,fa
Hh - Msh”*,pfl,qﬂ,@ + ||h - Mlsth,pfl,qul,e < Cp,q,HEHhHJﬁp,q,@-

Proof. We will give a proof only for the operator M., the proof for M. being
similar. To prove the first inequality we begin by estimating the integral in
(3.11) for the case p = 0. First of all note that, for each o, 5 € A, Ws¢ €
Yo(p Lo) and ¥, if

/ <ga Ma,\ll,eh>wvol # O; (Dl)
Wﬁ,G

then Wz o N l/]\a # (). Thus there exists W, ¢ € X4 (p4, L) such that Ws N
Uy, C Wy (see Remark 3.5). On the other hand, by Definition D.1, the
integrand is supported in U,, thus

/ (9, Ma,\ll,eh>wvol - / <g’ Ma,\ll,sh>wvol-
Wﬁ’G

W, o

(o3}

Thus, it suffices to compute

I o Maet) = Y / e | ayu(Car€) )

Gy EJEIZ s 0,25) R4

X 0ai© 05" 0 Gup(§)hajo 0, (y)ke(Gup(§) — y),

65 By the duality relation M’ is then also defined on currents. In addition, note that
Mo 0§, UM, Qf . C Qf ,.
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where h,;(2) = (h,wa 7). and g,7(2) = (g,wa;)- for each z € U,.

Next, we keep & € By, (0,20) fixed and we consider the change of variables
¢ = G, r(§) —y. By Fubini-Tonelli theorem and the definition of G, p we
can exchange the integrals and obtain

/Wa (9, Moy h)wel = Y /Rd dCRs(o/Bd§qj(G%F(Ova—c,F(O)i,j

G P 1,j€L, a5 (0,20)

X 00700, 0 Gy p(€) hajo O 0 Guoe p(§).
(D.2)

Now given our admissible test function g and a leaf W, g, .., we can define
admissible elements g¢ ¢ and WQ,GICYF, as follows. Let ¢ = 2 — (, g v ©

0, (2) = > V(2+(, 2)7790: 005 (2 + () and gcw = D5 ¢ w,iWaj, SO that

Z U(Gar(€), Goeg,r(§))ij9ai © 0,0 Gor(§) = gewjo 0,0 GCL‘C,F(&-)‘

Jo

Note that, since the cones are constant in the charts, G, r € X(p, Ly) for

each ¢ small enough. Since, l|g§7‘1’|lFﬁ’q(a,GzC,F) < Coll¥leallgllpertag g, ») we

(oMo o = [ A0 [ togu . (D

7Gx,F‘ vaC,F

have
Mo, hl| - 0.4 < Coll¥[callAl]+04-

The first inequality of the Lemma, for p = 0, follows.

Next we treat the case p > 0. Let v € CPT9. We need to compute
L,M, v .. To doso note that L,(w,;) = 23 pi;(v)w, ;. Moreover by equation
(A.6) there exists W such that we have L,(V(04(2),v))i; = Vi, (Oa(x),y))i;-
Next, we deal with L, (k.(04(z) —y)) using integration by parts with respect
to y. Lastly, we apply (A.5) to L,{waj, h>®;1(y).

By using all the remarks above, we obtain that there exists vectors
w1 (v), ..., w(v) € CPT, and functions ¥,,, ¥, 1, ..., ¥, such that ||V, | crre1+
Yoy llerta < Cyllt)||cr+a and for which we have

LMawch=Mag,ch+ Y Moy, (Luh). (D.4)
l
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By iterating the above equality, using the previous bound for p = 0 and
equation (3.14), we obtain the first inequality of the Lemma.
To prove the second inequality, given definition (3.9), we must evaluate

<Wa,i7Ma,eh>@a—1(z) = 1y © @;1<2) |:/R KJE(’Z - y) <w0¢5’ h>@El(y)dy

d

= / dyds+l s dyd/ <g£,z,y7 h>wvol'
Rdu+1 %%

a’G(Ovde+1 ----- Yq),0

(D.5)

where ga,z,y,i © @(;1(6) = 'l/]a o @;1(Z)HE(Z - (€7yds+17 S 7yd)) and Jezy =
Ge.2yiWajz- Then, differentiating (D.5) with respect to z and integrating by
parts yields the desired result since ||ge . y|lperre < Cye™79

Finally note that by construction

lim[M, g h](x) = V(O (x), Ou(z))h(z) = U, (x)h(z).

e—0

Thus, by (D.4), we have that lim._,o L,M, v -l exists. On the other hand,
for all g € C", we have (see (4.23))

o~

lim [ gL,M,y.hw=lim(—1)* / M, ¢ hd(i,(gw)) = / gL, [U,h].
M M M

e—0 e—0

Thus, R
hH(l) LM, y.h = L,[V,h] (D.6)
E—r

Hence, by (D.3) and the explicit representation of (D.2), we can write

/W Wyol [(g, T h) — <97Ma7@’6h>}

7G1‘,F

1
d
:/d{/ig(()/o dt% /Waf:vol(gtg,\lfah) (D.7)
) th,F

1
= /dCK/E(C)/ dt/ Wvol(Qt(,\Ila ngh> - Z(gtg’,‘lla ha,vagwa,z>
0 Wa’thCvF

where v, = —(0;1).¢. The last inequality, for p = 0, follows since [[v¢||cr+a <

Cye. To obtain the result for p > 0, one can use (D.4) and (D.6) repeatedly.
[l
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The above Lemma has a useful corollary.

Corollary D.3. Both M. and M. extend to operators in L(B2*, B*") and
LB (B2, In addition, if h € B, then

li_{% Hh - Msth,p,q,é + Hh - Mlahl‘f,p,qﬁ =0. (D'8>

Proof. By definition, there exists a sequence {h,} C QF that converges to h
in BY*. Hence

||h - Msh”—,p,q! < ”h - hn”—,nq,ﬂ + th - Mehn”—,pﬂ,f + HMa(hn - h)“—,p,ql
< C#Hh - hn‘|+,p,q,€ + C#€th|!+,p+1,q71,e

implies the result. 0

Remark D.4. The loss related to the = norms is due to the need of viewing
a manifold of ¥, in a different chart. If we would consider a ¥ supported
in U, and be interested only in the semi-norms arising from ¥, such a loss
would disappear.

E Holonomies

Here we recall some known facts concerning the invariant foliations of an
Anosov flow and prove some useful estimates. Concerning the issue of regu-
larity, more details can be found in [32, 33, 34].

The strong unstable foliation can be locally trivialized by a change of
coordinates of the form H(§,n) = (H(&,7n),n), n € Ba,(0,0), £ € Bq,+1(0,9),
such that for each &, {H(&,n)}yes,, (0,6 is a strong unstable manifold. In
addition, without loss of generality, we can require that H(0,7) = 0 and
H(&,0) = £ The results on the regularity of the foliation can be summa-
rized by considering the map H : By 1(0,6) — C°Bg,(0,6), R%+1) de-
fined by [H(£)](-) = H(&,-). Then H has range in C"(By, (0,4), R%*!) and
Hﬁ["Cw(3d5+1(0’5)7Cr(3du(075)’Rd5+1)) < Cyx. Moreover for each 7, the function
H (-, n) is absolutely continuous and has Jacobian JH (£, 7). Again, we can de-
fine JH : By, 11(0,6) = C°(By,(0,6),R) by [JH(&)](-) = JH(E, ). Then JH
has range in CT(Bdu (07 5),R) and ||JH”CW*(Bd5+1(035)7cr(3du(075)7R)) < C#%

66 See [341] and referencess therein for the proofs of these statements.
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In this paper the holonomies are often used as follows: given Wy, Wy € 3
and z,y € W1 estimate d(Hy, i, (2), Hp, 7, (y)).°" Although it is clear how
to proceed, we give the details for the benefit of the lazy reader.

Note that, without loss of generality we can assume that © = 0, y = (a,0)

and Hy, ,(0) = (0, 2), Wy = {(€, 0)}¢eras+1. Then W, will have the form
{(&, 24+ G(£)), G(0) =0, and ||D:G|| < 2. Also let H~17~2( 0) = (&,n),

Lemma E.1. We have that
1&m) = (@ ) < C [lal Iz + [12:Glleolal] | (E.1)
Proof. The intersection point (£, n) satisfies (£,n) = (H(a,n), 24+G(§)). Thus

{—a=H(a,n)— H(a,0)
=H(a,z+G()) — H(a,z+ G(a)) + H(a,z + G(a)) — H(a,0)
= A —a)+ H(a,z+ G(a)) — H(a,0).

where the last line is an application of the intermediate value theorem and

AN < 19, H (a, )leo [10Gllco < Cyllal|™ [9¢Gllco. Then
lé=all < [[(1=A)""(H (a, 2+G(a))=H(a,0))|| < Cyllal|™ (||l +]8Gllcollal).
Analogously,
n—z=G(H(a,n)) - G(H(a,2)) + G(H(a, 2)) = Ai(n — 2) + G(H(a, 2)),
where | Ay(n)]| < 9 Glcs 10, H(a.)|eo < Cylall |06G ] co. Thus
In — 2| < I = A1) "' G(H (a, 2)|| < Cyll9Clleo(llall + all™[|=]])-
[

Next, we need a small improvement of [13, Lemma B.7]. We use the same
notation established before (7.27), a part form the fact that the points &, ¢
are fixed to some value &,, (,.

Lemma E.2. For &,, (. € By,+1(0,6) and A* as in (7.26) we have that

A" (€ + G) = A%(&) = dao(2(&), GO SCrU=IPICA™ + 1217 16017)
+ Cyll2 = IG =

67 Remember that W = Userpe W, for some appropriate interval 1.
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Proof. We use the same coordinates defined before Lemma E.1 with W = W,

W' = Wsy; so that &, =0, (, = (C 0).5 Thus W is a flat manifold and W is

the graph of (&, G(€)), where £ = (€1,...£4.), 441 being the flow direction.

Also W = {(&,0)} while W’ is the graph of (£, G(€), L(€)) with L(0) = 0,

G(0) = z = 2%(&,). Let H(£ 77) (Hy(€,m), Ho(&,m)), Hy : RY — RE) - Hy
¢,

R? — R, and {(1.(¢), 1:(C), Io(¢))} = {H(C, n)yeran } N {(E, G(€))gerastr }-
Then A*(&, + ) — A*(&,) = Ip(¢) — L(I,(C)). Define = : [0,1]2 — R? by

E(t,s) = (sH (¢, 11,(0)), 1G(sL(Q)), s[Ho((, t1u(Q) — t1o(Q)] + tL(sL,(C)))

and set Z([0,1]*) = X. From [13, equations (B.4), (B.5)] it follows that
Io($) — L(I1,(C)) equals the integral of the symplectic form over 3, hence

A" (& + C) — A" (&) = / doy = / Zdag = / dag (052, 0,2) dtds
> [0,1]2 [0,1]2

B /[01]2<H8(§’ t1,(0)), G(sL(C))) — ts(0eG (sI,(0) (), 0y Ho(C, t1.(C)) Lu(0))
= (.2 + O (W= NN + 1SN 120 + 0= N I )

Since, by Lemma E.1, |1, — 2| + |1, — {|| < C (217 <]l + IIZIIC][F), the
Lemma follows. O
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