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1. Introduction. Let (42, F, P) be a probability space and (Fn) an
increasing sequence of sub-σ-fields of F. A martingale in the limit is
an adapted sequence of integrable random variables such that

\imsuV\Xn-E[Xm\Fn]\=O a.s.
n-*oo m>n

Mucci [7], who introduced martingales in the limit, has proved that U-
bounded martingales in the limit converge a.s., thus extending the Doob
martingale convergence theorem. Edgar and Sucheston [6] showed that
"several crucial properties possessed by amarts fail for martingales in
the limit, namely: the maximal inequality, Riesz decomposition, optional
stopping theorem, optional sampling theorem". Recently Bellow and
Dvoretzky [1] added another one to this negative list, i.e., the set of
^-bounded martingales in the limit is not a vector lattice. In the present
note we show a convergence theorem of martingales in the limit, which
is suggested by Chow's submartingale convergence theorem [2].

2. Convergence theorem. A stopping time is a random variable
τ assuming positive integer values and the value + °o, such that (τ = n)e
Fn for each n. The collection of all stopping times is denoted by T.
Chow [2, Th. 3] showed that if {Xn, Fn, n ^ 1} is a submartingale such that

S X+ < oo for every τ e T, then lim^*, Xn exists a.s. We establish
(Γ<oo)

an analogous result for martingales in the limit.

THEOREM. Let {Xny Fn, n ^ 1} be a martingale in the limit such that

S X+ < co for every τeT. Then lim^ooX,, exists and > — oo a.s.

PROOF. Suppose that P(lim Xn exists) < 1. Put V = {lim sup Xn >
a > b > liminf Xn}. Then P(F) > 0 for some a > b. Without loss of
generality we may and do assume that a=l and 6 = 0. Let ε>0. By the
definition of martingales in the limit there exists an integer rλ such that
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P( Π jsup \Xn - E[Xk I Fn] [ < I/4)) > 1 - ε/8 .

Because F c {Km sup Xre > 1}, we can find an integer m1 > rx such that

p(v-\J{Xn>l})<ε/8.

P u t Kn = {Xn > 1, s u P j f c > κ I Xn - E[Xk \Fn]\< 1/4}. T h e n

Λ = U Kk 6 Fmi , P(V- A,) < 6/4 .

P u t Jπ = {Xn < 0, s u p 4 > π I Xn - E[Xk \Fn]\< 1/4} A , . Then in a similar
manner we can find an integer n^ > w,! such that

Let

( c A,) 6 Fni , P(VA1 - BJ < ε/4 .

min {k: ω e Kk) on Ax ,

mι on Ω — Ax

^ on β — A f

σ2 = jmin {Λ: ω e J f c on

on

Then σ:, σ2 6 T, σx ^ σ2 ^ nλ and Ax e F σ i , so

\ E[Znι\Fβt] = \ E[Xni\Fσi].
JAγ J A 1

Thus we have

A1-B1

xnι + \ xβ.

E[Xnι\Fa2]+\ {E[XH\Fa2]-l/4}
Bi J Bι

σi - 1/4) -

- P(V - VAJ - P(VA1 - VB,) ̂  P(V) - e/2 .

By induction, for given nt_u B(_ιt there exist m{, nt (n^ < m4 < n{), Ait

Bt (B^DipBt, A, e jr^, ^ 6 F n i ) such that



CONVERGENCE THEOREM OF MARTINGALES 557

P(VBt) ^ PiVB^) - ε-2-* ̂  P(V) - ε-2"1 - - e-2-* ^ P(V) - ε .

Put τ = tit on At — B t (i = 1, 2, •)> and r = oo elsewhere. Then r e T.
Take ε such that 0 < e < P ( F ) . Then

x+ - Σ ί x:t ^ (1/2) Σ P(At) ^ (1/2) Σ P( VBt) = oo .

This contradicts the assumption, and we proved that lim Xn exists a.s.
Now put V = {limXn = -°°} and suppose that P(V) = d > 0. Note

that E\Xn\ < oo for each n. Then, for ε > 0 there exist MΛ > 1, mu n^
(m!<»i) such that

P(V- A,) < e/4 , PiVA, - BJ < e/4 ,

where A, = {Xmi > -M, + 1, sup*>mi | Xmi - E[Xk | Fmι] | < 1} e J ^ and B, =
{Xπi < - ( 4 / W Λ e F , . This yields

^ ( (XM1 - 1) - ί Xni ^ -M.PiA,) +

- e/2 .

By induction, for given n^ and B^ e FB <_ t, there exist M.t > 1, »4 > mt >
»4_lf Λ , β € ( £ < _ ! D i , D β i ( A,eFm t, Bt e F I , ) such that

t Xni ^ MA-PiA,) + (4/δ)P(J54)} ,

P(FB 4) ^ PCFBLX) - β 2-« ^ δ - ε .

Let ε = δ/2. Then P(B4) ̂  P(Fΰ 4 ) ^ δ/2, so

Put r = »i on 4j - B{ (ί = 1, 2, •), and r = oo elsewhere. Then τeT
and

J(Γ<c») i

This contradicts the assumption. q.e.d.

COROLLARY. Let {Xn, Fn, n^l} be a martingale in the limit such that

1 |XΓ| < oo for every τeT. Then lim^ooJS^ exists and is finite a.s.
J(r<oo)

With a little change in the proof, one can see that Theorem is true
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also for submartingales. The following example shows that neither
E[(lim Xn)~] < oo nor lim Xn < oo a.s. is in general true in Theorem even
for martingales.

E X A M P L E 1 . L e t Ω = Ao^> A^A,^ •••, A m = Γ\nii0 A n , P{An) = an,
Xn = Σ L i » * I ( A » _ i - A k ) + xJ(An), a n d Fπ = σ{Xu ••-, X n ) . P u t an =
2"1 + 2—1, xn = n, yn = - 2 " + n - 2. Then {Xn, Fn, n ^ 1} is a martin-
gale, and E[(lim Xn)~] = oo, P(\imXn= oo) = P(A^) = 1/2. Let r e Γ such

that ( Xt > 0. Then ( Xί > 0 for some n. But (r = « ) D i , in this
J(r<oo) J ( r = 7i)

case, because {Xt > 0) = An is an atom of Fn. Thus

ί xί ^ \ xi + \ (xtAn + xtvn) = \ χ:
J(r<oo) jAn JΩ-Λn jAn

ί < co .

By Corollary we see that if {Xn, Fn, n ^ 1} is a martingale such that

I I Xr I < co for every τ e Γ, then lim Xn exists and is finite a.s. Because
J(r<oo)

any ^-bounded martingale satisfies this condition (see, for example,
Neveu [8, p. 76]) and vice versa (Dubins and Freedman [4], Chow [3]),
Theorem gives an independent proof of the Doob convergence theorem.
For martingales in the limit these conditions are not equivalent, as one
can see in the following example.

EXAMPLE 2. In Example 1, put an = 2~n, yn = 0 and xn = 2\ Then
{Xnj F,n^ϊ\ is a martingale in the limit such that E \ Xn \ — 1 for all

n. But for τ = Σϊ=i n I(An - An+1) 6 Γ, we have j ( r < o o )!XI = ΣϊU »«•
2-71"1 = co. Now put α. = 2~n, yn = 0 and αra = ^ 2n. Then {Xn, jPn, w ̂  1}
is a martingale in the limit (and a submartingale) such that supn E\Xn\ =
co. The same reasoning as in Example 1 shows that I |XΓ| < co for

J(r<w>

every τ e T.
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