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Antenna-Array Network Model
Supun De Silva, Michal Okoniewski, Fellow, IEEE, and Leonid Belostotski, Senior Member, IEEE

Abstract—An antenna can be modeled as a two-port network
using S-parameters. However, having individual antenna S-
parameters is not sufficient for modeling an array of antennas as
antennas exhibit mutual coupling. This article proposes a network
model to represent an antenna array with mutual coupling. Using
the proposed model, an N -element antenna array is modeled as a
combination of two-port networks representing each element and
an N -port network representing mutual coupling. Two techniques
to calculate mutual coupling S-parameters are presented: a
primary method using numerical solutions and an approximate
method using approximate expressions. The proposed model was
validated using four monopole arrays having different inter-
element spacings, the number of elements, and non-identical
antennas.

Index Terms—Antenna array, mutual coupling, S-parameters,
radiation efficiency

I. INTRODUCTION

ANTENNA arrays are widely used across many fields:
from radars [1]–[4] to mobile communication systems

[5]–[10] to radio astronomy [11]–[15]. They offer many ad-
vantages over single antennas: high gain, high directivity, and
the capability to steer the beam [16], [17]. However, arrays
are more complex and more difficult to design due to mutual
coupling than individual antennas [18].

Mutual coupling, due to the interchange of energy between
array elements [16], alters the intended performance (e.g.,
the radiation pattern, beamwidth, input impedance, gain, and
directivity) of each antenna element [19]–[21] and needs to be
taken into account during array design. In addition it has been
shown that mutual coupling affects array noise temperature
[22]–[26]. This effect of mutual coupling on array noise
performance has motivated this work. The discussions in this
work do not deal with modeling the array beam pattern and it
is assumed that the array is designed to meet its array-pattern
requirements.

As was shown in [22]–[25], if the front-end amplifier, i.e.
the low-noise amplifier (LNA), of a receiving antenna array is
designed such that its optimum reflection coefficient for mini-
mum noise, Γopt, equals the antenna-array optimum reflection
coefficient, Γact, then the array noise is minimized. While
Γopt can be measured [27], [28], Γact is calculated based
on the array electrical parameter and beamformer coefficients.
The electrical parameters (e.g., S-parameters) in this case are
associated with the physically accessible ports only. This type
of modeling the array is not conducive to co-simulations with
LNAs. Since the input signal arrives to the array from free
space, there is a need for a “free-space” port to supply the
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Fig. 1. Array modeling (a) conventional and (b) proposed.

input signal to the array so that in a circuit simulator a true co-
design of the array and the active circuitry can be conducted.
If such a model could be created and measured, then antenna
arrays and LNAs could be fully co-designed. Fig. 1 shows the
difference between the current way of modeling arrays and the
proposed way. The beamformers in Fig. 1 are used to steer
the array beams by scaling and combining individual antenna
outputs. As such beamformers do not affect the antenna-array
network model, they are not discussed in this work.

While much of the literature has been devoted to modeling
antenna arrays using electrical parameters, e.g., Z-parameters
or S-parameters, associated only with the physically accessible
ports of the array [16], [17], [29]–[32], antenna arrays have
also been analyzed as multi-port structures with some of the
ports representing the radiated field patterns [33]. In this work
we are interested in modeling and measuring an antenna array
as an 2N port network with N ports associated with each
of the N antennas and the other N ports representing the
dominant far-field pattern that is associated with the dominant
plane wave received by the array. If there are other modes
generated by the antenna, but they are not associated to the
incoming plane wave, they appear as antenna loss.

In addition to the possibility of co-designing receivers and
antenna arrays, other properties of antenna arrays can be
obtained with such a network. These include the radiation ef-
ficiency and its dependence on different excitations, matching-
network design with non-foster or passive components [34],
array feed-network optimization, and even matching of the
array to free space and its dependence on antenna design and
termination.

Current literature supports modeling a single antenna us-
ing a two-port network S-parameters, which is explained in
Section II. However, currently there seems to be no published
work, apart from the authors’ short explorations on this subject
[35], [36], available on the network representation of an
antenna array, which include all ports: physically accessible
ports and the ports associated with the free space. This article
attempts to fill this research gap.

II. TWO-PORT NETWORK REPRESENTATION OF AN
ANTENNA

Fig. 2(a) presents an antenna and shows two of its ports.
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Fig. 2. (a) Single antenna represented with two-ports. (b) Two-port network
representation of an antenna with the free-space impedance at Port 2
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Fig. 3. (a) Two port representation and (b) signal-flow graph of an antenna
modeled as a two-port network.

Port 1 is the conventional physically accessible port with
the characteristic impedance Z0 that connects antenna to a
coaxial cable. Port 2 is a port referred to the free-space
location where radiated waveform is considered a plane wave.
The antenna in Fig. 2(a) can be represented as in Fig. 2(b)
using a lumped frequency-dependent model of its dissipative
loss resistance (Rl), reactance (Xa), and radiation resistance
(Rr) according to Thevenin’s equivalent [16]. As the power
delivered to the radiation resistance of an antenna represents
the power delivered to the free space [34], an ideal transformer
models impedance transformation from Rr to the free space
impedance (Zfs) [34]. With two ports defined, the standard
two-port electrical parameters can be assigned to such an
antenna by replacing the region marked by a dashed rectangle
in Fig. 2(b) by a two-port network, for example, modeled with
S-parameters as in Fig. 3(a).

For such a model, S21 represents the power transfer from
the connecting end of the cable to the radiation resistance
and the free space in transmit mode. When the antenna is
in receiving mode, S12 denotes the power transfer through
the antenna from free space to the radiation resistance and
ultimately to Port 1. S22 denotes the back reflection occurring
when the power is delivered from the radiation resistance in
receiving mode. S11 is the reflection coefficient of Port 1 and
is the only parameter readily measurable with a vector network
analyzer (VNA). Due to reciprocity [17], S21 = S12, which
was used throughout this article.

Fig. 3(b) presents the signal-flow graph of an antenna
modeled as a two-port network. The free space impedance Zfs

is modeled with Γl = 0 as it represents a matched termination
[37]. It should also be noted that Port 1 and Port 2 have
different characteristic impedances.

With the two-port network of an antenna as described,
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Fig. 4. Schematic diagram of an N -element antenna array.

its two-port S-parameter can be measured by either of the
following three methods:

• if the radiation efficiency of an antenna is known or
readily available, the method presented by Aberle in [34]
can be used.

• if the radiation efficiency of an electrically small antenna
is unknown, the radiation efficiency can be calculated
using the IWC method presented by Johnston et al. in
[37]. Subsequently, the two-port S-parameters can be
determined by the method presented by Aberle in [34].

• if the radiation efficiency of an electrically small antenna
is unknown and it radiates spherical waves, two-port S-
parameters can be determined by SWC method presented
by Thal in [38] and [39], [40].

In this work, the last of the three approaches is used.

III. REPRESENTATION OF MUTUAL COUPLING AS A
MULTI-PORT DEVICE

This article proposes to model a passive, linear antenna
array using a combination of two-port antenna networks and a
multi-port free-space-referred mutual-coupling network, which
aggregates all coupling modes. S-parameters of the multi-port
model are denoted as SMu. The number of ports of the multi-
port network equals to the number of antenna elements of the
array. Fig. 4 presents the schematic diagram of the N -element
antenna array, where its signal-flow graph is presented in Fig.
5.

The following two sections discuss two proposed methods
of determining the elements of SMu matrix: a method termed
“Primary,” which does not introduce any simplifying assump-
tions, and a method termed “Approximate,” which simplifies
expressions by neglecting re-scattering of S22 of neighboring
antennas and permits analytical solution for SMu.
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Fig. 5. Signal-flow graph of an N -element antenna array. The wave
transmitted to the free space for antenna i is associated with node bN+i and
the incident wave aN+i from the free space arrives to node aN+i. Mutual
coupling is modeled by travelling waves flowing from node bN+i to node
a2N+i and from node b2N+i to node aN+i.

A. Primary Method of finding SMu

Since mutual coupling occurs through the free space in near
and far fields and cannot be measured directly as the ports of
the modeled muti-port network are not physically accessible
by a VNA, the elements of SMu have to be calculated from
results of other measurements. Here, the antenna S-parameters
are measured as in Section II and a VNA is used to measure
S-parameters SVNA of the physically accessible ports 1 to N ,
which relate to the traveling waves ai and bj in Fig. 5 by [41]

SVNA,ii =
bi
ai

∣∣∣∣
ax=0 for x6=i, aN+1...2N=0

(1)

and

SVNA,ij =
bi
aj

∣∣∣∣
ax=0 for x6=j, aN+1...2N=0

, (2)

where x, i, j ∈ N and 1 ≤ x, i, j ≤ N .
There exists N2 (less due to reciprocity) of S-parameter

measurements that can be derived according to (1) and (2)
using a VNA. As each port is exited by ai, the portion of ai
is delivered to the free-space ports and a portion propagates
through the network in Fig. 5 to a measurement port. We then
use the measured 2-port S-parameters of each antenna (see
Section II) and the measured matrix SVNA and (1) and (2)
to solve for the elements of SMu using numerical methods.
Examples of using this methods for arrays of two antennas
was presented by the authors in [35], [36] and briefly discussed
next.

Calculation of SPri
Mu for a 2-Antenna Array: For a 2-

antenna array, represented with networks in Fig. 6, the node
expressions are
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Fig. 6. (a) Schematic and (b) signal-flow graph of a 2-antenna array.

b1 = S1,11a1 + S1,21a3, (3a)
b2 = S2,21a4 + S2,11a2, (3b)
b3 = S1,22a3 + S1,21a1, (3c)
b4 = S2,22a4 + S2,21a2, (3d)
b5 = SMu,11a5 + SMu,12a6, (3e)
b6 = SMu,21a5 + SMu,22a6 (3f)
a3 = b5, a4 = b6 (3g)
a5 = b3, a6 = b4. (3h)

where aN+i, 1 ≤ i ≤ N , are set to zero since there
are no incident waves to the free-space ports during VNA
measurements.

These expressions are solved for b1,...,6 in terms of a1,2,
known S-parameters of each array antenna and unknown
SMu. In this work, ’solve’ function in MATLAB was used to
perform the computation [42]. Then, expressions for SVNA,11,
SVNA,22, SVNA,12, and SVNA,21 as defined in (1) and (2) are
obtained and equated to the VNA measurements of the same.
At that stage, the only unknowns are the elements of SMu,
which are found in MATLAB using the function ‘fsolve’ [43].

B. Approximate Method of finding SMu

The method of finding SMu explained in Section III-A
applies for large arrays but becomes computationally involved.
However, it can be simplified without introducing significant
errors as is shown in Section V with measurement results.

To simplify the signal-flow graph and the subsequent calcu-
lations, reflections of Sx,22 where x 6= i are neglected, thereby
assuming that the energy re-scattered from other antennas is
approximately zero. Then (1) and (2) become

SVNA,ii ≈ S̃ii =
bi
ai

∣∣∣∣ ax = 0, Sx,22 ≈ 0 for x 6= i
aN+1...2N = 0

, (4)

SVNA,ij ≈ S̃ij =
bi
aj

∣∣∣∣ ax = 0, Sy,22 ≈ 0 for x 6= j & y 6= i, j
aN+1...2N = 0

,

(5)

where x, y, i, j ∈ Z and 1 ≤ x, y, i, j ≤ N . This simplification
avoids signal-flow paths created due to multiple re-scattering
from other antennas, which typically are very low in strength.
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Thus, the approximation is not expected to significantly impact
the numerical solution but significantly reduces the complexity
of the signal-flow graph. The rest of the method is the same
as in Section III-A and results in SApp

Mu . However, using
mathematical induction, approximate expressions for mutual
coupling of S-parameters considering the ith element and the
jth element in an N -antenna array are inferred as

SApp
Mu,ii =

Si,11 − S̃ii

Si,22

(
Si,11 − S̃ii

)
− S2

i,21

(6)

and

SApp
Mu,ij = X

√
J + M + PY

YH
− X, (7)

where

X =
Si,21Sj,21

2Si,22Sj,22S̃ij

,

Y =
(
S2
i,21 + Si,22S̃ii − Si,11Si,22

)
,

H =
(
S2
j,21 + Sj,22S̃jj − Sj,11Sj,22

)
,

J = S2
j,21

(
S2
i,21 − Si,11Si,22

)
,

M = Si,22

(
4Sj,22S̃

2
ij + S2

j,21S̃ii

)
,

P = Sj,22

(
S̃jj − Sj,11

)
.

Calculation of SApp
Mu for 2-Antenna Array: In the approx-

imate method, the procedure of finding SApp
Mu is the same as

for finding SPri
Mu and follows the array representation in Fig. 6

and the node expressions in (3) but with re-scattering off the
neighboring antennas ignored.

IV. COMPLETE SCATTERING MATRIX OF AN ANTENNA
ARRAY

Complete scattering parameters of an antenna array (SAr)
present the relationship between all ports associated with array
elements. The signal-flow graph of an N -antenna array is
presented in Fig. 5, where the incident traveling waves on
the free-space port i is represented by aN+i. With SMu found
with the either the method in Sections III-A or III-B and 2-
port antenna S-parameters known from Section II, all elements
of the network in Fig. 5 are known from which a multi-port
network model of the array

b1
...
bN
bN+1

...
b2N


= SAr



a1
...
aN
aN+1

...
a2N


(8)

in Fig. 7 is readily obtained, where ports from 1 to N are the
physically accessible ports of each antenna and ports N + 1
to 2N are associated with the free space.

Since SMu can be calculated using the primary method or
the approximate method, SAr can also be calculated using SPri

Mu

or SApp
Mu , resulting in SPri

Ar and SApp
Ar .

a1

a2

a3

aN

aN+1

aN+2

aN+3

a2N

b1

b2

b3

bN

bN+1

bN+2

bN+3

b2N

2N  - Port

Network

Fig. 7. Schematic diagram of an N -element antenna array represented with
an 2N -port network.

V. MODEL VERIFICATION

This section presents the measurements, calculations, and
simulation results, which are used to validate the proposed
model. Since all antennas used in the verification are elec-
trically small single-mode monopole antennas, whose S-
parameters are measured using methods in [38]–[40], the
applicability of this method to other types of antennas has
not been confirmed. Four different monopole arrays are tested
to validate the model. For each array, the radiation efficiency
and the S-parameters of the physically accessible ports are
calculated using both SPri

Mu and SApp
Mu . Subsequently, the re-

sults are compared with simulation results and measurements
for accuracy assessment. The parameters that are compared
include:

1) calculated input reflection coefficients of the array from
the proposed model, which can be directly compared to
the VNA measurements. It is expected that since the cal-
culation of SPri

Ar is based on the data from VNA measure-
ments and since there are no simplifying assumptions in
the calculations, reflection coefficients found using SPri

Ar

would perfectly match VNA measurements. However,
SApp
Ar matrix may show some discrepancy.

2) calculated efficiency of the array, which is compared to
HFSS simulated efficiency, where according to [44] the
radiation efficiency of an antenna is defined as

Radiation Efficiency (ηAr) =
Radiated Power

Net Accepted Power
(9)

or equivalently

ηAr =

N∑
i=1

(
|bN+i|2 − |aN+i|2

)
N∑
i=1

(|ai|2 − |bi|2)

, (10)

where power at each port is calculated according to [45].
In order to determine the radiation efficiency using (10),
the signal-flow graph is used to find the node expressions
for reflected power wave amplitudes (bi) in terms of
incident power wave amplitudes (ai).

It should be also noted that the simulated radiation efficiencies
of the arrays discussed next were over 100% with default
HFSS meshing. Similar behavior was noted in the past for
example in [23], [46]. To improve accuracy, the maximum
element length of the mesh was set to λ/15 in this study.
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Fig. 8. The prototype of single monopole on a ground plane.

(a) Top view. (b) Side view.
Fig. 9. 3D printed caps painted with metallic silver paint.

Further decreasing the maximum element length of the mesh
could slightly increase the accuracy but extremely increase
the simulation time. Therefore, it is possible that the HFSS
radiation-efficiency results in the following sections might be
slightly overestimated.

To model various antenna arrays in Sections V-B to V-D,
first 2-port S-parameters of a single antenna are required and
are discussed next.

A. S-Parameters of a Single Array Element: Monopole

All arrays discussed in this work are fabricated using
identical monopoles in Fig. 8. Each monopole is made of
copper (height: 14 mm, diameter: 1.27 mm) and is surrounded
by a cylinder of Teflon (relative permittivity: 2.1, height: 14
mm, inner diameter: 1.27 mm, outer diameter: 4.11 mm). An
aluminum sheet (length: 380 mm, width: 380 mm, thickness:
1.14 mm) is used as the ground plane. The frequency points
of interest are chosen to be 4.2 GHz, 4.6 GHz, 5.0 GHz, and
5.4 GHz.

In order to calculate two-port Si of a single monopole an-
tenna, the SWC method is used [38], [40]. Spherical Wheeler
cap radii are calculated according to [38], [40] and were 3D
printed. Their inner surfaces were painted with conductive
metallic silver paint. The fabricated caps are presented in Fig.
9. It should be noted that the metallic cap, the ground plane,
and the contact between the metallic cap and the ground plane
introduce some additional loss [38], [47] that may not be fully
accounted for in simulations.

B. Arrays with Different Antenna Spacings

In order to test the performance of the proposed model as a
function of inter-element distance (d) and hence mutual cou-
pling, two 2-element arrays with identical monopole antennas
and d = 30mm and 40 mm were built and shown in Fig. 10.

Measured radiation efficiency of the antenna array was
calculated according to (10) and compared to the efficiency
simulated with HFSS in Figs. 11(a) and 12(a). It can be
observed that the simulation results and calculated results
using measured SPri

Ar or SApp
Ar are very close to each other, thus

(a) d = 30mm (b) d = 40mm
Fig. 10. Tested two-element arrays with different inter-element distances.

Tested Frequency            Radiation Efficiency
(GHz)    HFSS Primary Approximate

4.2 99.6% 99 .9% 99 .9%
4.6 99.7% 98 .7% 98 .7%
5.0 99.7% 98 .3% 98 .5%
5.4 99.7% 98 .4% 98 .8%

S11 S22

S21

VNA measurement Primary method Approximate method

(a) (b)

(c) (d)

Fig. 11. Comparison between a) radiation efficiency of the measured array
with d = 30mm and that obtained using HFSS simulations and b)-d) S-
parameters calculated from SPri

Ar and SApp
Ar and that obtained directly with

the VNA.

Tested Frequency            Radiation Efficiency
(GHz)          HFSS Primary Approximate

4.2 99.7% 99 .9% 99 .9%
4.6 99.7% 98 .7% 98 .7%
5.0 99.7% 98 .0% 98 .0%
5.4 99.7% 97 .0% 97 .0%

VNA measurement Primary method Approximate method

(a) (b)

(c) (d)
S11 S22

S21

Fig. 12. Comparison between a) radiation efficiency of the measured array
with d = 40mm and that obtained using HFSS simulations and b)-d) S-
parameters calculated from SPri

Ar and SApp
Ar and that obtained directly with

the VNA.
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Fig. 13. Three-element linear antenna arrays. Antenna spacings are: d1 = 20
mm d2 = 40 mm.

S11

S31

S21

S22

S33

S32

VNA measurement Primary method Approximate method

(a) (b)

(c) (d)

Tested Frequency             Radiation Efficiency
(GHz)         HFSS Primary Approximate

4.2 99.4% 98 .4% 97 .8%
4.6 99.5% 98 .1% 98 .3%
5.0 99.5% 98 .9% 98 .8%
5.4 99.5% 99 .2% 98 .5%

Fig. 14. Comparison between a) radiation efficiency of the measured
3-element array and that obtained using HFSS simulations and b)-d) S-
parameters calculated from SPri

Ar and SApp
Ar and that obtained directly with

the VNA.

demonstrating the ability of the proposed model to calculate
the radiation efficiency of an array.

S-parameters of the physically accessible ports were found
from the array models SPri

Ar or SApp
Ar for comparison to directly

measured S-parameters using the VNA. Fig. 11(b)-(d) and Fig.
12(b)-(d) present the results. As expected, the primary method
gives perfect agreement with the measurements, whereas the
approximate method exhibits slight errors in S11, S22, and
S21.

C. Three-Antenna Array

The proposed model was also tested with a three-element
linear array. This array was also fabricated using identical
monopoles, already discussed in Section V-A, on a ground
plane as shown in Fig. 13.

The calculated radiation efficiency of the array is shown
in Fig.14(a) It can be observed that the simulation results
and calculations using SPri

Ar and SApp
Ar are again similar to

simulations.
As with the first two arrays, for this array the S-parameters

of the physically accessible ports were calculated based on
SPri
Ar and SApp

Ar for comparison with directly measured data. In

Tested Frequency           Radiation Efficiency
(GHz)          HFSS Primary Approximate

4.2 89.2% 86 .3% 86 .5%
4.6 89.3% 89 .1% 89 .1%
5.0 89.3% 87 .5% 87 .5%
5.4 89.2% 88 .3% 88 .4%

VNA measurement Primary method Approximate method

(a) (b)

(c) (d)
S

11
S

22

S
21

Fig. 15. Comparison between a) radiation efficiency of the measured array
with one lossy antenna and that obtained using HFSS simulations and b)-d)
S-parameters calculated from SPri

Ar and SApp
Ar and that obtained directly with

the VNA.

this case, there are three such ports. The results are shown in
Fig. 14(b)-(d). It is observed that the measured and calculated
S-parameters are near identical for the tested three-element
linear array with the largest deviations associated with the
approximate method.

D. Non-Identical Antennas in an Array

To investigate whether the method is viable for arrays
of non-identical antennas due to, for example, fabrication
tolerances, this section considers an extreme scenario in which
the two-element array with d = 30 mm was used while a 1-
dB attenuator was attached to the second element. The SWC
method in Section V-A was repeated for the lossy antenna to
obtain its two-port antenna S-parameters.

As above, the newly obtained SPri
Ar and SApp

Ar were used to
calculate the array radiation efficiency and the S-parameters
that are measurable by a VNA. The results are shown in Fig.
15.

As shown, the method is capable of treating non-equal
antennas and the array radiation efficiency is sensitive to the
array losses. It is noted that there are larger difference between
simulated and calculated radiation efficiencies than what was
seen for other arrays. The reason for this is that the attenuator
insertion loss is frequency dependent but in the simulations it
was set to a constant value.

VI. CONCLUSION

This article has proposed, developed, and validated a 2N
network model for an N -element antenna array. In this model,
N ports are associated with free space and N ports are the
physically accessible antenna terminals. The model represents
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each of the N antennas as a two-port network and mutual
coupling between antennas as a N -port network. The article
presented two methods for finding the model elements. One
method is complete and provided better agreement than an ap-
proximate method. The advantage of the approximate method
in the possibility of finding an analytical solution to the model.

In order to validate the proposed methods several monopole
arrays were used: different inter-element spacings (d =
30 mm, 40 mm), different number of elements, and non-
identical array elements. The proposed array model was
validated with reference to the radiation efficiency and the
calculation of S-parameters that would be measured by a VNA.

It was observed that while the calculated radiation efficiency
is sensitive to the VNA measurement and HFSS mesh size, the
proposed model resulted in the efficiency that was typically
within 2% of the simulated efficiency. Thus, it was concluded
that the proposed model is validated.
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